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EXISTENCE AND NONEXISTENCE
OF LEAST ENERGY NODAL SOLUTIONS
FOR A CLASS OF ELLIPTIC PROBLEM IN R?

CLAUDIANOR O. ALVES — DENILSON S. PEREIRA

ABSTRACT. In this work, we prove the existence of least energy nodal solu-
tions for a class of elliptic problem in both cases, bounded and unbounded
domain, when the nonlinearity has exponential critical growth in R2. More-
over, we also prove a nonexistence result of least energy nodal solution for
the autonomous case in whole R2.

1. Introduction

This paper concerns with the existence of least energy nodal solutions for
the following class of elliptic problem

—Au+V(z)u= f(u) inQ,

" u € Ho(Q),

where 0 C R? is a smooth bounded domain or Q = R%, V: Q — R is a continuous
function verifying some hypotheses which will be fix later on. Concerning the
nonlinearity, we assume that f: R — R is a C'-function, which can have an
exponential critical growth at both +o0o0 and —oo, that is, it behaves like ea082,
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as |s| — oo, for some ay > 0. More precisely,

X e‘};(lj‘)Q =0 forall a > ay,
S|— 00
(1.1)

P cals? = oo for all o < «y,

(see [20]). In the last years, we have observed that the existence of nodal solution
has received a special attention of a lot of researches. In Cerami, Solimini and
Struwe [19], the authors showed the existence of multiple nodal solutions for the
following class of elliptic problem with critical growth

—Au—du=|ul* 2u inQ,

(P1)
u=20 on 012,

where Q0 = Br(0) CRY, N > 7,2* =2N /(N — 2) and X € [0, \;], with A\; being

the first eigenvalue of (—A, H}(Q2)). In Bartsch and Willem [12], the existence

of infinitely many radial nodal solutions was proved for the problem

(Py) —Au+u= f(Jz[,u) inRYN,

2
u € HYRY),

where f is a continuous function with subcritical growth and verifying some

hypotheses. In Cao and Noussair [17], the authors studied the existence and

multiplicity of positive and nodal solutions for the following class of problems

—Au+u=Q(z)|ulP?u in RY,
(P2) N
u € HY(RY)

by supposing 2 < p < (N +2)/(N —2), N > 3 and some technical conditions
on ). In that paper, the main result connects the number of positive and nodal
solutions with the number of maximum points of function Q).

In Castro, Cossio and Neuberger [18] and Bartsch and Wang [13], the authors
studied the existence of nodal solution for a problem like

(Ps) —Au= f(u) inQ,
u=0 on 0,

where € is a smooth bounded domain and f verifies some hypotheses. In [18], it

was assumed that f is superlinear, while in [10] that f is asymptotically linear

at infinity. In Bartsch and Weth [10], existence of multiple nodal solutions was

also considered for problem (P3).
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In Noussai and Wei [23], [24], existence and concentration of nodal solutions
were proved for the problem

—e?Au+wu= f(u) inQ,

(Pa)
Bu=0 on 01,

when ¢ — 0, where © is smooth bounded domain, Bu = w in [23] and Bu =
Ou/On in [24].

In Bartsch and Wang [14], the authors have considered the existence and
concentration of nodal solutions for the following class of problem

—Au+ (Na(z) + Du= f(u) in RN,

() ue HYRN),

when A — 400, by supposing that f has a subcritical growth and a: RY — R is
a nonnegative continuous function with a=!({0}) being nonempty and verifying

p({z € RY s a(z) < My}) < 400 for some My > 0,

where 1 denotes the Lebesgue measure.
In [8], Bartsch, Liu and Weth have showed the existence of nodal solutions
with exactly two nodal regions for the problem

—Au+ta(zr)u=f(u) inRY,

(Ps) ue HY(RN),

where a is a nonnegative function verifying some conditions, among which we

highlight
p{z € B.(y) :a(z) < M}) =0 as |yl = +oo for any M,r > 0.

The reader can found more results involving nodal solutions in the papers
of Bartsch, Weth and Willem [11], Alves and Soares [5], Bartsch, Clapp and
Weth [7], Zou [27] and their references.

After a literature review, we have observed that there are few papers in the
literature where existence of nodal solution has been considered for the case
where the nonlinearity has an exponential critical growth. The authors know
only the references Adimurthi and Yadava [1], Alves [2] and Alves and Soares [6].
In [1], the authors have proved the existence of infinitely many radial solutions
for problem (P3) when Q = Bg(0) C R% In [2], the author has proved the
existence of a nodal solution for a class of problems in exterior domains with
Neumann boundary conditions, and in [6], the existence of a nodal solution has
been established for a problem like

—&2Au+V(z)u= f(u) inR?
u € HY(R?),
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for € small enough and V verifying some technical conditions.

Motivated by this fact, our goal in the present paper is proving the existence
of least energy nodal solution for problem (P) when Q is a smooth bounded
domain or = R2. Here, we also show a nonexistence result of least energy
solution for (P) when the potential V is constant. Since we will work with
exponential critical growth in whole R?, a key inequality in our arguments is
the Trudinger—Moser inequality for bounded domains, see [22] and [25], which
claims that for any u € H(Q),

(1.2) / ™" da < +oo, for every a > 0.
Q
Moreover, there exists a positive constant C' = C'(«, |€?]) such that

(1.3) sup / e dr < (C, forall a < 4.
Q

<1
HuHHé(Q)_

A version of the above inequality in whole space R? has been proved by Cao [16]
and has the following statement:

(1.4) / (e’ —1)dx < 400, for all u € H'(R%) and a > 0.
RQ

Furthermore, if v < 47 and |u[12(r2) < M, there exists a constant Cy = C1 (M, )
such that

(1.5) sup / (ea“2 —1)dz < C4.
IVU|L2(]R2)S1 R2
Hereafter, the function f satisfies the ensuing assumptions:
(f1) There is C' > 0 such that

1£(s)] < Ce*™** for all s € R;

(t2) Tim (s)/5 =0
5—
(f3) There is 6 > 2 such that

0 < 0F(s) <sf(s), forallseR\{0}.

