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ABSTRACT. In this paper, Morse theory is used to establish the existence
of multiple solutions for an impulsive boundary value problem posed on the
half-line.

1. Introduction

The aim of this paper is to study the following impulsive boundary value
problem:

—(p)' (1) = q) f(t,u(t)), t#t;, je{l,2,...}, t>0,
(1.1) u(0) = u(4o00) =0,
A(p(ty)u'(t;)) = h(t;)L;(ulty), j€{L,2,...},

where f€C'([0,+00) x R,R), 1/p€ L'((0,+00), (0, +00)), g€ L*((0, +00), R),
q > 0 almost everywhere, and such that

M1/0+OO</:OO]%) dt<oo and MQ/OJFOOq(t)(/tJFOOZ%) dt <o,
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I; € CYR,R), j = {1,2,...} are the impulse functions and tp =0 < t; < ... <
t; <...<tly — +00, as m — +o00, are infinite impulse points. We let

Ap(ty)u'(ty)) = p(t] )’ () — p(t; ) (8),

where u’(t;’) = lim «/(¢) and u'(t;) = lim «/(t) stand for the right and the
t5t, tSt;

left limits of u’ at ¢;, respectively. Finally, h: RT — R is a function such that
oo
'21 |h(t;)] < 0.
’ Many problems modeling perturbed phenomena in nonlinear dynamics which
are subject to jump discontinuities in velocity can be represented by impulsive
boundary value problems (see, e.g., [3] and the references therein). In the last
couple of years, various mathematical results based on topological methods (fixed
point theorems, Leray—Schauder degree, ...) have been obtained in connection
with such problems (see, e.g., [15]). Variational approaches have also been shown
to be efficient tools in discussing the question of the solvability; we quote the
minimization principle and the mountain pass theorem by Ambrosetti and Ra-
binowitz (as developed in [1], [2], [18]). Among works from the recent literature,
we refer to [10] and also to the paper [8] which has discussed a problem with
linear differential operator, a nonlocal condition at the origin, and a Neumann
condition at positive infinity for a problem posed on the half-line. In [4], some
existence results of a single solution are obtained for problem (1.1). The aim of
this work is to investigate the existence of multiple solutions to problem (1.1).
We first prove the existence of three distinct solutions, one of which is trivial, un-
der sub-linear growth conditions upon the nonlinearity f. Our second existence
result provides existence of infinitely many solutions under conditions including
super-linear nonlinearities. Each existence result is illustrated by means of an
example of application. The proofs of our main existence results are based on
Morse theory. For this purpose, some basic notions and important results are
recalled hereafter. For more details, we refer the reader to [5]-[7], [13], [14], [17].

Let H be a Hilbert space and J € C'(H,R) a functional. For a topolog-
ical pair (4, B), we denote by Hy(A, B) the k-th singular relative homology
group with coefficients in a ring F with characteristic zero (see [14]) and by
Br = dim Hy (A, B) the k-th Betti number. In algebraic topology, the k-th Betti
number denotes the rank of the k-th homology group. Intuitively, the first Betti
number of a space counts the maximum number of cuts that can be made with-
out dividing the space into two pieces. Each Betti number is a natural number
or +00. They are topological invariants. Finally Bk(a,b) = dim Hg(J?, J?) is
the k-th Betti number with respect to the interval (a, b).

Let p be an isolated critical point of J, i.e., J'(p) = 0 and let U be a neigh-
bourhood of p such that J has only p as a critical point in U. The critical groups
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of J at p are defined by

Cr(J,p) = Hy(J°NU,J°NU\ {p}), forallkeN,
where J¢ = {u € H,J(u) < ¢} is the c-sublevel set and ¢ = J(p) € R. Let
K¢ ={ueH,J(u) =0,J(u) = c} be the set of critical points at level c. In
the case where J"(p) exists with p a critical point of J, the Morse index of p is
defined as the supremum of dimensions of the vector subspaces of H on which

J"(p) is negative definite (it can be equal to co) (see [7, Definition 5.1.12]). We
say that p is nondegenerate if the Hessian J"(p) is invertible.

DEFINITION 1.1. Let J € C'(H,R) and ¢ € R. The functional .J satisfies
the Palais—Smale condition at level ¢ (shortly PS,) if any sequence (u,)nen C H
such that

(1.2) J(up) = ¢, J'(up) =0

has a convergent subsequence. J satisfies the Palais—Smale condition (PS in
brief) if it satisfies the Palais—-Smale condition at every level ¢ € R.

