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SELF-ADJOINT OPERATORS GENERATED
FROM NON-LAGRANGIAN SYMMETRIC
DIFFERENTIAL EQUATIONS HAVING
ORTHOGONAL POLYNOMIAL EIGENFUNCTIONS

W.N. EVERITT, K.H. KWON, J.K. LEE,
L.L. LITTLEJOHN AND S.C. WILLIAMS

ABSTRACT. We discuss the self-adjoint spectral theory
associated with a certain fourth-order non-Lagrangian sym-
metrizable ordinary differential equation l4[y] = Ay that has
a sequence of orthogonal polynomial solutions. This example
was first discovered by Jung, Kwon, and Lee. In their pa-
per, they derive the remarkable formula for these polynomials

{@n (@)},
Qn(z) = n/ PL,_1(t)dt, ne€N,
1

where {PLy(z)}22, are the left Legendre type polynomials.
The left Legendre type polynomials and the spectral analysis
of the associated symmetric fourth-order differential equation
that they satisfy have been extensively studied previously by
Krall, Loveland, Everitt, and Littlejohn.

Despite the non-symmetrizability of the expression l4[-], we
show that there exists a self-adjoint operator S in a certain
Hilbert space H generated by l4]-] that has the “polynomial”
sequence of ordered pairs {(Qn(z), @), (=1))}72, as a com-
plete set of eigenfunctions in H. This operator S is related
to the derivative of the self-adjoint operator 7" which has the
left Legendre type polynomials {PLn(x)}52, as eigenfunc-
tions. We also develop a left-definite theory for l4[]. This
unexpected example casts further difficulties in the efforts to
extend and generalize certain classification results in orthog-
onal polynomials and differential equations.

1991 Mathematics Subject Classification. Primary 33C45, 34L05, 34110, Sec-

ondary 34B20.
Key words and phrases. Sobolev orthogonal polynomials, non-Lagrangian sym-

metric, self-adjoint operators, left Legendre type polynomials.
Research for both the first and fourth authors is partially supported from the

National Science Foundation under grant number DMS-9970478. The second author

acknowledges partial research support from the BK-21 project.
Received by the editors on June 10,

Copyright ©2001 Rocky Mountain Mathematics Consortium

899



900 EVERITT, KWON, LEE, LITTLEJOHN AND WILLIAMS

1. Introduction. The theory of self-adjoint extensions of the min-
imal operator Ly generated from a real, ordinary differential expres-
sion [[-] is well known and extensively described in the classic texts of
Naimark [22] and Akhiezer and Glazman [1]. These extensions are
studied in a Hilbert space L2 (I) of functions that are Lebesgue mea-
surable and square integrable with respect to some positive (almost
everywhere), locally integrable function w(x) on some interval I C R.
Moreover, and this is the key for the existence of self-adjoint exten-
sions of Lo in L2 (I), the expression [[] is symmetrizable (see [20]) in
the sense that w(z)l[-] is formally Lagrangian symmetric.

In this paper, we study a certain fourth-order differential expression
14]-], discovered by Jung, Kwon and Lee (see [7]), that is not symmetriz-
able in the Lagrangian sense and, yet, there is a self-adjoint realization
of this expression in some Hilbert-Sobolev space H. Moreover, the
expression l4[-] is important from the viewpoint of the theory of or-
thogonal polynomials; indeed, a sequence {Q,(x)}5%, of polynomial
eigenfunctions of I4[] exists that generates the complete orthogonal set
{<Qn(x)7Q;1(_1)> %O:O in H.

Besides being an unusual example from the theory of self-adjoint dif-
ferential operators, this is an unexpected example from the viewpoint
of orthogonal polynomials. Indeed, until this example was found, all
known differential equations having a sequence of orthogonal polyno-
mial solutions are symmetrizable in the sense of Lagrange. In fact,
Kwon and Yoon (see [18]) show that if a differential equation [[y] = Ay
has a sequence of orthogonal polynomial solutions that are orthogonal
with respect to a bilinear form of the type

(L1) /R f(@)3() du,

where p is a (possibly signed) Borel measure, then [[-] is Lagrangian
symmetrizable. Although, the orthogonality of the above sequence
{Qn(z)}22, is not with respect to a form of the type (1.1), it was
generally believed that the Lagrangian symmetrizability of [[-] would
follow from any orthogonalizing bilinear form; see [5] for a general
discussion of orthogonal polynomial solutions to differential equations.
Furthermore, as we show later in this paper, this example is not a
singular, isolated one; in fact, we produce more examples with this
phenomenon later in this paper.
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It is precisely structural theorems of the type proven by Kwon and
Yoon in [18] that are needed to understand and solve some important,
and open, classification theorems in the area of orthogonal polynomials
and differential equations. One of these is the so-called BKS(N, M)
problem (see [19]), named after Bochner and Krall for their early inves-
tigations into orthogonal polynomial solutions to differential equations
(see [2] and [13]):

Problem 1.1. The BKS(N,M) problem. Let N € N and
M € Ny. Classify, up to both a real and a complex linear change of
variables, all ordinary differential expressions of order N of the form
ny  EBE) = v @@ +ano @)+ -

+ ao(x)y(z)
for which
(i) there exists a polynomial py,(z) of degree n (for each n € Ny)
satisfying
(1.3) Ly[pnl(z) = Anpn (),
for some complex number X\, and

(ii) there exist M + 1 moment functionals og,01,...,0n8, with
om # 0, (equivalently, M +1 signed Borel measures pio, fi1, - - - fiar With

= |p|2 dunr # 0 for some polynomial p # 0) such that the polynomials
{pn(x}22, are orthogonal with respect to the Sobolev bilinear form

M
(pa q)]\/[ = Z<0kap(k)a(k)>
(1.4) h=0

M
<equivalenﬂy, (XEDY / pHg®) d/ik>§
k=0"R

that is to say, there exists constants K, # 0, n € Ng such that

(mem)M = Kn(sn,ma

where Oy, ., is the Kronecker delta function. If {p,(x)}5L, satisfies (1.3)
and is orthogonal with respect to a bilinear form of the type (1.4), we
write {p,} € BKS(N,M).
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At the time of this writing, only the BK.S(2,0), BKS(2,1), BKS(2,2)
and BK S(4,0) problems have been solved (see [19] for specific refer-
ences). Indeed, Bochner [2] and Krall [14] solved the BKS(2,0) prob-
lem under a complex linear change of variable, Kwon and Littlejohn
[15] solved the BKS(2,0) problem under a real linear change of vari-
able, Krall [13] solved the BKS(4,0) problem (under a complex linear
change of variable), Kwon and Littlejohn [16] solved the BKS(2,1)
problem, and Kwon, Littlejohn and Lee [17] determined the contents
of the BKS(2,2) set. Furthermore, examples are known for many of
the other BKS classes. All the equations in these known classes are
symmetrizable and have a self-adjoint realization in some Hilbert or
Krein space.

The structure of the BKS(N,0) class, thanks in part to results as
in [18], seems to be fairly well understood although no global solution
to this problem is currently known. In fact, the exact contents of
BKS(6,0) are not explicitly known. Several conjectures about the
content of this class are made in [5]; in particular, Conjecture 5.3
in [5] states that the only orthogonal polynomials (up to a complex
linear change of variable) in the BKS(N,0) class are the Hermite,
Laguerre, Laguerre type, Jacobi, Jacobi type, and Bessel polynomials
for certain restricted values of the polynomial parameters. Significant
progress has also been made on determining the minimal order N of
the corresponding differential equations; for example, see [8] and [10].