(f2) f(s)/|s| is a strictly increasing function of s on R\ {0}.
(fs) There exist constants p > 2 and C), > 0 such that

sign(s)f(s) > Cp|s|P~! for all s € R\ {0},

where
1 if s >0,

signis) = 1 ifs<0
— I s .



LEAST ENERGY NODAL SOLUTIONS FOR ELLIPTIC PROBLEM IN R? 871

Here F(s) := fos f(t)dt is a primitive of f. Clearly these assumptions hold
for
f(s) = 2an|s|p_2seas2, 0<a<dr.
Our main result related to the case where  is a bounded domain is the
following:

THEOREM 1.1. Let Q be a bounded domain and V: Q0 — R be a nonnegative
continuous function. If (f1)—(f5) occur, then problem (P) possesses a least energy
nodal solution, provided that

b

2p 1022
(1.6) Cp > {5}09_2]

where (3, = }\illlf’ Iy, MY ={ue H}(Q): u* #0 and I (u*)u® = 0} and
Q

) = 5 [Vl + V@l do = [ jup da.

For the case where Q = R2, we have two results. The first one is a nonexis-
tence result of least energy nodal solution whose statement is the following:

THEOREM 1.2. Suppose that V(x) = Vo > 0 for all x € R? and f satisfies
(f1)—(f5). Then, the autonomous problem

P) —Au+ Vou = f(u) inR?,

u € H'Y(R?),
does not have a least energy nodal solution, provided that
op 1P=2/2
(1.7) Cp > [Xpm} ;
where xp, = inf Jp, Mp, o) = {u € Hj(B1(0)) : u* # 0 and J)(u*)u* = 0}
B1(0)
and

1 1
Jp(u):f/ (|vu|2+v0|u|2)dx”/ luf? da.
2 /B1(0) P JBi(0)

Our second result is related to the existence of least energy nodal solution
for a non-autonomous problem. For this case, we will assume that f is an odd
function and the ensuing hypotheses on function V:

(V1) There exists a constant Vy > 0 such that Vo < V(z) for all z € R?;

(V2) There exists a continuous Z2-periodic function V., : R? — R satisfying

V(z) < Vao(z) for all z € R? and ‘ llim |[V(z) — Veo(z)| = 0.
Tr|—00

We recall that a function h: R? — R is Z2-periodic when

h(z) = h(z +y), forall z € R? and y € Z*.
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(V3) There exist p < 1/2 and C' > 0 such that
V() < Vao(x) — Ce ™l for all z € R2.
Our main result involving the above hypotheses is the following:

THEOREM 1.3. Suppose that (V1)—(V3) and (f1)—(f5) hold with f being an
odd function. If (1.7) occurs replacing Vo by V', the elliptic problem

—Au+V(z)u= f(u) inR2

) u € HY(R?),

possesses a least energy nodal solution with exactly two nodal domains.

We conclude this section by giving a sketch of the proofs. The basic idea
goes as follows. To prove Theorem 1.1 we will use the Nehari method and the
deformation lemma. Our inspiration comes from [19], however in that paper
the authors used a deformation lemma in cones together with the fact that the
nonlinearity is odd. Here, we develop a new approach to get a Palais—Smale
sequence of nodal functions associated to the least energy nodal level, for details
see Section 2. In order to prove Theorem 1.3, we invoke Theorem 1.1 to obtain
a sequence (uy) of least energy nodal solutions to problem (P) when Q = B,,(0).
Then, we prove that (u,) is weakly convergent in H!(R?), and its weak limit is
a least energy nodal solution of the problem (P).

2. Bounded domain

In this section, we consider the existence of least energy nodal solution for
problem (P) when Q is a smooth bounded domain. Let us denote by E the
Sobolev space H{(£2) endowed with the norm

umﬁziéuvm2+vmmm%dw

It is easy to check that the above norm is equivalent to usual norm in H} ().
Hereafter, we will be denoted by || - ||« the usual norm in H}(Q).

From assumptions (f;) and (f2), given € > 0, ¢ > 1 and « > 4, there exists
a positive constant C' = C/(g, ¢, «) such that

2
(2.1) Isf(s)l, |F(s)] < % +O|s|%™ | for all s € R.

Thus, by Trudinger-Moser inequality (1.2), F(u) € L*(R?) for all u € E, from
where it follows that Euler-Lagrange functional associated with (P) I: E — R
given by

Iwzémwjénww
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is well defined. Furthermore, using standard arguments, we see that I is a C!
functional on E with

I'(u)v = /Q[VUVU + V(x)uv] dz — /Q fwvdz, foralwveE.

Consequently, critical points of I are precisely the weak solutions of problem (P).
We know that every nontrivial critical point of I is contained in the Nehari
manifold Mg = {u € E\ {0} : I'(u)u = 0}. Since we are interested in least
energy nodal solution, we define the nodal Nehari set Mq = {u € E : u™ # 0,
I'(u®)ut =0} and ¢, = inf I(u).

uEMaq

By a least energy nodal solution, we understand as being a function u € Mg

such that

I(u) =c¢4 and I'(u) =0.
Next, we state some necessary results to prove Theorem 1.1. The proofs of some
of them are in Section 5.

