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AN EXTENSION OF
ASKEY-WILSON’S ¢-BETA INTEGRAL
AND ITS APPLICATIONS
A. VERMA AND V.K. JAIN

1. One of the remarkable g-extensions of the classical beta integral
evaluated by Askey and Wilson [3] is:

If max(|al, |0, ]¢]|, |d]) < 1, then

1
/ w(z;a,b,c,d)dz = K, where

) h(z; 1)h(z; —1)h(2; /@) h(z; —/7)

w(z;a,b,c,d) = 7z a)h(z b)h(z;c)h(z;d)ﬂ’
(11  lza)= [1( —2az¢" +¢*")
n=0
= (ae”,ae"; q)oo, 2z = cos#,
(a; @)oo = ﬁ(l — ag’), whenever it converges,
=0
(a1,a2,---,0n59) 00 = (015@) o0 - - - (An; @)oo
and
K= 27 (abed; q) oo

(g, ab, ac,ad,be,bd, cd; q) oo

Nassrallah and Rahman [6] used (1.1) to obtain g-analogues of Euler’s
integral representation of Gauss’s hypergeometric series o F:

1 .
12 [ wasedne

(Aa, Ab, e, abef; q) oo W Aabc
(af,bf cf Mabe;q)es * "

—

dz

=
~

=K ;bcaacaabaA/daA/f;Qadf )
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734 A. VERMA AND V.K. JAIN

_ i (a1, ar;@)nz"(=1)"" n(n=1/2
(Q7 b17 tet bTJrkfl; Q)n

o o

(for k>0ork=0and |z| <1)

ric series

nd the very well-poised hypergeomet-

r+3Pr42 [a’ av/a, 7q\/§<}a1’ e Z]
\/Ea_ aaaa"'az
is abbreviated as 3w, y2[a; a1,a2,... ,a.;¢,2]. In a subsequent paper
they [7] obtained another extension of (1.2) as a g-analogue of the
integral representation of Appell’s function Fi:

A
16 max(lal, lal, b1, |el, ], 171, g1)) < 1, |z | < 1, then

1
h(z; A)h(z; 1)
1.3) S(a,b,c,d, f,g; A, E/ w(z;a,b, c,d)—————
13 Sabedhahn= | "h(z: Ph(z:g)
(ﬁ’%’%’%’AaW%?Ha’%;q)oo
(a%q, &, i, &, af, f/a,a9,9/a;q)
‘ 10W9 [a2; ab7 ac, ada afa ag, aq/Aa aq/ﬂ'a q, )x,uq/abcdfg]

+ idem (g; f, g),

dz

where

f(a1) +idem (ay;as,...,a,) means Zf(aj).

j=1

Nassrallah-Rahman’s proof was based on using the integral represen-
tation of the sum of two nonterminating balanced 3¢3, [2], viz.,

b a c c c.
1.4) /b (afoquppeug)e, M=) (08555 50)
' o (duseu, fu;q)se 1 (ad,ae,af,bd,be,bf;q)oc

where ¢ = abdef and the g-integrals f; f(z)d,x is defined as

/0 T F @)y = a(l - 9) S Flag")",

(1.5) , , .
/a F(@)dg() = / f @)y / F(@)dq,
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to rewrite, the left hand side of (1.3) as:
(1.6)
S(a7b7 c, d7 f:ga )\,/J/)

_ (u/f,1/9:9)oo /g (ug/ frua/g, pus @)oo
9(1 —a)(a,99/1,f/9,f95 D)0 J 5 (mu/fg;4) oo

qU

! h(z; A)
./Jw(z,a,b, c, d)h(z;u) dz.

At this stage they remarked, “It would be nice if we could find a
transformation that would lead directly to (1.3). Such a short cut
does not seem to exist at the moment, so we are forced into a rather
long and tedious computation.” It may, however, also be noted that it
is not possible to extend Nassrallah-Rahman’s proof to obtain integral
representation of higher order basic hypergeometric series. In this paper
we develop an alternative proof of (1.3) in Section 2 and show in Section
3 that our method of proof could be used with advantage to obtain

S(a,b,c,d, (fn); (M) = /1 w(z;a,b,c,d) ﬁ {ZEZ j\cj;} dz

_ ¢ (a/abed, aq/b,ag/c, aq/d; q) ﬁ {(aAj,Aj/a;q)w}

L7y (Pqa/be,q/bdyg/ediq)oe 0\ (afi, fi/0i0)s
A1z, A
. 2. . ALA2 nq
2n+6” 2n+5 |:a aabv ac, ada a(fn)uaq/()‘n)a q; abcdf1 L fn:|

+idem (a; f1, f2,.. -5 fn)s

provided max(|q|, |al, 8], |c], |d], |(f2)]) < 1, |3H2:232 | < 1, which for

n = 2 reduces to (1.3). A complete combinatorial theory and interpre-
tations for integrals of the form (1.7) with A\; =0, j =1,2,... ,n, was
developed by Ismail, Stanton and Viennot [5]. Interesting quadratic
transformations implied by (1.7) are discussed in Section 4.
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2. We begin this section by first proving the transformation:
(2.1)

tq tq Yi---Yng
2n+6Wan+s th;tb,tCatd,tﬂﬁl,---,txma,---a—;%m
_ _(g/be, q/bd, g/cd, t*q; ) i (bt, ct, dt; q) ¢’
(tq/b,tq/c,tq/d, q/bedt; q) oo = (g, bedt, t2q;q);
tq g _;  Yi--Yn ;
'2n+4W2n+3 t2;tI1,...,t$n,—,...,—,q J;qv—nqj
y Yn Ty...Tn

