ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 35, Number 3, 2005

SPACES OF
A-MULTIPLIER CONVERGENT SERIES

JUNDE WU, LINSONG LI AND CHENGRI CUI

ABSTRACT. In this paper, we introduce the quasi 0-gliding
hump property of sequence spaces and study a series of ele-
mentary properties of spaces of A-multiplier convergent series.

1. Introduction. Let (X,T) be a Hausdorff locally convex space,
X* the topological dual space of (X,T') and A a scalar-valued sequence
space. A series > ;5 in X is said to be A-multiplier T-convergent if,
for each (t;) € A, there exists an 2 € X such that the series 3377 t;x;
is T-convergent to x.

Let ¢cgg be the scalar valued sequence space which are 0 eventually, the
3-dual space of A to be defined by: A\? = {(u;) : > ujt;j is convergence
for each (t;) € A}. It is obvious that if coo C A, then [A\,\°] is a
dual pair with respect to the bilinear pairing [, a] = > ; ujtj, where
t=(t;) €\, 4= (u;) € M. Let 7(\, \?) denote the Mackey topology
of A with respect to the dual pair [\, \%], i.e., the topology of uniform
convergent on all absolutely convex o (A%, \)-compact subsets of A%, and
k(\,A\%) the topology of uniform convergent on all o(\?, \)-compact
subsets of M. Tt is clear that k(\, \?) is stronger than 7(\, \?).

Lemma 1 [14]. Let coo € X and 71 be a vector topology on \° such
that 11 is stronger than the coordinate convergence topology. Then the
following states are equivalent:

(1) B C A\ is 7, -compact;
(2) B C A\ is 7y -sequentially compact.
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Lemma 2 [17]. If (X,T1) is a sequentially complete locally convex
space and {x;} C X is a Ty convergent sequence, then the absolutely
convez closure of {x;} is a Th-compact set and is also a T -sequentially
compact set.

It follows from Lemmas 1 and 2 easily that:

Lemma 3. If o(\% \) is a sequentially complete space, then
k(X AP) = 7(A\, M),

A mnonzero sequence {t™} in ¢y is said to be a block sequence if
there exists a strictly increasing sequence {k,} of integers with kg =0
such that

) = (0,0,...,0,6," _,....t0,...).

The sequence space A is said to have the signed-weak gliding hump
property if, given any £ = (t;) € X and any block sequence {t(™}

with ¢ = >, t() (pointwise sum), then each strictly increasing
positive integer sequence {my} has a further subsequence {n;} and
a signed sequence {0y} with 6, = 1 or 0, = —1, k € N, such that

t =377, 0t € X (pointwise sum) [3].
The sequence space A is said to have the strong gliding hump property
if {f(”)} is a bounded block sequence. Then, for each strictly increasing

positive integers sequence, {my} has a further subsequence {nj} such
that £ = o, #™) € A (pointwise sum) [8].

Let (A, 79) be a topological vector space, (A, 7p) is said to be a K-
space, if for each jo € N, the coordinate mapping I;, of A to scalar
field C, I, ((t;)) = t;, is continuous.

Let cop € A and £ = (t;) € A, denote £ = (t1,ta,t3,... ,t,,0,...).
If, for each £ € X, {t[™}, converges to £ with respect to the topology
7o, then (A, 7p) is said to be an AK-space.

Let B be a bounded subset of (\, 7o), if {f") : £ € B, n € N} is also
a bounded subset of (A, 7). Then (A, 7p) is said to have the section
uniform bounded property.
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It is clear that if (A, 7p) is a K-space and has the section uniform
bounded property, then for each bounded subset B of (A, 7p) and
Jo € N, sup{|t;,| : (t;) € B} < 0.

Now, we introduce the following quasi 0-gliding hump property:

The sequence space (A, 7g) is said to have the quasi 0-gliding hump
property if, for each bounded block sequence {t™} of (\,79) and
each scalar sequence {s,} which converges to 0, then for each strictly
increasing positive integers sequence {my} has a further subsequence
{ny} such that >°3° | s,,£™) € X (pointwise sum).

We would like to show that many classical sequence spaces have the
quasi 0-gliding hump property:

Example 1. If ¢ €S C I, then (S,]|.||co) has the quasi 0-gliding
hump property.

Example 2. For each 0 < p < oo, (I7,]].||p) has the quasi 0-gliding
hump property.

In fact, for each bounded block sequence {£™} of (I7, ||.||,,) and each
scalar sequence {s,} which converges to 0, there exist M > 0 and
a subsequence {s,,} of {s,} such that |[t(™||, < M, n € N and
S 80P < 0o, Thus, 3o, s,,t) € 1P. So (I7,]|.||,) has the quasi
0-gliding hump property.