DEFINITION 1.2. Let —oo < a < b < +00 be regular values and assume that
J has only isolated critical values ¢; < ¢z < ... in (a,b) with a finite number of
critical points at each level and satisfies PS,, for all ¢ € [a,b]. Then the Morse
type numbers of J with respect to the interval (a, b) are defined by

My (a,b) = dim Hg(J“+,.J%) (k€ N),

where a = a1 < ¢1 < ... < ¢ < a; =b. They are independent of the a; by the
second deformation lemma and are related to the critical groups by the formula

l
My(a,b) =" Y dimCi(J,u) (k€ N).

i=1uecK¢ei
The following result will be crucial in proving the first existence result of the
paper.
LEMMA 1.3 ([7, Theorem 5.1.35]). Assume that J € C?(H,R) is bounded
from below, satisfies the PS condition, and has a nondegenerate, non-minimum

critical point p with finite Morse index. Then J has at least three distinct critical
points.

Our second existence result is based on the following lemma.

LEMMA 1.4 ([6, Theorem 4.3]). Assume that J € C*(H,R) satisfies the PS
condition and let a < b be two reqular values of J. Suppose that J has at most
finitely many critical points on J~1[a,b] and the dimension of the critical group
for every critical point is finite. Then the following inequality holds:

My — My 1+ ...+ (=DFMy> B — 1+ ...+ (=13, k=0,1,...
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In addition

D EDEM = (1) By,
k=0 pr

whenever the left-hand series of the equality converges.

However, in order to compute M}, and [, some classical properties of the
Leray—Schauder degree are required.

LEMMA 1.5 ([7, Theorem 5.1.32]). Assume that J € C?(H,R) satisfies the
PS condition, J' = I — A, where I is the identity operator, and A: H — H 1is
compact. If p is an isolated critical point of J, then there exists a neighbourhood
U of p such that p is the unique critical point of J in U and

(o]
deg(I — A,U,0) = > (1) dim Cx (J, p),
k=0
where deg(I — A, U, 0) stands for the Leray—Schauder topological degree with re-
spect to the zero element 6 € H.

REMARK 1.6. (a) The proof of Lemma 1.3 appeals to [7, Corollary 4.8.4]
which only needs J to be of C'-class and also uses the additivity of Euler-
Poincaré characteristic which holds whenever the Morse index is defined, i.e.
when J” exists at p (see the proof in [7, p. 343]). The condition that J”(p)
exists is then sufficient for application of Lemma 1.3.

(b) Lemma 1.5 equally holds when merely J”(p) exists, a requirement for the
Morse index to be defined (see the proof in [7, p. 341]).

The following result is known as Borsuk’s theorem:

LEMMA 1.7 [9, Theorem 9.4]. Let X be a Banach space and Q@ C X a sym-
metric bounded open set including 6, the origin. If K: Q — X is an odd compact
map with 0 ¢ (I — K)(09), then the degree deg(I — K,Q,0) is odd.

The following technical lemma will be useful; it is classical in operator theory
(see [19, Lemma 2]).

LEMMA 1.8. Suppose that X is a reflezive Banach space with dual space X*
and T € L(X,X*) with T* = T, where L(X,X™*) is the set of all continuous
linear operators from X to X* and T™* is the dual operator of T. Assume that
there exists a constant C' > 0 such that ||Tz|| > C||z||, for allz € X. Then T!
exists and T~ € L(X*, X).

2. Main existence results

Consider the Hilbert space:
3, = {u e AC(0,+50), R) : u(0) = u(+00) = 0, ypu' € L(0, +o)}
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with the scalar product

+oo +oo
(u,v) = /0 p(t)u’ (#)v'(t) dt +/0 u(t)v(t) dt

and the corresponding norm (see Lemma 2.1):

—+oo —+oo
ullas \// t)u! (¢ 2dt+/ u(t)? dt.

Let the space Cp = {u € C([0,400),R) : t_lgin u(t) = 0} be endowed with the
o0

norm ||ul|eo = sup |u(t)|. Concerning these spaces, we have
>0

LEMMA 2.1 ([4]). On Hj,, the quantity ||u|| = \/fOJrOO p(t)u'(t)? dt defines
a norm which is equivalent to the H&p-nor’m.
LEMMA 2.2 ([4]).
(a) Hol,p is continuously embedded in Cy, more precisely for every u € Hol,p,
one has |[ulos < dl|ul|, where d = ( 0+°O 1/p(s) ds)l/Q.

(b) The embedding Hj ,, — Cy is compact.
Consider the Hilbert space
Lg = {u: (0, +00) — R measurable such that \/qu € L*(0, +00)}

+o0
llullrz = \//O q(t)u?(t) dt.

Since [[ul[2 < [lullZlgl|z+, we have

equipped with the norm

PROPOSITION 2.3. Cy is continuously embedded in Li.
COROLLARY 2.4. Hol,p is compactly embedded in Lﬁ.

We are now interested in the first eigenvalue A\;(g) of the linear problem:

—(p(t)u' () = Aq(t)u(t), t>0,

2.1
@1) u(0) = u(4o00) = 0,

namely

[lull?