(bt, ct, dt, tq? /bed; q) o ii (a/be, q/bd, q/cd; q) j¢°

. 2 2
(ta/b, ta/c, ta/d, bedt /g 0)oe = (g5 q)j<;)g_d;q>j+r<ﬁ;q)j_

(tz,tq, —tq, tx1, ..., tx,, ;—‘i, e, ;—‘i; q) (—=1)"qz =D (yy...y,)"
. T

(Qata *t,tQ/lEl, s atq/xnatyla e 7tyn;Q)r (ml .. -xn)T

Proof of (2.1). In the Watson’s transformation [4; 8.5(3)], connecting
nonterminating very well-poised g W7 with balanced 4¢3’s letting e — 0,
we have

(aq/f,aq/9,09/h; @)oo _ (ag,aq/fg,aq/fh,aq/gh; @)
(f,9,h5 @)oo (f,9,h,aq/ fgh; q) o

(2.2) " 3¢P2 [aqj,c,gg’h/a’q’ ]

L (@@ fghid)s p [aq/fg,aq/gh aa/fh.
(fgh/ag; @)oo ag?/ fgh,a2q*/fgh '

In (2.2) replacing f, g, h and a by btq", ctq", dtq" and t2¢*", respectively,
and then multiplying by

(t27 tq, _tqa txla tl‘g, R ,tl‘n, tQ/yl, R tQ/yn, q)T(yl s yn)r
(g, t,—t, tq/x1, ..., tq/Tn,ty1, - . ., tYn; @)r (bedtzy ... 20)"

and summing with respect to r from 0 to co, we get (2.1) on rearranging
the series on the right hand side. u]
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Proof of (1.3). Transforming the W7 on the right hand side of (1.2)
by [1; 5.1], we get
(2.3)
! h(z; \) (¢/abed, aq/b,aq/c,aq/d, Aa, A/ a; q)
w(z;a,b,c,d " Ldz =K ’ ’ ’ o e
K "hzp) (a24,4/be,4/bd, afed;af  f[a30)

: 8W7 [a2; aba ac, ada afa (IQ/)\, aq, )\Q/adef] + idem (a; f)

Next, using (2.3) in (1.6), we get
(2.4)
S(a,b,c,d, f,g; A, 1)

_ 2m(p/ £, 1/ 95 @)oo /g (uq/f,ua/g, pui @)oo
9(1 —a)(a,99/f,f/9, 95 1) (1u/f9;9) oo

{ (abed, g/abed, aq /b, aq/c, aq/d, Aa, A/ a; q)

q

(q, ab’ ac’ ad’ bc, bd’ Cd7 a2q7 q/bc7 q/bd7 q/Cd7 au, u/a; q)OO
- sWr[a?; ab, ac, ad, au, aq/\; g, A\q/abedu] + idem (a; u)}

(a/abed, 52,22, 22, 30,2, 4, 234)
K o]

(a%q, &%, 4 4,0, % L, F9i0)oo

(a27 aq, —aq, ab7 ac, ada a_)fl; q) N

oo
. J
Z (q7a7 —a, a_bqv a_cqv %704)‘; q)J (ade J

Jj=0

/g (ug/f,uq/g, pu, aq* ™ /u; q) 0o q
: i " qu
5 (mu/fg,u/a,aq/u, augd; q)ccu’

27 (p/ f, 14/ 95 9) o
91 —q)(a,99/f,f/9: 95 0

ugqg u uq uq u Al
/g <—q ?q,,uu,ubcd,ﬁ,f],f,#,)\u,a,q)w
!

f )
(%, q, ub, uc,ud, be, bd, cd, u?q, q/bc; q)oo

1
. W u?; ub d X; ¢, A\q/abedu)d
(q/bd, q/cd, au, a/u; q)OOS 7[u ; U0, UC, U ,au,uq/ 14, q/a C u] qU

=11 + I (say)
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q ag aq aq A .
K (abcd’ D e 77)‘0'7 Ea/"ga %7q)
— oo

~ (a2q,q/be,q/bd, q/cd, /g, f9,%,09; )00

‘ i (a?, ag, —ag, ab, ac, ad, ag, ag/X; 4) ;N ¢’
7=0 <q7a7 —a, %7 a_cqv aquv %70’)‘; q)] (a’deg)J

99/ f, ng

(2.5) : {s¢z [“/f’agqj’(g/a)q_j ' q, q]

j—l(& L ogla, % q jaq“”'.>
g oo if h9/al agd s Fr—ia)

it (ug, £,4,1 %,aqu,aq“j/g;q)
o0

. n/g,afq’, (f/a)g .
302 [ fa/g, nf ’q’q} }

Next, using (2.2) (with f,g,h,a replaced by u/f, agq’, 2q77, ug/q,

' a
respectively) in (2.5), we have

K (q/abcd,aq/b,aq/c,aq/d, Aa, N a, pa, 1/ a; q) oo
! (a%q,q/bc,q/bd,q/cd,af, f/a,ag,g/a;q)c

(2.6)

* 10 W9 [aza aba ac, ada ag, le, GQ/)‘a CLQ/H, q, )\NQ/adefg]

For evaluating I, transforming the inner §W; by (2.1) (with n = 1,
z1=a,y =\ t=u), we get
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(2.7)

271t/ g, 18/ f5 4) oo
g(l - q)(Qag(J/fa f/ga fga q, Q/bca Q/bda q/Cd7 bC, bd7 Cd; Q)oo

I =

. / 9 (ug/f,ugq/g, pu, ubcd, q/ubed, uq/b, ug/c, ugq/d, Au, \/t; ¢)oo
f (,U/U,/fg, Uba uc, Uda u2q, au, a/u; q)oo