In this paper, the space X (\) = {(z;) : for every (t;) € A, the series
>_jtjz; is T-convergence} is said to be the A-multiplier convergent
series space.

As we know, the study of the multiplier convergent series is an
interesting topic in functional analysis [2, 5, 7, 10, 13—-16]. When
(X,T) is a Banach space and A = [*°, Bu and Wu in [4] introduced
and studied the bounded multiplier convergent series space X (I°°);
when (X, T) is a Banach space and ¢y C S C [°°, Aizpuru and Perez-
Fernandez in [1] introduced and studied the S-multiplier convergent
series space X (S).

Now, if (X, T) is a locally convex space and A has the quasi 0-gliding
hump property, we study the A-multiplier convergent series space X (\).
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We obtain a series of elementary properties of the space X (\).

Let B be all bounded subsets of (A, 70), and P be all continuous
semi-norms of (X, T), for each B € B, P € P and T € X(\), define

(1) Pg(
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2. The uniform bounded principle on X ().

Theorem 1. If (A, 79) is a K-space and has the section uniform
bounded property and the quasi 0-gliding hump property, then for each
B e B and P € P, Pg is a semi-norm of X ().

Proof. We only need to prove that, for each Z € X ()\), Pg(Z) < oo.
If not, we can find an € X(\) such that Pg(Z) = oo. Thus, for
each M > 0, there exists (t;) € B such that P(3_;t;x;) > M.

Let M = 1+ 1, we can pick {1 € B such that Py, t;l)xj) >
1+ 1. Since the series Z (l)xj is convergent there exists a j; €

N such that P(Zj J1+1t§1) zj) < 1, so P31 1tj1 ;) > 1. Let

M = sup{P(37L, tjz;) : (t;) € B} + 2% + 1. Since (\,7) is a K-
space and (A,mi has the section uniform bounded property, M < oo.

Furthermore, we can find a (t§2)) € B such that P(}_; t§2)xj) > M,
S0 P(ZJ i1 t§2)xj) > 22 + 1. Similarly, since the series (z):j tf)xj is

2 2
Tty w5) > 2%
Inductively, we can obtain a bounded block sequence {fg")} such that

(2) (Z to; xj>

where £ = (¢0)) = (¢, 48V, V.00, 67 = (¢8)) = (0.,

) J1 Y
O,tﬁ)ﬂ, 5?)”, , ;?,O )y, Let s = (t_(()" )/n, it follows from
the quasi 0-gliding hump property of (A, 7p) that there exists a subse-

quence {s(")} of {s(™} such that 3, s(™) € X (pointwise convergent).

convergent, there exists a jo € N such that P(
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Note that (z;) is A-multiplier convergent, so we have

Jk
li}gnP( Z s§"’“)xj> =0.

J=Jr-1

This contradicts (2) and so the theorem holds. O
Similarly, we can prove the following:

Theorem 2. If (\,79) is a K-space and has the section uniform
bounded property and the quasi 0-gliding hump property, then for each
bounded subset B of (A, 7o) and each (uj) € A\?, sup{] > usts] s (ty) €
B} < 0.

Theorem 1 showed that if (A, 79) is a K-space and has the section
uniform bounded property and the quasi-0-gliding hump property, then
X () equipped by the all semi-norms {Pg : B € B, P € P}, is a locally
convex Hausdorff space. We denote the locally convex topology of X (\)
by Tp.

Let M (), X) denote the bounded linear operators mapping (A, 79) to
(X,T). Theorem 1 showed that for each z € X(\), z € M (A, X). Now
we establish a uniform boundedness principle on (X (), Tg). That is:

Theorem 3. If coo C A, (A, 70) is a K-space and has the section
uniform bounded property and the quasi 0-gliding hump property, then
(X(N\),Tg) has the uniform boundedness property, i.e., if {z(®) : a €
A} C X(\) is pointwise bounded on A, then {Z(®) : o € A} C X () is
uniformly bounded on each bounded subset of (X, 10), i.e., {Z(®) : a € A}
is Tp-bounded.

Proof. Without loss generality, we may assume {Z(®) : o € A} C
X () is a sequence {Z(™} of X()\).