A = in .
D= ey Tl

REMARK 2.5. Notice that no impulse functions are involved in the linear
problem (2.1). The reason is that only the characterization and the positiv-
ity of A\i(q) are needed (see the proof of Theorem 2.9, Step 1). Likewise the
characterization of the associated eigenfunction ¢ will be used in the proof of
Theorem 2.9, Step 3.
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We have

LEMMA 2.6. A\(q) is positive and is achieved for some positive function 1
n H&p \ {0}.

PROOF. For u € Hg,, let I (u) = ||ul[*, I2(u) = ||ul|7., and define the
quotient functional Q: Hg, \ {0} — R by
I (u)
u) =
Then A (q) = inf  Qu).

uEHé,p\{O}
Step 1. Using the Poincaré inequality, we have that A;(q) > 1/My > 0.
Indeed
2

- [ e

p(s)

ol = [ s as

([ roon) (] 555)
([ weon) ([755)

attuter < ([ aneeas) (a0 [,

ie. [[ul[2, < Mal||ul|?, which implies ||u||?/||u||2. > 1/M> > 0. Passing to the
q q
infimum yields

IN

IN

Hence

M@= e AP S Ly
ueHs,\o} [[ullz, — Mo

Step 2. Let (u,) be a minimizing sequence. Since (Ju,|) is a minimizing
sequence for ), we may suppose that w,(t) > 0, for ¢ € [0,+0c0). Moreover, the
functional @ satisfies Q(au) = Q(u), for every o € R; by setting up, = un/||ul[ 12,
for every n, we can assume that [lup|[z2 = 1. Then (I1(un)) must be bounded
independently of n. In fact,

Jim Qun) = ueHlfpf\ o Q(u) = M(q).
So the sequence (Q(uy,)) is bounded. From this and since Q(u,) = ||u,||?, we
deduce that (u,) is bounded in Hj,. By Lemma 2.2(b) and the reflexivity
and separability of Holm, there exists a subsequence (up,) of (uy) such that, as
k — +o0,
— 7 in ,H&’p, Up, — U in Cy,

Uy,

SO Un, (t) — @(t), for all t € [0, +00). By Corollary 2.4, (un,) converges in norm
to @ in L2; thus I[allrz = 1 and u(t) = 0, for t € [0,+00). Finally, the weak
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lower semi-continuity of the norm guarantees that
Q) =IL(u) < 1imkinf I(up,) = 1imkinf Q(un,) = M(q),
sow e Hp, \ {0} and Q(@) = Ai(q). O
Now, we define what we mean by a solution of problem (1.1).

DEFINITION 2.7. We say that u is a weak solution of problem (1.1) if
+oo e +oo
[ pow@ra+ S ne s = [ aoseaowed
0 = 0

for all v € Hy ,, the limits p(t])u/(t]) and p(t; )u'(t;), j = 1,2,... exist and
the impulsive conditions in problem (1.1) hold.

REMARK 2.8. If u were in Hj , with v’ € L?, then u would be of C"'-class and
so no impulsive conditions exist for u’. If u € H&p, then u is absolutely continu-
ous and /pu’ € L?. In this case A(p(t;)u/(t;)) = p(t;')u'(t;') —p(t; )W (t;) =0
does not necessarily hold and the derivative \/pu’ may present some discontinu-
ities, leading to the impulsive effects.

In [16] (see also [8], [20] and references therein), the definition of a classical
solution is also introduced with u € HQ(tj7 t;j+1), which is natural, and u satisfies
the first equation of the considered impulsive boundary value problem, namely
—u"(t) + Au(t) = o(t), for almost every ¢ € [0,T]. Unfortunately this cannot
hold almost everywhere on [0, T] for otherwise u € H' and o € L?(0,T) imply
u € H?(0,T) and as a consequence u’ has no discontinuity at the impulsive point
t;, as the authors of [16] have previously noticed. In fact, the equation should
be understood only in the distributional sense, i.e.

—u"(t) + du(t) = o(t) + Zn: Ad'(tj)6;, t€10,T],

j=1

where d; is the Dirac mass distribution defined by
n n
<Z A (t;)d;, <P> =Y Ad(t))e(t;), forall o € D(0,T);
j=1 j=1

here (-, -) = (-, - )p,ps stands for the distribution pairing. Of course, we have
that —u'/(t) + Au(t) = o(t), for all t € (¢;,t;41) and, for j € {1,...,n}, t #¢;
merely means ¢ € (¢j,t41), j € {1,...,n}. This justifies the above definition of
weak solution.

We are now ready to state our first existence result.

THEOREM 2.9. Assume that the following conditions hold:
(H1) f(t,0) =0, fort € [0, +00),
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(Hy) there exist a, B € RT with o < \1(q) such that
lf(t,w)| < alu| + 8, for all (t,u) € [0,+00) x R,
(H3) there exists e9 > 0 such that |f(t,0)| < A1(q) — €0, for all positive t,

where f!(t,u) denotes the first-order derivative of f in the second argu-
ment u,

(Hy) there exist 6 >0, C1 € R, and n € [0,1) such that

ft,u) > Cru",  forallt >0, u € [0,d],

(H5) I_;(O) =0, .7 € {15 2,.. '}7

(Hg) there exist k > 0 and o € (n,1) such that |I;(s)| < k|s|?, for all s € R,
jed{1,2,...}.

