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LOCALIZATION AND POST PROCESSING FOR
THE GALERKIN BOUNDARY ELEMENT METHOD
APPLIED TO THREE-DIMENSIONAL
SCREEN PROBLEMS

ERNST P. STEPHAN AND THANH TRAN

ABSTRACT. We study local error estimates for various
Galerkin schemes (Galerkin schemes with quasi-uniform or
graded meshes, and the augmented Galerkin method) applied
to weakly singular and hypersingular integral equations on
open surfaces in R3. The results are given for a large scale
of Sobolev norms, even in some norms that are not defined
globally. In the case of the weakly singular integral equation
where the highest orders of convergence achieved are in nega-
tive Sobolev norms, we establish from the Galerkin solutions
new solutions that converge in the L2-norm to the exact so-
lution in these orders.

1. Introduction. The solutions of elliptic boundary value problems
in R3\I', where T' is an open surface in R3, have special singular
forms at the boundary v of I', regardless of whether v is a smooth
or polygonal curve. When those problems are reformulated, via the
direct method, into boundary integral equations, the solutions of the
latter inherit those singularities. These singularities affect the rate of
global convergence of numerical schemes, e.g., the Galerkin boundary
element methods. To recover the high order of convergence associated
with smooth and closed surfaces, either augmented boundary elements
or mesh grading is necessary. However, if the given data are sufficiently
smooth, the solutions to the integral equations are smooth locally, i.e.,
away from the singularities. Then there arises the following question. Is
the accuracy of the approximation better in regions of smooth behavior
of the exact solutions? Another problem is faced when we want to
observe the highest order of global convergence when it is achieved in a
negative norm. Is there any effective post-processing method to obtain
that highest order for the local convergence in the L?-norm, which can
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be easily observed? The purpose of this article is to give answers to
the above questions.

For strongly elliptic integral equations on a smooth and closed curve
in R2, local error estimates were proved by Saranen [14]. The proof
was then modified to achieve local estimates for equations on open arcs
[19]. We will adapt the techniques of [14] and [19] to prove estimates
for the case of open surfaces in R3.

In the boundary element literature, the K-operator method has been
used effectively as a post-processing method to increase the order of
local convergence in the L2-norm of the Galerkin and qualocation
methods applied to strongly elliptic equations on smooth curves, closed
or open [18, 20]. The original idea is due to Bramble and Schatz [2, 4]
and Thomée [17] in the finite element environment. We shall study the
effectiveness of that method for the Galerkin approximation to integral
equations on an open surface in R3.

We will particularly be concerned with the weakly-singular and hy-
persingular equations given by

(1)

|z -yl

@ De)=-~ 2 [0 8y i), aer.

4m On, F(‘?—ny|x—y|

Vite) = - [ P ds) = g(o). wer,
1

Here the surface I' is assumed to be smooth, and its boundary -~
is a smooth or polygonal curve, except when otherwise identified.
Equation (1), respectively (2), is the integral reformulation (via the
direct method) for the Dirichlet, respectively Neumann, boundary value
problem in R3\I" with vanishing condition at infinity (see, e.g., [5, 15]).

It was proved in [15] that, for 0 < 0 < o’ < 1/2, if g € H3/?T7()
and f € H'/2t7(T"), then 1 and ¢ have the form

¥ =p(s)p"*X(p) + ¢ onT,
¢=a(s)p"*x(p) +& onT,
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where

B e HY*(y),
o, € HY# (D),

a € HY/?H(y),

& € L*(I; HY49 (7)) n H¥/2T7 (I, L2 (),
I=(0,1),

and where X is a cutoff function with X = 1 for |p| < 1/2 and X =0
for |p| > 1. Here s denotes the parameter of arclength of v and p
corresponds to the Euclidean distance to 7. (For the definition of the
Sobolev spaces, see Section 2.)

The plan of the paper is as follows: in Section 2 we give some
known results on the Galerkin approximation methods to (1) and (2).
These include the standard Galerkin method with regular and graded
meshes and the augmented-Galerkin method. The results on local
error estimates for these Galerkin approximation schemes are proved
in Section 3. The K-operator method for equation (1) is studied in
Section 4. However, the same method can also be used for any Galerkin
approximation to equation (2), provided that an error estimate in a
negative Sobolev norm exists. Section 5 is devoted to some numerical
experiments.