) (&, & &, v’aq )OO f: (bu, cu, du; q) j¢’
(5 (¢, u?q, bedu; q),

ugq
1 7d bcdu’q)oo i=

ﬁq

uq s
W [uz;ua, ~0 4 e
a

n (bu, cu, du, uq? /bed; q) o

uq uq uq bedu
b?’c?’d’ q ' q

(b_qc ida ed)’ Q) (UQaUQ7 —ug, ua, %a q)r qj
(45 9); (ug®/bed; q) .4 (q? /bedu; q)

r(_1\r 5(r—1)
A (=1)"q> D
) q

‘ (q7 u, —u, UQ/(I, U)\ﬂ q Tar

:L”]Aﬂ”q%u—L”]Aﬂ“q%u

=1+ 1
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(2.8)

I 2w (gbed, q/gbed, gq/b, 9q/c, 9q/d, \g, N/ g, 19, 11/ 95 @) oo
L=

(¢,9%q, gb, gc, gd, be, bd, cd, q/be, q/cd, q/bd, fg, f/g,ag,a/9;9) o

(& i 5:9°049) iizj: (1/f;q)s(bg,cq,dg; q)j+s

{ (g_bq, 9 99, ﬁ;q»’o == =5 (519,99 £3,9)5(bedg; a) 4

(99— 9999, 99/X; @) r1-5(9%5 @)ry20g/ TN (1) (T
(9,—9,99/a,\g; @)r+5(9% @) j+r+25(05 0)r (g5 9) j—ra™t*

(bg, cg,dg, 9¢° /bed; @)oo

ﬂﬂﬂbcdg)
b e d? qaq

iii :u'/fa bc’bd’cd’q)'(‘ngq)TJFZS

(9,19,99/f;90)s(4;9)(q; 9)~

+

s=0 j=0r=0
' (99, —99, 99, 9/ X; @)r4s(— 1) ATHogIHT D/
(9, 9,99/, 97 @Q)r15(9%/bcd; @) j1ris(¢%/bcdg; q) j—r—sa™*

__ 2m(gbed, q/gbed, 9q/b,9q/¢, 99/d, g, N/ 9, 19, 11/ 93 D) o
(¢,9%q, gb, gc, gd, be, bd, cd, q/be, q/cd, q/bd, fg, f/g,ag9,a/9;q)

) (a/be,q/bd, g/cd, 9°¢; @)oo
(99/b,94/¢, 9q/d, q/bcdg; q) o

J

iz (bg, cg,dg; 4);(9°, 99, —94, 90, &, a)r
(9,bcdg; 4); (9, 9, =9, 99/ a, Ag; @)r

7=0r=0
' (q*j;q)w\rqugq52 [%,gzq”,qr' ] (bg, cg,dg, 9q* /bed; q) oo
(9%a;9)j+ra" i T (94/b,94/c, 99/d, bedg/q; q)

ii C’bda L340, (9%,99, ~94,a9, 94/ X; @) N (—1) g/ D)2
(4,9, —9,94/a, 9% q)r(9q% /bcd; q) j1r(¢%/bedyg; q) j—ra”

j — 7-:0

2. r —r
_ 597997 ]
3¢2[ 9, g 14,9

<.

=
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Summing the s¢2’s on the right hand side by the g-analogue of
Saalschiitz’s summation theorem [4; 8.4(1)] and then transforming the
resulting right hand side by (2.1) (withn=2,t =g, 21 = a, 2 = f,
y1= A, y2 = p), we get

2m(gbed, q/gbed, gq/b, 94/c, 99/d, Ag, A/ g, 119, 11/ D)oo
(2,94, gb, gc, gd, be, bd, cd, &, &, &, fg, f/9,a9,a/9;q)

(2.9) I} =

- 10Wolg?; gb, g, gd, ga, g f, ga/ X, 9a/ 13 4, Aug/abedg f].
Similarly, we have

(2.10)
g — _ 2m(fbed, g/ fbed, fq/b, fa/e, fa/d, Af, A f uf, 1/ @)oo
> (q, f2q, fb, fec, fd, be,bd, cd, q/be, q/cd, q/bd, fg; 9/ f,af,a/ f; @)oo

: 10W9[f2;fb7 fca fda faa fgan/)‘afq/uaqv )\,uq/abcdfg]

(2.4) gives (1.3) on substituting I; and I3 from (2.6), (2.7), (2.9) and
(2.10). O

3. Proof of (1.7). The proof is by induction (1.7) for n = 1 reduces
to (2.3) and for n = 2 it yields (1.3). Next let us assume it to be true for
n = m, so that on setting fm, = f, fm+1 = ¢, Am = X and Apy1 = 4,
we get
(3.1)

5= S(aa b,c,d, f, g, (fm—l); A, (Am—l))

Y h(z; Vh(zip) "1 h(z:A) .
_/ (20,0, A (e g) 1;[ {h(z;fj)} d

j=1

)
g (w/fs1/93 D)o /g 5 \eal frualg, s g)os
9(1—q)(q,99/1,F/9,f9: D)0 J; * (nu/fg; @)oo

./_11 (z;a,b,c, d 1;[ { } 2 (using (1.6))

(1/f,18/93 @)oo /9 (7?7 L s q)
9(1—q) (q,gf—q,f,fg;q)oo o (wu/fgia)e
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2,
2m+6W2m+5 [a ) aba ac, ad7 au,

(ad A /a5 9) "i—[ (aXj, Nj/a; @)oo
(au,u/a;q)00 = (afj; fi/0; @)oo

aq/Aa a(fm—l)a aq/(Am—l); q, q)\)‘l LR )\m—l/adeufl N fm—l]

