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ABSTRACT. In this paper we study the following eigenvalue boundary value
problem for Monge-Ampere equations

det(D?u) = AN f(—u) in Q,
u =20 on 0.

We establish global bifurcation results for the problem with f(u) = u™¥ +
g(u) and Q being the unit ball of R™N. More precisely, under some natural
hypotheses on the perturbation function g: [0, +00) — [0, 400), we show
that (A1,0) is a bifurcation point of the problem and there exists an un-
bounded continuum of convex solutions, where A1 is the first eigenvalue
of the problem with f(u) = u®. As the applications of the above results,
we consider with determining interval of A, in which there exist convex so-
lutions for this problem in unit ball. Moreover, we also get some results
about the existence and nonexistence of convex solutions for this problem
on general domain by domain comparison method.
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1. Introduction

The Monge-Ampere equations are a type of important fully nonlinear elliptic
equations [10], [25]. The study of Monge—Ampeére equations has been received
considerable attentions in recent years. Historically, the study of Monge-Ampere
equations is motivated by Minkowski problem and Weyl problem. Existence and
regularity results may be found in [3]-[5], [10], [14], [16], [20]—-[22], [27] and the
reference therein.

We consider the following real Monge-Ampere equations

(L1) det(D%*u) = AN f(—u) in B,
u=20 on 0B,

where D?*u = (8%u/(0z;0x;)) is the Hessian matrix of u, B is the unit ball
of RV, X is a positive parameter and f: [0, 4+00) — [0,+00) is a continuous
function. The study of problem (1.1) in general domains of RY may be found
in [3] and [10]. Kutev [15] investigated the existence of strictly convex radial
solutions of problem (1.1) when f(s) = sP. Delano [8] treated the existence of
convex radial solutions of problem (1.1) for a class of more general functions,
namely Aexp f(|z|, u, |Vul).

In [11], [15], the authors have showed that problem (1.1) can reduce to the
following boundary value problem

(1.2) (W)N)Y = ANNrN=Lf(—u), re(0,1),
‘ u'(0) = u(1) = 0.

By a solution of problem (1.2) we understand that it is a function which belongs
to C2[0,1] and satisfies (1.2). It has been known that any negative solution of
problem (1.2) is strictly convex in (0, 1) so long as f does not vanish on any entire
interval (see [11]). Wang [26], Hu-Wang [11] also established several criteria
for the existence, multiplicity and nonexistence of strictly convex solutions for
problem (1.2) by using fixed index theorem. However, there is no any information
on the bifurcation points and the optimal intervals for the parameter A so as to
ensure existence of single or multiple convex solutions. Fortunately, Lions [17]
have proved the existence of the first eigenvalue Ay of problem (1.1) with f(u) =
u® via constructive proof.

Motivated by above, we shall establish a global bifurcation theorem for prob-

lem (1.2) with f(u) = u® + g(u), i.e

(W)N) = AWNr¥ (=)™ +g(—u)), 1€ (0,1),

(13) w'(0) = u(1) = 0,
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where g: [0,4+00) — [0,+00) satisfies SlirélJrg(s)/sN = 0. Concretely, we shall
show that (A1,0) is a bifurcation point of problem (1.3) and there exists an
unbounded continuum of convex solutions.

In global bifurcation theory of differential equations, it is well known that
a change of the index of the trivial solution implies the existence of a branch
of nontrivial solutions, bifurcating from the set of trivial solutions and which
is either unbounded or returns to the set of trivial solution. Hence, the index
formula of an isolated zero is very important in the study of the bifurcation phe-
nomena for semi-linear differential equations. However, problem (1.3) is a type
of nonlinear equation. Hence, the common index formula involving linear map
cannot be used here. In order to overcome this difficulty, we shall study an aux-
iliary eigenvalue problem, which has an independent interest, and establish an
index formula for it. Then by use of the index formula of the auxiliary problem,
we prove an index formula involving problem (1.3) which guarantees (A1,0) is
a bifurcation point of nontrivial solutions of problem (1.3).

Based on the above global bifurcation results, we investigate the existence
of strictly convex solutions of problem (1.2). We shall give the optimal intervals
for the parameter A so as to ensure existence of single or multiple strictly convex
solutions. In order to study the exact multiplicity of convex solutions for problem
(1.2), we introduce the concept of stable solution. Then by Implicit Function
Theorem and stability properties, under some more strict assumptions of f, we
can show that the convex solution branch of problem (1.2) can be a smooth
curve. Our results extend the corresponding results of [11], [17], [26].

On the basis of results on unit ball, we also study problem (1.1) on a general

domain 2, i.e.

det(D?u) = AN f(—u) in Q,

1.4
14 u=0 on 012,

where Q is a bounded convex domain of RY with smooth boundary and 0 € Int Q.

It is well known [10] that problem (1.4) is elliptic only when the Hessian
matrix D?u is positive definite and it is therefore natural to confine our atten-
tion to convex solutions and nonnegative functions f with f(s) > 0 for s > 0.
Obviously, any convex solution of problem (1.4) is negative and strictly convex.

In [27], the authors have proved a lemma concerning the comparison between
domains for problem (1.4) with f(s) = e® by sub-supersolution method. We
shall show that this lemma is also valid for problem (1.4). Using this domain
comparison lemma and the results on unit ball, we can prove some existence and
nonexistence of convex solutions for problem (1.4).

The rest of this paper is arranged as follows. In Section 2, we study an
auxiliary problem and prove a key index formula. In Section 3, we establish
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a global bifurcation theorem for problem (1.3). In Section 4, we give the intervals
for the parameter A which ensure existence of single or multiple strictly convex
solutions for problem (1.2) under some suitable assumptions of nonlinearity f.
In Section 5, under some more strict assumptions of f, we prove the exact
multiplicity of convex solutions for problem (1.2). In Section 6, we prove some
existence and nonexistence of convex solutions for problem (1.4).

2. A key preliminary result

In this section, we shall study an auxiliary eigenvalue problem and prove
a key index formula that will be used in the next section.
Let p € [2,400). Consider the following auxiliary problem

(2.1) —(' (") [P2 (1)) = = (p — V)2 u(r)P2u(r), € (0,1),
v'(0) = v(1) = 0.

Let X be the Banach space C|0, 1] with the norm
ol = sup |o(r)].
rel0,1]

Define the map T}): X — X by

r 0
Thv = /1 Op </ pPHp — )P 2, (v) d7'> ds, 0<r<l1,

where ¢,(s) = [s|P7%s, p’ = p/(p — 1). Tt is not difficult to verify that TP
is continuous and compact. Clearly, problem (2.1) can be equivalently written
as v = Tlv.

Firstly, we show that the existence and uniqueness theorem is valid for prob-
lem (2.1).

LEMMA 2.1. If (u,v) is a solution of (2.1) and v has a double zero, then
v =0.

PROOF. Let v be a solution of problem (2.1) and r, € [0,1] be a double zero.
We note that v satisfies

o) = [ ([T 0= vty 0)ar as.

Firstly, we consider r € [0, r,]. Then we have

w0 < ([ 0= 0wt eyl ar ).

