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A CHARACTERIZATION OF WEAK* DENTING
POINTS IN LP(y, X)*

ZHIBAO HU AND BOR-LUH LIN

ABSTRACT. Suppose that (2, X, ) is a positive measure
space and 1 < p, ¢ < oo with 1/p+ 1/q = 1. We prove that
a point f in LP(pu,X)* is a weak* denting point of the unit
ball Brp(u, X)* if and only if f is a unit vector in LY (u, X*)
and f(t)/||f(¢)]| is a weak* denting point of the unit ball of
X* for almost all ¢ in the support of f. This characterization
yields: (1) LP(u,X)* has property (G*) if and only if X*
does; (2) every denting point of Brr(,, x) is a weak® denting
point of Bpa(,, x=)«; and (3) a new proof of the fact that if X
has the property (G), then X is p-average locally uniformly
rotund for every p with 1 < p < oo.

Throughout, X will denote a nontrivial Banach space, X* the dual
space of X, Bx the unit ball and Sx the unit sphere of X, (2,3, 1) a
positive measure space, p and g positive numbers with 1/p+1/q =1,
and diam K the diameter of K where K C X.

The extremal structure of the unit ball of the Lebesgue-Bochner func-
tion space LP(u,X) has been studied extensively. Characterizations
have been obtained for extreme points, strongly extreme points, points
of continuity, denting points, strongly exposed points, and locally uni-
formly rotund points of the unit ball of LP(u, X) (see, for example, [2,
3,4, 5,6, 7, 10, 11]). However, not much study has been done on
the extremal structure of the unit ball of LP(u, X)*. The purpose of
this note is to characterize a special kind of extreme point, namely, a
weak* denting point, of the unit ball of LP(u, X)* and to give some
applications of the characterization.

Let’s recall the definitions of a denting point and a weak* denting
point. For a subset K of X, the slice of K determined by the functional
z* in X* and 0 > 0 is the subset of K given by

S(z*,K,0) ={z € K : 2*(z) > supa*(K) — ¢}.
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A point z is called a denting point of K if x € K, and the family of all
slices of K containing x is a neighborhood base of x with respect to the
relative norm topology on K. For K C X* aslice of K is called a weak*
slice if it is determined by some element in X and 6 > 0. A point z* is
called a weak* denting point of K if 2* € K and the family of all weak*
slices of K containing z* is a neighborhood base of z* with respect to
the relative norm topology on K. We use dent K (respectively, w*-dent
K) to denote the set of all denting points (respectively, weak* denting
points) of K.

The symbol LP(u, X) denotes the Banach space of all measurable
functions from (2 into X with finite p-norm, that is,

LP(p, X)={f:Q — X : f is measurable and || f||, < oo},

where ||f]l, = [[o || (8)/[Pdu(t)]*/?. We use LP(u) to denote LP(u, X)
whenever X is the field of real numbers.

The natural characterization of denting points of the unit ball in
LP(u, X) [7] asserts that a point f in LP(u,X) is a denting point of
B, x) if and only if ||f|[, = 1 and f(t)/||f(t)|| is a denting point of
Bx for almost all ¢ in the support of f (sup f). The space LI(u, X*) is a
subspace of L?(u, X )* and, for any f € L4(u, X*) and g € LP(u, X), the
action of f on g is defined by (f,g) = [,(f(t),9(t)) du(t) [1]. We will
show that a point f in LP(u, X)* is a weak™ denting point of Brr(, x)
if and only if f € LI(u, X*) with ||f||g =1 and f(¢)/||f(¢)|] is a weak*
denting point of Bx+ for almost all ¢ in sup f. This characterization
yields: (1) LP(u, X)* has property (G*) if and only if X* does; (2) every
denting point of Brs(,,x) is a weak™ denting point of Bpra(, x«)«; and
(3) a new proof of the fact that if X has property (G), then X is pALUR
for every 1 < p < co.

For K C X* (respectively, X), a point y in K is said to be a weak*
point of continuity (respectively, point of continuity) of K if the relative
weak™* (respectively weak) and norm topologies on K coincide at y. We
use w*-pc K (respectively pc K, ext K) to denote the set of all weak*
points of continuity (respectively points of continuity, extreme points)
of K.

The space L9(p, X*) norms LP(u, X), that is, ||f|l, = sup{(g, f) :
g € Bra(,,x+)} for every f in LP(u, X). By the Hahn-Banach theorem,

if K = Bpra(y,x+), then K = Bre(u,x)+, where K" is the weak* closure



WEAK* DENTING POINTS IN LP(u, X)* 999

of K in LP(u, X)*. Thus the following is a corollary of Proposition 2.9,
[4].

