ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 35, Number 2, 2005

MULTILINEAR TRIF d-MAPPINGS IN
BANACH MODULES OVER A C*-ALGEBRA

CHUN-GIL PARK

ABSTRACT. We define a multilinear Trif d-mapping, and
prove the stability of multilinear Trif d-functional equations
in Banach modules over a unital C*-algebra.

1. Introduction. Let F; and Es be Banach spaces with norms || - ||
and || - ||, respectively. Consider f : E; — Es to be a mapping such
that f(tx) is continuous in ¢ € R for each fixed x € F;. Assume that
there exist constants € > 0 and p € [0,1) such that

1z +y) = flz) = I < elll=]l” +[lyl]”)

for all z,y € E;. Rassias [4] showed that there exists a unique R-linear
mapping T : F1 — Fs such that

2e

1) =Tl < 5=

[|[[?

for all z € E;.

Recently, Trif [6, Theorem 2.1] proved that, for vector spaces V and
W, a mapping f : V — W with f(0) = 0 satisfies the functional
equation

(A) nn_ng_gf(w> + n—ZCk—l Z f(xl)

=1

o E )

1<l <---<lp<n

2000 AMS Mathematics Subject Classification. Primary 47B48, 39B72, 46L05.
Key words and phrases. Banach module over C*-algebra, stability, unitary

group, multilinear Trif d-functional equation.
This work was supported by Korea Research Foundation Grant KRF-2002-041-

C00014.
Received by the editors on March 21, 2002, and in revised form on October 29,
2002.

Copyright ©2005 Rocky Mountain Mathematics Consortium

641
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for all z1,...,x, € V if and only if the mapping f : V — W satisfies
the additive Cauchy equation f(z +y) = f(z) + f(y) for all z,y € V.
And he proved the stability of the functional equation (A).

Throughout this paper, let A be a unital C*-algebra with norm | - |,
U(A) the unitary group of A, A; = {a € A | |a] = 1} and A} the set
of positive elements in A;. Let 4B; be a left A-module with norm || - ||
for each [ = 1,...,d. Let 4D be a left Banach A-module with norm
Il - |l. Let n and k be integers such that 2 <k <n — 1.

In [2, Definition 4.2.3], the authors defined a linear 2-functional. A
mapping f : ngl aBs — 4D is called a multilinear Trif d-mapping if
[ satisfies the condition Dy, .. o, f(Z115- -+ s T1ns- -+ s Tdly--- > Tan) = 0,
where D is defined in the beginning of the next section.

The main purpose of this paper is to prove the stability of multilinear
Trif d-functional equations in Banach modules over a unital C*-algebra.

2. Stability of multilinear Trif d-functional equations in
Banach modules over a C*-algebra. For a given mapping f :

d )
[I;_1 aABs — 4D and given ay,... ,aq € A, we set
Dal,... ,adf(xlla sy Tny e e 5 Ldly e 7xdn)
L d 1211 + -+ 4121 Ty + -+ Ty,
=n n—QCk—Zf IR LR
n n
AdTd1 + -+ dTdn
n
n
+n—2Ck1 E flarzig,, ... qxy,, ... 64rq;,)
Jisesja=1

k
1<j11 < <jik<n

1<jg < <jax<n

Tdjg, + -+ xdjdk)

for all ;1,... 210 € AB;, 1 =1,...,d.
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Theorem 1. Let ¢ = k(n—1)/(n—k) and r = —k/(n— k). Let
f: ngl aBs — aD be a mapping for which there exists a function
P H§:1 ABY — [0,00) such that