Furthermore, it follows from above that

el < @ [T o- D dr
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By the modification of Gronwall-Bellman inequality [13, Lemma 2.2], we get v =
0 on [0,7*]. Similarly, we can get v =0 on [r*, 1] and the proof is completed. O

Set W1P(0,1) := {v € WhP(0,1) | v'(0) = v(1) = 0} with the norm

1 1/p 1 1/p
o= ([ wpar) " ([ o vr2par)
0 0

Then it is easy to verify that W1P(0,1) is a real Banach space.

DEFINITION 2.2. We call that v € W2P(0, 1) is the weak solution of problem
(2.1), if

1 1
/ [v'|P~20" ¢ dr = (p — l)up_l/ P2 |w|P2up dr
0 0
for any ¢ € W1P(0,1).
For the regularity of weak solution, we have the following result.

LEMMA 2.3. Let v be a weak solution of problem (2.1), then v satisfies prob-
lem (2.1).

In order to prove Lemma 2.3, we need the following technical result.

PROPOSITION 2.4. Let f: R — R be a function. For a given xg € R, if [ is
continuous in some neighbourhood U of xg, differential in U\{zo} and lim f'(z)
r—xo

exists, then f is differential at xo and f'(xz¢) = lim f'(z).
Tr—To

PROOF. The conclusion is a direct corollary of Lagrange Mean Theorem, we
omit its proof here. [l

PROOF OF LEMMA 2.3. According to Definition 2.2, we have
—([ ()P0 (1)) = @ = PP o) PPe(r) in (0,1)
in the sense of distribution, i.e.
=o' (P72 (r)) = @ (p = Ve |o(r) P Pu(r) i (0,1)\ 1,

for some I C (0,1), which satisfies meas{I} = 0. Furthermore, by virtue of the
compact embedding of W1P(0,1) — C[0,1] with some a € (0,1) (see [9]), we
obtain that v € C¥[0, 1]. Thus, we have that Tli_g’lo pP=L(p — 1)rP=2Ju(r)|P~2v(r)
exists for any ro € I. Letting u := —¢,(v"), we have

: / I T p—1 _ p—2 p—2
Jim w'(r) = lm p?=(p = D)r? == o(r) [P (7).

The above relation follows that lim u/(r) exists for any ¢ € I. Thus, Proposi-
r—10

tion 2.4 follows that u € C(0,1), which implies that v satisfies problem (2.1).00
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Define the functional J on W}?(0,1) by

1 1
1 -1
J(v) = / = [o! ()P dr — g 2= / P2l dr.
o P p 0

It is not difficult to verify that the critical points of J are the weak solutions of
problem (2.1). Taking

)= [ Spdr and fo)=20 [r2upan
o P p 0

consider the following eigenvalue problem
(2.2) A(v) = nB(v),

where A = 0f; and B = 0 f5 denote the sub-differential of f; and fs, respectively
(refer to [6] for the details of sub-differential).
By some simple computations, we can show that

f1 (U) 1

(2.3) >

IS

-~
<

~—

for any v € W2P(0,1) and v # 0. Moreover, we have the following result.

LEMMA 2.5. Put n1(p) = inf fi(v)/ fa(v). Then we have that:
vEWLP(0,1), vZ£0

(a) (2.2) has no nontrivial solution for n € (0,m(p));

(b) m(p) is simple, i.e. (2.2) has a positive solution and the set of all solu-
tions of (2.2) is an one dimensional linear subspace of W(0,1);

(c) (2.2) has a positive solution if and only if n = n1(p).

PROOF. Let W2P(0,1) =: V. We denote by ®(V) the family of all proper
lower semi-continuous convex functions ¢ from V into (—oo,+0o0], where “proper”
means that the effective domain D(p) = {z € V' | p(z) < +00} of ¢ is not empty.

Next, we verify the conditions (A0)—(A4) of [12]. Clearly, we have that
fi, f2. € ®(V), D(f1) = D(f2) = V and V C L{_(0,1), i.e. condition (Al)
is satisfied (by taking ©Q = (0,1)). Let R(v) := fa(v)/fi(v). Then we have
R([v]) > R(v) for all v € V. It is easy to see that fi(v) > 0 for all v € V and
fi(v) = 0 if and only if v = 0. Note that (2.3) implies that there exists u € V
such that u # 0 and R(u) = sup{R(v) | v € V, v # 0}. So condition (A2) is
verified. Taking a = p, we have f;(tv) = taf;(v) forallv € VT = {w € V|
w(r) > 0 for almost every r € (0,1)}, for all ¢ > 0, ¢ = 1,2. Thus, condition
(A3) is satisfied. For any u, v € V1, we define (u V w)(r) = max(u(r),w(r)),
(u A w)(r) = min(u(r),w(r)), I1 = {r € [0,1] | u(r) > w(r)} and I = {r €
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[0,1] | u(r) < w(r)}. Then we have

1 1
fl(u\/w)—i—fl(u/\w):/o %|(u\/w)’(7‘)|p dr+/0 %\(u/\w)’(rﬂp dr

1 1 1 1
:/ — || err/ — |w'? dr+/ — |w'? dT+/ — " dr
np LD nbp P

I T
= [ [ dr = ) + )
0 0

Similarly, we can also show that fa(uV w) + fa(u Aw) = fa(u) + fo(w). Hence,
condition (A4) is verified. Finally, Lemmas 2.1 and 2.3 imply that every non-
negative nontrivial solution u of (2.2) belongs to C'(0,1) N L*°(0,1) and satisfies
u(r) > 0 for all r € (0,1). So condition (A0) is verified.

Now, by Theorem I of [12], we can obtain (a) and (b). Finally, we prove (c).
Suppose now that (2.2) with > n; has a positive solution v, and let u be
a positive solution of (2.2) corresponding to 7;(p). Lemmas 2.1 and 2.3 imply
that every positive solution w of (2.2) satisfies w € C'[0,1] and w'(1) < 0.
By virtue of this fact and the fact that tv is also a solution of (2.2) for any real
number ¢, we may assume without loss of generality that u < v. It is not difficult
to verify that A and B are monotone operators. The rest of proof is similar to
that of [12, Theorem IIJ. O

Let n = u»~ ', Lemma 2.5 shows the following result.

LEMMA 2.6. Put pu1(p) = (n1(p))®=1. Then we have that:
(a) (2.1) has no nontrivial solution for p € (0, u1(p));

(b) p1(p) is simple;

(¢) (2.1) has a positive solution if and only if u = p1(p).

Moreover, we have the following result.

LEMMA 2.7. If (p,u) satisfies (2.1) with p # p1(p) and w # 0, then u must
change sign.

PROOF. Suppose that u is not changing-sign. Without loss of generality, we
can assume that « > 0 in (0, 1). Lemmas 2.1 and 2.3 imply that « > 0 in (0, 1).
Lemma 2.6 implies p = p1(p) and u = cvp for some positive constant ¢, where
v is the positive eigenfunction corresponding to pi(p) with ||v1]| = 1. This is
a contradiction. O

In addition, we also have that w;(p) is also isolated.
LEMMA 2.8. p1(p) is the unique eigenvalue in (0,0,) for some 6, > p1(p).