Lemma 1. The following are equivalent for an element f in
LP(p, X)*.

(1) f is a weak* denting point of the unit ball of LP(u, X)*.
(2) f is a weak* denting point of the unit ball of L% (u, X™*).

(3) f is both an extreme point and a weak™ point of continuity of the
unit ball of LY(u, X*).

Suppose f is a nonzero element in L9(u, X*). Define a measure py 4
by
nral) = [ i) dutt)
where Alle i
S
oy {101 it sups
1 ift € Q\sup f.
Let I be the operator from LP(uy 4, X) to LP(u, X) defined as follows:
IF (119 h(t) if t € sup f
I(R)(t) = :
h(t) if t € Q\sup f.
It is straightforward to prove the following lemma; a result which allows
us to simplify to a great extent the original proof of the main result.

We would like to thank the referee for recommending the use of this
lemma in our proof.

Lemma 2. The operator I is an isometric isomorphism and
. FOONMNFOI ift €supf
I"(f)(t) = )
0 if t € Q\sup f.
Thus I*(f) is an element in LI(pysq, X*) and ||I* f(t)|| is either 1 or
0 for each t in S2.

Note that if f is a nonzero element in LP(p, X) and J from LP(u, X)
to LP(py,p, X) is defined by

_ [R®)/[IF@)]] ift €supf
Th)(®) = { h(t) if t € Q\sup f,
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then J is an isometric isomorphism and

JH)(E) = { F@O/f @I ift € sup f
0 if t € Q\sup f.

Suppose that K C X* and € > 0. We say that a point z* is an e-w*-
denting point of K if £* € K and x* is contained in some weak* slice of
K of diameter less than €. Let’s use e-w*-dent K to denote the set of all
e-w*-denting points of K. It is obvious that e-w*-dent K is the union of
those weak™ slices of K whose diameter is less than ¢. Thus, e-w*-dent
K is weak™ open in K. We have w*-dent K = ﬂnzll/n—w*-dent K.

Theorem 3. An element f in LP(u, X*) is a weak* denting point of

Bro(u,x)+ if and only if f € L¥(p, X*) with ||f|lg =1 and f()/||f(¢)]]
18 a weak® denting point of Bx~ for almost all t in sup f.

Proof (Part 1). Suppose f € w*-dent Bpr(, x)-- By Lemma 1 the
function f is a weak® denting point of Bra(, x=), thus f € LI(u, X*)
and ||f||l; = 1. Thanks to Lemma 2, we may assume that ||f(¢)|| is
either 1 or 0 for each ¢ in Q. It follows that p(sup f) = 1.

Assume it is not true that f(t) € w*-dent Bx~ for almost all ¢t € sup f.
Let
F,={tesupf: f(t)¢1/n—w"—dent Bx-}.

Then there is ng > 1 such that u(F,,) > 0. For simplicity of notation,
le¢ E = F,, and let ¢ = 1/ng. Since the set of simple functions
in LP(u, X) is dense in LP(u,X) and f is a weak* denting point of
Bra(u,x~), there is a slice Sy of Bra(, x+) determined by a simple
function g and § > 0 such that diam Sy < eu(E)Y/?/6 and f € Sp.
Thus, g = Y., kX, for some z; € X for k = 1,...,m, where
{Ek}1<k<m is a partition of Q. We may assume that ||g||, = 1. Then
So ={h € Bra(u,x+) : (h,g) > 16} and (f,g) > 1 —d. There exists
a positive number €; such that

e1<e/6, and  (f,g) —2e1pu(E)/9>1—6.

We may assume without loss of generality that f((2) is separable. Then
there is a countable partition {4, },>1 of E with diam f(A,) < &1 for
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n > 1. Choose t, in A, for each n. Suppose that S is a weak* slice
of Bx+ containing f(t,). Since diam S > ¢, and since S is the convex
hull of S N Sx~, we conclude that diam S N Sx~ > e. In particular, for
eachn >1and k=1,...,m, we have diam S,, , N Sx+ > €, where

Sne =A{2" € Bx~: (2", 21) > (f(tn), 2x) — €1}
Thus, there exists z, € Sx+ such that
(*)  (@pgozr) > (f(tn),zr) —e1 and oy, — f(tn)l] = €/3.
Define
fi =Xo\ef + Z f(tn)Xa, and fo=Xao\ef+ Z szkXAnﬂEk-
n>1 n>1k=1

Then f; € Brou,x-) because f; € L(u, X*) and ||fi(t)|| = || f(t)|| for
all t in Q, where ¢ = 1,2. Since diam f(A,) < &1 for n > 1, we have
||f1 — fllg < e1p(E)Y4. For any t in E, we have by (%) that

1£1 (&) = f2(B)]] = &/3.

