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EXPLICIT ESTIMATES FOR
THE RIEMANN ZETA FUNCTION

YUANYOU F. CHENG AND SIDNEY W. GRAHAM

ABSTRACT. We apply van der Corput’s method of expo-
nential sums to obtain explicit upper bounds for the Riemann
zeta function on the line o = 1/2. For example, we prove that

if t > e, then |¢(1/2 4 it)| < 3t1/6logt. These results will be
used in an application on primes to short intervals [4].

1. Introduction. It is well known that the distribution of prime
numbers is related to the study of the Riemann zeta-function. For
o > 1, the Riemann zeta-function is defined to be the following infinite

sum oo
((s) =) _n~",
n=1

where s = o + it with real variables o and ¢.

This definition can be extended to the whole complex plane except
at s = 1. The following definitions for ¢ > 0 and s # 1 can be
obtained respectively by virtue of the partial and the Euler-MacLaurin
summation formulae.

C(S):s:_s/l uuz—ﬂt]d“’

)=ty s [T

2 us-i—l

and

For reference, one may see [1, 8, 13, 14]. The following formula

5 f(n)—Lbf(x)dw—/zbf(x)d<x—[x}—%)

a<n<b
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is a simple form of the summation formulae (see [3]). For o > 1, we
apply the last formula to > _, n™° for any 0 < z < 1 and, letting
X — o0, obtain B

) zl=s x—[m]—l/z_s/wwd%

(s) - e

T1-s s
which can also be the definition of ((s) for o > 0 and s # 1.

Number theorists have devoted considerable effort to obtaining upper
bounds for ((1/2 + it). Littlewood [11] was the first to obtain a
nontrivial bound; he used Weyl’s method to prove for ¢t > e that

C(1/2+it) < tY/%10g 2 (t).

At the time of this writing, the best known estimate is due to Huxley
[7], who proved that

C(1/2 + it) < 89/570+=,

In this article our objective is to obtain upper bounds for {(1/2 + it)
with explicit constants. We will apply these bounds to estimates for
gaps between primes [4]. Our approach will be to use the simplest
aspects of van der Corput’s method of exponential sums. This has
the advantage of being simple enough to make explicit estimates pos-
sible without an extraordinary amount of effort but strong enough to
make the estimates useful. We state our result in the following three
theorems.

Theorem 1. Ift >0, then

1
(2a) IC(1/2 +it)| < W—Fl—i—o.%?\ﬂlﬁ—i—l.

Ift > 2, then
(2b) IC(1/2 4 it)] < 262 + 5.505.

Ift > 2 and N is a positive integer, then

1 N 2N1/2 N VA2 +1
2]\]1/2 /4t2 +1 24N3/2

VA2 + 1412 4+ 9
T2N3/? '

(2) lc(1/2+it) <Y nt2+

n<N
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Theorem 2. Ift > e, then

1C(1/2 +it)| < 6t1/* + 41.124.

Theorem 3. Ift > e, then

IC(1/2 +it)] < 1.457t/%log t + 40.995t*/¢ 4+ 1.863 log t + 123.125.

Theorem 1 is an easy estimate that we shall use for small values
of t. The theory of exponent pairs provides a useful context for
understanding the results in Theorems 2 and 3. It is well known (see,
e.g., [6]) that if (k,[) is an exponent pair, then

C(1/2 +it) < tF/2H/271/ 4 100 ¢,

Theorems 2 and 3 are explicit versions of this with the exponent pairs
B(0,1) =(1/2,1/2) and AB(0,1) = (1/6,2/3), respectively.

For applications, it is convenient to combine Theorems 1 through 3
into the following result.

Corollary. If 0 <t <e, then |((1/2+ it)| < 2.657. If t > e, then

1C(1/2 + it)| < 3tY/6logt.

2. Proof of Theorem 1. The first estimate in Theorem 1 follows
directly from (1). We note for any « < X that

20:1/2 L v
VAIE I 207 2 N

X oo
lu — [u] —1/2] 1 du
X (/x —u3/2 du—|—§/X —u3/2 .

We choose = 1/4 and X = 28 and get the stated result. O

1C(1/2)] <

Most of our other estimates will require the following lemma, which
we quote from [2].
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Lemma 1. If 0 > 1/2 and t > 2, then
(1] 1
= —+C
()= L+ )

n=1

where |C(s)| < 5.505.