PRrROOF. Lemma 2.6 has shown that u(p) is left-isolated. Assume by con-
tradiction that there exists a sequence of eigenvalues A, € (u1(p),d,) which
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converge to u1(p). Let v, be the corresponding eigenfunctions. Define

Un

1 1/p°
(<p— n/ |d)
0

Clearly, 1, are bounded in W2(0,1) so there exists a subsequence, denoted
again by 1, and ¢ € W1P(0,1) such that v, — @ in WIP(0,1) and 1, — 9
in C%[0,1]. Since functional f; is sequentially weakly lower semi-continuous, we
have that

¢n =

1 1
'|P dr < lim inf P dr = p (p).
/Olw\ Tf;gggo/o [Yul” dr = (p)

On the other hand, (p — 1) fol rP=2 4, |” dr = 1 and v, — ¢ in C[0,1] imply
that (p—1) fol rP=2|9|P dr = 1. Hence, fol |¢/|P dr = ny(p) via Lemma 2.5. Then
Lemmas 2.1 and 2.5 show that ¢ > 0 in (0,1). Thus v,, > 0 for n large enough
which contradicts the conclusion of Lemma 2.7. (]

Next, we show that the principle eigenvalue function p;: [2,4+00) — R is
continuous.

LEMMA 2.9. The eigenvalue function pi: [2,4+00) — R is continuous.

PrOOF. It is sufficient to show that 71 (p): [2,+00) — R is continuous be-

cause of 11 (p) = (11 (p)"/ =Y.
From the variational characterization of 7 (p) it follows that

1 1
(2.4) m1(p) = sup {)\ >0 ‘ Ap — 1)/ rP=2||P dr < / [v'|P dr
0 0
for all v € C2°[0, 1}}7

where C2°[0,1] = {v € C*[0,1] | ¥'(0) = v(1) = 0}, as C°[0,1] is dense in
Whr(0,1) (see [1]).

Let {p;}32, be a sequence in [2,+0c) which converge to p > 2. We shall
show that
(2.5) lim 1 (p;) = m(p).

Jj—+oo

To do this, let v € C2°[0,1]. Then, due to (2.4), we get that

1 1
)~ 1) [ el ar < [
0 0

On applying the Dominated Convergence Theorem we find that

1 1
(2.6) limsup n1 (p;)(p — 1)/ P2 |olP dr < / |v'|P dr.
0 0

Jj—+o0
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Relation (2.6), the fact that v is arbitrary and (2.4) yield

limsup 1 (p;) < m(p).

J—+o0

Thus, to prove (2.5) it suffices to show that
(2.7) lim inf 71 (p;) > m(p).
Jj—+oo

Let {pr}3Z, be a subsequence of {p;}32; such that . lim n;(px) = l_imJinfm (pj)-
—+oo J—+o0
Let us fix g > 0 so that p —gg > 1 and for each 0 < ¢ < gy and k € N large

enough, p — ¢ < pr < p+e¢. For k € N, let us choose v, € W1P+(0,1) such that
vg > 01in (0,1),

1
(2.8) / [vg,|PE dr =1
0
and
1 1
(2.9) / [P dr = () (ke — 1) / P2 P dr.
0 0

For 0 < € < gg and k € N large enough, (2.7), (2.8) and (2.9) imply that

(210) [kl 0.

1 1/(p+e) 1 1/(p—¢)
<1 - -
= L max ( lim 7]1(2%)) 7( lim 771(Pk)>
k—+4o0 k— o0

This shows that {v;}?2, is a bounded sequence in W}P%(0,1), hence, also in
W1P=£(0,1). Passing to a subsequence if necessary, we can assume that v, — v
in W1P=¢(0,1) and hence that vy, — v in C*[0,1] with a = 1—1/(p—¢) because
the embedding of W1P=¢(0,1) < C®[0,1] is compact. Thus,

(2.11) ok |P* — |v]P.
We note that (2.9) implies that
1
(2.12) m(px) (pr — 1)/ PR 2 g [P dr = 1
0

for all £ € N. Thus letting k — 400 in (2.12) and using (2.11), we find that

1
(2.13) lim inf 71 (p;)(p — 1)/ P72 ||P dr = 1.
J—+oo 0

On the other hand, since vy — v in WHP=¢(0,1), from (2.8) and the Hélder’s
inequality we obtain that

o/ 1372 < Bt o 155 < 1,
where || - ||, denotes the normal of L?(0,1). Now, letting £ — 0, we find

(2.14) o'l < 1.
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Clearly, (2.13), (2.14) and v € W2P=¢(0,1) follow that v € W1P(0,1).
Consequently, combining (2.13) with (2.14) we obtain that

1 1
imint y(p,)(p - 1) [ 7 2P dr = [
J—+oo 0 0

This together with the variational characterization of n;(p) implies (2.7) and
hence (2.5). This concludes the proof of the lemma. O

We have known that /—T7 is a completely continuous vector field in X. Thus,
the Leray—Schauder degree deg(I — T}, B;(0),0) is well defined for arbitrary r-
ball B,(0) and p € (0,6,) \ {¢t1(p)}, where , comes from Lemma 2.8. By an
argument similar to that of Lemma 4.3 of [7], we can get the following theorem.

THEOREM 2.10. For fixed p > 2 and all v > 0, we have that

L if pe (0,p1(p)),

deg(I =T, Br(0),0) =4 if i1 € (n1(p), bp)-

3. Global bifurcation result
With a simple transformation v = —u, problem (1.3) can be written as
(3.1) (=)N) = AWNrN =L +g(v), 7€ (0,1),
v'(0) = v(1) =0.

Let Xt :={v € X | v(r) > 0} with the norm of X. Define the map T;: Xt — X7
by
1 s 1/N
Tyu(r) = / (/0 NV (w(r)N + g(v(1))) dT) ds, 0<r<1.
It is not difficult to verify that T} is continuous and compact. Clearly, problem
(3.1) can be equivalently written as

v = \Tyv.

Now, we show that the existence and uniqueness theorem is valid for prob-
lem (3.1).

LEMMA 3.1. If (A, v) is a solution of (3.1) in R X X* and v has a double
zero, then v = 0.

PROOF. Let v be a solution of problem (3.1) and r, € [0,1] be a double zero.
We note that

o(r) = )\/ (/ N1 ((o(r)N +g(v(r)))d7>1/N ds.
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Firstly, we consider r € [0, r.]. Then we have that

jo(r)] < A( | N + gter) dr)w,

furthermore,

o) <XV [N () + oot dr

S)\N/ NrN-1

g(v(7)) N
1+ (’U(T))N‘ [o(T)|™ dr.

According to the assumptions on g, for any € > 0, there exists a constant § > 0
such that

lg(s)| < es™  for any s € [0,4].

Hence, we have that

lo(r) |V < )\N/ N(l +e+ max
r s€(6,[lv]l]

9(s) N
S]V‘ ) |U(T)| dr.
By the modification of the Gronwall-Bellman inequality [13, Lemma 2.2], we get
v = 0 on [0,r*]. Similarly, using the Gronwall-Bellman inequality [2], [9], we
can get v = 0 on [r*, 1] and the proof is completed. O

Now, we consider the following eigenvalue problem

(VY = WNPN =1V r e (0,1),

3.2
(3:2) v’ (0) =v(1) =0.

As Lions [17] showed, the first eigenvalue \; is positive, simple and the corre-
sponding eigenfunctions are positive in (0,1) and concave on [0,1]. Moreover,
we also have the following result.