V

f2 = fllg = M1 f2 = fullg = 1fr = fllg
en(B)Ma
3

So fa does not belong to Sy. On the other hand, it follows from (x)
and the choice of the number £; that

wEM

> —eu(B)1 > S

(farg) = /Q BCCFOETORD 9) SEREAENGES

n>1k=1

> /Q\E(f(t),g(t)) du(t) + 3 S 1 (tn) an) — e1]u(An 1 Ey)

= (f1.9) - eu(E) = (f9) — (f — f1,9) — exa(E)
£,9) = \1f = Filly — €1(E) > (f,9) — exp(B)M7 — 1 ()

> (f,9
> (f,9) — 2e1u(E)Y1 > 10
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Hence, f2 belongs to Sy, a contradiction. This shows that f(t) € w*-
dent By~ for almost all ¢ in sup f, and the first part of the proof is
complete. u]

Before proving the sufficiency part of Theorem 3, we need to establish
two more lemmas. Lemma 5 shows that denting points behave very
much like strongly exposed points.

Lemma 4. Let f € LP(u) such that f(t) > 0 for allt in Q. If {f\} is
a net in LP(u, X*) such that the net {||fx()||} converges to f in LP(u),
then there is a net {gx} in LP(u, X*) such that ||gA(t)|| = f(t) for all
t and A, and lim, ||fx — gxl[p = 0.

Proof. Pick z in Sx. For each A, let Ey = {t € Q : f\(t) = 0} and

define
f(t)x ift € E
DO sk itrens.
Then [lgxr(¢)|] = f(2) and [[fa(¢) — gx(@)|| = [[[I/A(O = f(8)] for

all ¢ and A\. Hence g belongs to LP(u,X) and lim, ||fx — gall, =
limy || [|fA(")]| = f|lp = 0, and the proof is thus complete. o

For a set K in a dual Banach space X*, we say that a point * in K
is a weak*-weak* (respectively, weak*-weak) denting point of K if the
family of all weak* slices of K containing z* is a weak® (respectively
weak) neighborhood base of z* with respect to the relative weak*
(respectively weak) topology on K.

Lemma 5. Let z* be a point of a convexr set K in X*. Then x* is
a weak*-weak* (respectively weak*-weak, weak*) denting point of K if
and only if for every ¢ > 0 and every weak® (respectively weak, norm)
neighborhood V' of x* in K, there exist x in Sx and § > 0 such that
z* € S(z,K,ed) and S(z,K,0) C V.

Proof. Suppose that z* is a weak*-weak* (respectively, weak*-weak,
weak*) denting point of K. Given € > 0 and a weak* (respectively,
weak, norm) neighborhood V of z* in K. Since z* is a weak*-weak*
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(respectively weak*-weak, weak*) denting point of K, there are y
in X and a number o > 0 such that z* € S(y,K,a) C V. Let
B8 = (z*,y) — supy(K) + a, choose n with 0 < n < min{3/2,e3/4},
and let U = {y* € K : |(y* — z*,y)| < n}. The set U is a weak*
neighborhood of z* in K. Hence, there are x € Sx and § > 0 such that

z* € S(z,K,e0) C U.
It remains to show that S(z,K,d) C S(y,K,a) or equivalently
K\S(y,K,a) C K\S(z, K, 0).
Let y* € K\S(y,K,a). Then (y*,y) < supy(K) — o. We can

choose z* € K with (2*,z) > supz(K) — &§/2. It is clear that
z* € S(z,K,ed) C U. Thus (2* — z*,y) < n. Let A = 2n/B8. Then
0< X< 1landso (1—XA)z*+Ay* € K. The element (1 — X\)z* + Ay*
does not belong to U because
(A =N)z" +Ay" —a”,y) = (L= N)(" —2%y) + Ay y) — (27, 9))
< (L= M0+ Alsupy(K) — a — (z7,y))
=@ =Ny - A8=(1-Nn—2n <.
Hence (1 — A)z* 4+ \y* ¢ S(z, K, £6), that is,
((1=X)z"+ Ay*,z) < supz(K) — 6.

It follows that
1
(y*,z) < X(supac(K) —ed—(1=XN)(z",2))

<1 Tsupa(K) — 8 (1 \)(supa(K) -~ £5/2))

< supw( ) —ed/2X =supz(K) — (e8/4n)d
<supz(K) - 6.