While it is possible to make reasonable conjectures for BKS(N,0),
it is not possible, at the moment, to make educated conjectures about
BKS(N,M) for M > 1 and N > 2. Many results for these classes
are surprising and seemingly roguish in nature. Indeed, the example
produced by Jung, Kwon, and Lee has dashed all hopes for a pattern
of symmetrizability that seemed to be emerging in this general classi-
fication problem.

The contents of this paper are as follows. In Section 2 we discuss
the main result in [7] that led these authors to the discovery of
the differential expression l4[-]. Also in this section, we will study
the properties of the polynomials {Q,(z)}32, and their relationship
with the left Legendre type polynomials {PL,(x)}52, (see [6] and
[21]). As we will see, the derivatives of the polynomials {Q,(x)}5,
are the left Legendre type polynomials, which satisfy a fourth-order
formally symmetric equation. It is this reason that there is a self-
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adjoint realization of the nonsymmetrizable expression l4[-]. Section 3
will deal with the spectral analysis of the fourth-order left Legendre
type differential expression myly]; we only state the main results
of this analysis since this work was previously established in [6],
[12] and [21]. In Section 4 we introduce the appropriate Sobolev-
Hilbert space H where both the self-adjoint realization of 4[] and
the orthogonality of the polynomials {Q,(z)}>2, (to be precise, the
sequence of ordered pairs {(Q,, @), (—1))}52,) live. Section 5 will deal
with the self-adjoint operator S in H and its properties, generated
by l4]]. Section 6 will be concerned with the left-definite theory
generated from the expression l4[-] and a new type of orthogonality
for {Qn(x)}5%,. Lastly, in Section 7, we discuss further examples of
nonsymmetrizable differential equations having orthogonal polynomial
solutions in the BK.S(6,1) and BK S(8,1) classes as well as a conjecture
concerning the BKS(N,1) class. Also, in this section, we give a
generalization of the main Jung, Kwon, Lee theorem (see Theorem
2.1 below). From this generalization, we produce a new example of a
nonsymmetrizable fourth-order differential equation having a sequence
of orthogonal polynomial solutions in the BKS(4,2) class.

2. The result of Jung, Kwon and Lee. Recall (see [3]) that a
moment functional 7 : P — R is a real-valued linear function on the
set of one-variable polynomials P. By Boas’s theorem (see [3, p. 74])
T has a representation as

<T>p>=/Rp(w)du, peP,

where p is some finite, (possibly) signed Borel measure. The moments
of 7 are the numbers

Tn = (1,2"), n € Ny.

We say that 7 is quasi-definite, respectively, positive-definite, if, for
each n € Ny,

det(7;45)i j—0 7 0 respectively, det(7i1;);;—¢ > 0.

A sequence of polynomials {p,(z)}>2,, where deg(p,) = n for each

n € Ny, is said to be an orthogonal polynomial sequence with respect
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to 7 if there exist nonzero numbers K,,, n € Ny, such that {7, p,pm) =
K0n.m, n,m € No, where 6, ,, is the Kronecker delta function. It
is well known (see [3, Chapter I, Section 3]) that 7 is quasi-definite if
and only if there exists an orthogonal polynomial sequence with respect
to 7.

For what follows in this section, the notation (7, pq) denotes the action
of the moment functional 7 on the polynomial p(x)q(z). Beginning in
Section 4, the notation (f,c) will denote an ordered pair in a certain
inner product space, with the first component being a function f and
the second component of this pair being a complex number ¢; the
contexts of these two identical notations should be clear and should
not cause any confusion.

In [7], the authors prove the following theorem:

Theorem 2.1. Consider the Sobolev bilinear form

(2.1) ¢(p,q) = Ap(c)g(c) + (1, 0'7)

where T is a quasi-definite moment functional and X, c are real con-
stants. Then ¢(-,-) is quasi-definite if and only if A # 0. Moreover, let
{Pp(2)}52 be the monic orthogonal polynomial sequence with respect
to T and, for fired X # 0, let {Qn ()}, denote the monic orthogonal
polynomial sequence associated with ¢(-,-). Then

Qolz) = 1: _n/zal neN.

In particular, Q,(c) =0 for each n € N.

(i) Suppose further that {P,(x)}5, € BKS(N,0); specifically,
suppose that y = P,(z) satisfies the Nth-order differential equation

mN[y](x) = ,uny(:c), n € No,
where
(2.2) mu[yl(z) = an(@2)y™ (@) +an_1(2)y ™D (@) + - +ai (2)y (2).
If

=
=

(2.3) (-1)7af) () =0, 1<k<N

<.
I
o
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then {Qn(z)}22, € BKS(N,1) with y = Qn(x) satisfying the Nth-
order differential equation

In[yl(z) = Any(x), n € No,
where
(24) Infy)(x) = by (@)y™ (@) + by 1 (2)y NV (@) + -+ ba ()Y (2),

with the coefficients of In[-] being given by

N—k
(2.5) be(z) = Y (~1)Yaf) (z), 1<k<N,
§=0
and
An = -1 +by(2z), p-1=0; n€ N
Moreover,
(2.6) be(c) =0, 1<k<N,

and, formally, U [y] = mn[y'].

(ii) Conversely, suppose that {Qn(2)}5., € BKS(N,1) with y =
Qn(z) satisfying the Nth-order differential equation

In[yl(z) = Any(2),

where I[] is given in (2.4). Then the coefficients of In[-] satisfy (2.6).
Furthermore { P, (x)}2, € BKS(N,0) with y = P,(x) satisfying

my[y|(z) = pny(z), n € N,
where my|[] is given in (2.2) with the coefficients satisfying

B b (z) fork=N
(@) = {b;m(x) +hi(z) forl<k<N-1,

and
fn = Ant1 — bi(x), n € Ny.
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Moreover, (2.3) is satisfied and, formally, Iy[y] = mny[y'].

Jung, Kwon and Lee applied this theorem to obtain a new orthogonal
polynomial sequence {Q,(x)}5%, in the BKS(4,1) class. Indeed, from
Theorem 2.1, the associated polynomial set { P, (z)}22, belongs to the
BKS5(4,0) class and, hence, are necessarily one of the polynomial sets
in the BKS(4,0) class. The only fourth-order equation from this class
that fits the conditions of Theorem 2.1 is

maly](z) := (z° = 1)°yW + 8x(a? — 1)y"”
+(z+1)((4A + 14)z — 4A — 10)y”
(2.7) +((8A+4)z +4)y + ky
= ((1—-2*)%y")"
—2[1—2) (A + 1)z + 24+ 3) /] + ky,

where A # 0 and k are fixed constants. The expression my[-] is called
the left Legendre type differential expression. For each n € Ny, the
equation

malyl(z) = pny(z),

where
(2.8) tn =n(n+1)(n? +n+4A) +k

has a polynomial solution PL,, (z) of degree n. These polynomials are
called the left Legendre type polynomials; the nth degree monic left
Legendre type polynomial y = PL,,(x) is explicitly given by

(2.9)

— ;22 (0)*(n + )\ (n* + 1+ 24— )
PLa(w) = X (1 = et — 12 + 24)

(1 - x)jv
n € Npy.

In terms of the general Jacobi type polynomials studied by Koorn-
winder [11], we have

(2.10) PL,(z) = PLOOWA0 (1) p e Ny.
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Furthermore, when A > 0, the left Legendre type polynomials form a
complete orthogonal set in the Hilbert space Li[—l, 1) defined by

(2.11)
Li[—l7 1):={f:[-1,1) = C| f is Lebesgue msble and (f, f), < oo},

where the positive-definite inner product (-,-), is defined by

a (=Da(=1)
(@) = p(x)g(z)dp = pP= )9 =0
(2.12) /[—LU A

+/_1p(x)§(x) dx, f,gELi[—l,l).