LEMMA 3.2. If (u, ) € (0,+00) x (C?[0,1]\ {0}) satisfies and p # A1, then
@ must change sign.

PrOOF. By way of contradiction, we may suppose that ¢ is not changing-
sign. Without loss of generality, we can assume that ¢ > 0 in (0,1). Lemma 3.1
follows that ¢ > 0 in (0,1). Theorem 1 of [17] implies p = Ay and ¢ = 01 for
some positive constant 8, where 1, is the positive eigenfunction corresponding
to A\; with ||¢1]] = 1. We have a contradiction. O

Next, we show that \; is also isolated.

LEMMA 3.3. A; is isolated; that is to say, A1 is the unique eigenvalue in (0, 0)
for some § > Aq.
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PRrROOF. Theorem 1 of [17] has shown that A, is left-isolated. Assume by con-
tradiction that there exists a sequence of eigenvalues A,, € (A1, d) which converge
to A1. Let v, be the corresponding eigenfunctions. Let wy, := vn/||vn|lc1o,1],
then w,, should be the solutions of the following problem

1 s 1/N
w:)\n/ (/ NN=LyN d7> ds.
r 0

Clearly, w,, are bounded in C'[0,1] so there exists a subsequence, denoted again
by w,, and ¥ € X such that w, — ¥ in X. It follows that

1 s 1/N
w:)\l/ (/ NNV dT) ds.
r 0

Then Theorem 1 of [17] follows that 1) = 6, for some positive constant 6 in
(0,1). Thus w, > 0 for n large enough contradicts v,, changing-sign in (0,1)
which is implied by Lemma 3.2. O

Define Ty: XT — X by
1/N

1 s
Tnv :z/ (/ NTNl’UNdT) ds, 0<r<l1.
T 0

Clearly, I — Ty is a completely continuous vector field in X+. Thus, the Leray—
Schauder degree deg(I — T, B,(0),0) is well defined for arbitrary r-ball B,.(0)
of Xt and p € (0,0) \ {\1}, where ¢ comes from Lemma 3.3.

LEMMA 3.4. Let A be a constant with X € (0,8). Then, for arbitrary r > 0,

1 if XA e (0,M),

deg(I — NT'y, B-(0),0) =
( wB0.0=1_, ifA e (M,0).

ProoOF. Taking p = N + 1 and p = X in T%, we can see that \; = ui(p).
Furthermore, it is not difficult to verify that XTn(v) = T?(v) for any v € X+,

By Theorem 2.10, we can deduce this lemma. O

THEOREM 3.5. (\1,0) is a bifurcation point of (3.1) and the associated bi-
furcation branch C in R x X+ whose closure contains (A1, 0) is either unbounded
or contains a pair (X\,0) where X is an eigenvalue of (3.2) and X\ # \;.

PROOF. Suppose that (A1,0) is not a bifurcation point of problem (3.1).
Then there exist € > 0, pg > 0 such that for |[A — A\;| < e and 0 < p < po there
is no nontrivial solution of the equation

v—ANlyv=0

with ||v|| = p. From the invariance of the degree under a compact homotopy we
obtain that

(3.3) deg(I — ATy, B,(0),0) = constant for A € [\; —¢, A\ +¢.
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By taking e smaller if necessary, in view of Lemma 3.3, we can assume that
there is no eigenvalue of (3.2) in (A1, A1 +¢]. Fix A € (A1, A1 +¢]. We claim that
the equation

(3.4) v— A/: (/0 NN WY 4+ tg(v)) dT) o ds =0

has no solution v with [|v]| = p for every ¢t € [0,1] and p sufficiently small.
Suppose on the contrary, let {v,} be the nontrivial solutions of equation (3.4)
with ||Ju,|| = 0 as n — +o0.

Let wy, := vy, /||vn ||, then w, should be the solutions of the following problem

(3.5) w(t) = )\/Tl (/0 NN <wN +t ”gg')N) dT)l/N ds.

Let g(v) = Jnax |g(s)|, then g is nondecreasing with respect to v and

9(v)

v—0t

Further it follows from (3.6) that

90| _ g) _ gl

(3.7) < <
[oll¥ = QoY = oY

—0 as|v||—0.

By (3.5), (3.7) and the compactness of T,, we obtain that for some convenient
subsequence w, — wg as n — +oo. Now (A wq) verifies problem (3.2) and
|lwol| = 1. This implies that A is an eigenvalue of (3.2). This is a contradiction.

From the invariance of the degree under homotopies and Lemma 3.4 we then
obtain that

(3.8) deg(I — ATy(-), B;(0),0) = deg({ — ANTn(-),B,(0),0) = —1.
Similarly, for A € [A; — &, A1) we find that
(3.9) deg(I — \Ty(-), B-(0),0) = 1.

Relations (3.8) and (3.9) contradict (3.3) and hence (A1, 0) is a bifurcation point
of problem (3.1).

By standard arguments in global bifurcation theory (see [23]), we can show
the existence of a global branch of solutions of problem (3.1) emanating from
(A1,0). Our conclusion is proved. O

Next, we shall prove that the first choice of the alternative of Theorem 3.5
in Xt which are positive in (0,1). Set K™ = R x PT under the product topology.

THEOREM 3.6. There exists an unbounded continuum C C (KT U {(A\1,0)})
of solutions to problem (3.1) emanating from (\1,0).
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PROOF. For any (A, v) € C, Lemma 3.1 implies that either v =0 or v > 0 in
(0,1). Thus, we have C C (Kt U {(A1,0)}).

Now, we prove that the first choice of the alternative of Theorem 3.5 when
n — 400 with (\,,v,) € C, v, Z 0 and X is another eigenvalue of (3.2). Let
Wy, = Up/||vnll, then w, should be the solutions of the following problem

(3.10) w=\, /T1 (/O NN (wN + gf:ﬁ)N) dr)l/N ds.

By an argument similar to that of Theorem 3.5, we obtain that for some conve-

nient subsequence w,, — wy as n — +o00. It is easy to see that (X, wp) verifies
problem (3.2) and ||wg|| = 1. Lemma 3.2 follows wy must change sign, and
as a consequence for some n large enough, w, must change sign, and this is
a contradiction. O

REMARK 3.7. Clearly, the proof of Theorem 3.6 also shows that (A1, 0) is the
unique bifurcation point from (A, 0) of the positive solutions of problem (3.1).

Finally, we give a key lemma that will be used later.

LEMMA 3.8. Let ba(r) > by(r) > 0forr € (0,1) and b;(r) € C([0,1]),7 =1,2.
Also let u1, us be solutions of the following differential problems

(( )) ()N, i=1,2,

respectively. If ui(r) # 0 in (0, 1) hen either there exists 7 € (0,1) such that
uz(T) = 0 or by = by and wuz(r) = puy(r) for some constant p # 0 and almost
every r € (0,1).

PRrROOF. If uy(r) # 0 in (0, 1), then we can assume without loss of generality
that uy(r) > 0, ua(r) > 01in (0,1). Then from problem (3.11), we can easily show
that u; and us are strictly decreasing concave functions in (0, 1). Moreover, it is
easy to check that the conclusion of Lemma 3.1 is also valid for problem (3.11).
So we have v/ (r) < 0 and u5(r) < 0 for r € (0, 1].