’lp(ajll"" 7'%‘1”7"' 7$l17"' 7'1:[77,)' A 7xd17"' 7$dn)
oo d
= Z Z ql_l_jdgo( qj+1x11> .o 7qj+1$117 ey
j=01=1 n times
(i) qj+1Il_1 1y--- 7qj+1'rl—l 1 qj+1xl1a T’quZQ, cee 7quxlna
n times n—1 times

q]$l+1 1y--- 7qj$l+1 1y--- 7q‘]xd1>"‘ 7q]$d1> < 00,

n times n times
(i) o(z1,...,z1,... ,2q)
= (X1, Ty Ty 3Ty e s By e 5 Td),
—— —— ——
n times n times n times
(11) HDul,...,udf(xlla"‘ sy Llny v s Ldly--- axdn)H
< <P(I117~-~ yLlns -+ s Ldly - -+ 7'1:d7l)

for all uy,... ,uqg € U(A), all (x1,...,2q) € szlABs, and all
Tty T € aB, 1= 1,...,d. Assume that f(x1,...,2q) = 0 if
;=0 foranyl =1,...,d. Then there ezists a unique A-multilinear
mapping M : ngl aBs — AD such that

1 ~

(iil)  [[f(x1,... ,2q) = M(21,... ,2q9)]] < ﬁcp(:vl,... )
n—1%k—-1
d

for all (z1,... ,2q) € [[5_1 aBs.

Proof. Put uy = -+ = uqg = 1 € U(A). For each fixed [, let
11 = 0 = T = T1--- 5 —11 = 0 = Li—1n = Ti-1,LTi+11 =

= Tip1n = Li41,-e.,Tal = o0 = Tan = Zq and T = g,

Xyg = -+ = xp, = ray in (ii). Then we get
ln—2Cr—1f(x1,. .., 21-1,q21, T141, ... ,Tq)
—k 1 Crif(@r, .o m—1, 2, Tige1s - 2q) ||
< O(X1yeee Ty e 3 Y1y e s EI—1, T, TTL, . .., TX,

Li1y e 5 Ll41y - 5 Xdy - - - 7Id),
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and hence

| f(x1,. .. @i—1, 2, g1, ..., @a) —q

X f(T1,.0 02121, 920, Tiga, - oo, Ta)|
1
< m@(ajlv y L1y e e s Tl=Tyve 5 L—1,4T1, TTLy .. T,
Li41yevv 3 Tl+1yevv 5 Ldy- - ,l‘d)
for all (x1,...,2q) € H§:1 4Bs. So one can obtain
—1 —1
”ql f(qzla"'qxl—lvxlv"' 7Id)—q f(qxla s T, Tl41y - - - 7:Ed)||
ql—l
<

~ 790((]1‘17... ,qdT1y. .. ,4qT1—-15... ,4X1—1,49L, TX], ... ,TTY,
k n-1Ck—1

L1y 5 L4115+ 5Ty - - - 7$d)
d
for all (x1,...,2q) € [[5_1 aBs. Thus

||f(l‘1, R ’xd) - qidf(qxlv e 7qxd)||

d 1-1
< q
—§ k C @(qxla'-'7q$17~-~7q$1717~-~7
-1 n—1VEk—1
4T —1,4TL, Ty« oo 3T Tpgdy e oo 3 Tlgly o v 5 Ldy - v - axd)

for all (z1,...,2q) € H§:1 AB,. Hence we get

—id . . —(it1)d 1 1
lg 7 f (@1, @ wa) — g IV (@, g )|
g jid, ¢ j+1 i+1 i+1
SZquj Sﬁ(qj+ xla"'qu+ Ila"'qu+ Ti—1y---
=1 n—1%k—1
1 1 . . .
qj+ xl—17qj+ xlquJIla' .. 7quxlaqjxl+17"' )

qjxl-i-h ce 7qjxd7 (R 7qjxd)

for all (zq,...,24) € H§:1 ABs. So
(1)

Hf(xla o ,l‘d) - q—pdf(qpxh D ,qpl‘d)H
d
= quiqijd@(qj+lxla"' ,qj+1l'1,... ,qj+1l'l_1,

i1 . .
xlflaqj xlvrq]xla"' ,Tq].’ﬂl,

Frip1, o Pxig1, P xa, ¢ Tg)
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for all (x1,...,2q) € Hle ABs.