+idem (a; f1, .- -, fr—1, u)} dqu

uq ug . aq aq a
- Wihe/gde /g<f’9*“”)W{K(ﬁﬁ’fafr§ﬁ®m
) s

9(-0) (0. %. L fg:q (wu/fga)e | (a0, 5 & Lia).,

(aA A /a5 9) "i—[ (aXj, Nj/a; @)oo

(/@i 0)e 14 (afyofy/a10)
aq QA1 . A1
m m b d m— ; )
2m+6Wam+s [a ab, ac, ad, au, —=, a(fm-1), Oun1) q abcdufl...fm_l}
(3.5)
+ idem (a; f1,-. -, fm_l)} dqu
(3.6)

=hL+L+---+1, (say)

and
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2m(p/ £, 1/ 95 4) o
9(1—q) (q, a1 fg;q)oo

o8]

ugq uq uqg ugqg ug
/9 <77 g y LU, Udea ubcd’ D e d 7U)\7 an)
a

pu 2, 94 49 49 a.
ﬁaqa Uba uc, Uda bC, bd7 Cdau q, be? bd? a,au, qu)
0o

mt (uAj, Aj/u; @)oo
H uf]af]/”aQ)oo

2m+6W2m+5 |:u25 Ubv uc, U’dv ua, U(Z/)\, u(fmfl)v
j=1

uq/(Am—1); ¢, gAA1 . . . A—1/abedufy . .. fm_l} dqu
(3.8)

I —K(abcd’abq’acq’t:i’a’)‘ )\/a pg,ﬂ/g’ ) 1:[ {(a’)‘jv)‘j/a;Q)m}
1= - 47 J Tl
(a2q7E7wvcd7ag7 avfg7f/g5 )oo (af]7f]/aaq)oo

e (a2’ agq, —aq, aba ac, ada ag, aq/Av a(fm—l)a ﬁ; q) X (q)‘Al s Am—l)j
Z - J

7=0 <Q7a7 —a, abq, acq, aja)‘aa (faq ) ana()‘m—l);Q)j(adegfl v fm—l)j

B 9q—7d J
q “,agq
‘{3¢2|:f’aﬂ g,,U‘ ;qaq:|
o

3 <g>j_1 (ag, fu, fa/g,1/ f, 9/ 0 @) (af, aq/g; a);
(af, gm,9a/f, f/a b5 q)oo (ag,aq/f;q);

f
' p/g, L9 afq’ ]
3¢2{ 9a/f, fu ’q’q}

K(q/abed, aq/b,aq/c,aq/d,al, N a, au,u/a @)oo mH { arj, \j/a;q)oo }
(a%q,q/be, q/bd, g/cd, ag,g/a,af, fla;iq)eo =} \(afj, fi/a; @)oo

‘ 2m+8W2m+7 a2; aba ac, ada ag, afa aq/>\7 aq/u, a(fm—l), ()\ 1) 3

¢ GAUAL - A1 ]
“abedfgfi ... frm—1
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Similarly, Io, ..., I,, are also evaluated and we have
(3.9)
; — K(a/abed, ag/b, ag/c,aq/d, ar, A/ a, ap, p/a; @)oo
(a*q,q/bc,q/bd, q/cd, ag,g/a,af, f/a;q)

aq aq aq
W 2 b7 ) d7 ) 'y 0 —1) ;
2m+8 2m+7[a ;ab,ac,ad, ag,af N a(fm-1) O )

} +idem (a; f1,. -+, fm—1)

q q)\,ux\l e Am—l
Tabedfgfi ... fm-1

For evaluation of I', transform inner g,,46Wam+s by (2.1) (with
n =m, t = u, r1 = a, r2 = flv"':wm = fmflv Y1 = )\7 Y2 =
A,y Ym = Am—1) to obtain

o 2m(u/fin/gd)x
9(1 - q) (q, a, ﬁ,fg;q)

uq uq uq ugq ug
/9 ( ) gaﬂlu Udea ubcd’ b ¢ d,U)\’u,q>oo
u 9 49 4g a.
f (’;—g,q,ub,uc,ud,bc,bd,cd,qu,E,m,a,au,;,q>
oo

net (wh, %) be, q/bd, g/ cd, u? by, cu, du; ) ;g7
‘ w'?) ) (g/be,q/bd,g/cd,uq; q)o Z u, cu, du; q) jq
(

i (ufj, %;q)oo uq/b,uq/c,uq/d, q/bcdu,q)oo] (g,bcdu,u?q; q);

uq i A A
a7
(>\m 1) afl---fm—l

rT

ii q/bc, q/bd, ajeds q); @) (—1)rq V2
uq /de q)]+r(q%/b0d’u q)] -

2m+4Wam43 [u ua, —, u(fm-1), ~—

(bu, cu, du, ug®/bed; q)

o]
uq uq uq bedu.
Borcerdr q 4

[eS)

+

]: r:O

. (’LLZ, ugq, —ugq, ua, UQ/)‘a u(fm—l), uq/()\m—l)a q)r ()‘Al L] Am—l)r
(¢, u, —u, ug/a, Au, uq/(fm-1), ¥(Am—1); @)r (afi--. fr—1)"

(3.10)

:[...]/Og[...]dqu[...]/Of[...]dqu
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(3.11)

= I + I (say)

Then

. 2 (gbcd, T R A g,gu,u/g;q>oo
=

(q,gb, gc, 9d,be, bd, cd, g2q, &, 14, &, 90, 2, gf, L; q)oo

S

1{(9/\J,>\ i/9 @)oo }{ (¢/bc,q/bd, q/cd, 9°¢; 4)oo
- L (955 fi/9:a)0 J | (9a/b, 9a/c, 9a/d, a/bedg; @)oo