Then problem (1.1) has at least three distinct weak solutions in H&’p, one of them

18 the trivial solution.

The functional J: Hj, — R associated with problem (1.1) is defined by
1 9 0 u(tj) +OO
22 Jw=gllP+rw) [ hwas— [ o) a,
j=1

where F(t,u) = [, f(t,v)dv. Let the operator A be defined by

+oo

+oo
23)  Ault)= | G(t,s)q(S)f(s,u(S))ds—ZG(tJj)h(tj)Ij(U(tj)),

where G is the Green’s function of the problem —(p(t)u’'(t)) =u(0) =u(+00) = 0,
namely
1 p1(t)pa(s), t<s,
Y/l ) pi(s)ea(t), s <t
with fundamental system of solutions
ds oo ds

Sﬁl(t)/ot@ and 502(t):/lt o)

It is easy to note that, by (Hz) and (Hg), the functional J and the perator A are
well defined. Next, we study the compactness of A.

G(t,s)

LEMMA 2.10. Under assumptions (Hz) and (Hg), we have:

(a) A self-maps the Sobolev space HOI,p'
(b) A is compact.

PROOF. (a) Given u € Hg,, we show that Au € Hj ,; the proof will be
performed in three steps:

Step 1. Au € AC(]0, +00)).

(i) The continuity of Au follows from that of the Green’s function, assump-
tions (Hg), (Hg) and the Lebesgue dominated convergence theorem.
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(ii) (Au)’ € L1(0,400). We have

+o0 oo
(24) [(Au)' ()] = /O Gy(t,s)a(s)f (s, u(s)) ds — Z Gyt t5)h(t;) 1 (u(ty))

+oo
< / IGL(t, 3)|a(s)| £ (s, u(s))| ds

+oo
+ DGR (u(t)]

+oo
s}%/ ()| (s, u()] ds + s Zm )1 (u(t;))].

This together with (Hz) and (Hg) guarantee that fOJrOO [(Au) (t)| dt < oc.

Step 2. G(0,s) =0, for all s > 0 and tEeroo G(t,s) = 0, for all s > 0; hence
Au(0) = Au(+o0) = 0.

Step 3. \/p(Au)’ € L?(0,+00). From the inequality (2.4), we obtain that

O] OF < s /O+°Oq<s>|f<s,u<s>>|ds) +—(Z|h ILult, |)2
+%(/O+w()lfsu |ds)(2|h (1)

and then (Hs) and (Hg) imply that f ()| (Au) (t)|2dt < +oo.

(b) Let (un) be a bounded sequence in the reflexive separable space Hg .
Then there exists a subsequence (uy, ) such that u,, — uin Hg,, as k — +oo.
We will prove that the sequence (Auy,, ) is convergent. We have the estimates:

[|Aty, — Au|| = sup |(Aun, — Au,v)|

[lvl[<1
= s, /O p(t)(Atn, — AwY ()0 (1) dt‘
+oo
= sup / —(p(t)(Auy, — Au)'(t)) v(t) dt
||11H<1 0

+Zh i (uny, (85)) = L (u(t;))]v(t))

= sup
IIvH<1

+oo
/O [=(p(®)(Aun, ) (1)) = (=p(£)(Aw)' (1)) Tu(t) dt

+ Z h(t;) [ (uny () — I (u(t;))]v(t;)
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= sup
IIvH<1

+oo
/0 GO (b ung (6)) — F(E,u(t))o(t) di

+ Z h(t5) [ (uny () — I (u(t;))]o(t;)

+o0
< suwp [ / olloca(8)| (1 tmg (8)) — £ (8, ()] i
+Z||v||oo|h I (ot (1 >>—Ij<u<tj>>|}

+oo
<d sup [/O ollg@)1f (E, un, (2)) = f(#, u(t))] dt

Hvll<1

+Z||v|||h I (1 >>—Ij<u<tj>>|}
<d / O (b (1)) — F(tut))] it
+dz|h I (i (85)) — I (u(t )

Using Lemma 2.2(b), (Hz), (Hg), and the Lebesgue dominated convergence the-
orem, we obtain that ||Au,, — Au|| — 0, as k — +o00. The same estimates show
that ||Au, — Aul| — 0 whenever |ju, — u|| — 0, as n — 4o00. The compactness
of A is then proved. In the same way, one can show that A is continuous. O

The properties of the first and second derivatives of J are now studied.