Now from Lemma 1, if s = 1/2 + it, then

1 ¢ du
> — s/ —— < 2692,
ns 0 ul/2

n<th
This estimate in the case of § = 1 together with Lemma 1 proves
estimate (2b) of Theorem 1.

(3)

To prove estimate (2c), we begin by noticing that if ¢ > 1 and N is
a positive integer, then

o0

()= X [
_ ;vn—s +/N°°u—3du - /NOO w d(u— [u] — 1/2).

After integrating by parts, we find that

(4) ¢(s) = Z n="+ N + N S/OO(U —[u] = 1/2)u*"! du.

neN 2 s—1 N

The last integral converges for ¢ > 0 so (4) defines an analytic
continuation of ((s) in the half-plane ¢ > 0.

Now let By (u) = u —1/2 and By(u) = u* — u — 1/6 be the first two
Bernoulli polynomials, and set By (u) = Bg(u — [u]). Then the integral
in (4) may be written as

o0 o 1 o0 o
—s/ w1 B (u) du:—is/ u "t dBs(u).

N N
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After integrating this by parts and substituting into (4), we get

1 N1=s s
=S e N . -
() e e D)

n<N
+ ! _ss+1) /OO Bs(u) du
(s+1)Ns+l 2 ust2 '

N

Estimate (2c¢) now follows by setting s = 1/2 + it and noting that

* By (u) L (% du 1
‘ v w2 du‘ < E/N W2 QN3/2

when o = 1/2.

We use Theorem 1 in the proof of the Corollary for small values of
t. When 0 < t < e, estimate (2a) gives |((1/2 + it)| < 2.657. For
e <t < 30, estimate (2a) gives |¢(1/2 + it)| < 3t'/®logt. The same
estimate follows from estimate (2b) for 30 < ¢t < 700. In the range
700 < ¢t < 5100, the Corollary follows by using estimate (2c) with
N =[t/4] + 1.

3. Van der Corput’s method. The following Kusmin-Landau
lemma, see [5], gives a nontrivial estimate on the exponential sums
under some conditions.

Lemma 2. Suppose f is a continuously differentiable real-valued
function with a monotonic derivative and ||f'|| > U~ for some positive
real number U on the interval (a,b]. Then

Z 2mif(n)

née(a,b]

1
K= <ZU+1.
™

Proof. If we replace f by — f in the last sum, then we get the conjugate
for the whole sum, which has the same absolute value as the whole sum.
Thus, we may assume that f’ is increasing. Since f’ is continuous by
our assumption, there must exist an integer k such that

E+U < f'(n)<k+1-U"1,
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for all n’s in the interval. Note that

M M M
Z eQﬂ'if(n) e~ kn Z eQﬂ'if(n) Z e271'2’f(n)7kn
n=L n=L n=L

We may further assume that U~ < f/(n) <1-U"1.
Define g(n) = f(n+1) — f(n). We have ¢'(n) = f'(n+1) — f'(n).
The assumption that f’ is increasing implies that ¢’ > 0, so that g is

increasing. Furthermore, using the mean-value theorem, we know that
g(n) = f'(my,) for some n < m, <n-+1. It follows that

(5) Ut<f'(n)<gn)<f(n+1)<1-U"
Denote
1 1 1.
Then
2mif(n) _  2wif(n+1)
2mif(n) _ 2mif(n+1)y _ © € _ _2wif(n)

G(n)(e e )= T =e ,

and

Gn) — Gln—1) = 5 {cot(gn — 1)) ~ cot(g(n)}.

It follows that

M M-1
Z eQm‘f(n) — Z (eQTrif(n) _ e2m‘f(n+1))G(n) +eZm‘f(M)
n=L n=L
M~-1
=BG+ Y (G (n) - G(n - 1))
n=L+1

+ e M (1 - G(M — 1))’

M-1
<| > (Gn) = Gn— 1))
n=L+1
+ G B 4|1 = GM = 1))
M-1

< Y IG(n) = Gn—1)|+|GEL)|[ + |1 - G(M —1)|.

n=L-+1
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Recalling (5) and noting that cot(x) is a decreasing function for
0 < x < 7 and the values of G(n) — G(n — 1) have the same sign
for all n’s, we get

M

Z eQﬂ'if(n)

n=L

< & {cot(xg(L)) — cot(mg(M — 1))}

1 1 1 1
Sz L)+ = += M -1
+ 5 + 5 cot(mg(L)) + 5 + 5 cot(g( ))

= cot(mg(L)) + 1.