By some simple calculations, we have that

1 N+1/_ 1 \N !
/ (ul (Nu2) —U1<—u/1)N> dr
0 Ug
1 _ulu/ N+1 ! N
:/ (wuivﬂ—l—((—u’l)NH—l—N( 2> —(N+1)u{vu’1(2> ))dr7
0 U2 u2

where w = by — by. The left-hand side of (3.12) equals

e



EIGENVALUE, BIFURCATION, CONVEX SOLUTIONS FOR MONGE-AMPERE EQUATIONS 149

We prove that H = 0. By L’Hospital rule, we have that

o T =) (N 4 D (—up) N+ u) T (—up)N)
H = lim ~ = lim N1

r—1- ud r—1- Nuy ~ b
O D () ol bl

r—1- Nuévflué

N

o D)yl
= L N—1, L N—1_,

r—1 Nu2 u r—1 Nu2 s
— lim (N 4 Duj(—up)™ lim uy’
e Nul 1- V-1t

2 =17 U

If N=1,then H=0. If 1 < N < 2, applying the L’Hospital rule again, we
obtain that

: ul¥ ) Nuj Coud
lim — = lim ——— 5 -
r—1— ué\]71 r—1— (N — 1)u'2 r—1— ué\]72

This implies that H = 0. If £ — 1 < N < k, then we continue this process k
times to obtain H = 0.

Therefore, the left-hand side of (3.12) equals zero. Hence the right-hand side
of (3.12) also equals zero. The Young’s inequality implies that

I\N+1 _ulu/Q N N ./ _U/Q N
(—uy) +N|—— — (N + Luy v >0,
U2 Uz

and the equality holds if and only if

’ N+1 / N+1
—u _ [ T2
Uy Uz

It follows that there exists a constant g % 0 such that uo = puy and bs = by. O

As an immediate consequence, we obtain the following Sturm type compari-
son lemma.

LEMMA 3.9. Let b;(r) € C([0,1]), i = 1,2 such that ba(r) > bi(r) > 0 for
r € (0,1) and the inequality is strict on some subset of positive measure in (0,1).
Also let uy, uz are solutions of (3.11) with i = 1,2, respectively. If uy # 0 in
(0,1), then ug has at least one zero in (0,1).

4. Convex solutions

In this section, we shall investigate the existence and multiplicity of convex
solutions of problem (1.2). With a simple transformation v = —u, problem (1.2)
can be written as

(=" ()N) = AVNr¥=1f(u(r)), € (0,1),

4.1
1) v'(0) = v(1) = 0.
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Define the map Tp: X* — X T by
N

Tro(r) = /Tl (/OS NTle(v(r))dT) Y ds, 0<r<L

Similar to Ty, Ty is continuous and compact. Clearly, problem (4.1) can be
equivalently written as
v = )\va.
Let fo, foo € R\ R~ be such that
= i G 2= i S0

Throughout this section, we always suppose that f satisfies the following signum
condition

(fl) f € C(R\R™,R\R™) with f(s)sN >0 for s > 0.

Applying Theorem 3.6, we shall establish the existence of convex solutions
of (1.2) as follows.

THEOREM 4.1. If fo € (0,400) and foo € (0,400), then for any A €
M/ foos M/ fo) or A € (M) fo, M/ fx), (1.2) has at least one solution u such

that it is negative, strictly convex in (0,1).

PROOF. It suffices to prove that (4.1) has at least one solution v such that
it is positive, strictly concave in (0, 1).

Clearly, fo € (0,4+00) implies f(0) = 0. Hence, v = 0 is always the solution
of problem (4.1). Let ¢ € C(R\ R~,R\ R™) be such that f(s) = f&¥sV + ¢(s)
with lim,_,o+ ¢(s)/s™ = 0. Applying Theorem 3.6 to (4.1), we have that there
exists an unbounded continuum C emanating from (A1/fo,0), such that

€< ({(A1, 0} U (R x PT)).

To complete this theorem, it will be enough to show that C joins (A1/fo,0)
to (M/fso, +00). Let (pn,vyn) € C satisty p, + ||vn|| = +00. We note that
tn > 0 for all n € N since (0,0) is the only solution of (4.1) for A = 0 and
CN{0}x XT)=0.

We divide the rest of proofs into two steps.

Step 1. We show that there exists a constant M such that u, € (0, M] for
n € N large enough.

On the contrary, we suppose that nEr-sI-loo ln = +00. On the other hand, we
note that

(o, ()Y = s N =L (o,

where

B f(vn)

fn(r) = ’Ur]y
i if v, = 0.

if v, # 0,
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The signum condition (f1) implies that there exists a positive constant g such
that fvn(r) > o for any r € [0,1]. By Lemma 3.9, we get v,, must change sign in
(0,1) for n large enough, and this contradicts the fact that v, € C.

Step 2. We show that C joins (A1/fo,0) to (A1/fso, +00).

Tt follows from Step 1 that ||v,|| — +o00. Let £ € C(R\R™,R\ R™) be such
that f(s) = f¥sN + &(s). Then SEng(s)/sN = 0. Let £(v) = Jnax 1€(s)].

Then £ is nondecreasing. Set £(v) = max |¢(s)|. Then we have
v/2<s<v
L) Sy <V L
UET_EOOUT =0 and {(v) <¢ 3 +&(v).

It follows that

(4.2) i @) g,

v—r+00 UN

We divide the equation
(o) V) =l FrN 0 = eV e (v,)

by ||vn||Y and set T,, = v,,/||v,||. Since T, are bounded in X+, after taking a
subsequence if necessary, we have that 7,, — v for some v € X+. Moreover, from

(4.2) and the fact that E is nondecreasing, we have that

)] _ EQua)) _ Elloal)
ol = Joal™ = ol

By the continuity and compactness of T, it follows that
((_ﬁ/)NY _ XNfg’l“N_lﬁN _ 0’

where A = hIJIrl An, again choosing a subsequence and relabeling it if necessary.
n—-+oo

It is clear that ||7|| = 1 and ¥ € C C C since C is closed in R x X . Therefore,
Moo = A1, 50 A = A1/ foo. Therefore, C joins (A1/fo,0) to (A1/fso, +00). O

REMARK 4.2. From the proof of Theorem 4.1, we can see that if fy, foo €
(0,400) then there exist Ay > 0 and A3 > 0 such that (1.2) has at least one
strictly convex solution for all A € (A2, A3) and has no convex solution for all
A€ (0, A2) U (A3, +00).

PROOF. Clearly, fo, foo € (0,400) implies that there exists a positive con-
stant M such that
f(s)

~ < M for any s > 0.
s
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It is sufficient to show that there exists Aa > 0 such that (1.2) has no convex
solution for all A € (0, A2). Suppose on the contrary that there exists one pair
(p,v) € C such that p € (0,1/MYN). Let w = v/||v||. Obviously, one has that

= ([ (i) ) o

™ < MI/N,u < 1.
This is a contradiction. O

From the proof of Theorem 4.1 and Remark 4.2, we can deduce the following
two corollaries.

COROLLARY 4.3. Assume that there exists a positive constant p > 0 such
that
f(s)

sN

>p foranys>0.

Then there exists (. > 0 such that problem (1.2) has no convex solution for any
A € (Cx, +00).

COROLLARY 4.4. Assume that there exists a positive constant o > 0 such
that
f(s)

N <po foranys>D0.