.
I

iizj: :u‘/fa bg,cg,dg, )]+3(_1)qu+5+7‘(7‘—1)/2
=0 j=0r=0 q’ Ng,g(Z/f q) (bcdg; q)j+s(q; Q)jfr

®

(9%0)r+25(99, =99, 90, (1), 92/X, 90/ Am—1); Q) rts

(59)r(9,—9,99/0, 9% 90/ (Fn—1), 9 Om—1); Q)rts (92 @) j 4 r 25
AL A1) (bg, cg, dy, gq2/bcd; Do
(@fi-eJm)™ " (ga/b,9a/c. 9a/d, 421 q)

(%;q) (q/be, q/bd, q/cd; ) g7

2
5=0 j—0 r= (q,ug, f,q> (¢;9); (%A)HHS

(9% Q)rr2s(90 —99, 90, 90/ N, 9(fr-1), 90/ Am—1); D7t
2
(#55:9) @) (9:-9. %20, 72555000 1)ia)

AL A ) (1) D/ }
(afl s frn—l)rjLS

2m (gbcd, q/gbed, 52, %2, 4 g\, 2, gu, 1/ g q)oo

(q gb, gc, gd, be, bd, cd, g*q, 1%, 3%, 25, 9, g,gf,ﬁ;q)oo

T 1{ (92, 2i/93 @) oo }
L U955 £i/950)

J:
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J(a/be,a/bd,q/cd, g7 9) oo izj:(bg,cg,dg, q); ¢oH"
(9a/b. 9a/c; ga/d, q/bedg; 4)oo = <=5 (a54)(bedg, 923 9)

(9%,99, — 94,99, 99/ 9(fn-1), 99/ Am=1),a7730)r (M1 - - Apu—1)"
(qag7 -9, gq/a’vg)‘v %79()\mfl)7g2ql+j; q>r (afl .. fmfl)r

14 2. r —r
79749 -4
-3¢z[f’ﬂ u,g ;q,q}
f)

<i o, ), (1
2

(9,99, —99 99, 99/ 9(fim—1), 98/ Am=1); Qr (A1 - - - A1)
(2,9,—9,99/a,97, 99/ (fm—1), 9(Am—1); Dr(afi ... frn—1)"

® 2. r —T

9%q",q

-3¢2[f’g_q L;g ;q,q”
f7

(bg, cg, dg, 94*/bed; q) oo
(gq/b,gq/c,gq/d bedg )

Summing the s¢2’s on the right hand side by the g-analogue of
Saalschutz summation theorem [4; 8.4(1)] and then transforming the
resulting right hand side by (2.1) (withn =m+1,t = g, 21 = fi,

T2 = for-is®m—1 = fm—1, Tm = @ Tmy1 = f, Y1 = A1, Y2 =
>‘27- ey Ym—1 = )‘m—la Ym = )‘7 Ym+1 = /")7 we get
(3.12)

2m (gbcd, a/gbed, ga/b, 9a/c, 9a/d, gA, 5, gm, 5 q)oo

I =
(q, gb, g, gd, be, bd, cd, g2q, £, &, &, 9a, %, gf, L; q)oo

)\.
m—1 (g/\j, j;q>
j=1 (!ij, %HI)
o0

q 9q
“om4+8Wam4r {g gb, gc, gd, ga, gf,g—,g 9(fm-1), O 1)'

q /,L)\)\l e )\m—lq
“abedfgfi,. . fmo1]
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Similarly, we have
(3.13)
1 = 2rlfbed o/ fbed, fa/b, fafe, fa/d, fO A £, fws 1] £ 0)eo

(a1, fe. fd,be, bd, cd, £2q, &, %, & fa, 9, f9, $:4) _
Aj.
m—1 (f)\j’T,q>oo

J

s Wanse| £ 0 fes 1 fa 0. BT ), 1
POAL - Amo14

T abedfgfr - fmr |’

Combination of (3.4), (3.9), (3.11), (3.12) and (3.13) completes the
proof of (1.7) by induction. O

4. In this section we obtain some quadratic transformations as special
cases of (1.7).

Case 1. Bailey showed [4; p. 54] that the nonterminating version
of Whipple’s transformation [4; 4.5(1)] connecting terminating nearly-
poised 4F3 with terminating balanced 5F} is a five term relation be-
tween two nearly-poised 4F3 of the second kind, one nearly-poised
4F3 of the first kind and the other two are balanced 5Fj;. Recently,
Nassrallah-Rahman [7;3.17] obtained a different nonterminating ver-
sion of Whipple’s transformation connecting three nearly-posed 4F3’s
of the second kind and the remaining two are balanced 5F,; and gave
its g-analogue. We obtain below a five term relation which for ¢ — 1~
reduces to the aforesaid result of Bailey [4 ;p. 54].

(70’[)02’ 7Q/abc2a aq/ba q)oo(azq2/027 a2>‘2a )\2/(12; q2)oo
(ab,aq, — %, ~0] % 0)uc (22, P2 a2 2, 12 a2, 2 [ 0%; )

‘ IOWQ [(LZ; aba ac, —ac, afa _af7 aq/Aa _GQ/A; q, —)\2q/abc2f2]

(7fb025 7Q/fb027 fq/ba q)oo(f2q2/c2a f2)‘2a A2/.)02; q2)oo

* (fb7 f2q7 _627 —Q/CQ, a’fv a/f7 _f27 _13 q)oo(f2627 b2627q2/b262; q2)oo

“10Wolf?; fb, fe, —fe,af, — £, fa/ X\, —fa/ A a, —A*q/abc® £
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N (fbc*,a/fbc?, —fa/b; @)oo (f20°/?, F2N% N/ 12567 o