We use the fact that cot(z) < 1/x for 0 < & < /2, getting

f: e2mif(n)| < L +1< 1 +1
P = alg@l T
which proves the lemma. ]

¢

The next lemma shall be used to estimate the
as those sums on the right sides of (8) and (17).

‘zeta sums,” defined

Lemma 3. Assume that f is a real-valued function with two con-
tinuous derivatives on [N + 1, N + L|. If there exist two real numbers
V < W with W > 1 such that

0 O

for x on [N + 1, N + L], then

N+L

Z eQTrif(n)

n=N+1

L
< <V + 1> (8W/2 +15).

Ut =

Proof. The condition (6) implies that either f”(x) > 0 or f"(x) <0
for N+1 < x < N+ L. Without loss of generality, we may assume that
f"(x) > 0for N+1 <2 < N+ L. Under this assumption we know that
f'(x) is increasing and by the mean-value theorem we have, for some
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N+1<zg<N+L,that f(N+L)— f(N+1)= f"(x0)L < L/V.
Denote Cy = [f'(N+1)], C; = Cj_1+1for j =2,3,... ,k—1, and
Cp = [f/(N +L)]. Then k < L)V +2.

Let A, 0 < A < 1/2, be a parameter to be chosen later, and let
z;=(f)"NC; —A), forj=2,3,...k
yj=(N7HC +4), forj=1,2,... k-1,

and

zi = (f)7HCy), forj=1,2,... k.

On each interval [y;, z,11], we have ||f'(z)|| > A. We have k — 1 such
intervals; the sub-sum corresponding to each of them, by Lemma 2, is
bounded by 1/(rA) + 1.

On all other 2(k — 1) intervals, we use the trivial estimate

Z eQﬂ'if(n)

a<n<b

<b-a+1.

By the mean-value theorem, we have

1

FHC +8) = f7HC) = e (Ci+A-Cj) <WA,
and
FHC) = I7HC = ) = (€ = O+ A) S WA,
Thus, we get
N4L
S M < (L/V +1)(1/(7A) + 1) + 2(L/V + 1) (WA + 1)
n=N-+1

= (L)V +1)(1/(rA) + 2WA + 3).

Taking A = 1/v/27W and noting that 2v/2/,/7 < 8/5, we obtain the
claimed result. O
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4. Estimate for sums over those n’s between t“ and t. In this
section we will use Lemma 3 to obtain the following estimates.

Lemma 4. Ift > e, then

> M < 1t10 4 101.006,
t2/3<n<t

and

Z n~ /2t < g41/4 4 35619,

t1/2<n<t

Proof. For this proof, the number « is either 2/3 or 1/2. We
let 7 (> 1) and t; (> e) be positive constants whose values will be
determined later. We shall apply Lemma 3 when ¢ > t; and use a
trivial estimate for e <t < t;.

We let X; = 79t* and N; = [X;] for j = 0,1,...,J with
J<[(1—a)logt/logT]+ 1. It follows that

1 R
" > Loy Ty
te<n<t j=1 n=N;_1+1

Using the partial summation formula for each inner sum in the last
expression, we get

min{N;,t} 1 1 Nj_1+L .
8 < —_ max e~ itlogn|
(8) Z n| =~ (Nj_1 +1)Y/2 L<N;—N; Z

n=N;_1+1 J - n=N;_1+1

Let f(z) = —tlogz/2n. For X;_1 < Nj_1+1 <z < N; < X, we
have
t t

27TT2XJZ_1 o 27TX32

t
2mac?

t
< .
27TXJZ_1

< |f(@)] =

Applying Lemma 3 by letting V = 27rX32_1/t and W = 271'7'2X]2_1/t
to the zeta sums on the right side of (8) and noting that
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LSN] —Nj,1 <Xj —Xj,1+1§ (T—l)Xj,1+1, we get

N; _1+L
Zl efitlogn < l((T_ l)t + i +1)
n=N;_1+1 ) 27TXj71 27‘—ng71
(9) 27/27T1/2TXJ',1
1
= g(K1+K2+K3+K4+K5+K6)7
where
2527 (7 — 1)t1/? 25/27¢1/2 27/27T1/27'Xj_1
b T2 , K2= mRX,_ T 11/ ’
15(r = 1)t 15t
Ky=—*> Ky = ——5— Kg = 15.
4 27TXj_1 ’ 5 271')(?717 6

Noting N;_1 +1 > X,;_1 and combining (7), (8) and (9), we obtain

J

1 1 Ki+---+ Ks
> = SgZ—XUz
ta<n<t j=1 j—1

121 In this case

In the term K3 we have to sum X;