Then there exists n, > 0 such that problem (1.2) has no convex solution for any

THEOREM 4.5. If fo € (0,+00) and fo = 0, then for any A € (A1/ fo, +00),
(1.2) has at least one solution u such that it is negative, strictly convez in (0,1).

PRrROOF. In view of Theorem 4.1, we only need to show that C joins (A1/ fo,0)
to (400, 400). Suppose on the contrary that there exists pps such that (uar,0)
is a blow up point (see Definition 1.1 of [24]) and s < +00. Then there exists a
sequence { i, vy, } such that nETwun = pps and ngrfoo”%" = +00 as n — +00.

Let w,, = v, /||vn| and w,, should be the solutions of the following problem

_ ! * N—-1 f(vn) Y
o [ ([ 3 (fpe)ar) e

Similar to (4.3), we can show that

N {CG)

e R

=0.

By the compactness of Ty, we obtain that for some convenient subsequence
w, — wo as n — +oo. Letting n — +oo, we obtain that wg = 0. This
contradicts [Jwg|| = 1. O



EIGENVALUE, BIFURCATION, CONVEX SOLUTIONS FOR MONGE-AMPERE EQUATIONS 153

REMARK 4.6. Under the assumptions of Theorem 4.5, in view of Corol-
lary 4.4, we can see that there exists A4 > 0 such that problem (1.2) has at least
one strictly convex solution for all A € (A4, +00) and has no convex solution for
all A € (0, \q).

THEOREM 4.7. If fo € (0,+00) and foo = 00, then for any A € (0,\1/fo),
(1.2) has at least one solution u such that it is negative, strictly convex in (0,1).

Proor. Considering of the proof of Theorem 4.1, we only need to show that
C joins (A1/fo,0) to (0,+00). Clearly, fo = +oc implies that f(s) > M~ sV for
some positive constant M and s large enough.

To complete the proof, it suffices to show that the unique blow up point of C is
A = 0. Suppose on the contrary that there exists X > 0 such that (’)\\, 0) is a blow
up point of C. Then there exists a sequence {A,, v, } such that nli)I-ir-looAn =2

and [lvn]] = +00. Let wy, = v,/||vy]|. Clearly, one has that

1 s N 1/N
Wy, = )\n/ (/ NN-1 (f(qj\?) Un N) dT) ds.
T 0 U HUHH

Take M = 64/ + 1. For r € [1/4,3/4], by virtue of Lemma 2.3 of [11], we have
that

lim
n—-+00

1/N

1 s
(4.4) |wn] ZM/\n/ (/ NTN1|wn|NdT) ds
T 0
1/N

1 s
2M||wn||)\n/ (/ NTN-1(1—T)NdT> ds
T 0

r 1/N
> M| An(1 r)(/ NeN-I(1 = )N dr)
0

r 1/N
2M||wn||)\n(1—r)2</ NTN—ldT)
0

M|jwp || An
> Mljwn|Ar(l — )2 > 202
64
It is obvious that (4.4) follows M\, < 64. Thus, we get that M < 64/X. While,
this is impossible because of M = 64/\ + 1. t

REMARK 4.8. Clearly, Theorem 4.7 and Corollary 4.3 imply that if fy €
(0,+00) and fo, = 400 then there exists A5 > 0 such that (1.2) has at least
one strictly convex solution for all A € (0, A5) and has no convex solution for all
A € (A5, +00).

THEOREM 4.9. If fo = 0 and f» € (0,400), then for any A € (A1/ foo, +00),
(1.2) has at least one solution u such that it is negative, strictly convez in (0,1).
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Proor. If (A,v) is any solution of (4.1) with ||v|]| # 0, dividing (4.1) by

|v]|?Y and setting w = v/||v||? yield
(4.5) (woy =t (). re o,
w'(0) = w(l) =0.
Define
2N w :
o Foag = N1t () it o

0 if w=0.

Clearly, (4.5) is equivalent to

((—w'(M))N) = ANV =1 f(w), r€(0,1),

4.7
1) w'(0) = w(1) = 0.

It is obvious that (A,0) is always the solution of (4.7). By the simple computa-
tion, we can show that fo = foo and ﬁ,o = fo.

Now applying Theorem 4.5 and the inversion w — w/||w||?* = v, we can
achieve our conclusion. g

REMARK 4.10. Under the assumptions of Theorem 4.9, we note there exists
A¢ > 0 such that (1.2) has at least one strictly convex solution for all A €
(Mg, +00) and has no convex solution for all A € (0, \g).

Next, we shall need the following topological lemma.
LEMMA 4.11 (see [19]). Let X be a Banach space and let Cy, be a family of

closed connected subsets of X. Assume that:

(a) there exist z, € Cp, n=1,2,..., and z* € X, such that z, — z*;
(b) 7, =sup{||z|| | z € Cr,} = +o0;

—+oo
(¢) for every R >0, ( U Cn> N Bpg 1s a relatively compact set of X, where
n=1

Br={z € X | ||z|| < R}.

Then there exists an unbounded component € in ® = limsup C,, and z* € €.
n—-+oo

THEOREM 4.12. If fo = 0 and foo = 0, then there exists A > 0 such that
for any X € (A, +00), (1.2) has at least two solutions u; and uy such that they
are negative, strictly convez in (0,1).
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PROOF. Define

o1 (2) - e o). < (4,

7(s), se [2,—1—00).

Now, consider the following problem

(W)Y = NONTV () w0 < <1,
v (0) =u(l) =0.

Clearly, we can see that lirJIrl f(s) = f(s), f =1/n and f2 = foo = 0. The-
n—-+0oo

orem 4.5 implies that there exists a sequence unbounded continua C,, emanating

from (nA1,0) and joining to (400, +00).

1 .2
n1 %n

Taking z! = (nA1,0) and 22 = (400, +00), we have z €C, and z! —

—+o0
(+00,0), 22 — (+00,+00). The compactness of Ty implies that ( U Cn) NBpris
n=1

pre-compact. So Lemma 4.11 implies that there exists an unbounded component
C of limsupC, such that (+00,0) € C and (+00,+00) € C. By an argument

n—+oo

similar to that of Theorem 4.5, we can show that C N ([0, +00) x {0}) =0. O

REMARK 4.13. From Theorem 4.12 and Corollary 4.4, we can also see that
there exists A7 > 0 such that (1.2) has at least one strictly convex solution for
all A € [A7, A] and has no convex solution for all A € (0, 7).

THEOREM 4.14. If fo = 0 and foo = o0, then for any \ € (0, +0), (1.2) has

at least one solution u such that it is negative, strictly convex in (0,1).

PRrROOF. Using an argument similar to that of Theorem 4.12, in view of the
conclusion of Theorem 4.7, we can easily get the results of this theorem. (|

THEOREM 4.15. If fo = 00 and foo =0, then for any X € (0,400), (1.2) has
at least one solution u such that it is negative, strictly convex in (0,1).

PROOF. By an argument similar to that of Theorem 4.9 and the conclusions
of Theorem 4.13, we can prove it. (]

THEOREM 4.16. If fo = 00 and foo € (0,+00), then for any A € (0, \1/fx),
(1.2) has at least one solution u such that it is negative, strictly convex in (0,1).