In fact, they satisfy the following orthogonality relation:

(n1)4220H1 (2 4 25 4 24 + 1) )
(2n + 1)!I(2n)!(n? + 24) n,m»
n,m € Np.

PL,,PLy), =
(2.13) ( )

It follows from the conditions of the above theorem that:
(i) c=1,

(ii) the monic polynomials {Q,(x)}52, are given by
(2.14) Qo(z) =1, Qn(z) = n/ PL,_1(t)dt, neN,
1

and, from (2.5),

(iii) the fourth-order differential expression l4]-] is given explicitly by

Llyl(z) = (2% — 1)%yW + da(2a® — 1)y

(2.15) "
+2(x — D[(1+24)z +2A + 3]y + ky,

and satisfies
(2.16) l3ly] = maly'].

Observe that 4[] is not Lagrangian symmetrizable; indeed, this follows
since there is no first-order derivative term in the expression. On the
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other hand, from (2.7), my[-] is formally Lagrangian symmetric. For
each n € Ny, y = Q. () satisfies

(2'17) l4[Qn](I) = /\nQn(‘T)a
where
(2.18) Ay =n(n—1)(n?—n-+44A)+k, neNy.

Furthermore, from (2.1) and (2.2), these polynomials are orthogonal
with respect to the Sobolev inner product

219 (fh = a0 + 5 707 + [ s
In fact, (Qo, Qo)1 = 1 and
(2.20)
() ((n—1))222 1 (n? + 24A)
(anle)l - (2n _ 1)'(2TL _ 2)'(”2 _ 277, + 2A + 1) 6n,ma n;m e NO'
3. Spectral analysis of my[-]. In this section, we review the

work found in [6], [12] and [21] on the spectral analysis of the self-
adjoint operator generated by my[-] having the left Legendre type
polynomials (2.9) as eigenfunctions. For a further reference, a complete
and comprehensive treatment of the spectral study of the Legendre type
polynomials, which satisfy the fourth-order differential equation

(22 = 1)%y® 4 8x(22 — 1)y® + (4A +12)(2? — 1)y" + 8Azy + ky = My,

can be found in [4]; many of the arguments used in [4] carry over
with some modifications to the spectral study of the left Legendre type
differential equation (2.7).

Until further notice, we will henceforth assume that A and k are fixed,
positive constants (in Section 7 we will, at one point, set A = —1).

From the orthogonality of {PL, ()}, the study of any self-adjoint
operator generated from my[-], having these polynomials as eigenfunc-
tions, is necessarily in the Hilbert space Li[—l, 1). Even though the
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classical Glazman-Naimark-Krein theory [22], developed for the classi-
cal Lebesgue-Hilbert space L2( , 1), cannot be directly applied to the
spectral study of my[-] in L%[—1,1), this theory is essential in our ul-
timate construction of the self—adjomt operator T in L2[ , 1), having
the left Legendre type polynomials as eigenfunctions.

To begin, the mazimal domain A C L*(—1,1) associated with my][]
is defined to be

A={f:(-1,1) — C| f9 € AC1c(—1,1),
(3.1) ] )
j=0,1,2,3; f,m4[f] € L*(—1,1)}.
For any f,g € A, we have Green’s formula
+1
(3.2) / [malf)(2)g(2) = f(x)malg](2)) dz = [, g)() |11,
-1
where [, ] is the sesquilinear concomitant defined by
(3.3)
[f; 9)(x)
={[(1=2?)?f"(2)) = 2(1 — 2)[(24 + D)z + 24+ 3]f'(2) } 5(x)
—{l(1= 27" (@) = 2(1 - 2)[(24 + D)z + 24+ 3]7'(2) } f(2)
(=2 {f"(@)7 (@) - " (@) f (@)}, ze(-11).

Furthermore, for any compact interval [, 3] C (—1,1), we have Dirich-
let’s formula

/ my[f x)dx

[{[(1 - xQ)Qf"(a:)]' —2(1-2)[(2A+ )z +24+3]f(z)}
g() = (1= 2% f"(2)g ()]
+ /ﬁ {(1=2%)%f"(2)g" () + 2(1 — 2)[(2A + 1)z + 24 + 3]
a @05 (@) + @)} da.

Note that, by definition of A, the limits lim,_.141[f, g](z) := [f, g](£1)
exist and are finite for all f,g € A. In [6] and [21], the following
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theorem is established concerning smoothness properties of functions
in A.

Theorem 3.1. Let f,g € A. Then
(i) " € L*(—1,0] so that f, f' € AC[-1,0];
(ii) limg, _1[(1 — 22)2f"(x)] = 0;
(iii) limg——1(1 — 22)2f"(2)g (z) = 0;
(iv) i, [/, g)(x) = —8 [f(~1)g(~1) — g/ (~1)F(~1)].

In order to define the self-adjoint operator T in Li[—l, 1), generated
from my[-], having the Legendre type polynomials {PL,(x)}5, as
eigenfunctions, it is necessary to define the following two “Glazman
boundary” functions and to consider a certain subspace of A. Indeed,
construct hy, hy € C4[—1,1] C A such that

0 for z near —1

hi(z) = {

1 for z near 1,

(3.5)
0 for & near —1
hate) = {
1 -2 for z near 1.
Define
(3.6) S={feA|[fh](1)=0, j=1,2}

An elementary calculation shows that {PL,(z)}5, C J; consequently,
since the space of polynomlals P is dense in L2[ 1,1], we see that ¢ is
a dense subspace of L?[—1,1]. The following theorem (see [6] and [21])
shows that functions in ¢ enjoy rather surprising smoothness conditions
on the closed interval [—1,1].

Theorem 3.2. Suppose f,g € 6. Then
(i) f” € L?(—1,1) so that f, f' € AC[-1,1];
(i) limg— g1 [(1 — 22)* f"(2)]" = 0;
(iif) limg—t1(1 — 2?)* f"(2)g' (z) = 0;
(iv) lim,—41[f, g)(z) = 0.
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From Theorems 3.1 and 3.2, it follows that Green’s formula, restricted
to functions f, g € §, reduces to

“+1 -
(3.7) /  [malf@late) - Sl do
— 8[f'(~1)g(~1) - f(~1)7(~1)].

Moreover, from Theorem 3.2 (i), (ii), (iii) and (iv), we deduce from
(3.4) that, for f,g €4,

+1
(3.8) / malf)(2)g(x) da

o
= {1 =2*)2f"(2)7" (z) + 2(1 — 2)[(2A + 1)z + 24 + 3]

f'(2)7 () + kf(2)g(z) } do
8/~ 1)g(-1).
We are now in a position to define the operator T' in LZ[—L 1), gen-

erated from my[-], having the Legendre type polynomials as eigenfunc-
tions.

Definition 3.1. Let T : D(T) C L7[-1,1) — L2[-1,1) be the
operator defined by
—8Af(-1)+Ekf(-1) ifz=-1
T(fl(z) =
my[f](x) for a.e. z € (—1,1)
feD(T):=4,

(3.9)

where 0 is defined in (3.6).

An elementary calculation shows, for each n € Ny, that T[PL,|(x) =
pnPLy(x) where pi,, is defined in (2.8). Notice, from the definition of
T and (3.8), we have

(T[PLy,], PLy,),
= k(PLy, PLy,),

/{1—x PLI(z)PL) () +2(1 — z)((2A + 1)z + 2A + 3)

- PL,(z)PL,,(z)} d,
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and, in particular, that

(3.10)
1
k(PL,,PLy), +/ {(1 = 2*)*PLl(z)PL! (z)
-1
+2(1—z)((2A+ 1)z + 24+ 3)PL,, (z)PL,,(z)} dx

()22 (2 + 2n 4 2A + 1) (n(n + 1) (n® + n + 44) + k) 5
B (2n + 1)!(2n)!(n? + 2A) e
n,m € Npy.