2. The Galerkin approximations. Let T’ be a smooth and closed
surface containing I'. We recall from [11, 12] the function spaces to be
used in this paper:

{ulpg 1u e Hl‘ztl/Z(R3)} for s > 0,

H*() = L3(T) for s =0,
(H=*(T")), (dual space) for s <0,

{ulp : uw e H¥()} fors >0,

{ue H*(I):u* € H*(T)} fors>0,

(H=*(I")) for s <0,

(H—*(T"))" for s <0,

/-\A/—ci/—\
=

~— ~— ~— ~—
|
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where

« Ju onl,
“ 7o on I'\T.

We assume that the surface I' is given by a regular parametric rep-
resentation z = X (v) with v € U, where U is a compact region in R?
whose boundary is mapped onto v and which also has a regular para-
metric representation. By choosing a sequence of regular triangulations
of U with maximal meshsize h, we can define a regular system S”*,
0 < k < r, of finite elements in the sense of Babuska and Aziz [1]. These
elements can then be transplanted onto I' by the above parametriza-
tion to form the system S;*(T'). The parameters in S;*(T') have the
following meanings: h € (0, hg] is the mesh size of the partition of T,
e.g., h is the longest side of a triangle in a uniform triangulation; r — 1
is the degree of piecewise polynomials constituting the corresponding
finite elements; and k describes the conformity S;’k(F) C H*(T). Anal-

ogously, we can define SZ’k('y). Moreover, we define
SZ’k(F) ={p¢€ S;’k(r) | =0 on ~}.

[e]
In particular, Si’l(F) is the space of piecewise-linear, continuous func-
tions on I' vanishing on v and S }L’O(I‘) is the space of piecewise-constant

functions on I'. Note that S}L’O(I‘) c H'*(T") and gil(F) c HY2(T).

2.1. Standard Galerkin schemes with regular mesh. Here we assume
that T is a smooth open surface with a smooth or polygonal boundary
~. The standard Galerkin schemes for the integral equations (1) and
(2) read as

Find 15, € S)°(T) such that for all ¢ € S,°(T)

(3) (Vion, ) = (g, 9),
and as
Find &, € 52'(T") such that for all ¢ € S>(T")

The following results were proved in [6, Theorem 4.1].
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Theorem A. There is a meshwidth hg > 0 such that, for 0 < h < hy,
the Galerkin equations (3) and (4) are uniquely solvable in S}II’O(I‘) and

SPH(T), respectively. Moreover, there hold

ln = llg12y < cint{lle = vllgam 9 € 5 ()},
1€n = Ellg/2ry < cinf{ll¢ = Ellguagry = & € S (D))
Furthermore, for sufficiently smooth g and f, there hold, with € > 0,

lvon = Dl ey < b=l ey for —1+e<t< -,

1€n = €l ooy < '€l groery fore<s<1-—e.

2.2. Standard Galerkin schemes with graded mesh. For simplicity, we
assume now that I' is the square [—1,1] x [—1, 1]. We introduce a mesh,
that is uniform on I'* = [—3/4,3/4] x [-3/4,3/4] and graded on the
rest, by the lines z; and zo defined as follows:

—1+4e7t(n)e  f0<i< N/8—1,
T =4 —1+ih if N/8 <i<TN/8—1,
1—4971(2—ih)? if TN/8<i< N,
—1+4e"Y(jh)e  f0<j<N/8-1,
To =4 —1+jh if N/8<j<T7N/8-1,
1—49"Y2—jh)¢ if7TN/8<j<N,

where N = 8n, n = 1,2,... ,h = 2/N and p > 1. Note that when
0 = 1 the mesh is uniform. Local uniformity of the mesh is essential
for the application of the K-operator since it is required that a spline
still be a spline locally after being translated by a mesh step (see the
proof of Theorem 4.1). Besides, this requirement allows us to use, in
the proof of local error estimates in Section 3, the inverse property on
re.