Therefore y* € K\S(z, K, ). The converse is obvious, and the proof
is complete. ]

Now we give the second part of the proof of Theorem 3.

Proof (Part 2). Let 9 = sup f. By Lemma 2, we may assume that
[|f(?)]] is either 1 or O for each ¢ in Q. It follows that u(p) = 1. We
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may also assume that f(Q) is separable and f(t) € w*-dent Bx- for
all t € Q. It is easy to verify that f € ext Bra(, x~) (see [11]). By
Lemma 1, we need only to show that f € w*-pc Bra(,, x+).

Towards this end, let {f\} be a net in Bpa(, x~) such that w*-
limy fA = f. Because the space L7(u) is uniformly convex, we
have limy |[fx()|| = ||f()]| in L%(p). By Lemma 4, we may assume
@) = |If(®)]| for all ¢t and A. Fix ¢ with 0 < e < 1 and let t € Q.
Since f(t) is a weak* denting point of Bx«, there exist, by Lemma 5,
an element z; in Sx and §; > 0 such that

f(t) S S(CL’t,Bx*,85t) and diamS(mt,BX*,ét) < E.

Since f(€) is separable and since {S(z:, Bx~,€0:)}teq, iS an open
covering of f(£), there is a sequence {t,},>1 in Qg such that

f(Q0) C Up>1S(2n, Bx+,e6,) and f(t,) € S(xn, Bx+,e0n),
where z,, = x;, and 6, = &, for n > 1. Now, for n > 1, let
En={t € Qo : f(t) € S(wn, Bx-,e6,)} and Dy = E,\U}_| Ej.
Then {D,} is a partition of Q. For each n and A, let
Doy ={t € Dy : (fa(t),zn) <1 -0y}
We claim that, for each n > 1, there is a A, such that p(Dyy) < eu(Dy,)
for all A > A,,.
We may assume that u(D,,) # 0. Since w*-lim, f\ = f, we have

lim /D [EACERLTOR /D (F(t), 2n) ds(t) > (1 — 6,) (D).

n

Choose A,, such that A > A, implies that

/D (Fr(®)s ) dpa(t) > (1 — £6,)u(Dy).
Since

/D (r(8), 22) dp(t) = /D CACESEZCR / (fr(t), ) ds(2)

Dy
< (Dn\Dnx) + (1 — 6n)p(Dnn)
= N(Dn) - JnN(Dn/\)v
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we have (1 — &6,)u(Dyr) < u(Dy) — 0np(Drr). So (D) < ep(Dn)
for A > )\, as claimed.

Choose ng > 1 so that p(UpspoDr) <e. Let Ag > Aq,..., A, Ift €
D,,, then f(t) € S(xy, Bx+,e0,), and if t € D\ Dy, then (fx(t), z,) >
1— 46, and so fr(t) € S(zy, Bx~,0y). Since diam S(z,, Bx~,d,) < ¢,
we have for all A > A,

no

||fx—f||3—Z</D 5O =0l

n=1

+ [ line —f(t)llqdu(t)>

" / o ) @l duto

< i(aq,u(Dn\DnA) +29u(Dnn))

n=1

+ 2q/"’(Un>no Dn)
70
< (e%(Dy) +2%en(D,)) + 2%
n=1

<e?+4 2% 4 2% < 5ie,

Thus, ||fx—fllq < 5¢1/4 for all A > \g. Therefore, f € w*-pc Bra(u,x+)
and the proof of Theorem 3 is complete. u]

Corollary 6. An element in LP(u, X) is a denting point of the unit
ball of LP(u, X) if and only if it is a weak® denting point of the unit
ball of L(p, X*)*.

Proof. Since Bryr(, x) is a subset of Bpq(, x+)-, the first statement
implies the second. Conversely, suppose that f is a denting point of the
unit ball of L?(u, X). Then f(¢)/||f(t)|| is a denting point of the unit
ball of X for almost all ¢ in sup f [7]. But every denting point of Bx
is a weak* denting point of Bx«« (see [4, Proposition 2.9]). Thus, f
is, by Theorem 3, a weak* denting point of the unit ball of L7(u, X*)*
and the proof is complete. ]
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Remark 7. Corollary 6 is an improvement of the characterization
of denting points of the unit ball of L?(u,X) in [4] in the following
sense: the corollary implies that every denting point in LP(u, X) has a
norm neighborhood base consisting of slices determined by elements in
L%(u, X*), which is in general a proper subspace of LP(u, X)* [1].

An analog of Corollary 6 for points of continuity is also true.