This is the left-definite orthogonality relationship which will be dis-
cussed in further detail in Section 6 below.

Using (3.7), it is routine to check that T is symmetric in L2[—1,1).
In fact, T is self-adjoint as claimed in the next theorem (see [21] and
[4]). This fact, together with several key results needed to establish this
theorem below, holds the key for the spectral analysis of the expression
14]-] in the Hilbert space H defined below in Section 4.

Theorem 3.3. For Ak > 0, the operator T, defined in (3.9), is a
self-adjoint operator in Li[—l, 1).

Moreover, the spectrum of T is simple, discrete, and given by o(T) =
{pn | n € No}, where p, is defined in (2.8). The corresponding
eigenfunctions are the left Legendre type polynomials {PL,(x)}32 .

Remark 3.1. The proof, given in [21, pp. 121-128] (see also [4]), of
the self-adjointness of the operator T involves several steps, including a
key application of the classical Glazman-Krein-Naimark (GKN) theory
(see [22, pp. 74-76]). Indeed, a self-adjoint operator N in the classical
Lebesgue space L?(—1,1) is constructed having GKN boundary condi-
tions. Since this operator N is important for later use in this paper, we
now describe this operator and some of its properties. Since x = +1 are
both regular singular points of my[y] = 0, we can apply the method of
Frobenius to show that my[-] is in the limit-4 case at z = 1 and in the
limit-3 case at © = —1. Hence, from the GKN theory, two appropriate
separated boundary conditions at x = 1 and one appropriate separated
boundary condition at x = —1 are needed in order to obtain a self-
adjoint operator in L?(—1,1) generated from my[-]. In particular, the
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operator N : L?(—1,1) — L?(—1,1) defined by

N[fl(@) = ma[fl(x), ae xe(=1,1),
feDN) ={f € A[[f; (1) = [f, ho](1) = [f, hs](=1) = 0}

is self-adjoint, where hz € C*[—1,1] is constructed so that

1 =z near —1

h(z) = {

0 x near +1.

Moreover, N is bounded below in L?*(—1,1) by kI, where I is the
identity operator. Since k > 0, we can therefore conclude that
0 € p(N), the resolvent set of N. From the method of Frobenius,
the indicial equation about x = —11is (p — 2)(p — 1)p(p+ 1) = 0 and
four linearly independent solutions of my[y] = 0, expanded about the
point z = —1, have the following optimal forms:

1(z) = (z +1)3 Zan(:ﬂ + 1" (ap=1),

n=0

Yo(@) = (@ +1) Y bu(z+1)" + (z+1)*log(1+2) Y cn(z +1)",

n=0 n=0

bo = & o= A
760" O 180 )

P3(x) = Z dp(z+1)" + (14 2)*log(1 + z) Z en(z+1)",
n=0 n=0

Gl 16412k
07 718000 Y T 43200 )’

Yy(x) = Z fu(z + 1)n71 + log(1 + z) Z gn(z +1)",

n=0 n=0

P 34
"= T 000 T T 200 )

It is easy to see that 1; € A for i = 1,2,3. Moreover, we can choose
constants oy, as, ag € C such that

(3.11) Y(x) = ar191(z) + aeta(x) + azs(x)
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satisfies

[, ha](1) = [¥, ko] (1) = 0,

where [, ] is the bilinear form defined in (3.3); that is to say, ¥ € 4.
It follows then that ¢ ¢ D(N). For, if ¢y € D(N), then ¢ is an
eigenfunction of N corresponding to the eigenvalue A = 0, contradicting
the fact that 0 € p(N). By scalar multiplication and Theorem 3.1 (iv),
we can therefore assume that ¢'(—1) = 1.

Remark 3.2. Another key result in establishing the self-adjointness
of the operator T is the fact that the related symmetric operator
Ty : L%[-1,1) — L2[—1,1) defined by

“8Af(~1) ifx=—1
T[fl(z) =
mylf](z) a.e. z € (—1,1)
D(T)) =6
is onto L?%[—1,1) and therefore is self-adjoint (see [1, Section 41]). In
particular, if g € L?(—1,1), there exists h € § such that my[h|(z) =

g(z) for x € (—1,1). This fact will be important in subsequent
discussions below.

4. The space H. The maximal vector space of functions for which
the bilinear form (-,-)1, given in (2.19), is well-defined is

Y :={f:[-1,1] — C| f(—1) exists and is finite;
[ exists a.e. x € (—1,1]; f € L*(—1,1)}.
However, (Y (+,-)1) is not a Hilbert space; in fact, (-, )1 is only a pseudo
inner product on Y x Y. In this section we find the completion of this
space. To begin, define
(4.1)  Ho:={f:[-1,1] — C| f € AC[-1,1]; f' € L*(—1,1)},

and endow it with the inner product

(F.9)m, = F(L)g(1) + / @@ fgeH
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Lemma 4.1. The space (Ho, (-,")m,) is a Hilbert space.

Proof. Suppose {f,}22, C Hp is Cauchy. In particular, {f,(1)}52, C
C is Cauchy and {f/}°°, is Cauchy in L?*(—1,1). Hence, there exists

n=

a € Cand f € L?*(—1,1) such that
‘fn(l)_a‘ — 0, n— oo,

and
1
L @) — f@)f de — 0, n— .

Define g : [-1,1] — C by

ofa) =a— [ ' f(a)de.

Then g € AC[-1,1]; moreover, g(1) = « and, for almost every
r € [-1,1], ¢'(z) = f(z) € L?>(—1,1). Hence, g € Hy. Finally

! 2
1o = 9llTr, = [fu(1) = g(1)? +[1 (@) =g () do

1
= —al? ") = f(2)? da
1) |+/_1\fn() f@)P d

—0, n— o0. ]

Let H := Hy x C and, for ordered pairs (f, a) and (g, 3) in H, define
the inner product (-,-)g on H as

(Fra), (g, 8)) b = (fr9) o + %

Observe that

(4.2) (£, F(=1), 9.9 (=1))) = (f,91, [.g€Y.

We now show that (H, (-, )y) is a complete Hilbert space and that
completion of Y in the norm generated from (2.19) is (H, (-,*)g).
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Theorem 4.1. The space (H, (-,-)u) is complete.

Proof. Suppose {{fn, an)}>2, is Cauchy in H. It follows that {f},}22,
is Cauchy in L2(—1,1), {a,}5°, is Cauchy in C, and {f, (1)}, is
Cauchy in C. Hence there exist g € L?(—1,1), a, 3 € C, such that

| fr—9ll2—0, lon — a — 0, |fn(1) =B — 0, n — oco.

Define h : [-1,1] — C by

1
M@:ﬂ—/g@ﬁ,wekLH

Then h € AC[-1,1] and h' = g € L?*(—1,1) so h € Hy; consequently,
(h, ) € H. Moreover, noting that h(1) = 3, we see that

o — oy |? ’ ’
I (h0) — () I = S0 ) — P 0 - 7 13

—0 asn — oo.

In order to see the relationship between Y and H, we define the
operator P:Y — H by

mﬂ—<ﬂn—/fWMufen>
Notice, from (4.2), that

(4.3) (fr91 = (P(f), P(9)u, fg€Y;

furthermore, if f € Y and f € AC[-1,1], then P(f) = (f, f'(-1)).