LEMMA 2.11. We have:

(a) Under assumptions (Hz) and (Hg), J is continuously differentiable and
satisfies

oS] +oo
+ S ML)~ [ a0 .

for allu,v € Hy, and J' =1 — A.
(b) Under assumptions (Hs) and (Hs), J"(0) exists, is continuous, and, for
all v,w € Hy ,, satisfies

+oo
(7" (B0, w) = / p(t)0' () (8) di
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00 400
AU / A(0) £ (6, 0)(t)w(t) dt.

j=1
PRrROOF. (a) We only check that J’ is well defined and J' = I — A. From the
Cauchy—Schwarz inequality, (Hs), and (Hg), we obtain for all u,v € Hol,p that:

+oo
(" (u), 0)] < (1 + k7Y R(E)] + (P + B)IIqIILl) [l JJol] < oo

j=1

Moreover, it can be easily checked that (see Remark 2.8)
—(p(t)(Aw)' () = q(t) f(t,u(t) + > =, h(t;); (u(t;)), t>0.
j=1

Hence —(p(t)(Au)'(t))" = q(t)f(t,u(t)), t # tj, j € {1,2,...} and as a conse-
quence

0o +o00
(J'(u),v) = (u,0) gy, + Z h(t;)1; (u(t;))o(t;) 7/0 —(p(t)(Aw)'(t))"v(t) dt
= (u,v)py + Z h(t;) 15 (u(t;))o(t;)

+o0 00
o CCRICHOE RS S AR

= (), = (Au )y = (u = Auo)y .

as claimed.

(b) Under assumptions (Hs) and (Hs), (J”(0)v,w) is well defined for all
v, W € H017p(0,+oo). Indeed, using (Hs), (Hs), and again the Cauchy—Schwarz
inequality, we obtain for all v, w € H&p that

(" (0)v, w)| =

+o0 00
| s as e o)

+oo
-/ q(t)fi(t,O)v(t)w(t)dt‘

+oo
< (v, w)| +/O ()£ (& 0 [Jo(®)] w(t)| dt
< (1 + d[lqllr (A (@) — eo))l[v]] [Jw]| < +oo.

Finally, the continuity of J”(6) is easily proved using the Lebesgue dominated

convergence theorem. O

Lemma 2.11 tells us that critical points of .J, i.e. weak solutions of problem
(1.1), are precisely fixed points of A.
We are now in position to prove Theorem 2.9.
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PROOF OF THEOREM 2.9. We have to prove that J has at least three distinct
critical points in Hol,p- To this end, it is sufficient to show that J satisfies the
hypotheses of Lemma 1.3 (see also Remark 1.6). The proof is split into five steps.

Step 1. There exists a constant C' > 0 such that
|7 (@)v]| = Clv|]?, for all v € Hy,,.

We proceed as in [11, Lemma 3.2]). From the Cauchy—Schwarz inequality, we
have

1T (@)vll[|v]] > (J"(0)v,v), forall v e Hj,,.
Using (Hs) and (Hs), we get

+o0
(2.5) ("B, 0) =|Jo]? - / 4011 0)(u(1))? dt
+oo
> [Jo]l? - / (M(@) — c)a(t) (w(t))? dt

+oo
> l0ll2 = (\(g) — <o) / o) (0(t))? dt

AM(g) — o
=|lll* - e D=0 (g vl
q)

2 (1= 250 el = 3l

for all v € H&’p, proving our claim.

Step 2. J is bounded from below on Hy . Indeed, (Hz) implies that

(2.6) F(t,u) < %uQ + Blul, for all (t,u) € [0, +00) x R,

where F(t,u) = [i' f(t,v)dv. Then from (2.6), (Hg), and Lemmas 2.2, 2.4, we
have the estimates, for all u € H ,

o u(ty) oo
@) I =gl + o) [ L= [ a0 Fu)

LR

> Sllull® = == —lu(t;)|"*!

a +oo +oo
~5 | whora -5 [ gl a
£ Inty)
1 2 Jj=1 o+1
§||U|| TH I

s M @llullZz = Bllallz ull
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kdE Y [h(t;)]

1 « 2 Jj=1 1
> Z = —d 1 B o+

and our claim follows.

Step 3. 6 is not a global minimum. Let ¢; the eigenfunction associated with
the eigenvalue A\ (g) and let £ be such that 0 < & < §/||¢1]|eo- From (Hy) and
(Hg), we derive the estimates:

too Ep1(ty) +oo
Heen = 5€llall+ k) [ s = [ aF@eo) a
j=1

+oo
kYAt

Lo 2 +1_J=1 +1 1 /+oo 1
<= ot (p1(t;))T - —— Ciq(t 1)1 at
<€l + € () = g [ e )

+oo

1 B In(ty) g i
< 1e2 2, pot1_J=1 o+1 1/ y 1+ g
<g€lerl? + e Lol - ST [ ate)

+oo
kd7t " |h(t))|

1 2¢2 J=1 +1p041 Gy n+1 1
< Z [ e o o+l _ 1 n+
< 5lleallPe + 22—l e — el ke

where

s Y+l
o = ([ a@lora) < Bz < oo
0

for some positive constant k. Indeed, all norms are equivalent in the one-
dimensional space spanned by ¢; (see [12, p. 86]). Now, since 0 < n < 1 and
1 < o, then for sufficiently small £, the leading term of the right-hand polynomial
is €771, Hence there is some &, such that J(£p1) < 0= J (), for 0 < & < &.