For each [ = 1,...,d, let x; be an element in 45;. For positive
integers p and m with p > m,

lg™ f (g™ 1, ... g™ xa) — ¢ PAf (P, ..., ¢ zq)

p—1 d gt

Z —jd . j+1 i1

S L C qjgp(qj $1,...,qj T1yeeny
— n—1VEk-1
j=m l=1
+1 +1 +1
qj Ll—1y«-- 7qj ml—hqj L,y
qumla s aquﬂUla qJJ?H_l, s 7q]xl+17 o ,q].’lfd, (R 7qjxd)7

which tends to zero as m — oo by (1) and (i). So {¢77f(¢’z,...,
¢’zq)} is a Cauchy sequence for all (z1,...,z4) € H;i:l ABs. Since
4D is complete, the sequence {¢7%f(¢7x1,... ,¢xq4)} converges for all
(T1,...,2q) € ngl aBs. We can define a mapping M : Hj:1 ABs —
D by

(2) M(l‘l,-.. axd) :jli%lo qijdf(qjxlw' . 7qjxd)

for all (x1,...,2q) € ngl ABs.
By (1) and (2), we get

||D1,..‘,1M(',I:17"' sy Llyeee 3 XL—19e+ 3 XI—1,T115 -+ y Tln,
Liglyeee sy Lld1yeev s Ldy- - ,xd)||
= hm qijd”Dl,..A,lf(qulv" . 7qj'r17" . 7qj'rl—17"' aqj'rl—la
J—00

qjxll, cee 7qjxln; qjlerlv s aqjxl+1a s aqjxdv s 7qjxd)||

. id . . . .
< ,hm q I @(qurla v 7qJ'r1a v 7qJIl—17 cee aqj'rl—la
J—0
qj'rlla B ,qulm q]Il-‘rl; s aq]xl+17 s ,qj.fd, s aq]xd) = Oa
hence
D17.4.71M(m1"" ’x:l?"' 71‘1_17"' 7xl_17xll,"' ’xln7

Ll41yeee s Ll41seve s Ldy .- ,.%‘d) =0

for all (z1,...,%1-1,%01,Ti41,--- ,%d) € Hle aB; and all zj9,...,
ZTin € aBj, which implies that the mapping M : Hle aBs — aD
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satisfies the functional equation (A) in the Ith variable for each [ =
1,...,d. So M is additive in the Ith variable for each [ = 1,... ,d.
Moreover, by passing to the limit in (1) as p — oo, we get the inequality
(iii).

Now let L : ngl aBs — AD be another multi-additive mapping
satisfying

1 ~
lf(x1,... ,xq) — L(z1,... ,2q)] < .

—O(x1,... , 24
n—1C%—1@( ! )

for all (z1,...,2q) € Hle 4Bs. Then

|M(x1,... ,2q) — L(z1,... ,24)]|
=M (P, ... dxa) = L. .. ¢ za)
<q M (¢ wr, .. ¢ wa) = [P 21, wa)|
+q (s ea) = L@ x|
<2-¢7M(¢ ;. g wa),
which tends to zero as j — oo by (1) and (i). Thus M(x1,...,xq) =

L(xy,... ,xq) for all (zq,...,24) € Hle ABs. This proves the unique-
ness of M.

By the assumption, for each w;, € U(A) and all (z1,...,zq) €
ngl ABs,
q_jd”Dlw- ,Lug,l,... 71f(qjx17 cee aqjxla e >qjxla ey
q‘]'rl7"' 7qj':l:d7"' ,q‘]'rd)H

i . . . . . .
Sq J @(qjx:L?"' ’q]xl7"' ’q]xl7"' 7qjxl7"' 7qjxd7"' 7qjxd)7

which tends to zero as j — oo by (1). So

Dl,“. g1, ’1M(:L‘1, e 3Ly 3Ly ene s XL, Tdy e ,{,Cd)
— lim o—dd j j j
- _hm q J Dl,... J1ug,,... ,1f(qjxla R aqjxla R 7q]xla cee
J—00

dry, . @ g, PTa) =0
for all u; € U(A) and all (z1,...,2q) € Hle ABs. So we get

M(z1,... ,Tj—1, W, T4 1, -« 5 Td)

= UZM(.Il,... y Ll—15 L5 T(41, - - - a:Ed)
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for all u; € U(A) and all (z1,...,2q) € ngl ABs.