Theorem 4.2. The mapping P is a linear isometry onto H.
Hence, Y can be represented as the Hilbert space (H, (-,-)m) through the
mapping P. More specifically, Y/ ker(P) is isometrically isomorphic to
H.
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Proof. Clearly, P is linear and (4.3) shows that P is a pseudo-
distance preserving map between Y and P(Y). It remains to show
that P(Y') = H. Since the kernel of P is

ker(P) ={f €Y [[| f [la= 0},

it will follow that Y/ ker(P) is isometrically isomorphic to H and hence
that H can be identified as the completion of Y under the isometry
P. Let (f,c) € H. Since f € AC[-1,1], f is uniformly continuous on
[—1,1]. Consequently, for each n € N, there exists m,, € N such that
if x,y € [-1,1] and |z — y| < 1/(n(n + 1)my), then

1
— < —.
@)= £ < s
For each n € N, let t, = —1 + (1/n). For each n € N and each

i€{0,1,....,mp}, let up; = ((mp — 0)/mp)tn + (i/my)tn11. Observe
that
0=t =uio>ui,1 > > U,m =t =1Up

> > U2, =t3=u3’0 > e
with the limit of elements in this ordering being —1. Define a function
h:[-1,1] — C by
0 ifx=0
F@)=f(ung) + ctuns) if @ € [up, uni1)

h(w) = for somen € Nand 0 <i<m,
f(z) if z € [0,1).
Note that h(—1) = 0, h'(z) = f'(x) almost everywhere z € [—1,1]
and h(l) = ( ). In particular since f € AC[-1,1], we have
h(1)— f R (t)dt = f () dt = f. Also, for z € [up i, Upi—1),
M@—hFU:c+c%n—$+ﬂ@—mef
z+1 z+1 z+1

Now |f( )= f(un,i)| <1/(n(n+1)) since |x — tp | < |Un,im1 — Uni| =

1/(n(n +1)my). Thus

f unz)
J;+1

1 1 1
=——0 asz—
nn+1)tp41+1 n

_1+’
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and

1 1 1
<= >0 asx— —1T.
nn+Dm, thy1+1 " n

Uni — T
r+1

Thus h'(—1) exists and equals ¢. Hence, h € Y and P(h) = (f,¢) so
that P is onto H. O

Recall that P denotes the set of all (complex-valued) polynomials in
the real variable . We now set out to show that the set

(4.4) Py = P(P) ={{p,p'(-1)) | p € P}

is dense in H.

Theorem 4.3. The set {{(Qn, QL (—1))}°, is a complete orthogonal
set in (H,(-,-)mg); here Qun(x) is the polynomial defined in (2.14).
Consequently, Py is dense in (H, (-,")m).

Proof. First, for any n,m € Ny, we have from (2.20) that

(Qur @y (~ 1)), Qo <—1>>>H
= Qu(1)@n() + 1 Qh(-1 /Q

(Qnan)l
Py o)
C @ -DI@n-2)i(n? - 20 +24+1) "

so {(Qn,Q,(-1))}22, is an orthogonal set in (H,(-,-)g). Suppose
(f, ) € H satisfies

({f, ), (@n, @n(=1)))m =0, n € No.

That is to say,

(45) F1)Qu(1) + 5 Qu(-va+ [ F@)@()dz =0, neN,
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In particular, for n = 0, we see that f(1) = 0. Furthermore, from
(2.14), we have Q' () = nPL,_1(z) so (4.5) can be rewritten as

L

(46)

1
PL, (-« +/ f'(@)PL,—1(z)dz =0, neN.
-1

If we let n = 1, then (4.6) implies that

(4.7) % + /_1 F(x)dz = 0.

It follows, since f(1) = 0 and f is absolutely continuous on [—1, 1], that

Hence we can rewrite (4.6) as
1
(4.8)  f(-1)PL,_1(—-1) +/ f'(@)PL,—1(z)dz =0, neN.
—1
Integrating by parts, we see that (4.8) simplifies to

1
[ t@rr @d=0. nen.
-1

Since {PL) (z)}52, is a basis for the space of polynomials we have, by
Weierstrass’ approximation theorem, that f(x) =0 on [—1,1]. Hence,
since A > 0, we see from (4.7) that a = 0, i.e., (f,a) = (0,0) showing
that {(Qn,, Q. (—1))}2, is a complete orthogonal set in (H, (-, )qg).
The density of Py now follows, completing the proof of the theorem.
o

5. The self-adjoint operator S. From the fundamental relation
(2.16), it is natural to define the following two sets:

(5.1) A ={f:(-1,1) — C| ff e A}
and

(5.2) 8 ={f:(-1,1) — C| f €},
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where A and ¢ are defined in, respectively, (3.1) and (3.6). Since

A ={f:(-1,1) — C| fU) € AClpe(—1,1),

(5.3) , , S
7=0,1,2,3,4; f',13[f] € L*(-1,1)},

we can view A’ as the maximal domain of I4[-] in L?(—1,1) endowed
with inner product

(f,9) = [1f’(t)g’(t) dt.

Observe that
PCé,

where P is the space of all polynomials. The space §’, as we will shortly
see, will prove crucial in developing the spectral theory of l4[-] in the
Hilbert space H, defined in the previous section. The next result follows
immediately from Theorem 3.1 and Theorem 3.2.

Theorem 5.1. Suppose f,g € &'. Then
(i) f € L*(—1,1) so that f, f', f" € AC[-1,1];
(ii) limg41[(1 — 2?)2f" (2)] = 0;
(iii) limg—41(1 — 22)2 " (2)g" (z) = 0;
(i) Tim, 11", 9')(x) = 0
(v) limg——1[f", ¢'l(x) = =8[f"(-1)7' (1) = 7" (1) f'(-1)].

Notice, from the definition of A’ and Theorem 3.2, that if f € A/,
then f/(—1) exists and both f and l4[f] belong to Hy, where Hy is
defined in (4.1). Consequently, (f, f/(—1)) € H and (l4[f],¢) € H for
all f € A’ and all ¢ € C. Moreover, from Theorem 5.1 and the fact
that we can write

Lfl(z) = ((z* = 1)*f"(2))" + 2(x = D[(1 + 24)x + 24 + 3]
f”(:[:)-l—kf(.’[), fE(S/; T € (_171)a

we have

(5.4) lim L{f](x) = kf(1), f €.
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Define

(5:5) D:={(f,f(=1) | fed}

Since Py C D C H, we see, from Theorem 4.4, that D is a dense
subspace of H.

Definition 5.1. The operator S : D(S) C H — H is given by

SUE S (=) = (lalf], = 8Af"(=1) + kf'(-1))

59) (. F/(~1)) € D(S) = D.

In this section we show that S is self-adjoint with discrete spectrum
a(S) ={ x| n €Ny},

where A, is defined in (2.18). We begin by showing;:

Theorem 5.2. The operator S is symmetric and bounded below by
kI in H, where I is the identity operator in H. In particular, 0 € p(S),
the resolvent set of S. Furthermore, for each n € No, (Q,, Q" (—1)) is
an eigenfunction of S corresponding to the eigenvalue A, .