Step 4. J satisfies the PS condition. Suppose that (u,) C H&,p and there
exists M > 0 such that |.J(u,)| < M and J'(u,) = up — Aup, — 0 in Hg ,, as n —
+o00. From (2.7), we know that (u,) is bounded in Hj . By the compactness
of A: Hj, — Hj,, (Lemma 2.10), there exists a subsequence (Auy, ) such that
A(tn, ) = w, as k = +o0o. Then ||uy,, —w|| < ||un, — Aun, || + ||Aun, —wl|| and
since un, — Auy,, — 0 in Hj ,, as k — 400, we obtain that (u,) has a convergent
subsequence (uy, ) such that u,, — w, as k — +o0o. Therefore J satisfies the PS
condition on Hy ,,.

Step 5. (a) 6 is a critical point. From (H;) and (Hs), 6 is a critical point of
J and J(#) = 0.

(b) 6 is nondegenerate. From Step 1 and Lemma 1.8, J”() is invertible, so
0 is nondegenerate.
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(c) The Morse index is finite. From (2.5), J”(0) is positive defined throughout
the space HOIJ); then the Morse index of J at 6 is equal to 0; so it is finite and
J =0 < +4o0.

Conclusion. To sum up, we have proved that 6 is a nondegenerate, non global
minimum critical point and its Morse index is finite. By Lemma 1.3, we conclude
that J has at least three distinct critical points. Therefore problem (1.1) has at
least three distinct weak solutions in Hg . O

ExaMPLE 2.12. The following impulsive boundary value problem has at least
three distinct weak solutions in H&p, including the trivial solution:

(et (p)) = nemr o ull)
4 )
(2.8) u(0) = u(+00) =0,

, 1 u(t;)?
A(ehiu(t;)) = WW’
J

where \; is the first eigenvalue of the linear problem:

t#t;, je{l,2,...}, t>0,

je{L1,2,...},

—(e/ (1)) = Xe"tu(t), t>0,

2.9
&8 u(0) = u(4o00) = 0.

Indeed, we have:

(Hy) f(t,0) =0, for t € [0,400),

(Hg) for o = A1/2 and g = 0, we have |f(t,u)| < ofu| + B,

(H3) there exists g9 € (0, A1/2) such that f!(t,0) = A1/2 < A1 — &0,
(Hy) for Cy = A\1/16, n = 1/3, we have f(t,u) > Ciu", whenever v > 0 is

small enough,

(Hs) I}(u) =2u/(1+ u?)? and so I3(0) =0,

(Hg) for k=1, o =1/2, we have |I;(u)| < k|u|”.
Regarding A1, the first eigenvalue of the linear problem (2.9), it has been com-
puted for different values of a parameter R for a problem posed on an interval
(0, R); it approaches 271.76159 for R = 60 and then stabilized. The obtained
values are depicted in the graph and table (see Figure 1).

Our second existence result of multiple solutions is now presented when h is
positive.

THEOREM 2.13. Assume that the following conditions hold:
(Ly) there exist v > 2 and C3 > 0 such that
vF(t,u) <uf(t,u) +vCs, forallt>0, u€eR,
(Lg) there exist C4,Cs5 € R (Cy > 0) such that
F(t,u) > Cylu|” — C5, forallt >0, ueR,
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272

T - T T
FIrSUETgEv e T e O =

270

268

266

264 |

262

260

R| M(R) R| M(R)

1 |261.43004 || 35 | 271.75596
5 | 271.34599 || 40 | 271.75796
10 | 271.65983 || 45 | 271.75933
15 | 271.71798 || 50 | 271.76031
20 | 271.73833 || 55 | 271.76104
25 | 271.74775 || 60 | 271.76159
30 | 271.75287

FIGURE 1. Problem (2.9): A1 in terms of R.

(L) f(t,u) is odd in u, i.e., f(t,—u) = —f(t,u), for allt >0, u € R,
(L) there exists a positive continuous function g with

[f(t,u)| < g(u), forallt>0, ueR,

(L5) I]( ) is odd (] € {1a 2,.. });
(Lg) there exist pn < v such that

/L/ Ii(s)ds > ulj(u) >0, forallueR\{0}, j€{1,2,...}.
0

Then problem (1.1) has infinitely many weak solutions in H&p.

ProOF. We have to prove that J has infinitely many critical points in HOIJ).
The proof is split into two steps.