Now let a € A, a # 0, and let K be an integer greater than 4|al.

Then
Lol 1 2
TEY S 4 T 1 373

K

By [3, Theorem 1], there exist three elements wuq,us2,us € U(A) such
that 3a/K = uy + ug + us. And

M(.’L’l,... y LI—1, L1 Ll41y - - - 7-'I:d)
1
:M(l'l,... 7x17173'§$17$l+17-~- ,LL’d)
1
= 3M(azl,... ’xl_17§xl’xl+1’... ,xd)

for all (z1,...,2q) € Hd:1 4Bs. So

1
M(l‘l,... y Ll—1, §xl7xl+17" . 7xd)

1
= gM(xla y Ll—15 Tl Ll41, - - - ,.’,Ed)

for all (x1,...,2q) € H(.Si:l aBs. Thus

K
M(ml,...,aml,...7xd):M(x1,...,§~3a xl,...,xd)

K
K
:gM(ajl, ,3%:1:1,... ,xd)
K
= gM(ZCh L ULT A+ U Ty + UL, .., Tq)
K
= ?(Ul +ug +ug)M(x1, ..., 21,... ,2q)
K
= —~32M(x1,... J Ty X4)

3
=aM(z1,...,21,... ,2q)
for all (z1,...,2q) € Hle ABs. Obviously,

M(z1,...,0z,... ,2q) = 0M(21,... ,2,... ,2q)
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for all (zq,...,2q) € ngl 4Bs. Hence

M(xy,...,ax;+ by, ... ,xq) = M(x1,... ,ax],... ,24)
+M(J)1,... axl—labylvxl-‘rlv'-' ,l‘d)
=aM(xz1,...,x1,... ,xq)

FOM (21, X1, Yl Tia1y - -, Xd)

for all a,b € A and all (zy,...,74) € [[_, ABs and all y € 4B,
So the unique multi-additive mapping M : Hle ABs — 4D is an A-
multilinear mapping. ]

Corollary 1. Let q = k(n—1)/n—k and r = —k/(n—k). Let
0 >0, and let n : [0,00) — [0,00) be a function such that

n(aB) < n(a)n(B),
n(q) < q*

for all a,B € [0,00). Assume that a mapping f : ngl aBs — AD
satisfies

n
HDul,.‘.,udf(xlly--- sy Liny v s Ldly--- 7xdn)” S 9ZZW(H$IV||)

I=1v=1

foralluy, ... ,ug € U(A), and all x1,... ;21 € aAB;, 1 =1,...,d, and
that f(x1,...,2q) =0ifx; =0 for anyl =1,... ,d. Then there exists
a unique A-multilinear mapping M : ngl 4Bs — AD such that

(iv)

1f(@1,.e o sza) = M(21,. .. za)l

d oo
0 ‘ |
N S 1 (@ gz ) + - -
kn,lck,ll;; (n n(q’|lgz1]])

+n (¢ lqzi—a|]) + n(d’ ||qz )
+ (n— Dn(@ [Irz||) + n n(@ |iall) + - +n n(d||zal]))

for all (zq,... ,2q) € ngl ABs.
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Proof. 1t follows from Theorem 1. Indeed, for all ;1,... , 2, € AB,
l=1,...,d, we have

’lﬂ(l‘u,... Tinyeee s L Lyee s Linye-e s Ldlye-- ,LL’dn)
d oo ‘
=033 (@ llawn )+ -+ 4+ (e g )
=1 =0
+ (¢’ [lqzn|]) + n(@ [Irzel]) + - - + 0(¢|[rzim|])

+n (@ ||z 1]]) + -+ nn(d]|zal)
d oo
<6 ZZ =it(g) (n n(llgenl]) + -+ n n(llgzi 1)
=1 7=0
+

N(llgzull) +n(llrzll) + - -+ nlllrzm]))
+n (e ) + -+ non(llzall)