J J-1 J/240/2 1/241/2
1/27 04/2 -/2 T t T t
J= J=

In other cases we note that, for any 0 < § < 2,

J 00 e ) 5/2
(1) DX < FOXG = () = st
j=1 3=0 j=0 (r%/2 =1)
We wind up with the estimate
1
(12) Z n-° Sg(L1_|_...+L6),

to<n<t
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where
5/2..3/2(1/2 5/2..5/2
L, = 25/278/2(71/2 4 1)t(1—a)/2 Ly — 25/275/ (1-3a)/2
T1/2 J Tl/2(73/2 1) )
Ly — 27/271/273/2 Li— 1571/2(71/2 4 1)t(273a)/2
Ti/2-1 "’ o '
5/2 1/2
Ls = Lt(%f’m)ﬂ Lg = ita/z_
2m(75/2 — 1) ’ (r1/2 - 1)

We have used the fact X,;_; > t*. When a = 2/3 and ¢ > t1, we get

(13) Z n| < eptt/% 4+ ca,
t2/3<n<t
where
25/273/2(71/2 4 1) ky | ks | ke
=k = , =ktkit+—=5+57+—F7%
5rl/2 ti/Q t§/3 t}/:ﬁ
with
i 95/2.5/2 . 97/2,:1/2.3/2 371/2(71/2 4 1)
T hml2(r32 - 1) P s(ri2—1) 0 T 2 ’
375/2 371/2
oy = — 2T kg = —T

2m(75/2 — 1)’ T2 -1’

Taking 7 = 1.096 and t; = 48449 gives (13) with ¢; = 1.5 and
co = 101.006, provided t > t1. When e < t < t1, we use the estimate

1 1 t du 1/2
Y |2 Y ame [ Smewt

ta<n<t te<n<t

(14)

This completes the proof of the first part of Lemma 4.

Similarly, in the case of & = 1/2, we use (12) when ¢ > ¢} to obtain

>

t2/3<n<t

(15) < ditt* + dy,
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with
ko + ka + kg

11/4
Y

di=ki+ ks and do =ks+

Taking 7/ = 1.088 and t} = 4773, we have d; = 2.5 and dy = 115.417.
When e < t < t}, the same upper bound follows from (14). We may
also take 7/ = 1.523 and ] = 882 to get d; = 4 and dy = 35.619.

5. Weyl-van der Corput lemma. To deal with zeta sums over
those n’s between ¢!/3 and t?/% by applying van der Corput’s method,
we first use Corput’s version of “Weyl differencing.” For references, one
may see [5, 6, 8, 12, 15].

Let M be a positive integer. We have

N+L M N+L—m
M Z 627Tzf(n) — Z 627Tzf(n+m) )
n=N-+1 m=1 n=N+1-m

Interchanging the order of the summation, we get

N4+L N+L—1 min{M,N+L—n}
e D R
n=N+1 n=N+1-M m=max{N+1—n,1}

Thus we have

N+L 2 N+L—-1  min{M,N+1-n} 2
M2 E 627T’Lf(’ﬂ) E E 627mf(n+m) )
n=N+1 n=N+1-M m=max{N+1—-n,1}

Regarding the inner sum over m for each fixed n as b, and a,, = 1 and
using Cauchy’s inequality | >, anbn|® <[>, lan* Y, [bn]?, we obtain

N+L 2 N+L—1 , min{M,N+L—n} )
M2 Z 627rif(n) < (L+M) Z ’ Z 627rif(n+m)
n=N+1 n=N+1-M "' m=max{N+1-n,1}

We then use the inequalities that €27/ = e~27/ and |z|? = 2% for the
last sum over m in the above inequality and interchange the order of
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the summation, getting

N+L 2

Z o2mif(n)

n=N+1

M2

N+L-1  min{M,N+L—-n}
<(L+M) Y >
n=N+1-M mi=max{N+1—n,1}
min{M,N+L—n}
« Z e2milf(ntmi)—f(nt+m2)]
mo=max{N+1—n,1}
min{N+L—m1,N+L—mgy}

M M
=(L+M) > > 3 2milf (ntma) = f (ntma)]

mi1=1mz2=1 n=max{N+1—mi,N+1—m2}

We calculate the inner sum for m; = mo and my # meo separately. If
m1 = Mo, then the involved terms contribute to