Proof. Let (f,f'(-1)), (g9,9'(—-1)) € D. Then, from (5.4) and
Theorem 5.1, we have

(SKLFEDN 9" (=) 4

= ((a[f], =8AS"(=1) + kf'(=1)), (9.4 (=D)))u
1

= L[fI(Wg(1) + 5 (=8Af"(=1) + kf'(=1)7'(=1)

+ / ) (@) da

= K (1)g(1) + 7 (~8AF(=1) + Kf (~1)g' (1)

+ / mlf)(w)g () da
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= K (Dg(1) + - (~8AF"(~1) + kf (~1))g'(-1)

4 / S (@)malg)(z)da

+ lim [f', ¢'](2) = lim [f", g'](x)
= kf(D)g(1) + % (= 8AS"(~1) + kf (~1))g/(~1)

/f m4

+8f(=1)g'(=1) = 8f'(-1)7’ ( D)
= kf(1)g(1) = 8f'(=1)g" (-1 )+Zf (=1)g'(=1)

4 / @) de

= FOREI) + 5 (845" (~1) + kg'(~1))7'(~1)
1
+ [ @)

-1

= (£, (=1)), SUg, ' (D)) >

showing that S is symmetric. Moreover, from (3.8), we see that for all

(f,J'(~1)) € D,
(S =] (=)

_klfa >|2+%< SAF (1) 4k (—1) /(1)

/ my| f’](m

= kIf() +%( SAS"(=1) + Bf (=) (=1) + 8f"(-1)f'(-1)

+1

4 {(1 _ I2)2f/”(x)f_/”($)

2(1 — z)[(2A+ Dz + 2A + 3] f"(x) ' (x) } d=

+
Tk / @@
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= k((f, f' (=) (f, F(=1))
+1

+ [ {a =@ @)

-1

+2(1 — 2)[(2A+ D)z + 24+ 3] f"(x) f"(x) } da
> k(<f7 fl(_1)>> <f7 f/(_1)>)H’

since the functions (1 — 22)? and 2(1 — 2)[(24 + 1)z + 2A + 3] are
nonnegative on [—1,1]. This shows that S is bounded below by kI
in H. On account of (2.17), in order to show that the ordered pair
(Qn, @), (1)) is an eigenfunction of S for each n € Ny, it suffices to
show that

—8A4Q(—1) + k@, (=1) = AnQn(-1).
Since y = PL, () satisfies my[PL,_1](z) = (n(n—1)(n? —n+4A)+
k)PL,_1(x), we see that in particular
(n(n —1)(n* —n+4A) + k)PL,_1(—1)
(5.7) =my[PLy_1](-1)
= —8APL,_,(—1) +kPL,_1(-1).

n—1

Substitution of @/, (—=1)/n = PL,—1(—1) and Q//(-1)/n = PL,,_,(-1)
into (5.7) yields the result and completes the proof. o

In order to show that S is self-adjoint in H, we first need to establish
the self-adjointness of the related operator S; : H — H defined by

S1((f, f1(=1))) = (lalf], = 8Af"(=1))
D(Sy) = D.

Theorem 5.3. The operator Sy is self-adjoint.

Proof. The proof that S is symmetric is identical to the proof in
Theorem 5.2. To show that S is self-adjoint, we show that S7 is onto H.
It will follow from [1, Section 41] that S; is self-adjoint. Let (g, c) € H;
notice that g € AC[—1,1] and ¢’ € L?(—1,1). From Remark 3.2, there
exists h € § such that

mylh](z) = ¢'(z), ae xe(-1,1).
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Moreover let 1 (z) be the function defined in (3.11); then ¢ € ¢,
Y'(—=1) # 0, and ¢ is a solution of my[y] = 0 on (—1,1). Define

F:[-1,1] — C by
/h t) dt — /h

(58) g(1)  (BAR(—
+ k + SAw’ / ¥(®)

so that
(5.9) F(1) = %
Since (BAN(~1) 1 o)

F'(z) = h(z) — W(—l) Y(x) €6,
we have that F' € §'. We show that

Si1((F, F'(=1))) = (g,¢).
Now S AR
/(@) = malt)(a) = s | 7+ CLEEDED o (1)

= ma[F')(z) = [}[F](),

and hence

9(x) = L[Fl(z) + A, ze[-11],

for some constant A € C. In particular, from (5.4) and (5.9), we see

that
g9(1) = La[F](1) + A
=kF(1)+ A
=9(1) + 4,
so A = 0. That is to say,
(5.10) 4[F)(z) = g(z) on[-1,1].

From Theorem 5.1, we have that F” € AC[—1,1] and, from (5.8), we

have
(8AR'(—1) +¢)

F'(x) =1 (x) — SV

¥ (x)
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so that
_ 1y — e (SAhI(_l) + C)
(5.11) 8AF ( 1) 8Ah ( 1) + —77[1/(—1)

From (5.10) and (5.11), we see that S1((F, F'(—1))) = (g,c) showing
that Sp is onto. ]

P'(=1)=c.

We now define Sy : H — H by Sa2({f,¢)) = (0, kc) for all (f,c) € H.
It is easy to see that Sy is symmetric (and bounded) in H and hence
self-adjoint.

Theorem 5.4. The operator S, defined in (5.6), is self-adjoint and
has, as a complete orthogonal set of eigenfunctions, the polynomial set
{Qn, Q1 (=1))}5% . The spectrum is discrete and given by

a(S) ={ | n €Ny},

where Ay, is defined in (2.18).

Proof. The orthogonality and completeness of {(Qy,, @, (—1))}5°, is
established in Theorem 4.4 while Theorem 5.2 contains a proof that the
ordered pairs (Qn, @, (—1)), n € Ny, are eigenfunctions. Notice that
S = 51+455. Since both S; and Ss are self-adjoint, they are both closed
operators. In fact, since Ss is also bounded, S is a closed symmetric
operator in H. Moreover, since S; is self-adjoint, its deficiency indices
are both zero. Hence (from [22, Section 14.7]), since S; is a closed
symmetric operator in H and S is a bounded, symmetric operator in
H, the operators S; and S = 57 + S have the same deficiency indices.
That is to say, the deficiency indices of the closed symmetric operator .S
are both zero. Consequently (from [22, Section 14.4]), S is self-adjoint.
Since A\, — 00 as n — 00, it follows that the spectrum of S is discrete
and consists only of the eigenvalues {A,, | n € No}. O

6. Left-definite analysis of l4[-]. In order to develop the left-
definite theory of the expression l4[-], we first establish the following
lemma.

Lemma 6.1. A’ C A and &' C 6.
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Proof. From (5.3), it is clear that &' C A’ C A. Let f € §’. Then,
from Theorem 3.1, lim,_1[f, h1](z) exists and equals

lim £, b)) = lim (1 — %)% " ()Y’

where [, -] is defined in (3.3) and hq(z) is defined in (3.5). Suppose
that lim, .1 [f, h1](z) = ¢ # 0. Without loss of generality, suppose that
¢ > 0. Then there exists 2y > 0 such that

((1—=2*)f"(x)) >

=C, xzg<z<l.

o

Integrating this inequality on [zg, 2] yields
(1—2?)?f"(x) > Cx+ D
for some constant D. Dividing, we see that

Cx+D
"
f (I)Zm7 ro <z <1

However, this contradicts the fact that f” € AC[—1,1]. Hence
lim (£, hi)() = 0.

Using this fact, it follows immediately that
tim (£, ha](@) = 0.

and we therefore have f € 4. O

Recall, from Theorem 5.2, that for (f, f'(—1)), (g,¢'(—1)) € D,
(6.1)
(S [<f7 f/(_1)>] ) <ga gl(_1)>)H
= k(. f'(=1)), {9,9'(=1)))n
+1
+ [ =P @ @) + 20 - 2)(24+ Do+ 2443

f(@)g" (x)} da.
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It is this identity that prompts the following definition.