PrROOF. By an argument similar to that of Theorem 4.9 and the conclusion
of Theorem 4.7, we can obtain it. O
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REMARK 4.17. Similarly to Remark 4.8, there exists As > 0 such that (1.2)
has at least one strictly convex solution for all A € (0, Ag) and has no convex
solution for all A € (g, +00).

THEOREM 4.18. If fo = 00 and foo = 00, then there exists \* > 0 such that
for any A € (0,\*), (1.2) has at least two solutions u; and ug such that they are
negative, strictly convez in (0,1).

PROOF. Define

nNsV, 86[075,
= (12) A (2) e (32).
f(s), s € [Z,—i—oo)

By the conclusions of Theorem 4.7 and an argument similar to that of Theo-
rem 4.12, we can prove there exists an unbounded component C of solutions of
problem (1.2) such that (0,0) € C and (0,+00) € C. By an argument similar to
that of Theorem 4.7, we can show that C N ((0,+00) x {0}) = 0. By arguments
similar to those of Theorems 4.7 and 4.12, we can show that there exists p, > 0
such that C N ((p«, +00) x XT) = 0. O

REMARK 4.19. By Theorem 4.17 and Corollary 4.3, we can see that there
exists A\g > 0 such that (1.2) has at least one strictly convex solution for all
A € [A*, Ag] and has no convex solution for all A € (Ag, +00).

REMARK 4.20. Clearly, the conclusions of Theorem 1.1 of [26] and Theo-
rem 5.1 of [11] are the corollaries of Theorems 4.1, 4.5, 4.7, 4.9, 4.12-4.15, 4.17.

REMARK 4.21. Let f(s) = e®. It can be easily verified that fy = oo and
foo = o0. This fact with Remark 4.18 implies that there is no solution of
problem (1.2) with A large enough, and for sufficiently small A there are two
strictly convex solutions. Set p := A/2. Through a scaling, we can show that
problem (1.2) is equivalent to

det(D?*u) = e~ in B,(0),

(48) u=0 on 0B,,(0),

where B,,(0) denotes the set of {x € RV | |z| < u}. Hence there is no solution
of problem (4.8) with u large enough, and for sufficiently small p there are two
strictly convex solutions. Obviously, this result improves the corresponding one
of [27, Theorem 3.1]. So Theorem 3.1 of [27] is our corollary of Theorem 4.17.

REMARK 4.22. Obviously, the results of Theorems 4.1, 4.5, 4.7, 4.9, 4.12-4.15
and 4.17 are also valid on Br(0) for any R > 0.
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5. Exact multiplicity of convex solutions

In this section, under some more strict assumptions of f, we shall show
that the unbounded continuum which are obtained in Section 4 may be smooth
curves. We just show the case of fo € (0,400) and foo = 0. Other cases are
similar.

Firstly, we study the local structure of the bifurcation branch C near (A1, 0),
which is obtained in Theorem 3.5. Let E =R x X, ®()\,v) := v — ATy(v) and

S={N0)€E[®(Nv) =0,0 Z0] .

In order to formulate and prove main results of this section, it is convenient to
introduce Lopez—Gdmez’s notations [18]. Given any A € R and 0 < s < 400, we
consider an open neighbourhood of (A1, 0) in E defined by

Bs(A1,0) :={(A\v) €E | |lv]| + A = A\1] < s}

Let X be a closed subspace of X such that X = span{v¢n} & Xy. According
to the Hahn-Banach theorem, there exists a linear functional I € (X*)x*, here
(X *)* denotes the dual space of X+, such that

l(1) =1 and Xo={ve X" |Il(v)=0}.
Finally, for any 0 < ¢ < 400 and 0 <7 < 1, we define
K;fn ={(\v) eE|IN= X <e, I(v) > nl|v|}.

Applying an argument similar to that of [18, Lemma 6.4.1], we may obtain the
following result, which localizes the possible solutions of (1.3) bifurcating from

()\1,0).

LEMMA 5.1. For every n € (0,1) there exists a number 6y > 0 such that, for
each 0 < § < dy,
(S\{(A\1,0)}) NBs(A1,0)) € K,
Moreover, for each (A\,v) € (S\ {(A,0)}) N (Bs(A1,0)), there are s € R and
unique y € Xo such that
v=st1+y and s> n|vl.
Furthermore, for these solutions (\,v), A = A +o(1) and y = o(s) as s — 0.

REMARK 5.2. From Lemma 5.1, we can see that C near (A1,0) is given by
a curve (A(s),v(s)) = (A1 + o(1), 511 + o(s)) for s near 0F.

The primary result in this section is the following theorem.

THEOREM 5.3. Let f € CY(R\R~,R\R™) satisfy the assumptions of Theo-
rem 4.5. Suppose f'(s) < Nf(s)/s for any s > 0. Then for any X € (A1/ fo, +0),
(1.2) has ezxactly one solution w such that it is negative, strictly convex in (0,1).
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REMARK 5.4. Clearly, the assumption f/(s) < Nf(s)/s for s > 0 is equiva-
lent to f(s)/s" is decreasing for s > 0.

We use the stability properties to prove Theorem 5.3. Let
Y :={v e C?*0,1) | v (0) = v(1) = 0}.

For any ¢ € Y and convex solution u of (1.2), by some simple computations, we
can show that the linearized equation of (1.2) about u at the direction ¢ is

o) (= (=0)N 1Y = AN (0) = /N in (0,1),

where v = —u. Hence, the linear stability of a solution u of (1.2) can be deter-
mined by the linearized eigenvalue problem (5.1). A solution u of (1.2) is stable
if all eigenvalues of (5.1) are positive, otherwise it is unstable. We define the
Morse index M (u) of a solution u of (1.2) to be the number of negative eigen-
values of (5.1). A solution u of (1.2) is degenerate if 0 is an eigenvalue of (5.1),
otherwise it is non-degenerate.

The following lemma is our main stability result for the negative steady state
solution.

LEMMA 5.5. Suppose that f satisfies the conditions of Theorem 5.3. Then any
negative solution u of (1.2) is stable, hence, non-degenerate and Morse index
M(u) = 0.

PROOF. Let u be a negative solution of (1.2), and let (u1,1) be the cor-
responding principal eigen-pairs of (5.1) with ¢ > 0 in (0,1). We notice that
v := —u and ¢ satisfy the equations

(=" (r)N) = ANNr¥=f(v(r)) =0 in (0,1),

5.2

(52) v (0)=wv(1)=0

and

sy AN A @0 = o N (0.1),

$1(0) = ¢1(1) = 0.
Multiplying (5.3) by —v and (5.2) by —¢1, subtracting and integrating, we obtain
1 1
1 / prvdr = N/ MVpN=Lo (N f(v) — f'(v)v) dr.
0 0

Since v > 0 and ¢; > 0 in (0,1), then p; > 0 and the negative steady state
solution u must be stable. (]
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PROOF OF THEOREM 5.3. Define F: R x XT — X by
F(\ ) = ((=0'(m)™) = ANV f(u(r),

where v = —u. From Lemma 5.5, we know that any convex solution v of (1.2)
is stable. Therefore, at any solution (A*,v*), we can apply Implicit Function
Theorem to F'(A,v) = 0, and all the solutions of F'(\,v) = 0 near (\*,v*) are on
a curve (A, v(A)) with |A — \*| < ¢ for some small ¢ > 0. Furthermore, by virtue
of Remark 5.1, the unbounded continuum C is a curve, which has been obtained
from Theorem 4.5. O

From Theorem 5.3, we can see that for A > A;/fo there exists a unique
negative solution uy with M(uy) = 0. In addition, we also have the following
result.