On this mesh, we define HS’Q to be the space of piecewise-constant
functions and H,i’g to be the space of piecewise-linear continuous
functions vanishing on . The Galerkin schemes now read as:
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Find ¢y, € Hg’g such that for all p € Hg’g

(5) (Vibn, ») = (9, 9),

and as

Find &, € H,'® such that for all ¢ € H;*°

(6) (D&n, &) = (£, 9)-

The following results hold (see [10, Theorem 1.5] and [9, Theorem 2.2]):

Theorem B. There exists a meshwidth hg > 0 such that, for
0 < h < hg, the Galerkin equations (5) and (6) are uniquely solvable
n H}?’Q and H}ll’g, respectively. Moreover, for any € > 0 there exists a
constant ¢ = c(p) independent of h such that

che/?2=¢ if1 < p <3,
ch?/? if 0 > 3,
che/?2=¢ if1 < p< 3,
ch3/?=¢ if p > 3.

ll¥on — z/JHHﬂ/z(F) < {

1€n — f”ﬁl/z(r) < {
Moreover, in the deepest negative norms, we have

lVn =l g-1/2-0r2) < ch®™° if 1 < p <3,
[Yn = ¥l g2y < ch® if o> 3,
”gh - 5”1:11/2—9/2(1—\) < ch®* Zf]- <o<3.

2.3. The augmented-Galerkin method. For this method, I' is assumed
to be a smooth open surface with a smooth boundary ~. We define, for
s <0,

For 0 < s < 1, we define

(1) Z°(T) = {4 = Bp~"*X(p) + ¢, : B € H*(7) and ¢, € H*(T)},
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equipped with

1]

zs(r) = 1Bl m=(y) + 190l sy

where p corresponds to the Fuclidean distance to v, and X is a C'*
cut-off function with X =1 for |p| < 1/2 and x = 0 for |p| > 1.

Similarly, we define, for ¢t < 1,

For 1 <t < 2, we define
8) YD) ={{=ap"’X(p)+& :a € H'(y) and & € H (T},
equipped with
I€llyery = llellmeyy + 16l e (ry-
The augmented finite element spaces are defined as

Zu(D) = {g = Bp~2X(p) + ¢r : B € S2'(7) and ¢, € SZ1(D)},

(9) o
Yi(T) = {¢ = ap'*X(p) + ¢ : a € S;*(7) and ¢, € S;*(T)}.

We note that Z,(I') C Z'~%(TI') ¢ H~Y/2(T") and Y},(T') C Y?~5(T') C
H'Y2(T) for any ¢ > 0. The augmented-Galerkin schemes for (1) and
(2) now read as

Find ¢, € Z;,(T) such that for all ¢ € Z,(I")

(10) (Vibn, ») = (9,9),

and as
Find &, € Y, (T) such that for all ¢ € Y3 (T)

(11) (D&n, &) = (f,0)-

The following theorem is a consequence of [15, Theorem 3.2] and [7,
Theorem 3.1] (see also [6, Theorem 3.4]):
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Theorem C. There exists a mesh width hg > 0 such that, for
0 < h < hg, the Galerkin equations (10) and (11) are uniquely solvable
in Zp(T) and Y, (T'), respectively. Moreover, there hold

o — Bl asnqry < cint{le — Bl @ € Zn(D)}
160 = &l 172y < cinf{llo =&l garary ¢ € Ya(D)}
Furthermore, for sufficiently smooth g and f, there hold, with € > 0,

[thn — ﬁ’”ﬁn(r) = Chlitia”‘/’”ZFE(F) for —2+e<t<1-g,
1€n = Ell e ry < h* > |€lly2—=ry for —1+e<s<2-e

3. Local error estimates. In the analysis of local error estimates,
we shall use the following nested sub-pieces of the surface I'

(12) yccTycc---cclyccTl,ccIrr* T,
and the following cut-off functions:
(13) w; eCy(Tj41) and w;=1 onl; forj=0,...,J—1

Here X CC Y means that the closure of X is contained in the interior
of Y.

We will frequently use the following properties of the splines, the
proofs of which can be found in, e.g., [1, 6, 13, 14, 21].