Corollary 8. An element in LP(u, X) is a point of continuity of the
unit ball of LP(u, X) if and only if it is a weak® point of continuity of
the unit ball of LI (u, X*)*.

Proof. Since Brr(, x) is a subset of Bra(, x+)-, the first statement
implies the second. Now suppose that f € pc Bprs,,x). We may
assume that the space LP(u, X) is of infinite dimension. It follows that
[|fllp = 1. By Lemma 2 and Lemma 4 we may assume that p(Q2) =1
and |[f(t)|] = 1 for all ¢ in Q (see the second part of the proof of
Theorem 3 for details). Thus, there is an at most countable partition
{En}o<n<m of Q such that p is atom-free on Fy and, for each n with
0 < n < m, the set E, is an atom. Let A; = Ey, and let Ay = Q\ Ey.
Let u; be the restriction of u to A;. Then, in the obvious way,

Lp(/,l,,X) = Lp(/l'le) @p Lp(:u’QvX)a
L (p, X*) = L (p1, X*) ©g L (p, X™*),

and
L(p, X*)* = L (p1, X™)* ®p LI (2, X*)".

It is obvious that the function (f|a,)/||f|a,|lp is a point of continuity
of Bre(u, x) for i = 1,2, and that LP(u2, X)* = LI(ua, X*) since
f € pc Brr(u,x) and 2 is purely atomic. Thus, (f]a,)/|f]a,llp € w*-
PC Bro(u,,x) regarded as a subset of LI(ug, X*)*. Since u; is atom-
free, by [4, Corollary 2.4], the function (f|a,)/||f],||p belongs to dent
Brr(u,,x)- By Corollary 6, the function (f|4,)/||f]a,|lp is a weak*
denting point of Bra(,, x~)~ and thus a weak®™ point of continuity of
Bra(u,,x+)=- It is now straightforward to verify that f is a weak™ point
of continuity of Brr(, x) regarded as a subset of LI(uz, X*)*. Since




WEAK* DENTING POINTS IN LP(u, X)* 1007

Bpr(u,x) is a norm closed and weak® dense in Bpa(,, x+)+, we conclude
by Proposition 2.9 in [4] that f € weak*-pc Bra(,, x+)-. This completes
the proof. i

Recall that X has property (G) if every unit vector in X is a denting
point of Bx. Similarly, the dual space X* is said to have property (G*)
if every unit vector in X* is a weak* denting point of Bx.

Corollary 9. The dual space X* has property (G*) if and only if
LP(u, X)* has property (G*).

Proof. Tt is obvious that if the space LP(u,X)* has property (G*),
then X ™ has property (G*). Suppose that X* has property (G*). Then
X* has the RNP [9], so LP(u, X)* = L9(p, X*) [1]. By Theorem 3, the
space LP(u, X)* has property (G*). This completes the proof. i

Let 1 < p < oo, and let A be the Lebesgue measure on Q = [0, 1).
A Banach space X is said to be p-average locally uniformly rotund
(pPALUR) [8] if, for every # € X and f, € LP(A,X) such that
lim, ||z + fall, = ||z|] and [, fn(t) dA(t) = 0, then lim, ||f,||, = O.
It was proved in [8] that property (G) and pALUR are equivalent.
Here we give a new proof that the property (G) implies pALUR.

Corollary 10. If X has the property (G), then X is (pALUR) for
every 1 < p < oo.

Proof. Let z € X and f,, € LP(\, X) such that lim,, ||z + f,||, = ||z||
and [, fn(t) dA(t) = 0. Without loss of generality, we may assume that
||z|| = 1. Then = € dent Bx, or equivalently, z € w*-dent Bx+««. By
Theorem 3, the constant function g = X is a weak* denting point
of the unit ball of L4(\, X*)*. Define for each n > 1 a measurable
function g, from [0,1) to X by the formula

- .
gn(t) = fa(2"t—i+1) if 22—71 <t< 2% and 1<i<2m

Then ||g+gnllp = [|z+fnllp and [5 gn(t) dA(t) = (1/27) [, fu(t) dA(t) =
0 whenever E is of the form [(¢ — 1)/27,i/2™). It follows that



1008 Z. HU AND B.-L. LIN

lim, [|g + gn|lp = 1 and that the sequence {g + g»}32; converges to
g in the weak* topology on L%(u, X*)*. Thus {g + ¢,}2; converges
to g in LP-norm, that is, lim,, ||g»||, = 0. Hence, lim, ||f,||, = 0 since
[|frllp = |lgnl|p- This completes the proof. O
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