THEOREM 5.6. Under the assumptions of Theorem 5.3, we also have that u)
decreasing with respect to \.

PROOF. Since uy is differentiable with respect to A (as a consequence of
Implicit Function Theorem), letting vy = —uy, then dvy/dX satisfies

(((-92) ) Coren™=) = 3= e B2 4 =t ).

By an argument similar to that of Lemma 5.5, we can show that

! dv
/ (/\(f/(”/\)”/\ - Nf(UA))T; + N f(vy)vn)dr =0.
0
Assumptions of f imply dvy/d\ > 0. Therefore, we have duy/d\ < 0. O

REMARK 5.7. From Theorem 5.6, we can also get that (1.2) has no convex
solution for all A € (0, A1/fo] under the assumptions of Theorem 5.3. In this
sense, we get the optical interval for the parameter A which ensures the existence
of single strictly convex solution for (1.2) under the assumptions of Theorem 5.3.

REMARK 5.8. Note that the results of Theorems 5.3 and 5.6 have extended
the corresponding results to [17, Proposition 3], in the case of Q = B.

REMARK 5.9. Clearly, the results of Theorem 5.6 are better than the corre-
sponding results of [11, Theorem 3.1], if we assume f € C*(R\R™,R\ R7) in
the Theorem 3.1 of [11]. Moreover, we do not need f is increasing.

ProOF. It is sufficient to show that the assumption (3.9) of [11] implies
f'(s) < Nf(s)/s for s > 0. Luckily, for any s > 0 and ¢t € (0,1), by the
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assumption (3.9) of [11], we have

f5) = £lts) _ o 1) = [0+ VA ()

!/ — 1.
) i1 (1—-t)s ~t=1 (1—t)s
_tN N-1
PTG e (O T L IS s iy FIC B (O]
t=1 (1 —1t)s t—1 s s
where 77 > 0 comes from the assumption (3.9) of [11]. 0

6. Convex solutions on general domain

In this section, we extend the results in Section 4 to the general domain €2
by domain comparison method.

Through out this section, we assume that

(f2) f:[0,+00) — [0, +0c0) is C? and increasing;

(f3) f(s) > 0 for s > 0.

We use sub-supersolution method to construct a solution by iteration in an
arbitrary domain. Note that 0 is always a sup-solution of problem (1.4). So we
only need to find a sub-solution.

By an argument similar to that of [27, Lemma 3.2], we may obtain the
following lemma.

LEMMA 6.1. If we have a strictly conver function u, € C3(Q), such that
det(D?uy) > AN f(—u.) in Q and u, <0 on OS2, then problem (1.4) has a convex
solution u in €.

As an immediate consequence, we obtain the following comparison.

LEMMA 6.2. Given two bounded convexr domains 1 and 2o such that Q1 C
Qy. If we have a convex solution u of problem (1.4) in Qq, then there exists
a convez solution v of problem (1.4) in Qq, or equivalently if there is no convex
solution of problem (1.4) in Qq, then there is no convex solution of problem (1.4)
imn Q.

Our main results are the following two theorems.

THEOREM 6.3. Assume that (£2) and (£3) hold.

(a) If fo € (0,400) and fs € (0,+00), then there exist Ay > 0 and Az > 0
such that (1.4) has at least one convex solution for all A € (Mg, A3).

(b) If fo € (0,+00) and fs =0, then there exists Ay > 0 such that (1.4) has
at least one convex solution for all X € (g, +00).

(c) If fo € (0,400) and foo = +00, then there exists A5 > 0 such that (1.4)
has at least one convex solution for all A € (0, A5).

(d) If fo =0 and fe € (0,400), then there exists Ag > 0 such that (1.4) has
at least one convex solution for all A € (Ag, +00).
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(e) If fo = 0 and fo = 0, then there exist Ay > 0 and A, > 0 such that
(1.4) has at least two convex solutions for all A € (A, +00), one convex
solution for all A € [A7, A].

(f) If fo =0 (or 4+00) and foo = +00 (or 0), then for any A € (0,400),
(1.4) has one convex solution.

(g) If fo = 400 and fo € (0,00), then there exists Ag > 0 such that (1.4)
has at least one convex solution for all A € (0, Ag).

(h) If fo = 400 and foo = +00, then there exist Ag > 0 and A* > 0 such that
(1.4) has at least two convex solutions for all A € (0,\*), has at least

one convex solution for all A € [A*, Ag].

PRrROOF. We only give the proof of (a) since the proofs of (b)—(h) can be
given similarly. It is obvious that there exists a positive constant R; such that
) C Bpg,(0). Theorem 4.1, Remarks 4.2 and 4.21 that there exist Ay > 0 and
Az > 0 such that problem (1.4) with Q = Bp, (0) has at least a strictly convex
solution for all A € (A2, Ag). Using Lemma 6.2, we have that problem (1.4) has
at least a convex solution for all A € (A2, A3). O

THEOREM 6.4. Assume that (£2) and (£3) hold.

(a) If fo € (0,400) and foo € (0,+00), then there exist s > 0 and usz > 0
such that (1.4) has no convez solution for all A € (0, p2) U (u3, +00).

(b) If fo € (0,400) and fo = 0, then there exists pg > 0 such that (1.4) has
no convez solution for all A € (0, uq).

(¢) If fo € (0,400) and foo = +00, then there exists ps > 0 such that (1.4)
has no convex solution for all X € (us5, +00).

(d) If fo =0 and fe € (0,400), then there exists pg > 0 such that (1.4) has
no convez solution for all A € (0, ug).

(e) If fo =0 and fo = 0, then there exists ur > 0 such that (1.4) has no
convez solution for all A € (0, ur).

(f) If fo = +o0 and fx € (0,00), then there exists ug > 0 such that (1.4)
has no convex solution for all A € (ug, +00).

(g) If fo = +o0 and foo = 400, then there exists p9 > 0 such that (1.4) has
no convex solution for all A € (ug, +00).

PROOF. We also only give the proof of (a) since the proofs of (b)—(g) can be
given similarly. It is obvious that there exists a positive constant Ry such that
Bpg,(0) C Q. Theorem 4.1, Remarks 4.2 and 4.21 imply that there exist pg > 0
and p3 > 0 such that problem (1.4) with Q = Bg,(0) has no convex solution for
all A € (0, u2) U (p3, +00). Using Lemma 6.2 again, we have that problem (1.4)
has no convex solution for all A € (0, u2) U (us, +00). O

REMARK 6.5. From Theorems 6.3 and 6.4, we can easily see that pg >
Ao > A*. Set p := A/2. Through a scaling, we can show that problem (1.4) is
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equivalent to

(6.1)

det(D%*u) = f(—u) in pQ,
u=0 on Jufd.

In the case of f(s) =e® in (6.1), Zhang and Wang [27, Theorem 12|, has shown
that pg = Ag = A*. Unfortunately, we do not know whether this relation also

holds for the general case of fy = +o00 and fo, = +00.
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