If the conclusion is not true, there exists a P € P and a B € B such
that

(3) sup{Pp(z™) : n € N} = co.
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Thus, for each M > 0, there exists an n € N such that Pg(z(™) > M.
Let M = 141. We can pick a (") such that Pg(z ("1)) > 1+1. By the

definition of Pp that there exists a {!) € B and Pyt (1) (nl)) > 141.
Since the series ) t ( Vg convergent, there exists a j1 € N such

that P(Zj ® i tg” <"1)) < 1,50 P(X0, t2™)) > 1. Let M =

sup{ P(Y7L, t;2) : (t;) € B, n € N}+zg;1 Pg(z(™)+22+1. Note
that since coo C A and {Z(™} is pointwise bounded on ), for each j € N,
{x§n)}n is a bounded subset of (X, T'). Thus, since (A, 79) is a K-space
and has the section uniform bounded property, Theorem 1 implies that
M < oo. Furthermore, we can find a z("2) such that Pg(z("2)) > M.

So there exists a #?) € B such that P, t(z) (nz)) > M. It follows

from the definition of M that ny > ny and P(3°72 t; ) ;m)) > 2241,

Since the series Z t. S ") g convergent, there eX1sts a jo € N and

jo > j1 such that P(3272, 1 t;Q) (nQ)) <1,80 P(302, 1y t§2)x§-n2)) >

22, Inductively, we can obtain a bounded block sequence {f(()k)} of
(A, 70) and a subsequence {Z(™*)} of {#(™} such that

(Zt k) (”k)) >k, keN.
Let 5() = (fgk))/k. Then we have:

(4) P(Zs§k)x§"k)) >k, keN.
J

By the Hahn-Banach theorem we can obtain a sequence of continuous
linear functionals {fi} of (X, T) such that ||fx||p = sup{|fi(z)|: = €
X,P(z) <1} <1and

(5) fk(Zs§k)x§"k)) - p<zs§k>x§nk>) >k, keN.
J J

That {fr} is an equicontinuous sequence is obvious. Now, we consider
the infinite matrix [(f;)/i( js§-k)x§-n"’))]ik. For each k € N, since
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{z(™ . n € N} is pointwise bounded and {f;} is an equicontinuous
sequence,

is obvious. If {k,} is an increasing sequence from N, it follows from the
quasi 0-gliding hump property of (A, 79) that there exists a subsequence
{kp,.} of {k,} such that >, 5%*»m) € X\. Noting that {z(™) : n € N} is
pointwise bounded and {fx} is an equicontinuous sequence, we have

- fi (Kpm) ()
h%n7 ZZsj” x; =0.
m g

From the basic matrix theorem of Antosik and Mikusinski [9], it follows

that
1i]£n f—kk (Z s§k)x§-nk)) =0.
j

This contradicts (5), and the theorem is proved. o

Now we present an example to show the necessity of the gliding hump
assumptions in Theorem 1 and Theorem 3.

Example 3. Let A = (coo,||-||c) and C be the complex numbers
field. Then A is a K-space and has the section uniform bounded
property, but A does not have the quasi 0-gliding hump property. The
A-multiplier convergent series space C(\) is the space of all complex
numbers sequences w. Let = (j );";1 and e; denote the sequence whose
Jjth coordinate is 1 and other coordinates are 0. Then Z € C'(\) and
B = {e; : j € N} is a bounded subset of (cqo, ||-||s0). But Pg(Z) = .
This shows that Theorem 1 and Theorem 3 do not hold.

3. The completeness and Banach-Steinhaus property of
X (N). At first, we study the sequentially completeness of X (\). We
have:
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Theorem 4. If coo C A, (A, 70) is a K-space and has the section
uniform bounded property and the quasi 0-gliding hump property, and
(X,T) is a sequentially complete Hausdorff space, then (X(\),Tg) is
also a sequentially complete space.

Proof. Let {z(™} be a T-Cauchy sequence. It follows from the
sequential completeness of (X,7T) that there exists a z(0) = (.’[Jg-o))
;0) = lim, a:;n) for each 7 € N. Now, we only need

to prove that z(0) = (z§0)) € X(A). For arbitrary ¢ > 0 and
t = (t;) € A, note that (A, 7p) has the section uniform bounded
property, so B = {tll —#l*] . k1 ¢ N} € B. Since {z(™} is a Ts-
Cauchy sequence, there exists ng € N such that when m,n > ng, for

any k,l € N,
1
P<th(x§m) - xﬁ"))> < %
j=k

Since z(™) € X (), there exists pg € N such that when p,q € N and

b,q ZpOa .
p<ztjx§"o>> <
p

On the other hand, since xg-o) = lim, xg-") for each j € N, there exists

mg € N such that mg > ng and
o) () _ €
P(th(acjm“ — )) <3
P

So, when p,q > pg, we have:

(6)
p(itﬂ;w) < p(iwgﬂw ~af) +p(itj<x;mo> ~ai%)

satisfying x

This shows that 7(°) = ($§-0)) € X (A). The theorem is proved. u]
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Theorem 5. Let coo C A, (A, 79) be a K-space and have the section
uniform bounded property and the quasi 0-gliding hump property, (X, T)
a sequentially complete Hausdorff space. If (A k(A \%)) is an AK-
space, then (X(X),0(X(X),N)) is sequentially complete, i.e., if (T} C
X(A) and, for eacht = (t;) € X\, {321, a: },L is a Cauchy sequence of
(X,T), then 20 = (x 5-0)) € X(A), and {x (MY pointwise com;erges to

(0 = (:vg-o)) on \. Here z(0) = (;C;—O)) is such that 1L'§ ) = = lim, z; ") for
each j € N.

Proof. Tt follows from (6) that we only need to prove that, for each
(tj) € X\, P € P and ¢ > 0, there exist kg and ng when k,l > kg and

m,n > no,
l
P(th(xg-m) - xg-"))) <e.
j=k

If not, there exist strictly increasing positive integer sequences {k,},
{lg}, {my}, {ny}, and g9 > 0, P € P such that

lq

P( S tialm - $§nq))) > €o.

jqu

By the Hahn-Banach theorem that we can obtain a sequence of contin-
uous linear functionals {f,} of (X,T) such that

| fallp = sup{[fy(z) : 2 € X, P(z) <1} <1,

and

l

lq
< ti(x Z ty (") — ))> > .

J=kq J=kq

=]
3
-]
?
g
\_/
A

For each ¢ € N, let 29 = (z](-q)) = (a?;mQ) - a?;"‘J)). Then, by
the condition of Theorem 5, for each (t;) € A, limy > ¢;2 (q)
Note that, for each ¢ € N and (¢;) € A, since the series Zj tjz](.Q)

is convergent in (X,T), the series ) tij(zj(-q)) is also convergent,
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S0 (fq(zj(-q))) € M. Tt follows from ||f,||p = sup{|f,(2)| : z € X,
P(z) <1} <1 and limy 2, ;247 = 0 that

lign <thfq(zj(q))> =0.
J

So, {fq(z§q))}q C M is a 0(\2, \)-sequentially compact set. It follows

from Lemma 1 that {fq(z§Q))}q C M is also a o(A\?, \)-compact set.
Since (A, k(\, \?)) is an AK-space,

lq

lq
lim fq< St~ xg.”q))> =1lim tifa(29) = 0.
j:kq

j:kq

This contradicts (7) and so the theorem is proved. o

We know that when A\ has the signed-weak gliding hump property,
(M3, )\) is a sequentially complete space and 7(), \?) is an AK-space
[9]. Thus, by Lemma 3 and Theorem 5 we have:

Corollary 1. Let coo C A, (A, 70) be a K-space and have the section
uniform bounded property, the quasi-0-gliding hump property and the
signed-weak gliding hump property, (X,T) be a sequentially complete
Hausdorff space. Then (X (X\),0(X (M), \)) is sequentially complete.

Next, we study the Banach-Steinhaus property of X ()).

We will say that the sequence space (A, 79) has the quasi Banach-
Steinhaus property, if {u(")} C M is pointwise convergent to u(®) € \?
on A, then for each B € B, {u(™} converges to u(®) uniformly on B.

Let (X, ||-||) be a normed space. We will say that X is a Grothendieck
space if each weak® convergent sequence in X* is weakly convergent [1].

Let M be a subspace of X** such that X C M C X**. We will say
that X is M-Grothendieck if each weak™ convergent sequence in X* is
o(X*, M) convergent [1].

Example 4. If ¢g € S C [* and (S5, ]|.||) is an [*°-Grothendick
space, then (S, ]|.]|s) has the quasi Banach-Steinhaus property.
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In fact, it follows from [1] that I*° C S**, so the condition that
(S, ]]-]|s0) is a 1°°-Grothendick space is meaningful. Note that S% = [*.
Since (S, ]|.||co) is an [*°-Grothendick space, using the Schur lemma
[11] it is easy to prove that (S, ||.||c) has the quasi Banach-Steinhaus

property.

Theorem 6. Let coo C A, (A, 79) be a K-space and have the sec-
tion uniform bounded property and the quasi 0-gliding hump property.
If (\,10) has the quasi Banach-Steinhaus property and (X, T) is a se-
quentially complete Hausdorff space, then (X(\),T) has the Banach-
Steinhaus property, i.e., if {z™} C X(\) and, for each t = (t;) € A,

{2 tjxg.n)}n is a convergence sequence, then there exists an (0 =

($§0)) € X(\) such that {z(™M} is T converges to (0 = (xg-o)).
Proof. Tt follows from Theorem 4 that we only need to prove that
{z(™M} C X ()) is a Tg-Cauchy sequence. If not, there exist a P € P,
a B € B, an € > 0, and a strictly increasing sequence {n;} C N such
that
PB(j("k) _ j(nkﬂ)) >e, keN.