(_fba fz(:Za _027 _Q/c27 _afa _a/fa _f27 _1' q)oo(f2cza b2027 q2/b202; q2)oo

'10W9 |:f2;_fb7fca_fcv_f2 f7 fq7 )\fqaqv )‘zq/abczf]
(4.1)

_ ()‘2f27)‘2/f2;q2)oo(_abf2;Q)oo

B (a2f27b2f2702f2762/f2;q2)oo(ab7_fz;q)oo
. ¢ a25‘227b2f27)‘2/027_f27_f2q‘ 2 2
L L NP —abf?, —abf?g (T

+ ()‘2027)‘z/cz;qz)oo(_abc2;Q)oo
(a202 b2¢2 f262 f2/62' 2) (ab7 _02;Q)oo

2b22/\2/f2 70 7cq 2q2:|

1504 [ Cf‘; ,A2c%, —abc?, —abc?q

|\2q/abc® f?| < 1.

Proof of (4.1). If we denote the left hand side of (4.1) by I, replacing
d,g, and p in (1.3) by —¢, —f and —)\, respectively, we get

_@De [T RENAE=A)
27 /,1 (z0,b,¢, )h(z;f)h(z;—f)d
_ (6000 (N?/ N2/ %5 ¢%) oo
C2nfA(1 - ?)(a% 24?2, e 2 0% oo
I (ug? ), ug? ) £2, \2u; ¢2) o
' /cz (Nu/c?f2;¢2) o
1
(4.2) '/_lw(Z;a,b, Vu,—vu)dz,  p=gq° (on using (1.6))
N/ 0% 6%) oo
f(1-q )(qz,fif, ;Z,csz- ) _(abig)w

dpu

ci fi A2y, —abu, —abug; q2>
/ dpu =S
( a2u,b2u;q2)

o0

(on using (1.1))
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(4.2) gives (4.1) on using (1.5). O

Next, in (4.1) replacing a, b, c, f and A by —iq?,iq",iq¢¢,ig’ and ig?*,
respectively, and letting ¢ — 17, we get the following formula of Bailey
[4]:

b+c,1—-b—c,1—2c,a+ f,f—a,a+b,a+ c,2c
a+b+2c,1—a—-b—2c,1+a—c,a+\,A—a

L F a+ba+ca+ f,1+a—X
473 l1+a—-c,l+a— fia+ A

T b+c¢,1—b—c,2¢c,1—2c,a+ f,c+ f,2f;
].+f*b,l+f*0,)\+f,)\*f
L F 2faf+ca]-+f_)‘7f+a;
Il f—e fH AL+ =D
4T b+c¢,1—b—c,2¢,1—2c,a— f,b+ f,c+ f,2f;
(13) f+b+2c,1—f—b—2¢c,1+f—c, A+ f, A f
4.3
[l =T+
Y3 e f+ NI+ f—a

_1"|:a+f7b+fac+faa'+bac_fa2f;
= A+ A= fra+b+2f

.F[ A=ca+ f,b+ f, f, f+1/2;
U L f e f N, (a+b2+2f), (1+a+2b+2f)

+F[f—&—c,f—c,a+c,b+c,a+b,2c;]

Ad+c,A—c,a+b+2c

A—f,a—i—c,b—i—c,c,c—{—%; ]

- 5 F.
o [l +c—fict A (“H’;ZC), (1+‘1+2b+20)

Case I1. Bailey [4; p. 54] remarks that the generalization of [4; 4.5(2)]
contains five series in which two of the series are nearly-poised 5Fy of
the second kind, one is nearly-poised 5F; of the first kind and the
other two are balanced 5Fy. Following Bailey’s remark, we obtain the
following formula:
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(4.4)

(—abc?, —q/abc?, aq/b, —a*; q) oo (“232,a2>\2,/\2/a2;q2>
(_Q/Cza _027 (J,b; Q)oo(a4q27 q2/b2027 b202a CL202, a2f2a f2/a2; q2)oo
ag agq A2 ]

. 12W11 |:CL2; (J,b, ac, —ac, afa _afa iaq, _ia'(L Ta )\ 4, — abcsz

( be —Q/be,fQ/b q) (f2q2/027f2)‘27)‘2/f2;q2)oo

a
+?( ]- —q/cz,—cz,fb,af,a/f, )oo(f4q27qz/b2027b2027f262;q2)00

2
Wit £ b fe~fesad, = o =ifa Ja/N T/ g |

(Fb%,a/ Fbc?, ~ Fa/b, abi a)ee (287, 202,02/ £33 0°)

a
f (7157Q/c2570277bf7 7afa7a/f;q)oo(f4q27 bgi25b202a02f2;q2)oo
fa fa

: 12W11[f2;7fba7fca fC f 77afa7’fqa 7ZfQ7 3 b\ yq 77A2/abc2f ]
. (N*f%, 22/ 124?00 (—abf?q, —b/a; 4) oo
(a2f27 b2f27 C2f2, CZ/fZ; q2)oo(ab7 _f2q7 —bq/a, q)oo
‘ ¢ 2f2 b2f2 )\2/0 f2q, f2 2
504 fz 2/02 )\2f2 abfzq, abf2 27q ,q
L2 (A2, 22/ ¢%)oo(—abc®q, —b/a; @)oo
(a%c?,b%c?,c* f2, f2/c?; %) oo (ab, —c?q, —bq/a; q) oo
b2c2, N2/ f2, —c?q, —c*q? A2
" 504 {c2q2/f2 )\2 2 _abc?q, —abcq 2,q CI bc2f2 1.