LEMMA 2.1. There exists A > 0 such that

1 1

PROOF. Let u € Mf, C Hj(2) verifying
(2.2) I(w) =B, and I)(u)=0.
The reader can find the proof of the above claim in Bartsch and Weth [9]. Once
Ut # 0 there exist 0 < s,t such that sut,tu- € Ng and sut +tu~ € Mq.
Then,
ch <I(sut +tu~)=1I(su®)+ I(tu"),

leading to
2
¢ g%/ﬂ(waﬂ?+V(x)|a+|2)dx—/QF(sa+)dx
t2 SO SO o
+— | ((Vu P+ V(@)|u|*)de — [ F(tu™)dz.
2 Jo Q
By (f5)7
2 C,sP 2 CuP
oo (2 P ~+|p Z _ P ~—|p
CQ_(2 p)/ﬂ|u|dx—|—<2 p>/9|u|dx,
and so,

2 J
r Cpr? ~
ch <max{ — — —2— |a|P dx.
r>0 | 2 D Q

A direct computation gives

r2 CprP 9 1 1
o2t U _2/@-p)( Z _ =
G- (5-3)
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then _
s < C2/(2p) ( - ) ulP dx.
G- 2 p/)Ja |
Using (2.2) in the above inequality, we get
(2.3) ch < CHEPg = A
From (1.6), A < (1/2 — 1/6), finishing the proof. O

The next lemma shows two important limits involving the function.

LEMMA 2.2. Let (uy,) be a sequence in E satisfying:
(a) b:=sup ||Ju,|?* < 1;
neN

(b) w, — u in H (), and
(¢) un(z) = u(x) almost everywhere in Q.
Then,

(2.4) lim /Q Ftp)un dz = /Q Fw)ude,
(2.5) lim /Q Flupvde = /Q Fu)vdz,

for anyv € E.
PROOF. See Section 5. O

The result below is well known for problems in RY with N > 3. Here,
we decide to write its proof, because we are working with exponential critical
growth.

LEMMA 2.3. There exists mg > 0 such that 0 < mg < |[u|?* for all u € Ng.

PROOF. We start by fixing ¢ > 2 in (2.1). Suppose by contradiction that
above inequality is false. Then, there exists a sequence (u,) C Nq such that
lun > — 0, as n — oco. Since u,, € Ng,

Junl = [ Fua)i da
Q
Then, from (2.1),
llunll? < lun|? + C’/ |un|qea‘“’"‘2, dr, for some o > 4.
Q
By Sobolev imbedding and Hélder inequality,
, 1/2
ol < Crcllun?+ Clunty ([ #1o0Fas)
Q

Using again Sobolev imbedding,

1/2
(1 = Cre) w2 <cz|un||Q( [ et dw) .
Q
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Choosing € > 0 sufficiently small such that C3 := (1 — C1e)/Cs > 0, we find
that

1/2
(2.6) 0<Cs< un|q_2(/ e2elunl? dx) .
Q

Since ||u,||* — 0, as n — oo, there is ng € N such that 2| u,||* < 4n, for all
n > ng. From Trudinger—-Moser inequality (1.3), it follows that

/ e20lunl® g / e2alunl2(unl/unll)? gy < / Arlunl/llunll ) g < ©
Q Q Q

for all n > ng. Here, we have used that ||ul|. < ||u| for all u € HJ(£2). Thereby,
from (2.6),

0y \ Va2
0< | —= < |up|], for all n > ng,
()" st e
which contradicts the fact that ||u,| — 0, as n — oo. O

COROLLARY 2.4. For allu € Mg, 0 < mg < |lu™|? < |Jul|?.

COROLLARY 2.5. There exists 3 > 0 such that I(u*), I(u) > 28, for all
u € Mq.

Proor. Firstly, observe that if u € Mg,

1) = 1) - g = (5 = 5 )l = [ (P - Gstn) a

Then, from (f3) and Lemma 2.3,

1 1 1 1
I(u) > (2 - 0) flul|? > (2 - 0>m0 =28, for all u € Ng.

Now, the result follows by observing that u € Mg implies that u, u®™ € Ng. O

Now, we prove some results related to the following set
Syi={ue Mg : I(u) < ch+ A}

The above set will be crucial to show the existence of a (PS) sequence of nodal
functions associated with cf.

LEMMA 2.6. For all u € Sy, we have 0 < mg < |u®|2 < ||lul]> < my < 1,
for A > 0 sufficiently small.

PROOF. See Section 5. (|
LEMMA 2.7. For each q > 1, there exists 64 > 0 such that
0<dq < / |ui|qu < / |ul!dz,  for all u € §>\.
Q Q

PROOF. See Section 5. O
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LEMMA 2.8. There exists R > 0 such that

I(]l%ui)7 I(Ru*) < %I(ui), for allu € S).
PROOF. Let u € Sy and R > 0. By definition of I and (f3),
I(;ui) = %Hui\\z - /QF(;ui) dx < T;QHIFHQ
Hence, by Lemma 2.6
I<;ui) < %

From this, we can fix R > 0 large enough such that my/(2R?) < &3, which
implies, by Corollary 2.5,

1 1 ~
I(Rui) <6y < §I(ui), for all u € S).

By (f3), there are constants by, by > 0 verifying F(t) > by[t|® — by, for all t € R.
Then,

R2m,\

2
I(Ru*) = R?HuiH?—/QF(Rui)dxg —blRe/Q\ui|9d:r+b2\Q|.

By Lemma 2.7, there is d9 > 0 such that

/ |ut|® dz > dy.
Q
Thus,

R2

R? my
I(Ru®) = 7||ui||2 — / F(Ru®)dx < —5 biR%Sp + b Q).
Q

Since 0 > 2, we conclude that I(Ru*) < 0 < dy < I(u*)/2, for all u € Sy, for
R > 0 large enough. O

From now on, we consider the following sets
S ={sRu* +tRu” :u e Sy and s,t € [1/R?,1]},
P={ue€eE:u>0ae inQ}
and A = PU(—P).
In what follows, for a subset © C H{(2) and 7 > 0 we denote by O, the set

O, = {u € H}(Q) : dist(u,©) < r}, and by dist(A, B) the distance between sets
of H} ().

LEMMA 2.9. dp := dist(S,A) > 0.

PROOF. The lemma follows by using contradiction argument combined with
Rellich Imbedding and Lemma 2.7. O
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PROPOSITION 2.10 (Main Proposition). Given €,6 > 0, there exists u €
I7Y([cty — 2e, ¢ty + 2¢]) N Sas verifying ||’ (uw)| < 4e/6.