Step 1. J satisfies the PS condition. Indeed, suppose that (u,) C H&’p and
there exists M > 0 such that |J(u,)| < M and J'(un) = un — Au, — 6 in Hj



234 K. Arr-MAHIOUT — S. DJEBALI — T. MOUSSAOUI

as n — +oo. Using (L) and (Lg), we get the estimates:

VJ(un) - (J/(un), un)

v 9 0 un (t5) +oo
:§||un|| +ij:;h(tj)/0 Li(s) ds—/o vq(t)F(t,u(t)) dt
oo 400
—[Jun]|* = Z h(t3) 1 (un(t;))un(t;) + /O q(t) f(t, un(t))un(t) dt

v 5 too un(tj)
> <§ - 1>||un|| +I/Zh(tj)/0 I;(s)ds
j=1

+oo
- / (908 (6)un (£) + vCig(0)] dt

+oo
= STttt + [ a0t 0)
v o0 Un (t5)
> (5= )l + v Son) [ peas
o0 un (t;)
“u3oh) [ s = vl

v o0 Un (t5)
2 (5 )l v o [ ps)as
<
o0 un (t;)
*Vzh(tj)/ I;(s) ds — vCs||q|| s
j=1 0
14
~(5 - 1)l = vl

Hence

v 1
) 2 (5 = 1)lfunll + 50", 0) = Calllls

v 1
> (5 = 1)l = S Can)luall = ol
14
Since J'(u,) — 0, as n — 400, there exists ng € N such that
14
M (0 = (3 = 1)l ] = Calllzr, - or > no

which implies that (u,) is bounded. Since A: Hj, — Hg, is compact (see
Lemma 2.10), (u,) has a convergent subsequence in H&p, and then J satisfies
the PS condition on H&p (we proceed as in the proof of Theorem 2.9, Step 4).

From (L3) and (Ls), we can see that J is an even functional and A is an odd
operator.



IMPULSIVE BVP ON [0, +00) VIA MORSE THEORY 235

Step 2. We argue as in the proof of [11, Theorem 1.3]. By contradiction, as-
sume that J has at most a finite number of critical points {v1, —v1, ..., Um, —Vm }.
Let a, b two real numbers such that a < 0 and b > 0 with

(2.10) a <min{J(v1),...,J(vm), —Cs]lq||L1},
(2.11) b > max{J(v1),...,J(vm)}.

(L) implies that
(2.12) / Li(s)ds <|ul*, forallueR.
0

Given u € Hg,, Assumption (Ly) and (2.12) guarantee that

oo u(ty) oo
) =g+ Yohte) [ i ds = [ O

1 u(tj) +oo
§MW+X% /‘ Mﬂw—A at)(Calu(®)” ~ C)ds
1 ) +o0 . 00

S§||u|| +Zh 04/0 q(t)]u(t)] dt—i—/o Csq(t) dt
1 2 o oo v
§mn+2h il @A OOl de+ Calgll

—_

+oo
< llll? + th Ml =€ [ a®lu(®l e+ Gl

As a consequence

+oo
J(u) < IIUII2 d“zh MNull* = /O q(t)|u(t)|” dt + Cs|lq|| 1.

Consider the unit sphere S = {u € Hj , : [|u|| = 1} in Hj,. For u € §> and
7> 0, we have

1 = Hoo
J(tu) < 572 +d" Y h(t)T - TCy / q(®)|u(t)|” dt + Cs|lql| 1.
0

j=1

In addition lim J(7u) = —oo. Since a < 0 = J(), then there exist 7 = y(u)

T—+00

and § > 0 such that
(2.13) y(u)>4d and J(y(u)u) = a.

Now, we show the uniqueness of the function -y satisfying (2.13) (see [7, Lem-
ma 5.1.38]). Indeed, for u € S and 7 > 0, the assumptions (L1), (Lg) together



236 K. Arr-MAHIOUT — S. DJEBALI — T. MOUSSAOUI
with v > 2 imply that

4 (Jru)) = (7' (ru), w)

dr
400 400
= (rus )+ Y bttty utts) - /O Q) £t u()u(t) dt
1+<>o v [T
<723 ) rult)rulty) - ;/0 QO F (1, Tu(t)) dt
+V—C’3 o q(t)dt
7 Jo
(e ns ey [ a1 Tu
<Z(3+ s on) [ neas— [ aore (o))
+ VCgU_QHLl
y 0 Tu(t;) +o00
§;<%TQ+Zh(tj)/o Ij(s)dsf/o q(t)F(t,Tu(t))dt)
+ VCgU_QHLl
= Z(atruy) + P _ Yy 1l

From (2.13) and (2.10) we obtain that

d v v
27 (TWlr= @ < —(J(V(w)u) + Csllgllzr) = —(a + Csllgllz2) <O

dr T
Thus, for u € H&’p, the continuous function h(r) = J(7u) is strictly decreasing
in the neighbourhood of 7 = v(u). From (2.13), we have that v(u) is unique.
Now we prove that y: S — R is continuous. Let (u,) C S, ug € S, and