Lemma 3.1 (Approximation property). Lett < s < r, ¢t < k and
j=0,...,J=2. There exists a constant ¢ such that, for anyv € H*(T"),
there exists ( € S;’k(I‘) such that supp ¢ C I'j42 and

lwjv = Cllgery < ch®lollae(r, -

Lemma 3.2 (Inverse property). Lett < s <k and j=0,...,J—2.
There exists a constant ¢ such that, for any ¢ € S;;’k(l“),

lwjbll o 0y < b 1Dl oo, 10)-
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Lemma 3.3 (Super-approximation property). Let t < s < k, and
let j = 0,...,J —2. There exists a constant ¢ such that, for any
Q€ SZ’k(F), there exists ¢ € S,:’k(l") such that supp ¢ C I'j 4o and

lwj¢ — CHﬁt(r) < ChS_tHHQS”Hs(PHIy

In order that the singular terms in the definitions (7) and (8) do not
affect our local analysis, we shall assume in the sequel that the cut-
off function X defined in (7) vanishes on I'*. The main results in this
section concerning equation (1) are given in the following theorems:

Theorem 3.4. Assume that the solution of equation (1) satisfies
Y € H¥(T*) N H-Y2(T) for some s € (—1/2,1]. For anyt € R, let

T ift<-1/2,
o=o(t) = {—t—1/2 ift>-1/2.

Let € > 0 be given, sufficiently small.

(i) If v € S}IL’O(I‘) is the solution of (3), then for any t with
—1 < ¢t < min(s,0)

1 = ¥lle o) < ARl s ey + 1700 — Yl g-1very }-

(ii)) If ¥y € H}?’Q is the solution of (5), then for any t with
—2 < t < min(s,0),

[n = Wl ae o) < APl e ey + 7700 — Dl g-21ery }-

In particular, for equation (3) with regular mesh, if g, the righthand
side of the equation, is in H3/2(T"), then ¢ € HY?*(T*) N H~*(T") for
some ¢ > 0 (see, e.g., [8, Lemma 4.1, 19, Lemma 4.1]); therefore,
we have, in the H~/2-norm, convergence of order O(h'~2¢) locally,
compared to order O(hl/ 2=¢) globally, and in the L?-norm, convergence
of order O(h'/?27¢) locally, whereas the global L?-norm of the error is
undefined. Meanwhile, for equation (5) using graded mesh with ¢ = 3,
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if g € H*(T), then ¢ € HY(I'*) N H~=(T") (see, e.g., [8, Lemma 4.1,
19, Lemma 4.1]). Hence, there are local convergence in orders O(h*/?)
and O(h) in the H~'/?-norm and L?-norm, respectively. The global
convergence in the H~'/2-norm is of order O(h%/27¢).

Theorem 3.5. Let € > 0 be given. Assume that the solution of
equation (1) satisfies v € H*(T*) N Z1==(T'). Let ¢ € Zn(T) be the
solution of (10). If —2+e <t <1, then

[¥n = Yllaerg) < AR W2 + B2 9]l 21— (1)}

where

0 if —2+e<t<—1/2,
o= ;
—t—1/2 if-1/2<t<1.

In particular, in the H~/2-norm and L2-norm, we have local conver-

gence of order O(h%/?) and O(h?), respectively, compared to the global
order O(h%/27¢) and O(h'~¢), respectively. Moreover, we have local
convergence of order O(h) in the H'-norm, which is not achieved in
the global sense.

We follow the same approach as in [14, 19]. The proofs for Theorems
3.4 and 3.5 are similar, with that for Theorem 3.5 slightly more
complicated since for the latter we will use the augmented finite element
space instead of the standard one. We thus prove only Theorem 3.5.

Proof. Introducing the notation ¥ = wov for any function v, we
decompose the error € = 1) — 9y, as

(14) &= (¥ — GY) + (G — Gijn) + (G¥p, — ),

and estimate each of the terms in the parentheses separately. Here,
for any v, Gv is the Galerkin approximation to v, i.e., Gv € S,ll’o(f‘)
satisfies

(15) (V(Gv—w),p) =0 for any p € S, °(T).