[e'S) d
7]
=0> (-7 ]qu “(non(llgznl]) + - +n n(llgzii 1))
7=0 q =1
+n(llgzall) + nllrzell) + - + n(llrawll)
+n (e 1)) + - +non(llzall)
= qu '(n n(llgznl]) + - +n n(llgzi 1))

+77(||q:vu\|) +n(llrzie|) + - - +n(l[rziml])
+n (e ) + -+ non(llzal])) < oo

Now

—_——

n times n times n times

W(X1y oo 1y ee 3Ty ees s Ty ee Ty v 5 Td)
—_———

d oo
=0) > a7 nn(d|lgz]) +

=1 j=0
+n (e |lqzi—1|]) + (¢’ |lqzi|)
+ (n = Dn(d’ ||rz|]) +n n(@ |lzigal]) + - - +n n(d||zall))

for all (x1,...24) € Hle ABs. So one can obtain (iv). o
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Corollary 2. Let ¢ = k(n—1)/n—k and r = —k/(n—k). Let
0>0,0<p<d, and let ju: [0,00)" — [0,00) be a function such that

M()‘ﬁllu' .. 7)‘/81717' .. 7)‘/8d17"- 7)\/8dn)

:>\p ,u(b’u,...,ﬂln,.“ 7ﬂd1,-~ ,5(1”)

fO?” all Aaﬂllau' 7ﬂ1n7"' aﬂdl;“' aﬂdn

€ [0,00). Assume that a map-
ping f : ngl aBs — AD satisfies

1Dy, ua f(Z115 - Ty s Tats - s Tan)||

< 6‘/1'(”5511”7'“ 7||x1n||7"' 7dell|7"' 7”‘7"6171”)

foralluy, ... ,uqg € U(A), and all 21, ... ;21 € aAB;, 1 =1,...,d, and
that f(x1,...,2q4) =04fx; =0 for anyl =1,... ,d. Then there exists
a unique A-multilinear mapping M : ngl aB; — 4D such that

”f(xlv al'd)_M(xla"' axd)”

0 q¢

d
S . qlfl qTi|ly .-+ 5 [|qT1|]y .-
F a0 qd_qpl; ulllgzll, - llg |

n times

\|q$171\|7-~- 7||qxl71||7||q$l||7||r‘rl||7"' ,HT?L’[||,H.’L’[+1H,... 7||xl+1||7

n times

n—1 times n times

,|‘$d”> 7de‘|)
—_—

n times

for all (zq,... ,2q) € ngl ABs.
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Proof. 1t follows from Theorem 1. Indeed, for all ;1,... , 2, € AB,
l=1,...,d, we have

w(flfll,... s LAny oo 3 LlLyeee yTinyeve 3 Ldly - ,l’dn)

d
=0y
=1

&gz 1, & |lgzull, &|rzeell, - - . Ellrzwll, @ ||z 1], - -

o0
(gl - @ llgall, L@ lgmi—aalls -
0

el dllzall, - @ llzall)
d &S] o
=0> ¢ "> P u(llgrnll - gzl gzl
1=1 3=0
lgzi—1 1l llgzu ], [Iraell, - . [Irewl] e 1l -
e alls - llzanll - lzal])
d
- ng 1-1
= ———=> ¢ "ulllgzull,- - gzl llgzeaall, -
q q =1
llgzi—1 1|l llgzu ||, lIrzell, - - llrewl], [z 1l -
zren alls - zalls - - Jza]) < oo
Now
V(XYoo Ty e By eee Ty e e Ty e, Xd)
—_——— ———
ntimes n times n times
d d
q0 _
= » qu l:U'(qule"' ,||qx1||,... ’qu'lflua"- )
q° —dq =1
lgzi—1ll gzl [lraal, - - - lradl, |zl - -
lzialls - lzalls - s [lzall)
for all (x1,... ,xq) € ngl ABs. So one can obtain (v). o

Corollary 3. Let g = k(n—1)/(n—k) and r = —k/(n— k). Let
0>0, and let 0 < p < d. Assume that a mapping f : szl aBs — 4D
satisfies

d n
1Dy g f @115 5 @ams T Tan) | 0> [P
I=1v=1
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for alluy, ... ,uqg € U(A), and all x1, ..., 21, € aB;, 1=1,...,d, and
that f(x1,...,2q4) =0ifx; =0 for anyl =1,... ,d. Then there exists
a unique A-multilinear mapping M : Hle AaBs — 4D such that

lf(xy,... ,xq) — M(z1,...,24)]

d
9 q* _
d— gp zz;ql “(nllgaa| P + - -+ + nllgzia ||?