Proof of (4.4). If we denote the left hand side of (4.4) by I, setting
n:37d:_ca flzfa f2:_fa f3:7:Qa >\1:)\; >\2:_)\; Az =1 in
(1.7), we get
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(4.5)

(q;q)w;—i/ ¢) h(z Mh(z —Mh(z1)

w(z;a,b,c,

1 7 h(z; f)h(z; = f)h(z5iq)

o ia (A2/c2, 02/ % 6%) oo
= (q,q)oo 27Tf2(1 _ q2)(q2’ f2q2/c2,02/f2’c2f2;q2)oo

d
, pU (N2u/2f2; ) oo

2 2
/f2 (4, %5 2w g?)
. 0
C

. /_1 w(z;a, b, vVu, —/u) :((;,’z;)) dz, p=q* (on using (1.6)).

However, (1.2) on specialization yields
(4.6)
1 : - 2
h(z: —2 b)(—abz2q; q) o
/ w(za,bz,—z) 2B g, - 7;Z(;H2 )(—abz q,qg
-1 h(z;1q) (022, 0°2%; ¢%) oo (4, ab, —2°¢; q) o

using (4.6) in (4.5), we have

a(a +b)(X*/c* X/ 12 ¢%)oo

I =
f2(1-¢?) (qQ, LE, %, % q2) (ab; @)oo

[/ a1 110, )
. u

c? P (Azu/c2f2) a2u7 b2ua —ug, 7uq2; qz)oo
(4.7) on simplification in view of (1.5) yields (4.4).

Setting a — —ig®, b — iq®, ¢ — i¢®, X — iq*, f — i¢/ in (4.4) and
then letting ¢ — 17, we get the following formula of Bailey [4]:
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r 14+2a,1—-b—c,1—2¢c,b+c,2c,a+c,a+ f,f—a,a+b;
a+b+2c,1—a—b—2c,1+a—c,a+ M\ \—a,2a

F a+bl+a,a+c,a+ f,l1+a—X

504 a,l+a—c,1+a—f,a+ X

4T 1-b—c,1—2¢,b+c¢,2¢,f+c,a+ f,14+2f;
l+f_b71+f_caf+>‘a>\_f
2fal+f7f+cal+f)‘aa+fa:|

'5F4[ fl+f—c f+ANl+Ff—b

_F[1—b—c,l—2c,b+c,2c,b+f,c+f,l+2f,a—f;]
f+bo+2c,1—f—b—2¢c,1+f—c,A+f,A-f
(4.8)
- F |:2fal+f7f+cal+f_)‘ab+f;:|
ore fa1+ffcaf+kal+f7a

_ple—fietfia+ fio+ fa+b1+42f1+b—q;
B A—fA+f,l+a+b+2f,b—a

F [ AN—c,f+1,f+1/2,a+ f,b+ f; ]
5174 1+f—c,)\+f, (1+a-i-2b+2f)7 (2+a+2b+2f)

4T f—-c¢f+ca+c,b+c,a+b,14+2c,14+b— a;
A—c,A+c,1l+a+b+2c,b—a

)\_f,C+l,C+ l/2,a+c,b+c;
14— fia+o (1+a§b+26)’ (2+aJ;b+2c)

Case III. Next, we prove the following interesting quadratic transfor-
mation
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(4.9)
(—cda?, —q/cda®, —q,aq/c, aq/d; q) oo (a* N, N? /0?; ¢*) oo
(Cda —q/CLC, _q/ad7 Q/Cdv q)oo(a4q27 0,202, a2d2, a2f27 f2/a2; qz)oo

) 12W11 [a2; —(12, ac, ad7 a’fv —le, iaqv _iaqv GQ/)\, _GQ/)\, q, _)‘2/a26df2]

— 2
a ( fGCda acdf’ ({qa%7fq/d;q)oo(f2>‘2a?_2;q2)oo

f (_17 _Q/aca ad? cd’ 7_ada Cda Cfa df7 %;q)oo(f4q27a2f2;q2)oo

. 12W11[f2; 7f27 7afa afa cfa dfa qua 7ifq7 fq/)‘a 7fq/)‘7 q, 7>‘2/a20df2]

7& (GCdfa afdfa a fq/c _fq/d q) (f2>‘27)‘2/f2;q2)00
f < l 7%’711(1’@’70’0’ 7advcd77cfa7df77%;Q>oo(f4q27azf2;q2)oo
—\2

° 12W11[f2; _f27af7 _af7 _Cfv _dfa lf‘]v lfqafq/)‘ 5q7 2Cdf2]

_¢ (N?/F% X2 1?5 6%) oo (—cdf?q, —d/¢; ) oo
a (a’2f27 c2f2a d2f2a aZ/fZ; q2)oo (Cda _fz(Ja _d_cq; q)

o | CFL LN a0, 2
5¢4 f2q2/a2,f2)\2,—cdf2q, df2 2aq q
c (A?/a?, \?a%; ¢*) oo (—a’cdq, —d/c; @)
a (a2f27 a202, a2d2, fZ/a2; q2)oo(0d7 _a2q7 _dQ/c; Q)oo

. ¢ azc27a2d27)‘2/f2a_G'ZQ7 —Cl q q q
574 a’q®/f?,a*)\?, —a’cdq, —a cdq2’

|\ /a?cdf?| < 1.

Proof of (4.9). Setting n =3, b= —a, f1 = f, fo = —f, f3 = iq,
A1 =\ A2 = =\, A3 =i in (1.7), and following the method of proof of
(4.4) the proof of (4.9) can be completed.

Furthermore, it may be noted that (4.9) for ¢ — 1~ reduces to the

transformation which contains five series in which three are nearly
poised of second kind and the remaining two are Saalschutzian and
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for ac = ¢~ it reduces to a g-analogue of Bailey’s transformation [4;
4.5(2)] (cf. [7; 3.17)).