So, there exists a sequence (t;k)) € B such that

(8) P(th(xg."” - x;n"'“))) >e, keN.
J

For each k € N, let 28 = (z](.k)) = (x(‘"’“) - x;nk“)). It is clear

J
that 2¥) € X(\) and, for each (t;) € A, limy > tjzj(-k) = 0. By the
Hahn-Banach theorem again we can obtain a sequence of continuous
linear functionals {fi} of (X, T) such that ||fx||p = sup{|fx(z)|: = €

X, P(z) <1} <1, and
(9) fk(ztg-k)zj(k)) >e, keN.
J

Similarly, as in Theorem 5 for each k € N, (fk(zj(k))) € M\, and, for each
(t;) € A, it follows from ||fx||p = sup{|fx(z)| : x € X, P(z) <1} <1
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and limy, )~ tjz§k) = 0 that
: (k) ) —
h]gn <thfk(zj )> =
J

So, {fk(zj(k))}k C M is pointwise convergent to 0. Thus, by the quasi
Banach-Steinhaus property of (X, 7o),

: (k) BN Y) 1 (k) (k)| _
hlgn(th fi(z; )) _hl]cmfk<ztj z; ) =0.
J

J

This contradicts (9) and so the theorem is true. O
It follows from Examples 1 and 4 and Theorem 6 that:

Corollary 2 [1]. Ifcyg €S C I and (S, |]-||oo) is an I°°-Grothendick
space, (X, ||.|) is a Banach space and, if {z(} C X(\) and, for each
t=(t) €S, {3 tjacg-n)}n is a convergence sequence, then {z(™} is
norm convergent to z(®) = (xéo)) € X(S), where () = (x§0)) is such

that xgo) = lim,, :Ug-") for each j € N.
4. The uniform convergent property of X ().

Finally, we study when B € B and (t;) € A, under what conditions
the series Y ;tjz; converges uniformly with respect to (t;) € B.

The sequence space (A, 7g) is said to have the uniform convergent
property if, for each o(\?, \)-sequentially compact subset F of A% and
each B € B, the series Zj u;t; converges uniformly with respect to
(uj) € F and (t;) € B.

Ronglu Li and Minhyung Cho in [6] proved the following important
conclusion:

Lemma 4 [6, Theorem 1]. If the sequence space (X, 7o) has the section
uniform bounded property and the strong gliding hump property, then
(X, 70) has the uniform convergent property.
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Example 5. If ¢ C S C I and (5,]].||c) is an {*°-Grothendick
space, then (S, ||.]|s) also has the uniform convergent property.

Theorem 7. Let coo C N, (A, 70) be a K-space and have the section
uniform bounded property and the quasi 0-gliding hump property. If
(A, 70) has the uniform convergent property, then for each T = (x;) €
X(X) and B € B, the series ), tjx; converges uniformly with respect
to (tj) € B.

Proof. If not, there exist an g9 > 0, a P € P, a sequence {t{*)} C B
and two strictly increasing subsequences {jr} and {l;} of N satisfies

that l
k
P( S t§.’“)xj> >ey, keN.

J=Jk

By the Hahn-Banach theorem again we can obtain a sequence of
equicontinuous continuous linear functional {f;} of (X, T) such that

Ik
(10) fk( > tEk)xj> >ep, keN.

J=Jk

Let A; be the o(X*, X) closure of {fx}. Then, by the famous
Alaogue-Bourbaki theorem, A4; is a o(X™, X)-compact subset of X*
[12]. Since # € X (A), for each (;) € A, the series 3, t;z; is convergent.
So for each f € X*, we have

f(thxj> = thf(xj).

Consider the linear operator X : X* — M for X(f) = (f(z;));-

It follows from X (f)(#) = >_;tjf(z;) that the linear operator: X :
X* — Mis o(X*,X) — o(\,\) continuous. So the image X(A;)
of A is a compact subset of (\?,a(\?,\)). By Lemma 1, X(4;) is
also a sequentially compact subset of (A a(A\?,\)). It follows from
the uniform convergent property of (A, 79) that the series >, ¢; fi(z;)
convergent uniformly with respect to (¢;) € B and k¥ € N. This
contradicts (10) and the theorem is proved. o
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