Definition 6.1. The set H is defined as:

H:={f:[-1,1 = C| f e AC[-1,1]; f' € ACioe[-1,1)N L2(~1,1);
"€ ACioe(—1,1); (1 —2)Y2f", (1 —2®)f" e L*(~1,1)},

and the set Hyp is defined as
Hip = {(f, /'(-1)) | f € H}.

For (f, f'(-1)), {g9,9'(—1)) € Hpp, define the inner product (-,-)s, 5
by

(f ' =0) A9, 9" (D)) Hin
= k(<f7 fl(_1)>7 <g7g/(_1)>)H

+1
4 g {(1 _ a:2)2f”'(a:)g”’(:v)

+2(1 = 2)[(2A+ 1)z + 24+ 3]f"(2)g" (z) } dx.

We call the inner product space (Hrp, (-,)m, ) the left-definite space
associated with the expression l4[-].

Notice that H C Hy and
(63) DCHi,p CH,

where H = Hy x C is the Hilbert space defined in Section 4 and D is
the domain of S defined in (5.5). Moreover, from (6.1), we have

6.4) (£, f'(=1), (9. (D)) rp = (SUL S (=1)), {9.9' (=)

for all (f, f'(-1)), (9,¢'(—1)) € D. In particular, from Theorems 4.4
and 5.2, we have the left-definite orthogonality relations

((Qo, Qo(=1)), (Qo, Qo (=) r.p, = F,
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and, for n,m € Ny, (n,m) # (0,0),

(<QH7Q/( )> <Qm7Q ( )>)HLD
(n(n—1)(n? —n+4A+k))(n))?((n — 1)1)222n=1(n2 + 24)

= O -

(2n —D!I2n—2)!(n2 —2n+2A+1)

The following theorem can be established in the same fashion as in [5]
and [21]; we leave the details to the reader.

Theorem 6.1. (Hyp, (-, )u,,) is a Hilbert space.

It is not difficult to extend the identity in (6.4). Indeed, it can be
shown that

(SWL L)), (g, g (D) = (f, F/(=1), (9.9 (=) r.p
(6.6) for (f, f'(=1)) € D, (9,¢'(-1)) € Hip,

and

((f £ (=1)), SUg. g (=))))u = ((f, £ (=1), (9.9 (=) .
(67) for <f7 ( 1)> € HLDa <gag/(_1)> eD.

We now define the operator R: Hyp — Hpp by

R((f, f'(=1))) = Ro(S)((f, f'(=1)))
(f,f'(=1)) € D(R) := Hpp,

where Ry(S) is the resolvent operator of S corresponding to the regular
point A = 0 (see Theorem 5.2) that maps H onto D. From (6.3), notice
that R is well-defined on Hyp and maps into Hy p.

Theorem 6.2. The operator R is self-adjoint and 1-1. Conse-
quently, R~ is a self-adjoint operator.

Proof. Since the domain of R is all of Hyp, it suffices to show
that R is symmetric. Let (f, f'(=1)), (9,¢'(=1)) € Hrp. Since
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Ro(S)({f, f'(—1))) € D, we see from (6.6) that

(RS S (D)), (9, 9" (D)) rep

= (Ro(S)({£, £/ (1)), (9,9 (=1))) 1o
= (S(R (S)(< F=0N: 9. d' (=) m
(

)

/\\./

(£, F'(=1), {9, 9" (1)) ar-

Similarly, using (6.7), it follows that

(f, £(=1)), RUg, 9" (=D)) . = (f F'(=1)), (9,9 (= D)),

showing that R is symmetric. It is not difficult to see that R is 1-1 and
hence R~! is self-adjoint. O

The operator R~! is called the left-definite operator associated with
the differential expression l4[].

Theorem 6.3. For each n € Ny, (Qn, @), (1)) is an eigenfunction
of R™* associated with the eigenvalue \,,, defined in (2.18). Hence R™*
is an unbounded operator. Moreover, the sequence {{Qn, @, (—=1))}22,
forms a complete orthogonal set in Hyp.

Proof. Since S((Qn, @\, (—1))) = An{Qn, QL (—1)), it follows that
(Qn, @ (=1)) = R(S({Qn, @, (—1)))) = M R((Qn, Q,(=1)))-
Applying R~ to both sides yields

_1(<Qnu Q;(—l») = >‘n<Qn> Q%(_1)>

The orthogonality of {(Q,, Q) (—1))}22, was established above in (6.5).
To show that this polynomial set is complete in Hyp, suppose there
exists (f, f'(—1)) € Hpp such that

(<QW’Q;(_1)>7 <f7 fl(_1)>)HLD = 0’ ne NO-
From (6.6), we see that, for each n € Ny,
0= ({Qn, Qu(=1)), {f, f'(=D))Hrp

= (S({Qn, Qu(=1))), (£, f'(=)))m
= )\n(<Qn7Q;L(_1)>a <fa f/(_1)>)H~
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Since A, > 0 we find that

(<QH7Q;L(_1)>7 <f’ f/(_1)>)H :Oa TLEN().

However, from Theorem 4.4, {{(Q,, Q. (—1))}%, is complete in H;
hence (f, f'(—1)) = (0,0) in H and, hence, in Hyp as well. o

7. Further results. As far as these authors know, the differential
equation (2.15) is the first example of a nonsymmetrizable differen-
tial equation having orthogonal polynomial eigenfunctions and a self-
adjoint realization in some Hilbert space. In this section, we offer two
more examples of this phenomenon; this will lead us to a conjecture
below concerning the BKS(N, 1) class. Lastly, in this section, we gen-
eralize Theorem 2.1 to connect the BKS(N,0) and BKS(N,2) classes
and illustrate this result with another new example.

As this paper shows, the left Legendre type polynomials
{P,(ZO’O’(I/A)’O) (2)}5%, (see (2.10)) and the differential equation that
they satisfy produced the fourth-order differential expression l4[-] that is
the focus of this paper. We now show that the monic Jacobi type poly-
nomials {PTEO’L“/A)?O) (2)}52, and {P,(ZO’Q’(I/A)’O) ()}, which satisty,
respectively, sixth-order and eighth-order differential equations, will
produce two more examples of nonsymmetrizable equations with self-
adjoint realizations having orthogonal polynomial eigenfunctions.

The monic Jacobi type polynomials {Péo’l’(l/A)’O) (2)}5% (see [11])
are in the BKS(6,0) class. They satisfy the symmetrizable (with
symmetry factor f(x) =1+ ) sixth-order differential equation

(7.1)
(22 = 1)%y© +3(1 — 22)%(7x — 1)y® + 3(2® — 1) (4622 — 8z — 14)y™¥
+3(z 4+ 1)(1102% — 116 + 14)y®
+6(z+1)((4A + 42)z — 4A — 30)y”
+ ((7T2A +36)x — 24A + 36)y" + ky
= "Y,

where v, = n(n + 2)(n* + 4n3 + 5n2 + 2n + 24A) + k and A,k > 0.
These polynomials are orthogonal with respect to the inner product

() = 5 (- / F(@)a(x)(1 + ) d.



SELF-ADJOINT OPERATORS 931

Equation (7.1) fits the hypotheses of Theorem 2.1 with ¢ = 1. It follows
that the polynomials {@Qp ()}, defined by Qo 6(z)(z) =1 and

Qn 6 - n/ o 7(1/A ('T) di‘, n e Na

satisfy the sixth-order nonsymmetrizable differential equation

(22 — 1%y + 3(1 — 22)2 (5 — 1)y® + 3(2® — 1)(2122 — 4z — 9)y¥
+ 6(x — 1)(132% 4 162 — 5)y®)
+6(x—1)((4A+3)z +4A +9)y"
+24A(x — 1)y + ky
= TnY,

where 7, = n?(n* — 2n% 4+ 24A + 1) + k. Furthermore, the polynomials
{Qn,6(x)(2)}5%, are orthogonal with respect to the inner product

1
%6 (p,q) :p(l)q‘(1)+%p/(—1>q/(—1>+/ P (2)7 (@)(1 + z) dz.