Case IV. Transformation connecting terminating very well poised
12W11 on base ¢ (base q3) into terminating balanced g¢s on base ¢>
(base ¢q) were obtained in [8; 1.5,1.6]. Later on, their nonterminating
versions connecting a nonterminating very well-poised 12WW7; on base
q (base ¢*) with two nonterminating balanced g¢s on base ¢ (base q)
were given in [9; 5.1, 6.1]. Here, we present the following nonterminat-
ing versions of [8; 1.5, 1.6] different from the known ones:

(4.10)
(aX, M a,aq/b; q)oo(ab3q®,1/ab?; ) o
(ab,af,b*q,1/b?, f/a; q)oc (a*q®; ¢%) o

. 12W11 [az; aba abQ7 a'qua afa ana a’fqza CLQ/)\, aq2/)‘7 aqs/)‘; q37 )‘S/a’b3f3]

(FANMF Fa/b @)oo (F034%, 1/ 65 ¢%) oo
(fb, f2q,0%¢,1/b%;9) (a0, 4%, af 0/ 3 9) o

2 Wulf?; b, foa, foa*, af, £2a, 126, fa/\ FEIN Fa°/%; a° N fab® )

(AN fa, [P )b; @)oo (207, [O20", 1/ U305 6%) o
(fbg, f2q,6%q,1/0%9) (071, 0, af q, 245, a0/ f 45 43) o
fé? e fé¢ 4 N }

2 2 2 3 r2 2.3
c12W ; fbg, fb b 42 42 J7 .
12 11|:f q 7f qvf q afq 7f qaan7f ) A ’ A ’ A y 4 7ab3f3

+

(SAP N[, FP )b ) oo (F20%, [O° 0, 1/ 103025 ¢°) oo
(f2¢%, fbq?,02q,1/b%;q) oo (71,072, f2¢7,af %, a/ f4% ¢3) o
o fa® fa* f 4 NP

2 4 2 3 4 £2 2 p2 3
c12W ;s fb b b 44 11 J7 .
12 11|:f q 7f q afq 7fq 7f q 7f 7an7 A ’ A ’ A y 4 aabgfg

_ W3 0)0(af%0% ¢)o i’ [
(af.bf, 20, 5 0)0

(Ab, Vb3 ) oo (ab*¢°; ¢°) o
(ab,bf,b%q, f/b54)oo

IN3/ab® 3 < 1.

)\/b,af,f%—fq,f\/_,—f\/a '
Fa/bAf.faal/?, fwgall?, fw?qal/s Y

)‘/fa abv b\/@ —b\/@ bqv _bq .
bq/f, \b, bga'/?, bwqa'/?, bw?qa/?’ 4

6¢5|:
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(4.11)
(ab®, q/ab®; @)oo (a®X3, X3 /a®, 3¢ /b°; ¢®) o
(a2¢; @)oo (b8, a3b3, a3 3, f3 /a3, ¢ /b5; ¢°) oo

2 a¢ aqw aquw® A3
PP b3f3]
N (f20°F,q/0° 30 (FPN2 N3 12, F2¢° 0% ¢% ) o
(w7w27af7f2q7a/f;q)oo(f67b67b3f37q3/b6;q3)00
27, fq fqw fqu® A
f )\ b )\ q ab3f3]
(f2w2,b?’fuhWQQ/b?’f;Q)oo(f?’)\s,>\3/f3,f3q3/b3;q3)oo
(w, w?, afw, f2quw?, aw?/ f; q)oe (5,6, 6% 3, ¢%/6%; ¢%) oo
fq fqw fquw* N ]
NI
n (2w, 0% fw?, aw/b® ;@)oo (F2N3, 03/ 2, 243 /0% ¢%) oo
(w, w?, afw?, aw/f, f2qw; q) o (f8,b5,03f3, ¢ /b5 ¢*)

5 fq faw fquw? 0 A3 ]
XA ab® f3

- 19W11[a?; ab, abw, abw?, af, afw, afw?,

° 12W11[f2;bf7 bfwabfw2aafa f2

° 12W11[f2w2; bfa bfwabfwzafzafzw ajw,

'12W11[f2w;bf7bfw7bfw27f27f2 2 fw

AT O SRR T
(5, a3 3,633, 63/ 3 ¢3)
5 :7 a3 f3, f3, — 3 f343/2, — 343/ 4
"6¥5 f3 3 /b3, X3 £3, a f?, af3q af?q? 1q°,q°
(abS;Q)oo()\absa)\B/bB;q )oo
(05, 63 3, aPb3, £3;, 0% ¢%) o
As a3b3, b8, b3, bq 3/2 —bdq 3/2 5 3
6¢5[ B/ 4 N8, ab?, abbg, abg? L q}

IA%/ab® 3 < 1.

Proof of (4.10). In (1.7) first replacing ¢ by ¢® and then setting n = 3,

¢ = by, d:bq27 fl :fa f2:fq7 f3:fq27 A1 = A, A2 = Ag, >\3:>\q27
and using (1.1) we get (if we denote the left hand side of (4.10) by I)
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I =

(A0, M F; )0 /f (ug/b, ug/ f, Mu; @) oo (a1®¢%; ¢*) oo
f(L=q)(q,bf,b/f, fa/b;q)00 Jb (Au/bf, au, u?q; ¢)oo

evaluating the right hand side by (1.5), we get (4.10). O

dqu

The proof of (4.11) follows on the lines of (4.4) and hence the details
are omitted.

In this sequel it may be noted that Nassrallah-Rahman’s quadratic
transformation [7; 4.5] is in fact a nonterminating extension of [8; 1.4].
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