PROOF. In fact, otherwise, there exist ¢,,d, > 0 such that

4
1 (w)]| > (Si for all u € I71([ch — 2e,, ¢l + 260]) N Sas, -

o

Thus, for each n € N*,
deo/m

Il > £

for all u € I ([efy, — 264, ¢y + 2¢,]) N Sas, .

Since

I7Y([¢gy — 2e0/n, €& + 265 /0]) N Sas, 1 C 17165y — 2€0, ¢ + 260)) N Sas,

we get
!/ 450/” —1 * *
(1T (w)]| > 5, /n for all u € 1™ ([c, — 2e0/n, G + 260/n]) N Sas, /-
Then, we can fix n € N large enough such that
_ & . [ 269 = 0, dp
2.7 == — A7, 6= — < —
(2.7) g:= mln{ 5 } T <3

and i
11 ()| > g for all u € 7" ([c5, — 22, ¢ty + 28]) N S5

In view of the above hypotheses, [26, Lemma 2.3] yields a continuous map n: E —
F satisfying:

(1) n(u) =u, for all u ¢ I ([cf, — 22, c§y + 2€]) N Sy

(2) [In(u) —ull <8 for all u € E;

(3) n(I2t* N S) C I°a7F N S5;

(4) nis a homeomorphism.

From the definition of cg,, for such € > 0, there exists u. € Mg such that
(2.8) I(uy) < ¢y +€/2.
Now, consider v: [1/R?, 1]> — E given by

A(s,1) = n(sRui + tRuy).
Once uf € Ng, in view of (f;) we have the following classical result
+ _ +
see e.g. [26, Lemma 4.1]. Thus
I(sRuf +tRu;) = I(sRuf) + I(tRu;) < I(ul) + I(u}) = I(u.).

Thereby, (2.7) and (2.8) give
g

I(sRuf +tRu;) < I(us) < ¢+ 3

<cHFHE<cH+ A,
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for all s,t € [1/R2,1]. Then, u, € Sy and sRuj + tRu; € I°©*¥ N S, which
implies, by item (3),

(2.9) I(y(s,t)) = I(n(sRu,™ +tRu,")) < cf —&, forall (s,t) € [1/R* 1]

From item (2), ||y(s,t) — (sRuf + tRu; )| < &, then by the choice of § made in
(2.7), for v € A, we have

Iv(s.8) = oll = Iy(s,t) — (sRu + tRu) + (sRu +tRuy) — v
> |[(sRui + tRu;) — o] = [[y(s,) — (sRuf + tRu;)|

- do  do
>dog—6>dy— — = —
2 do—0>do— o =5 >0,

for all s,t € [1/R?,1]. Therefore,

(2.10) v(s,t)E #£0, forall (s,t) € [1/R?1]%

CLAIM 2.11. There exists (so,to) € [1/R%,1]? such that
I'(y(s0,t0) ™) (7(s0, t0) ™) = 0.

Suppose, for a moment, that this claim is true. From (2.10), v(so, to) € Maq,
and so, I(v(so,%0)) > c&, which contradicts (2.9), proving the proposition. [

PROOF OF CLAIM 2.11. Let us define Q := [1/R?1]? and the functions
H,G: Q- R? by

=
—
»
=
[

(I'(7(s,) ) (v(5,) ), ' (v (5,8) ") ((5,8) 7)),
G(s,t) :== (I'(sRu,")(sRul), I'(tRu ) (tRuy )).

Since
(2.11) v(s,t) = n(sRuf +tRu;) = sRu} +tRu,, forall (s,t) € 0Q,

we have v(s,t)* = sRu} and (s, t)” = tRu; (for all (s,t) € Q, and H = G
on 0Q.
To see (2.11), let s = 1/R? and t € [1/R?,1]. By Lemma 2.8,

1
I(sRu,™ +tRu,") :I<Ru*+> + I(tRu, ™)

I(u.™)
< 2
From (2.8), Corollary 2.5 and the choice of € > 0 made in (2.7), we obtain

+ (ua") = I(us) —

5

I(sRu,™ +tRu,”) < ¢ + 5

— 02 < Ca — 2€,
i.e.

1
Eu,f +tRu.~ ¢ I7'([c, — 22, ¢y + 28]) N Sy3,
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for all t € [1/R?,1]. From this, item (1) yields

1 1 1
7<R2,t) = n(Ru*+ + tRu*_) = Eu,f + tRu, .

The other cases are similar. Then, d(H,Q, (0,0)) = d(G,Q,(0,0)) and in
view of (f4), we have d(G, @, (0,0)) = 1 # 0. From Brouwer’s degree property,
there exists (o, ) €Q such that H(sg,t9)=0, i.e. I'(v(s0,t0)%)(y(s0,t0)*)=0,
and the proof is complete. O

PrOOF OF THEOREM 1.1. For each n € N, consider ¢ = 1/(4n) and § =
1/y/n. From Proposition 2.10, there exists u, € Sy, /i with
— * 1 * 1 1
Up €1 1<|:CQ ~ 500 + 271]) and |1’ (up)]| < T
Thus, there is (v,) C S satisfying I(vy,) — ¢ and I'(v,) — 0, in other words,
(vn) is a (PS);, of nodal functions for I.

CLAIM 2.12. The sequence (vy) is bounded in E and for a subsequence of
(vn), still denoted by (vy,),

limsup |Jv,, || < 1.
neN

Indeed, since (v,) C S, it is easy to see that (v,) is bounded in E. Thus,
I'(vp)v, = 0,(1) and

o 0a(1) = I(00) = 1" (0n)in = (5= 5 Jloal? = [ [Fo) = 50 )on] o

The above equality together with (f3) and Lemma 2.1 gives

*
Ca

(1/2-1/9)
Now, let vy € E the weak limit of (v, ). Combining Claim 2.12 with Lemma 2.2,
we deduce that vy is a weak solution to problem (P). Finally, to conclude the

lim sup ||v, || < < 1.
n

proof, we must prove that v # 0. We know that v, — vg in H}(Q); v,(z) —
vo(z) almost everywhere in Q and v,, — vg in L4(Q2), for all ¢ > 1.