Step 1. Estimate ||¢) — G?ZJHFI_UQ(F). Note that the cutoff function X
in the expansion (7) is chosen such that it vanishes on I'*. Also note
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that ¢» € H?(T'). Then, from Theorem C, the fact that S>'(T') € Z(T)
and Lemma 3.1, we obtain

16 = Gl g1y < it {16 = nll gsaqry <1 € Zn(D)}
(16) < einf{||§ — nllgozry 1 € 521D}
< 1| oy < B2 .

Step 2. Estimate |G (¢ _th)”ﬁ’”‘z(r)- It is known from the stability
condition that

- V@Ge,
(17) [Gellgormqy < ¢ sup AV EEL
0eZ,(T) ||<P||ﬁ71/2(r)

From (15), we deduce, for any ¢ € S}L’O(I‘),

where [V wg] = Vwy — woV. From the definition (9) we note that for
any ¢ € Zy([), there exists ¢, € Si’l(F) such that ¢, = ¢ on I'*.

Hence ¢ = @,. By using Lemma 3.3 for ¢, we can choose ¢ € Si’l(F)
with supp ¢ C I'y such that

16 = Cllz-1r20) = Ir = Cllg-1/2r)
< chllerllg-1/2(ry)
= ChH@HH—l/i’(PI)
< chllell g-1/2ry-

(19)

Since %il(I‘) C Zp(T") and since wy = 1 on supp (¢ — ¢), equation (10)
implies
(Ve,g) = (Ve,o —¢) = (w2Ve, = ()
= (w2Vwse, @ — ¢) + (w2V (1 — ws)e, & — ().

Since wy (1 — ws3) = 0, the kernel of waV (1 — w3) is a C*° function, and
hence from the Cauchy-Schwarz inequality and (19), we infer

[(Ve, @) < e{llw2Vwsel groszry
(20) + lw2 V(L = ws)ell grrary HIe = Clg-172(ry
< chfllellg-1/20e) + llell g—2e oy el g-1/2ry-
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The last term of (18) can be rewritten as
<[‘/a wO]e, 90> = <[‘/a wo}w26, 50> + <[‘/a wO](l - WQ)C, §0>
= <[‘/a wo}w265 90> - <WOV(1 - w2)65 90>

Since [V, wp] is a pseudo-differential operator of order —2 (see [16]) and
the kernel of woV (1 — wsy) is a C*°-function, we obtain, by using the
Cauchy-Schwarz inequality,

(Vi wole, @] < {IV:wolwrellzoraqry
(21) + ooV (1 = wa)ellaraey Mol r-sragry
< efllella-srsoe) + lell gsee gy Yl -2y

Inequalities (17), (18), (20) and (21) now give

G = Pl g-1/20y < clhllellz-1/2(0-)
+ llell z-sr2@ey + llell g-2ve @y }-

(22)
Step 3. Estimate |Gy, — /(Zh‘|g71/2(r). From the definition (9), there
exists Yp » € %il(F) such that v, , =15, on I'*. We then deduce from
Theorem C, the fact that S7"'(T) € Z,,(T), and Lemma 3.3 that
1GPn = Pnll g-1/2ry < cint{lldn = nll g-1/2ry = 1 € Zn(T)}
< cinf{lldn —nll g2y 0 € S (D)}
= cinf{|[n, =1l g-1ay 21 € 531 (D)}
< kP n el ey = P enllm oy
Note that for any ¢ € Si’l(I‘)7 we have
[l ey < lwrdnll g
< llwr(@n =)l gy + lrdll gy

< lwr@n = Al gy + 6l oy
< w1 (b = ) gy + llw2td = 9l ga iy + w2l g1 (o)
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We can choose ¢ € Si’l(I‘) such that

lwath = @ll gery < h*~ [Pl rre(rs)

(24)
for —1/2<t<s<2, t<1.