-1

o0

Similarly, the monic Jacobi type polynomials {PY(LO’Q’(UA)"O) (z)}22,
satisfy the symmetrizable (with symmetry factor f(z) = (1 + z)?)
eighth-order differential equation

(22 — 1)y® + 4(2? — 1)3(102 — 2)y ™ + 96(22 — 1)%(622 — 22 — 1)y®
+96(x? — 1)(392° — 152% — 212 + 5)y®
+ 24(x + 1)(4712° — 62722 + 93z + 71)y™W
+ 288(x + 1)(512? — 58z + 11)y"”
+96(z + 1)((4A + 69)z — 44 — 51)y"
+192((8A+3)r —4A + 3)y + ky
= Wy
where w,, = n(n+3)(n°+9n® + 31n* +51n3 +40n> + 12n + 384A) + k

and A,k > 0. These polynomials are orthogonal with respect to the
inner product

(Jig)azi1 1g(— / f(@)g(x)(1 + z)? da.
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Equation (7.3) also fits the conditions of Theorem 2.1 with ¢ = 1, and
hence the monic polynomials {Q, s(x)(x)}22,, given by Qos(x) =1
and

Qns(r) = n/ PY(L%’(I/A)’O) (z)dzx mneN,
1
satisfy the eighth-order nonsymmetrizable differential equation

(22 = 1)*y® +4(2% -1
+4(z? -1
+ 24(z — 1)(13123 + 9527 — 103z — 27)y¥
4+ 192(x — 1) (1122 + 14z — 7)y"”
+96(z — 1)((4A+3)z + 44+ 9)y" + T68A(x — 1)y + ky

= UnY,

38z — 2)yD +16(22 — 1)2(222% — 92 — 2)y®

)
)(4082° — 18022 — 264z + 84)y®)

where v, = n(n+1)(n®+3n° —n* —n3+4n+384A4) +k. Furthermore,
these polynomials are orthogonal with respect to the inner product

x(pa) = p(0a(1) + 5 (D7 (-1 + [ P @)1+ 0 o

-1

These two examples lead us to the following conjecture.

Conjecture 7.1. For each N € Ny, let {P,(LO’N’(l/A)’O) (x)}22, be the
monic Jacobi type polynomial sequence which is orthogonal with respect
to the inner product

e = 5pDI D+ [ @@+ de
Define the monic polynomials {Qn n(z)}22, by
Qon(z)=1
Qn.n(x) = n/lx P,E‘i]lv’(l/A)"o) (t)dt, neN.
Then there exists a nonsymmetrizable differential expression lan 4[]

of order 2N + 4 having the polynomials {Qn n(2)}52, as eigenfunc-
tions. Furthermore, there exists a self-adjoint operator, generated from
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lon+al], in a Hilbert space generated from the inner product

an+a(p; ) :p(l)q‘(l)+%p/(—1>q‘/(—1>+ / P (@) (@)(1 +2)" da.

-1

In particular, for each N € No, {Qn n(x)}22, € BKS(2N +4,1).

We remark here that Koekoek and Koekoek [9] have recently ex-

plicitly computed the coefficients of the differential equation for the

general Jacobi type polynomials {Pr(ta’ﬁ M) ()}, for all parame-

ters o, 3 > —1 and M, N > 0; these polynomials, studied in depth by
Koornwinder [11], are orthogonal with respect to the inner product

(P, Qa,p,m,8 = Mp(=1)g(—1) + Np(1)g(1)

+/ P(@)3(@)(1 — 2)°(1 + ) d.

—1

In particular, they show that the Jacobi type polynomials
(PN (yy00 e BKS(2N + 4,0) for each N € No.

We now consider an extension of Theorem 2.1; the proof is similar to
that given in [7].

Theorem 7.1. Consider the Sobolev bilinear form

©(p,q) = Ap(c)q(c) + pp' ()7 () + (7, p"7"),

where T is a quasi-definite moment functional and A, u are real numbers.
Then ©(+, ) is quasi-definite if and only if both A and p are nonzero. Let
{P,(2)}52, denote the monic orthogonal polynomials with respect to T

and, for fixed nonzero real numbers X and u, let {@n(a:) o o denote
the monic orthogonal polynomials with respect to ¢(-,-). Then

Qo(x)=1; Qi(a) =z —c

Qn( —nﬂ—l// nQ dZdt n22

In particular, @1(0) =0 and, forn > 2, @n(c) = @;(C) =
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(i) Suppose further that {ﬁn(x)}ff:o € BKS(N,0); specifically,
suppose that y = P, (z) satisfies the Nth-order differential equation

mn[yl(z) = pay(z), n € No,
where
(7.4) mn[yl(z) = an(@)y™ (@) +an_1(2)y ™D (@) + - +ai (2)y (2).

If

(7.5) (~1Y(G+Dagl (@) =0, 1<k<N,
j=0

and
N—k )

(7.6) (—17(j + Dag} () =0, 2<k<N,
7=0

then {Qn(2)}22, € BKS(N,2) with y = Qn(x) satisfying the Nth-

order diﬁerentzal equation

ZN[y}(x) = )‘ny(x)v n € No,

where

(7.7) Infyl(z) = bn (@)y"™ (@) + by 1 (@)yN V(@) + -+ bi (2)y (),

with the coefficients of In ] being given by

N—k
(G +1)a) (x), 1<k<N,
j:0
and
\ nb () forn=0,1
"\ fneo 4 26, (@) + DY (x)  forn > 2.
Moreover,

(7.8) be(c)=0, 1<k<N,
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and

(7.9) w(c)=0, 2<k<N,

and, formally, I%[y] = mx[y"].

(ii) Conwversely, suppose that {Qvn(x)}ff’:o € BKS(N,2) with y =
Qn(x) satisfying the Nth-order differential equation

In[y)(z) = Aay(2), n € No),
where Iy [] is given in (7.7). Then the coefficients of In|] satisfy (7.8)
and (7.9). Furthermore, {P,(z)}>, € BKS(N,0) with y = Py,(x)
satisfying
where my|[] is given in (7.4) with the coefficients satisfying
by (x for k=N

)
ap(x) = { by—1(x) + 20y (x) for k=N -1
b o(x) + 26} (2) + be(z) for 1<k <N -2,

and
Hn = /\n+2 - 2bll(x) - b/2/($)
Moreover, (7.5) and (7.6) are satisfied and, formally, I%[y] = mn[y"].

We apply this result to find a new example in the BKS(4,2) class;
indeed, we construct this new equation by again using the left Legendre
type expression my[-], defined in (2.7). Necessarily, we find that ¢ =1
and the resulting equation is

(7.10) I[y](z) = (2% = 1)%yW —2(x — )% + 4(x — 1)y + ky = \y.

It is clear, since I[:] is missing a third-order derivative, that this
equation is not Lagrangian symmetrizable. Moreover, the polynomials

{Qn(x)}32 defined by
@ (@) =1 Qi(x )=v-1
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are solutions of 3
yl(z) = Any(x),

where A\, = n?(n — 3)? + k, n € Ny, and they are orthogonal with
respect to the quasi-definite (but not positive-definite) bilinear form

e(p,q) = Ap(1)g(1) + pp' (1)’ (1) — p"(1)q" (1)

+ / (@) (@) dz, A0,
—1
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