On the other hand, using that v, € S, there are s,,t, € [1/R? 1] and
Uy € §>\, such that

Uy = snRu:[ +t,Ru,, — soRua' + toRug in F,
vn(z) = spRuf (z) +t, Ruy, (z) — soRugd (v) + toRug () a.e. in €,
for some s, tg € [1/R?,1], where uy € E is the weak limit of the sequence (u,,) C
Mgq. By uniqueness of limit, we have vy = soRuar + toRuy . From Lemma 2.7,

we obtain uF # 0, which implies that vj = soRug # 0 and vy = soRuy # 0
and the proof of Theorem 1.1 is complete. O
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3. Unbounded domain

From now on, we consider the problem (P) with Q = R?. From (V}), it is
possible to show that

i = ([ v s viea)

is a norm on H*(R?), which is equivalent to the usual norm in H'(R?). Hereafter,
E denotes H'(R?) endowed with the above norm.

From assumptions (f;) and (f3), given € > 0, ¢ > 1 and 8 > 4, there exists
a positive constant C' = C(e, ¢, 8) such that

2
1s£(s)], [F(s)] < 5% +C)s9(eP™" — 1), forall seR.

Thus, by the Trudinger-Moser inequality (1.4), we have F(u) € LY(R?) for
all u € H'(R?). Therefore, the Euler-Lagrange functional associated with (P)
given by
1
I(u) = = |Jul? —/ F(u)dx, ueE
2 -

is well defined. Furthermore, using standard arguments, we see that I is a C!
functional on E with

I'(u)v = / {Vqu + V(x)uv} dr — f(u)vdx, forallveE.
R2 R2

Consequently, critical points of I are precisely the weak solutions of problem (P).
Every nontrivial critical point of I is contained in the Nehari manifold

N ={ue E\{0}: I'(u)u=0}.

A critical point u # 0 of T is a ground state if I(u) = ¢1, where ¢; = infyen I(u).
Since we are interested in least energy nodal solution, we define the nodal
Nehari set M = {u € E:u* #0, I'(u*)ut = 0} and ¢* = ulél/{/[ I(u). Here, it
is important to observe that every nodal solution of (P) lies in M.
Next, we state some necessary results to prove Theorem 1.3. The proofs of

some of them are in Section 5. The first one can be found in Alves, Carrido and
Medeiros [3].

LEMMA 3.1. Let F € C?*(R,Ry) be a convexr and even function such that
F(0) =0 and f(s) = F'(s) > 0, for all s € [0,4+00). Then, for allt,s >0,

[F(t =) = F(t) = F(s)] <2(f(t)s + f(s)t).

REMARK 3.2. Notice that, if f is an odd function satisfying the hypotheses
(f1)—(fy), then the primitive F' of f verifies the hypotheses from Lemma 3.1.

The following two results are essentially due to Alves, do O and Miyagaki
and its proof can be found in [4].
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THEOREM 3.3. Suppose that (V1)-(Vz) and (f1)—(f5) hold. Then

—Au+ Voo (z)u= f(u) inR?,

(Peo) ue HY(R?),

possesses a positive ground state solution, i.e. there evists u € H'(R?) such that
7> 0, Io(T) = coo and I (@) = 0, where
1
Io(u) = 5/ (IVul]® + Voo (z)u?) da —/ F(u)dz, ue€ H'(R?),
R? R2

Coo = inl\; Io(u) and Ny denotes the Nehari manifold
ueEN
Noo = {u € H'(R?)\ {0} : I’ (u)u = 0}.
The second result deal with the asymptotically periodic case.

THEOREM 3.4. Suppose that (V1)—(Va) and (f1)—(f5) hold. Then, prob-
lem (P) possesses a positive ground state solution, i.e. there exists u; € H*(R?)
such that uy >0, I(u1) = ¢1 and I'(uy) = 0.

Employing the same arguments explored by Alves [2], it is possible to prove
the following result:

THEOREM 3.5. Assume that (f1) and (f2) hold. Then, any positive solution
u of problem rom(Pu.) with ||| g1 (r2y < 1 satifies:

(a) | llim w(z) =0, and
xT|— 00

(b) Cre 1 <7 < Che 2l jn R2, where Cy and Co are positive constants
and 0 < b <1< a. Moreover, we choosea=1+6,b=1—4§ for d > 0.

The same result hold for uy > 0 given in Theorem 3.4.

The next proposition is a key point in our arguments to get nodal solutions,
because it gives an estimate from above of c¢*.

PROPOSITION 3.6. Suppose that (V1)—(Vs), (f1)—(f5) and (1.7) hold. Then
<+ Coo-

PROOF. See Section 5. O

The below lemma establishes a condition to conclude when the weak limit of
a (PS) sequence is nontrivial.

LEMMA 3.7. Assume that (V1)—-(V3) and (f1)—(f5) hold. If (u,) C E is such
that I(up) — o, up — u, I'(up)u, — 0 and

liminf | f(un)un,dz > 0,

n—oo R2

then u # 0, provided that 0 < 0 < Cso.
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PROOF. See Section 5. O

PrROOF oOF THEOREM 1.3. Applying Theorem 1.1 with Q@ = B,(0) and
n € N, there is a nodal solution u,, € Hg(B,(0)) for (P) satisfying

I(un) = C:; and II(Un) = 07 where C:; = C*Bn(o)'

Here, we also denote by I the functional associated with (P), because its restric-
tion to H}(By) coincides with the functional associated with (P).

CramM 3.8. The limit lim ¢ = c¢* holds.
n—oo

Indeed, we begin recalling that (c) is a non-increasing sequence and bounded
from bellow by ¢*. If lim ¢}, = ¢ > ¢*, then there exists ¢ € M such that I(¢) < ¢.
Take (w,) C C$°(R?) and ¢ > 0 such that w} # 0, w, — ¢ in H'(R?) and
trwkr € N. Thereby, I(w,) = I(w;) + I(w;) = I(¢) > ¢* >0, [(wE) — I(¢F)
and I'(wHwt — I'(¢%)pT = 0.

