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ON A SUBCLASS OF STARLIKE FUNCTIONS
ROSIHAN MOHAMED ALI

ABSTRACT. Let R(8) denote the class of functions f(z) =
z 4 agz? + --- which are analytic in the unit disc D = {z :
|z| < 1} and satisfy the condition Re (f'(z) + zf"(z)) > B,
B <1, for z € D. We find B so that R(S) is a subclass of S*,
the class consisting of univalent starlike functions in D.

1. Introduction. Let A denote the class of functions f which are
analytic in the unit disc D = {z : |z| < 1} and normalized so that
f(0) = f'(0) —1 = 0. Let S be the subclass of A consisting of univalent
functions and let K and S* denote the usual subclasses of S whose
members are convex and starlike, respectively. For 8 < 1, let

R(B) ={f € A:Re(f'(z) +2f"(»)) > B, 2 € D}.

The class R(0) will simply be denoted by R. Chichra [1] proved that
if f € R, then for z € D, Re f'(z) > 0, and hence R C S. Singh and
Singh [7] showed that f € R would imply f € S* and Krzyz [2] gave
an example to show that R is not a subset of K.

Let
Bs =inf{B : R(B) C S},
and
Bs. = inf{8: R(B) C S*}.
In a later paper, Singh and Singh [8] showed that 8g- < —1/4. More
recently, the estimate on Bg+ was further improved by Nunokawa and

Thomas [3]. They proved that R(8y) C S* if By satisfies the equation

36 + (1 — B)(2 — log(4/e)) log(4/e) = 0,
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and thus Bs- < By, where G5y = —0.262.

In this paper, we further improve an upper bound for Sg~.
2. Preliminaries. We shall need the following lemmas.

Lemma 1 [3]. Let p be analytic in D with p(0) = 1. Suppose that
a >0, 8 <1 and that for z € D, Re(p(z) + azp'(z)) > B. Then for
zeD,

(="

1+an’

Rep(z) >1+2(1-8))

n=1

Lemma 2 [5]. Let w be meromorphic in D with w(0) = 0. If, for a
certain zg € D, the inequality |w(z)| < |w(zo)| holds for |z| < |zo|, then
zow' (z0) /w(zo) > 1.

Lemma 3 [8]. If P is analytic in D, P(0) = 1 and Re P(z) > 1/2
for z € D, then for any function F analytic in D, the function P*F
takes its values in the convex hull of F(D), where P*F denotes the
convolution or Hadamard product of P and F'.

3. Results.

Theorem 1. Let f € R(3). Then
(a) Ref'(z)>1+2(1—-p)(log2—1),z€ D.
(b) Ref(z)/z>(1-p)(x*/6—1)+p, z€ D.

Both constants above are sharp.

Proof. (a) Let p = f’ and a = 1. It follows easily from Lemma 1 that

Re f'(2) > 1+2(1-p) i (=" _ 1+2(1-8)(log2—1), ze€D.

(b) Let f(z) = 24+ .o 5an2™. Since Re (f'(z)+2f"(z)) > B,z € D,
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we have

1 - 1
1 Re |1+ —/—— nQanz"_l] > -, z € D.
o e 2 2

Consider the function

oo

F(z) =1+2(1-p) Z

’I’L*

Clearly F' is analytic in D. Now

o0

g(z):——log (1-2) Z

n_

is a convex univalent mapping [4] of D with positive coefficients about
the origin. Therefore g*g is convex [6] and has positive coefficients,

and so Re (¢*g)(2) > (¢*g)(—1), that is

-1 oo el g2
Re ) = >y BT TR
n=1 n=1
Thus it follows that
2
(2) ReF(z)>(1—B)<?—1>+B, z€D.

Writing f(z)/z as

@ — {1 + ﬁinzanz”_l] * [1 +2(1-p) io: ZZ;I}’

n=2

and making use of (1), (2) and Lemma 3, we conclude that for z € D,
Re (f(2)/2) > (1 - B)(n?/6 — 1) + B.