M N+L—m

> Y 1=ML

m=1ln=N+1-m

If m1 # msy, then the sum over the involved terms is twice that of
the corresponding one under the condition m; > ms. We denote
m = my — mg. For each fixed m, the equation m; — ms = m has
M — m solutions for the ordered pair (m,mz) under the condition
1<my; <M and 1 <mgo <M, which are (M,m —m),... ,(m+1,1).
Let us change the variable n +ms to n. Thus the involved terms under
the condition m, # my contribute to

M—-1 N+L—m
9 Z (M _ m) Z 2milf (n+m)—f(n)]
m=1 n=N+1
It follows that
N+L 2
M2 Z eZTrif(n)
n=N+1
M—-1 N+L—m
<@L Y (o -m)| Y enifnemio L
m=1 n=N+1
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Dividing the factor M? on both sides and denoting the last sum in the
last expression by S’, we get the following lemma.

Lemma 5. Let f(n) be a real-valued function and M a positive
integer. Then

N+L 2 M~—1
. L+ ML 2(L+M) m
2mif(n) < ( e l
n=N-+1 m=1
where Nk
+
S (K) = Z e2milf (n+m)—f(n)]
n=N+1

6. Estimate for those n’s between t!/3 and t2/3.

Lemma 6. Ift > e, then

Z n71/27it

t1/3<n<t2/3

< 1.457tY/%10g t437.495¢'/°+1.863 log t+16.614.

Note that #1/3 > 1. For small t, we use the trivial estimate

1
I

t1/3<n<t2/3

2/3

]. du 1/3
Z mg/l mg% .

1<n<t2/3

This suffices to prove the lemma when e < t < t9, where to =
2.028 x 10'3. Henceforth, we assume that ¢ > t. As in Section 3
we let k, kK > 1, be a positive constant to be determined later. We let
X; = kIt/3 for j =0,1,...,J and N; = [X,] so that X; > t?/% where
J < (logt/3log k) + 1. Thus,

min{N; t*/%}

(16) DR DEND DR

t1/3<n<t2/3 n=N;_1+1
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and
min{N;,t2/3} 1 Nj_1+L
(17) E —| < —%  max E e~itlogn |
_£ ns X2 L<N;-N; 1| &
n= 171~‘r1 j—1 ’I’L—NjflJrl

Instead of using Lemma 3 only, we need to use Lemma 5 first in this
case. We denote the last sum by S;, let f(z) = —(t/27)log z and note
that L < N; —N;_; < (k— l)Xj,l +1. We note here that the choice of
M will be subject to 2 <y < M := WXj_l/tl/‘?, where + is a constant
whose value will be determined later. Applying Lemma 5 for each j,
we get

(18)
S| < (s=D)Xjo1 + 1+ X )V (s—1) X, + 1)V
| j| = ML/2
22 (KX, 1 +1)Y/2 = m , 1/2
m=1
where
Nj_1+K
S (K) = Z ¢~ tllog(n+m)—log(n)].
n:Nj_lJrl

here we have used the inequality
(19) (a+b)1/2 < ql/2 4 pl/2

for any a > 0 and b > 0.

To estimate S/ (K) we apply Lemma 3 by letting f(z) =
—(t/2m)[log(x + m) — log(z)]. Note that

and
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for some mo, 0 < myg < m < M. Putting V = ﬂXf_l/mt

and W = 7(k 4+ 1)°X3 | /mt, we have 1/W < |f"(z)] < 1/V for
Xj_l < Nj_l +1<x< Nj_1 + K < Xj. It follows that

1 H
/ 1/2 3
max |5, (K| < g<m /2(Hy + Ha) + —ijz T m(Ha+ Hs) +H6>,

where

8(k — 1)(k +1)3/2¢1/2 g, St 1)3/2¢1/2

= r/2x/? » e a2 x3%
J— J—
ST PGP 15(e— 1)
3 — t1/2 ) 4 — 7TX]2_1 )
15t
Hy= ——— Hg = 15.
5 WX;’_17 6

Next we consider

m H
((1 - M)ml/Q(HlJng) + 175 + m(Hi+Hs) + H6>.
1 m

We recall a standard result in numerical analysis from [11].
Lemma 7. Let f: Cla,b] — R be twice continuously differentiable.

Then the error for the trapezoidal rule can be represented in the form

b —a —a)?
[ e =222 @ + s - S5 e

with some § € [a,b).

We are going to use the last formula in the form of the inequality

k

f(@)da >

> S( (k= 1)+ (b,
k—1



ESTIMATES FOR RIEMANN ZETA FUNCTION 1277

with £ — 1 and k in places of a and b, respectively, and the condition
that f”(x) < 0.