Then, if we define ¢, := t;}w;" +1, w; € M, by using similar arguments as in
the proof of Lemma 3.7, it is possible to prove that = — 1 and I(ttw?) — I(¢T),
leading to, I(¢n) — I(¢). Therefore, we can fix ng € N such that I(¢y,) < ¢, for
all n > ng. On the other hand, fixing ny € N such that ¢,, € Mp
that ¢,,, < I(¢n,) < ¢, which contradicts the definition of €.

From (f3), we know that (u,) is a bounded sequence in E. Thus, we can

it follows

ny?

assume that (u,) is weakly convergent to u, for some v € E. Once
¢ =limc; =limI(u,) and I’(u,)v=0, forallve Hy(B,),

a direct computation gives that u is a weak solution for (P).
Now, our goal is proving that u € M and I(u) = ¢*. In fact, taking a subse-
quence if necessary, we can assume that I(u}) — oF, where ¢* =0t + 0.
Using that u},u; € N, we derive & > ¢; > 0. From Proposition 3.6, it
follows that 0% < ¢s. Since

liminf [ f(ud)ud >0,
n—oo R2

Lemma 3.7 yields u* # 0. Therefore, u € M and I(u) > ¢*. To complete the
proof, by Fatou’s Lemma, we see that

2¢* = liminf[2] (u,) — I'(up)u,] = lim inf/ (f(un)tp — 2F (uy)) dz
R2

n—oo n— oo

>/ (f(w)u —2F(w))dx = 2I(u) — I' (u)u = 21 (u) > 2c*.
R

Hence, I(u) = c¢*, which proves that (P) has a nodal solution. In order to
establish that the nodal solution has exactly two nodal domains, we refer the
reader to [9, Theorem 2.3]. O



LEAST ENERGY NODAL SOLUTIONS FOR ELLIPTIC PROBLEM IN R? 883

4. Nonexistence result

In this section, we prove a nonexistence result of least energy nodal solution
for the following autonomous problem

—Au+ Vou = f(u) in R?,

Q) u € HY(R?),

that is, we prove that ¢ := infq J is not attained, where J is the energy func-
tional defined on H'(R?) associated with (Q) and M is the nodal Nehari set

M = {u € H'(R?) : u* # 0 and J'(uF)u® = 0}.
For this, we define
f@t) fort >0,
f+(t) =
0 for t <0,
and the functional J, defined on H'(R?) by

situ)i= [ (VaP 4 ValuP)do — [ Piw)da,

where F is the primitive of f with F{(0) = 0. From [4, Theorem 1.1], the
number c¢; = infy;, Jy where N} := {u € H'(R?)\ {0} : J (u)u = 0}, is
a critical value of Jy. Let v be the corresponding critical point. It is easy to see
that v~ = 0. Thus, v is a nonnegative function and by the maximum principle,
v > 0 on R2. In particular, v is a positive critical point of J.

Analogously, if we define

0 for t > 0,

- = f(t) fort <0,

and denote by J_ the corresponding functional and by N_ the Nehari manifold,
then c_ := }\Iflf J_ is a critical value of J_.

The next proposition is a key point in our argument to prove the nonexistence
result, because it gives an exact estimate of ¢.

PROPOSITION 4.1. Under assumptions (f1)—(f5), we have ¢ = ¢4 + c_.
PROOF. Let v,w € H(R?) verifying

J+(v) = Cqs er(’l)) =0,
J (w) =c_, J (w) =0, wx) <0, forallxcR?

v(x) >0, forall xz € R?

and consider ¢ € C§°(R?) be a cut-off function satisfying

suppe C B2(0), 0<¢ <1, ¢=1 onBi(0) and |Vy|e, <C.
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Using the above function, for each R > 0 fixed, we set pr(x) = p(x/R). Then,
supp or C Bar(0), 0<9pr <1, ¢wr=1 on Bgr(0) and |Vyg|ew <C/R.
Now, we consider the functions:

vr(z) = pr(z)v(z), wgr(z) :=¢r@)w(z) and wg,:=wg(®—1z,),

where z, = (n,0). Clearly, for n large enough, supp vg N supp wg,, = 0.
Let tgr, sg be the positive real numbers such that

J/(tR’l)R>tR’l}R =0 and J/(SR’LUR,n)SR’LUR)n =0.
Since

t??,/ (\VUR|2+V0|UR\2)CZ$:/ f+(trvR)tRVUR
R2 R2

and vg — v in H'(R?) as R — +oo, it is possible to show, by using similar
arguments given in the proof of Lemma 3.7, that tg — 1, as R — +o00. Similarly,

5%{/ (\VwR,n|2+Vo|wR,n\2)d$:/ f+(SRWRn)SRWR, n-
R2 R2

Since wp — w in H'(R?) as R — +o0, we derive that sg — 1, as R — +o0.
Now, note that ug := trvgr + SRWR,n, € M with u} = trug and up = SRWRn
for n € N large enough. Then,

¢ < J(tgug + srwrn) = J(trvr) + J(SRWRn)

Using the invariance of R? under translations, by taking R — +o00, we obtain
¢ < J(v) + J(w). Since J(v) = J4(v) = ¢t and J(w) = J_(w) = c_, it follows
that ¢ <cy +c_.