Moreover, since ¥, = p, on I'*, by using the inverse property
(Lemma 3.2) we have

lor(on = O ry = llr(@nr = D)l
< Ch_3/2||wh,r - ¢HH*1/2(F2)
= ch=3/2 ||y, — Ol -1/2(ry)-

Hence,
lbnller oyy < {h™1bn = Bllgr-1/2(0) + 111 ra) }
< AR el gr-1r2ry) + RPN = @llgr-1r2(ry)
+ 19l rs) }
(25) _3/2 _3/2
<A™ el g-12(ry) + h7  lwe — @l g-1sary
+ 19l rs) }

< AP lell iy + 191 g }-

Inequalities (23) and (25) give

(26)  NGOn = Onll g-1r2(ry < AR 2190 ooy + Rllell 1720 }-

Combining inequalities (16), (22) and (26) given in Steps 1, 2 and 3,
we obtain
lell-1/2(mg) < AR®2([9] 2 re) + hllell g-120-)
(27)
+llellg-ar2oey + llell g2+ }-

Step 4. Estimate |le||g¢(r,) for =2+ <t < —1/2. We have by the
definition of the Sobolev norms

N (€, w)]
(28) lell geqry = sup —r——.
HYD) weH—t(T') ||w||Hft(r)
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For any w € H %), 1/2 < —t < 2 —¢, there exists y € Z7'71(T") such
that Vy = w and that

1yl z-+=1r) < ellwllz—+(r),
(see [15]). Moreover, since V' is symmetric we can write

(29) (€, w) = (&, Vy) = (Ve,y) = (Ve,g) + ([V,wole, y).

Since § € H~*"Y(T'), see definition (7), there exists ¢ € S3''(T') with
supp ¢ C I'y such that
19 = Cllg=1r2(ry < Chftil/Q”?HH—H(r)
(30) < V2 G0 geeea gy
< ch 2yl g1 ),
where the last two inequalities are obtained from the definition (7)

(when —t — 1 < 0 we will take y,, = y on I'). Hence, the first term on
the righthand side of (29) can be estimated as

[(Ve,9)| = [(Ve, 7 — ()| = [(w2Ve, 5 — ()|
< weVwse,§ — Q) + (w2V (1 — w3)e, g — ()|
< (lw2Vwsell g2

(31) w2V (1 = ws)ell )T — Cll -1/

< ch™ 2 (|lel g2y + el g-zve o)yl 21 ()

< ch™ 2 (elgsraeey + llellz-2vee)llwla o).

The last term of (29) can be estimated as:

[([Viwole, y)| = [{[V, wolwze, y(+([V, wo] (1 — w2)e, y)|
= ([V,wo]wae, y{—{woV (1 — wa)e, y)|
< ([IlV; wolwzel s (ry + llwoV (1 — wa)ellm2 ) 1Yl -+ ()
(32) < c(llell ==z + llell g-2ve ) Il zr-2+1(r)

< c(llell =2y + llell g-z+e @) lwll z-¢(r),
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where s = max(t + 1,¢) and therefore —1/2 < —s < —¢e. Inequalities
(28), (29), (31) and (32) now give

(33) llellmero) < clh™ 2l 120y + lellar @0y + lell g-2seqry )
where 7 = max(t — 1, -2 +¢).

1/2

Step 5. An explicit estimate in the H~'/¢ norm. From (27), we have

lell gr-1/2(rg) < ARP 21l r2re) + Rllel g-1/2(ry)
+ llellz-sr2y) + llell g-2ve @y }-
Using (33) with ¢t = —3/2, we then deduce
lellz-sr2(r,) < c{hllel z-1r2(ry) + el g-2ve ) }-
Hence,
(34) llellm-1r2rg) < AR 210l m2(0e) + hllell 120y + el 2ve(ry }-

Repeated use of (34) for e[| g-1/2(r,) then gives

lell 120y < A2z (oe) + B Nlell a1,y + llel g-ave ) }-
With J chosen sufficiently large so that
35)  llelga,) < APl azwe) + lell g-aee ) )

we will have

(36) lell -1/20g) < ARl m2 ey + el g-2veqry -

This can be done by using Lemma 3.2:

h‘]”@”H*l/?(FJ) < hJ{W)”H*l/Z(rJ) + [[Ynll g-1/20 )}
< W {0l m2ey + lwstnll g2y}
< Bl 2oy + BT EHE ol sve o000 )
< BT3P ooy + lell g-2+e(ry }-
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By choosing J so that J—3/2+¢ > 5/2, we obtain the required estimate
(35) and hence (36).