For f(z) = [1 — (x/M)]x/2, we sum from k = 2 to k = M to avoid
the problem of f not being differentiable at 0. We get

| f@ae= 3 g = 510)+ r01)

1<m<M-—1
o 4 2 2 1 1
My > Z f(m)— -+ —.

15 3 5M_1§m§JV171 2 2M

With a little algebra, we then get

m 4 . 1 1 4
1- D iz 32— 2 < =32

2 ( M>m 15 6 10M — 15
1<m<M-—1

for the sum of the first two terms on the right side of (20). We have
M—-1 M
_ 12 I N S Vet
O R N E
for the sum of the third one in that. We then utilize
1/2

M-1
m 1 11
1-— =_-M?’-—-<-M?
Z( M)m 6 6= 6

m=1

for the sum of the fourth and fifth terms. Corresponding to the term
Hg, it is easy to have

M-1 m 1
m=1

It follows, if we denote the sum on the left of the inequality (20) by S,
that

(21)
Li4 . 30 402 Lo !
Sp < = EM (H1+H2)+§M H3+6M (H4+H5)+§MH6 )
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Recalling (18) and (20), we obtain

(X1 + D2 (k= DX + DV2 g
1/2
71/2Xj11
22 (kX1 +1)Y/2
1/2
71/2Xj£1

1S;] <

t1/68)/2,

Also recall (16), (17) and (21). For the factor Sy we shall use an
inequality similar to (19) in six components instead of two. We also
need several similar inequalities with the same or different summands
to (10) and (11) and recall that X;_; > ¢'/3. For t > t5, we wind up
with

1
Z E‘SUO‘FUl"'"""UG,

t1/3<n<t2/3
where
o (hE (Ot Dty 2= )V — 1485 /)2 [ logt +1 )10
0 = 172 3logk ’
U S = DY+ DY A+ Y2 Cogt Y g
1= 31/25,1/4 3logk ’
. 871/451/2(5—1—1)3/4(K+t;1/3)1/2
2 31/25m1/4(K1/2 — 1) ’
-1/3
o = SR 2 (6 4+ 12 (s + t / ) s
3 31/251/271/4(51/2 -1 ’
-1/3
i CEd W LR A W
4 71.1/2(,%1/2 -1) ,
1/2 to1/3y1/2
U5 = i KEH—‘_ : ) ’
T /2(/‘0 - 1)
and
_ logt
U :31/2 t 1/3 12 o 1].
6 (k+1t,77) 310g/<c+

We conclude that, for t > to,

(22)

1
Z E‘ S03t1/610gt—|—04t1/6+c5logt+06,
t1/3<n<t2/3
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where c3 = c30 + €31, ¢4 = C40 + Ca1 + €43 + Cca4, ¢5 = c56 and
ce = Ce2 + Ce5 + Co6, With

(k+ (v + )82 = )V2 (s = 141,/

C30 =

3v1/2log K ’
I G S e (o o O e P
1 332571/ log & ’
B G Gt VLSt Vi (ol el PR e
C40 = 71/2 )
R G Vil el Vi (o S
Ca1 = 31/25,1/4 ,
8KV 2 (k+ 1)3/4 (k4 t;l/?’)l/2
€43 = 31/251/241/4(1/2 _ 1) ,
B ,Y1/2K1/2(/£ _ 1)1/2(,%_‘_ 752—1/3)1/2
€44 = T12(k1/2 1) ’
o (/<;+t2_1/3)1/2 o 871/4/<c1/2(/<a+1)3/4(m+t;1/3)1/2
T 31 2logk 2T 31/2571/4(k1/2 — 1) ’
71/2n(n+t;1/3)1/2
C =
65 771/2(I<E — 1) )
and

Ce6 — 31/2(I€ + t2—1/3)1/2.

We choose k = 1.453 and v = 2 to obtain the lemma for ¢ > t».

7. Conclusion. Combining Lemma 1, the second part of Lemma 4
and (3) with 8 = 1/2 gives Theorem 2. Similarly, we combine Lemma 1,
the first part of Lemma 4, Lemma 6 and (3) with § = 1/3 to get
Theorem 3. We have already proved in Section 2 that the corollary is
valid for ¢ < 5100. We finish the proof of the corollary by applying
Theorem 2 for 5100 < ¢t < 4 x 10 and utilizing Theorem 3 for
t>4x10M.
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