S .
kn-1Cr—1 q%—
+ gzl P + (n = D[lra|[P + nf|zia [P + - - + nl[zq]|P)

for all (zq,... ,2q) € szl ABs.

Proof. Tt follows either from Corollary 1 for n(t) = t?, or from

Corollary 2 for p(Bits-- -+ Bins- - +Bats-- +Ban) = ALy + -+ Bl +
...+ﬂ§1+...+5§n_ O

Theorem 2. Let ¢ = k(n—1)/(n—k) and r = —k/(n—k). Let
f: Hj:1 aBs — D be a mapping for which there exists a function
Y Hle AB? — [0,00) satisfying (1) such that

H-Dal,...,adf(l'lla“' sy Llny v s Ldly--- al'dn)”
< <P(I117~-~ yLlns -+ s Ldly .- - 7'1:d7l)
for all ay,... ,aq € Al+ U{i} and all zp1, ...,z € 4B, 1=1,... ,d.
Assume that f(x1,... ,24) =04f ;=0 for anyl=1,...,d, and that
for each l = 1,....d, f(x1,...,2—1,\x;, Z141,... ,2q) S continuous
in A € R for each fized (x1,...,24) € szl ABs. Then there exists a

unique A-multilinear mapping M : ngl aBs — 4D satisfying (iii).

Proof. Put a; = --- = ag = 1 € A]. By the same reasoning as in
the proof of Theorem 1, there exists a unique multi-additive mapping
M : ngl ABs — D satistying (iii).

For each fixed [ = 1,... ,d, since f(x1,...,Axq, ... ,xq) is continuous
in A\ € R for each fixed (z1,...,7q) € H(Si:1 ABs, by the same
reasoning as in the proof of [4, Theorem], the multi-additive mapping
M : ngl aBs — 4D is R-linear in the [th variable. So the multi-
additive mapping M : Hle aBs — 4D is R-multilinear.
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By the same reasoning as in the proof of Theorem 1,

M(!El, ey L1—1,0T1, )41y - - - ,LL'd)

(3)

=aM(x1,...,T1-1, T, Ti41, - ,Td)

for all a € Af U {i} and (21,...,74) € Hle ABs.

For any element a € A, a = (a+a*)/2 + i(a—a*)/2i, and
(a+a*)/2 and (a — a*)/2i are self-adjoint elements; furthermore, a =
((a+a*)/2)T = ((a+a*)/2)” +i((a—a*)/2i)" —i((a—a*)/2i)~, where
((a+a*)/2)*, ((a+a*)/2)", i((a—a*)/2i)*, and i((a—a*)/2i)~ are
positive elements, see [1, Lemma 38.8]. Using the R-multilinearity
and (3), one can easily show that

M(xy, ..., 211,02, T141, ... ,Tq)
= CEM(Ih... y Ll—15 L1y Tl4-1, - - - 7Id)
d
for all a € A and all (21,...,2q) € [[;_; 4Bs. Hence
M(Ila"' y Li—1, 0T +byl7xl+17"' a:Ed)
:M(,Tl,... sy L1—1,AT1, Tl41,y- - - ,LL'd)

+ M(x1,... -1, by, Tig1, - .- ,Zq)
:CLM(Il,... y Ll—15 Tl Ll41, - - - ,.’,Ed)

+bM('T17'- - X—1, YL, Tl4-15 - - - ,l‘d)

for all a,b € A, all (z1,...,2q) € H§:1 aBs and y; € AB;. So
the unique multi-additive mapping M : ngl ABs — 4D is an A-
multilinear mapping. u]
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