That the constants in both results above are sharp is demonstrated
by the function fy € R(B) defined by zfj(z) = —(1 — 28)z — 2(1 —
B)log(l—2). O
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Remarks . 1. From Theorem 1(a), we see that g = —(2log2 —
1)/2(1 — log 2).

2. The estimate in Theorem 1(b) improves the constant obtained by
Singh and Singh [8].

Theorem 2. If f € R(B) with 8 > (6 — 7%)/(24 — 72), then f € S*.

Proof. Define w in D by

z2f' 1+ w(z2)

T iow)

Clearly w is meromorphic in D, w(0) = 0 and since f is univalent, we
have w(z) # 1. Also,

o serero-2(55) -]

We need to show that |w(z)| < 1 for z € D. Suppose there exists a
2o € D such that for |z| < |zo|, |w(z)| < |w(z0)| = 1. Then the Clunie-
Jack lemma (Lemma 2) implies that zow'(20) = kw(zo) = ke'?, where
kE>1and 0 <6 < 27. With z = zg, it follows from (3) that

Rt e+ (e = e[ L[ (L2 Y2y

20
k f(20)
S o202
< g, f(=0)
2 20

provided Re (f(20)/z0) > 0. In view of Theorem 1(b), if
(4) (1-B)(x*/6-1)+ 68 >0,
then

Re (f'(20) + 20f"(20)) < —(1/2)[(1 = B)(w*/6 — 1) + B].
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Thus, if 3 also satisfies the inequality

(5) ~(1/2)[(1 - B)(x*/6 — 1) + B)] < B,

then we have a contradiction to Re (f'(z) + zf"(2)) > B at z = 2.
The smallest 3 that satisfies (4) and (5) is By = (6 — 72)/(24 — 7%) =
—0.2739--- . Thus, if 8 > By, we see that |w(z)| < 1 and hence f € S*.
o

The result above shows that Bs: < (6—72)/(24—n?), which improves
the upper bound obtained by Nunokawa and Thomas. Obviously,
Bs < Bg+. For the wider class

{f € A:Rele”(2f"(2) + f'(2) = B)] >0, z€D, a=a(f)}
numerical evidence suggests that indeed g« = g+ = (1-2log2)/2(1-

log 2). However, a proof of this conjecture is missing and is unlikely to
be obtained by employing our techniques above.

Acknowledgment. The author wishes to thank Prof. Ruscheweyh
for the above conjecture and to the referee for his many helpful com-
ments.

REFERENCES

1. P.N. Chichra, New subclasses of the class of close-to-convez functions, Proc.
Amer. Math. Soc. 62 (1977), 37-43.

2. J. Krzyz, A counter ezample concerning univalent functions, Mat. Fiz. Chem.
2 (1962), 57-58.

3. M. Nunokawa and D.K. Thomas, On the Bernardi integral operator, to appear.

4. M.S. Robertson, On extremal problem for functions with positive real part,
Michigan Math. J. 11 (1964), 327 —335.

5. S. Ruscheweyh, Convolution in geometric function theory, Sem. Math. Sup.
83 (1982).

6. S. Ruscheweyh and T. Sheil-Small, Hadamard products of schlicht functions
and the Polya-Schoenberg conjecture, Comment. Math. Helv. 48 (1973), 119-135.

7. R. Singh and S. Singh, Starlikeness and convezity of certain integrals, Ann.
Univ. Mariae Curie-Sklodowska, Sect. A 35 (1981), 45-47.

8. , Convolution properties of a class of starlike functions, Proc. Amer.
Math. Soc. 106 (1989), 145-152.

SCHOOL OF MATHEMATICAL AND COMPUTER SCIENCES, UNIVERSITI SAINS MALAYSIA,
11800 PENANG, MALAYSIA