On the other hand, it is obvious that ¢ > ¢, +c_. Therefore, we can conclude
that ¢=cy 4+ c_. O

PROOF OF THEOREM 1.2. Suppose by contradiction that there exists u € M
such that J(u) =¢. Thus, ut € Ny and v~ € N_, from where it follows that

cy e <Jy(uhH+J (u)=Ju)=¢=cy +c_,

and so, J4(uT) = ¢y and J_(u~) = c_. Thereby, u™ is a critical point of J
and u~ is a critical point of J_.Then, by maximum principle, we must have

ut(z) >0, forallz € R* and w (x) <0, forallzecR?
which is impossible. O

REMARK 4.2. A version of Theorem 1.2 can be made for N > 3, by supposing
that f has a subcritical growth.
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REMARK 4.3. We can define H}(R?) := {u € H : u is a radial function},
M, == M N H}R?) and ¢} = iMnf J. Under the assumptions of Theorem 1.2,

there exist a minimizer u € M, which is a critical point of I on H'(R?). To
prove this, we combine the symmetric criticality principle with arguments as in
the proof of Theorem 1.1. It is clear that ¢* < ¢, and so, as a consequence of our
nonexistence result, we have ¢* < ¢;. A similar inequality in bounded domain

like annulus for N > 3 was proved in [11] .

5. Proofs of lemmas and propositions

PROOF OF LEMMA 2.2. From (f;), | f(tn)tn| < Clu,|e*™ I, for all n € N.
We claim that

/ \un|e4”‘“”|2 dx — / |u|64”|“‘2 dr, asn — co.
Q Q
Effectively, consider ¢t > 1 with ¢t ~ 1. Note that

/(e4ﬂ|un|2)tdx:/e4wt|\unnz(lunvnunlnz dm</e4mb<|un\/uunn>2 d.
Q Q Ja

Now, since b < 1, we can fix t > 1 with ¢ &~ 1, such that tb < 1. Consequently,
by Trudinger—Moser inequality,

2 2
sup/(e4“|“"| Yodr < sup /e“tb‘”l dz < oo.
Q Q

n loll<1

Thus, the sequence (e*™I“nI*) is bounded in L(€) and etlun(@)l” _ edmlu(@)]®

almost everywhere in 2. This implies that,

(5.1) ehmlunl® s dnlul® LY(9).
On the other hand,

(5.2) [tn| — |u| in L¥'()

where 1/t + 1/t = 1. Now, (5.1) combined with (5.2) gives

/ |un|e4’r|“"|2 dx %/ |u|e47r|“‘2 dz.
Q Q

Hence, |un|e4”‘“"‘2 — |u|64”|“‘2 in L1(Q). Thus, from [15, Theorem IV.9], there
are a subsequence of (u,) and h € L'(Q) such that \un|e4”‘““|2 < h almost
everywhere in Q. Thereby, |f(uy)uy,| < h almost everywhere in 2. By Lebesgue’s
Theorem, it follows that

/Q () un dz — /Q Fu)udz.

The proof of (2.5) follows by using the same type of arguments. O
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PrROOF OF LEMMA 2.6. Since §>\ C Mg, in view of Corollary 2.4, we only
need to prove that there exist my > 0 such that ||ul|?> < my < 1 for all u € Sj.
For each u € Sy, we have

1 1 1 1
ch+A>T(w)=I(u)— =I'(wu=(=—=)|ul? —/ F(u) — = f(u)u | dz.
0 2 0 Q 0
From Ambrosetti-Rabinowitz condition (f3),
1 1
* > (2 _ 2 2.
i+ 22 (5 )l
On the other hand, by Lemma 2.1, we can fix A\ > 0 sufficiently small such that
1 1
A+ A - — =
#a<(3-7);
where A was given in (2.3). Therefore

o+ A A+ A
% <my <1, where my := # [l
=

11
2 0
PROOF OF LEMMA 2.7. Since u € §A C Mg,
w1 = [ pye o
Q

lull* <

Then, from (f;),
Jut]? < C/ |uj[|e47r|“i|2 d.
Q

Using Sobolev imbedding and Héder inequality, for 1 < ¢; and 1 < ¢t3 =~ 1 such
that 1/t; + 1/ts = 1, we obtain

1/t2
Hu:i:HQ < |ui‘Lt1 (/ e47rt2|“i\2 dx) .
Q

1/t2

+2 + +11\2
mo < |ui|m(/ gdmtallu® 2w/ u ) dx) ,
Q

and, by Lemma 2.6, it follows that

+ +\2
mo < Iuilm(/ etmtama (/0= 1)? g1/
Q

From Corollary 2.4,

Since my < 1, we can fix 1 < ty near 1 such that tomy < 1. From Trudinger—
Moser inequality (1.3), there exists a constant C' > 0 such that

/ 647”52"“(luil/““i“)2 dr < C forallue §>\.
Q

Thereby, for some C; > 0, C; < |u®|p+ for all u € Sh. Now, the lemma follows
applying interpolation. O
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PRrROOF OF PROPOSITION 3.6. Let @ be a positive ground state solution of
(Pso) and uy is a positive ground state of (P) given by Theorems 3.3 and 3.4,
respectively. Let us define @, (x) = w(z —xy,), where 2, = (0,n) and for o, 5 > 0

(53) h*(a,fin) = /

R2

(Wmul B P+ V(@) (aur — mn)ﬂZ) dx
- 2 f((aul - Bﬂn)i)(aul - Bﬂn)i

Recalling that I'(u1)u; = 0 and using (fy), we get

64 [ (V0/2F + V@) /2 de = [ fu/2m/2)
LR o

(5.5) /RZ(W(%”‘ZJFV( )|2us |?) doe — Rzf (2u1)(2uy)
( (1 1)>(2u1)2da:<0.

U1 2’111

and

R2

y (Va), for n large enough, there holds

6.0 [ (V@2 + V@) @/22) da = [ 122 >0
and

(5.7) / (V)P + V(@) @0 de— | f(20)(20,) <0.

R2

Hence, from (5.4)-(5.7), there exists ng > 0 such that

ht(1/2,8,n) >0
ht(2,8,n) <0

for n > ng and S € [1/2,2]. Now, for all « € [1/2,2] we have

(5.8)

h™ (o, 1/2,n) > 0,

(59) h™(a,2,n) < 0.

From this, we can apply a variant of the Mean Value Theorem due to Mi-
randa [21], to obtain o*, 3* € [1/2, 2], which depend on n and verify h*(a*, 3%, n)
=0, for any n > ng. Thus, a*uy — 5*u, € M, for n > nyg.