Step 6. Estimates in other norms. First, consider the case —2 + ¢ <
t < —1/2. Inequalities (33) and (36) give

lell ey < elR* Nl a2 ey + el ar @y + llell g-aeemy s

where 7 = max (¢t — 1,—2 + ¢). Repeating the same argument for the
middle term on the righthand side, we can eliminate that term and
then use Theorem C to obtain

||€||Ht(ro) < C{h%tWHH?(F*) + hg*QEWHZlfe(F)}-

Finally, consider the case —1/2 < t < 1. Let ¢ € S;"'(T') be defined as
in (24). By using Lemma 3.2, noting that w; = 1 on I';, we obtain

lellzreroy < w2ty — dllaerg) + [1n — dllaery)

< lwath = @ll ey + lwo (¥n — D)l gy

< AR [Pl gaie) + AP n = Blla-sa ey}

<P bl + 021 = bl
+ el z-17200))}

< AR Wl a2 eny + PP (w2t = Bll -1z ey
+ el z-17200))}

< PPl ey + 0Pl -1y )

Using (36) and Theorem C for the last term of (37), we achieve

lellzero) < efh* M 0l e) + B 2 llel goave oy}
< cfh* Wl g2 oey + BPTETEV2 ) g1y )

The theorem is proved. a

The following local estimates for the Galerkin schemes to approximate
the solution of (2) can be proved in the same manner if we note that
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D and [D,wp] = Dwy —wpD are pseudo-differential operators of orders
1 and 0, respectively.

_Theorem 3.6. Assume that the solution of (2) satisfies & € H*(I'*)N
H'Y2(T) for some s € (1/2,2]. For anyt € R, let

0 ift<1/2,

o= {% sy

Let € > 0 be given, sufficiently small.
(i) If &, is the solution of (4), then for any t with 0 < t < min(s, 1),

1€n = &llme(ro) < AR €N ars ey + W7 Nn — Ell gy }-

(il) If &, is the solution of (6), then for any t with —1 < t <
min(s, 1),

16n = Ellmero) < AR 1€ s =) + T Nén — Ell g2+ }-

Theorem 3.7. Let € > 0 be given. Assume that the solution of
equation (2) satisfies ¢ € H3(T*) NY?75(T). Let &, € Yu(T') be the
solution of (11). If —1+e <t <2, then

1€n = Ell oy < ARPTHE e ey + B2 )€ ly2—c )

where

0 if —1+e<t<1/2
—t+1/2 if1/2<t<2.

4. A post-processing method. In the above section we see that
in the case of quasi-uniform meshes the highest order of convergence
(O(h'=2%)) achieved for the approximation of equation (1) is in a
negative norm (H~'*¢ norm), which is not easily observed. In this
section we shall use the K-operator (see [2, 4, 17, 18, 20, 21]) as a
post-processing for the Galerkin solution v, of (1) so as to achieve that
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order locally in the L?-norm. For simplicity, we only consider the case
where I is a domain in R2.

As in [2, 4], we define the spline K} = Ki?l with integers [, g as
2 q—1
68) K@ =[] > p7uO@i/h=3), o= (@1,m),
i=1j=—(q—1)
where ¥ is a B-spline of order [ defined by

w(l) =X*xX*---%xX, convolution!— 1 times,

with
1 for |t]| < 1/2,
- <1/
0 for |t| > 1/2,
for any real value of ¢t. The coefficients k;, j = —(¢ —1),...,¢— 1 are

chosen such that, for any v,

HU — K * UHLZ(Fz‘) < ChS||U||HS(Fi+1)’

(39) )

0<s<2, i=0,...,J—1.
The existence and uniqueness of k;, j = —(¢ —1),...,¢ — 1 is proved
in [3].