Un — g in HY , as n — oo. From (Ly) and (2.12), we have
@ = o )un) = 3 ot + i:f e [ oyas
- [ d0r A o) i
< 500 D))

+oo
- 04(7(%))”/0 q(®)un ()] dt + Cs|lgl[ L1

Hence
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n )2 +d" Z h(t;)(y(un

+oo
- 04(’7(%))”/0 () |un(t)]" dt + Csllg]| -

(2.14) a

IN
N =
—~

Moreover, || ¢/qun||7r — || \/_u0||Lu, as n — +0o. As a consequence, there exist
Cs > 0 and ng € N such that f (t)|un(t)|” dt > Cs, for n > ng. Therefore,
from (2.14) we have

+d“Zh — C4Cs(y(un))” + Csllgl|pr, for n > ng.

l\3|H

Then (v(uy,)) is bounded, hence it has a least one limiting point. Let w be an
arbitrary limiting point of (y(uy)), i.e. there exists (y(un,)) a subsequence of
(v(uy)) such that v(u,,) — w, as k — oo. Letting k& — oo in the equation
J(y(tn, )tin,, ) = a yields J(wug) = a. From the uniqueness of y(ug), we deduce
that w = ~y(ugp); this implies that v(u,) — ¥(up) as n — +00, and then the map
v: 5 — R is continuous.

Let 0 < & < § be such that J* N B. = 0, ie. J* C Hy,, \ Be, where
B. ={u€ Hg,, : ||u|| < e}. Define the mapping n: [0,1]x (Hj ,\ B:) = H; ,\ B:

by
o= L= (i) () we v BN

u, u e J

(See also [7, p. 346], [11, p. 3654], and [21, p. 161]). From the continuity of
~v(+), n is a continuous mapping which is a strong deformation retraction from
Hj , \ Be to J* From (2.11), one can further construct a strong deformation
retraction of Hj, in J°. Then

Br = Br(a,b) = dim Hy(J®, J*) = dim Hy(H;,, Hy ) \ Be)

Since Holm \ B. is homotopically equivalent to S and S°° is contractible, we
deduce that Hg, \ Bc is contractible. Therefore

Hk(Hol,p,Hol,p \B:)~0 and p =0, fork=0,1,...

As a consequence

oo

(2.15) > (=1)*Bk(a, b) = 0.

q=0

Recall that a space X is called contractible if there exists a point zg € X such
that Idx ~ g, where g: X — X is defined by g(z) = x¢ for every x € X.
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On the other hand, let r > 0 be small enough such that the open balls B(6, r),
B(v;, 1), and B(—v;,r) (i =1,...,m) are mutually disjoint. Then

= dimCy(J,0:) + Y _ dim C(J, —v;) + dim Cx(J,60), k=0,1,...

i=1 i=1
By Lemmas 1.5 and 1.7, we have

o

(216) > (~1)"Mi(a,0)

:i{i dlka (J,v;) +§: dlka ;)
k=0
+Z d1ka J@)

fjdegf A, B(vi,7),6) + deg(l — A, B(—vi,1),0)
+de o(I— A, B(6,r),0)

= deg (I— A, U(B(’Uiﬂ“) U B(—Ui,’l“)) UB(4,r),0)

i=1

= an odd number.

(See the end of the proof of [11, Theorem 1.3] and [21, Theorem 1.3]). Finally,
(2.15) and (2.16) imply that

> (=1)*Br(a,b) # D (=1)" Mi(a,b),

kEN kEN

leading to a contradiction with Lemma 1.4. As a consequence, we conclude that
J has an infinite number of critical points in HOIJ); therefore problem (1.1) has
infinitely many weak solutions in H&’p. O

REMARK 2.14. Assumptions (L4) and (Lg) are used to prove that the func-
tional J is well defined and the operator A is compact. The proof, which is
similar to that of Lemma 2.10, is omitted.

ExXAMPLE 2.15. The following impulsive boundary value problem has infin-
itely many weak solutions in Hj :

—(etu/(t)) = e tud(t), t#£t;, je{l,2,...}, t>0,
(2.17) u(0) = u(+o0) =0,

w(t;)?
A1) = 74

T+ () jed{1,2,...}.
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Indeed, assumptions (L;)—(Lg) are satisfied:
(L1) F(t,u) = u%/6 = uf(t,u)/6 and thus 6F(t,u) < uf(t,u) + 6Cs, for any
constant C3 > 0,

(La) F(t,u) =u®/6 > Cylu|® — C5 for C4 = 1/6 and C5 = 1,
(Ls) f(t,u) is odd,

(Ly) |f(t,u)] < g(u) where we may take, e.g., g(u) = 1+ |u],
(Ls) I;(u) = u® is odd,

(Lg) for p=5<v=6,5 [, I;(s)ds = 5u’/4 > u*.
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