In view of the definition of ¢*, it suffices to show that

sup  I(au; — fU,) < ¢1 + ¢ for n > ng.
1/2<a,8<2
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In order to do this, first we use Lemma 3.1 to get the ensuing estimate
1
o = 51) < 5 [ (V@) +|V(5,)?) do
R

+ % /R V(@) (|aw |2 + |5Tn]?) dz — o /Rz(wlwn V(@) untin)dz — Ar,
where

Ay = /}R2 F(auy)dz + /}R2 F(Bu,)dr — Q/R2 [f (auy)Bu, + f(Bun)ou;| dx
Since u; is a positive solution of (P), we know that

/Q(VmVEn + V(z)uiuy,) dz > 0.
Therefore ’
(5.10) I(au; — Buy,) < I(auy) + I (BUy) + 2« . f(Bun)uy de
2

—|—2B/]Rz flaur)a, dx + P

5 ) (V(z) = Voo ()72 da.

From (V3),
/ (V(z) = Voo (2))T2 da < —Ce™H"
RZ
and, by (fl)*(fg),
flauy)a, de < 504/ UL Uy, dx + Cy (emzuf — Dujuy, dz, for 7 > 4m.

R2 R? R2
Notice that from Theorem 3.5,

/ Uy dr < C’g/ uretlr=onl gy
Bn/Q Bn/2

Once |z — x| > |xn| — |2| = n — |z] and |z| < n/2, we find that |z — z,| > n/2,
from where it follows that

/ UL Uy, dr < 02/ ure "% dg = Ce= /2
Bn/2

Bn/2
and
/ w1y, do < Oy / efb‘zlﬂn dzx
RQ\Bn/2 Rz\Bn/Q
§C26_b”/2/ U, dr = C’ge_b"/2/ udx.
R2 R2
Therefore

/ Uy, do < Ce /2,
R2
Moreover, since u; € L>(R?),

2,2
/ (™" — Dugu, de < C ug T, < Ce /2,
R2 R2
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Therefore
. flauy ), de < Ce™®/?  and 5 F(Bup)uy do < Ce™/2,
Then, from (5.10),
I(ouy — BTy) < sup I(auy) + sup Ing(fn) + C(e /2 — e7Hm),
a>0 B8>0

—bn/2

Since p < 1/2, for n large enough, we know that e —e " <0, from where

it follows that  sup  I(au; — fU,) < ¢1 + ¢oo. Consequently, ¢* < ¢1 + Coo,
1/2<a,B<2
finishing the proof of the proposition. U

PROOF OF LEMMA 3.7. Suppose, by contradiction that u = 0. From (V3),
given ¢ > 0 there exists R = R(e) > 0 such that |V (z) — Voo ()| < ¢, for |z| > R.
As a consequence of u = 0, we get

/ V(@) — Vio () [un|2 dz — 0.
Br
The inequality

/]R2 V(@) = Voo ()| |un | da < /

V(@) —Voo(x)||un|2dx+a/ |2 da,
Br

R2\Bgr

together with the boundedness of (u,) in H'(R?) yields |I(u) — Iso(un)| — 0
as n — oo.

A similar argument shows that |I'(up)un, — I (up)un| — 0 as n — oo.
Consequently,

(5.11) Io(up) =0 +o0,(1) and I (up)un = 0,(1).

In what follows, we fix s, > 0 verifying s,u, € Ns. We claim that (s;)
converges to 1 as n — oco. Effectivelly, we start proving that

(5.12) limsup s, < 1.

Suppose by contradiction that there exists a subsequence of (s,,), still denoted
by (sy), such that s, > 1+ ¢ for all n € N, for some § > 0. From (5.11),

(5.13) / (IVtn|? + Vi (2)|tn|2) daz = / Fln ) dz + on(1)
R2 R2
On the other hand, since s, u, € N,
(5.14) sn/ (Vtn|? + Vi (2)[un|?) da = / F(mttn )i da.
R2 R2

Consequently

(5.15) /]R (f(S"“”) - f(“”)> lun|? dz = 0 (1).

Snln Un




890 C.0O. ALVES — D.S. PEREIRA

We claim that there exist (y,) C Z? with |y,| — oo, 7 > 0 and 3 > 0 such

that
/ ufl dx > 5> 0.
Br(yn)

Indeed, in the contrary case, using a version of Lions’ results for critical growth
in R? due to Alves, do O and Miyagaki [4], we derive

ngrfoo . fup)upn dz =0,
which is contrary to our assumption.

Now, let v, () := un(z+y,). Once that (u,) is bounded in H!(R?), it is easy
to show that (v,,) is also bounded in H*(R?). Therefore, for some subsequence,
we can assume that (v,,) is weakly convergent, and we will denote by v its weak
limit in H!(R?). Observing that

/ ol d = / hun|2dz > B> 0,
BT(O) Br(yn)

we deduce that v # 0 in H'(R?). Now, (5.15), (f1) and Fatou’s Lemma lead to
S GOSN ) B
R? 7

(1+0)w v
which is impossible. Hence limsup s,, < 1.
n—oo
If sy = limsup s,, < 1, we can assume that s,, < 1 for n large enough. Then,
n—oo

by Fatou’s Lemma

0</ <J@—W>@de<o if 5o > 0,
RQ

v SoU
0< f@v <0 if s, =0,
RZ
which are impossible. Hence, limsup s,, = 1, and so, for some subsequence,
n—oo
(5.16) lim s, = 1.
n—oo

As a consequence of (5.13), (5.14), (5.16) and the fact that f is odd, we have

/R2 F(snup) d —/ F(up) da = on(1)

]RQ
and

(52~ 1) [ (90 Vel ) i = o (1),
R2
from where it follows that Ioo(Sptn) = Ioo(un) + 0, (1). Then
Coo < To(Spn) = 0 + 0 (1).

Taking n — 400, we find ¢, < o, which is impossible because ¢ < co,. This
contradiction comes from the assumption that u = 0. (]
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