Now for any v defined on T, we extend v by 0 onto R?\TI', denote the
extension by v, and then define K-operator as

(40)
[Kn(v)](z) :== (K *0)(x)

=0 { ﬁ qf k) (% —j) }ﬁ(y) dy.

i=1j=—(q—-1)
We have the following theorem:

Theorem 4.1. (i) Assume that the mesh is uniform on I'* and quasi-
uniform on T\T'*. Let ¢p € H=¢(T) N H'¢(T'*), vy, be the solution of
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(3), and Ky, be defined by (38) withl = g = 1. Then there exists an
ho > 0 such that, for 0 < h < hy,

(41)  ER(n) = llzewy) < ch' > [l ey + 191 gy -

(ii) Assume that the mesh is uniform on I'* and graded on I'\I'* with
0>3. Letyp € H ()N H3¢(T,), ¢y, be the solution of (5), and K},
be defined by (38) with | = q = 2. Then there exists an hg > 0 such
that, for 0 < h < hg,

(42) | Kn(vn) — ¢||L2(1‘0) < ch37E.

Proof. (i) Let w. be a cut-off function satisfying
we=1 only and w,e CFI).
Let ¢, = w*J}. Then

1 (n) = bz = 1K % n = el
< ||Kh * (T/Jh - ¢*)”L2(Fo)
+ 1 En * ths = Uullr2rg) = 1 + 11

That IT is bounded by the righthand side of (41) is from (39) and the
local regularity of ¢. For the term I, we note that from [4, Lemmas 2.2
and 5.3] we have

1K * (O — i) | 2re) < ellln — sl m-1(ry) + 100 (Yn — ) | -1y )

where 9y, is the forward difference operator defined by 9, = (T, — I)/h
with Tpo(z) = v(z + h) and Tv(z) = v(x). Note that Y, = ¢y, and
Y, =¥ =1 on I'y. Moreover, since the mesh is uniform on I'* D I'y,
there exists an hg > 0 such that dp, = 8hzz on I'y for 0 < h < hg.
Hence, using Theorem A we infer

(43) [ Kn* (np )2 (ro) < eAh I e oy HIOW (o) 1.0 }-



476 E.P. STEPHAN AND T. TRAN

We now estimate the last term on the righthand side of (43). Let I
be a plane domain containing I', and let § = dist (IV,T). Let Vv be
defined as V in (1) with T replaced by I'. Then for 0 < h < ¢ and

¢ € g’i’O(F) with support in I'7, we have
(Vi O (0n, — ¥), @) 120y

= %<VF/Th(TEh - 1;)7 ¢>L2(F/)

:_ﬁ/,/, w%(i/;h—l/;)(y‘FhW(!E)dydx

" ik /,+h/,+h iz —y] (Vn = D) () $(a — h) dy da,

where IV + h = {z + h : 2 € I"}. Since 0 < h < §, and since 1y, ¥ and
¢ vanish outside I', we deduce

(Vi On (o, — 1), ¢>L2(F'

= ) —h)dyd
~mi /. / 5 n — D)) — k) dyda
= (V(¢n — ), 8(- = h)).
Moreover, since the mesh is umform on I'*, we can choose hg < & such

that if ¢ € S}L’O(I‘) with support in I'y, then ¢(- — h) € S}L’O(I‘) with
support in I's. Hence, by (3),

(44) <Vrfah(1Zh - '@[;)7 ¢>L2(F’) =0.

From (44) we conclude that Ontby, is the interior Galerkin approxima-
tion to Ox® in the sense that:

1. ahq;h is a spline only on I'* (since the mesh is only uniform on
),
2. Equation (44) is satisfied only with ¢ € S’,IL’O(F)7 supp ¢ C I'y.

However, as in the 1-dimensional case (see [19]), we can slightly modify
the proof of Theorem 3.1 to obtain the estimate:
(45)

10non — Ondll -2 (ry) < AR 100l < 0oy + [OnPn — Ol o (o) }
< AR 2N Dl e ooy + 100Pn — 0l ooy}
= cfh' || e ooy + 1008 — Ont ]l gorn s
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where 3 < —1/2 is arbitrary but fixed. Note that we do not have a
direct estimate for [|Op1n — Op| o). However,

||ah1/~)h - 3h7/~}”i1ﬁ(p/) < Hijh - 1/~)||Hﬁ+1(1"') < ||7/}h - 1/’“]}(/14—1(1“)-
Choosing § = —2 and using Theorem A, we obtain
(46) 10non — 00| o oy < b >l < ry-

From (43), (45) and (46) we see that I is bounded by the righthand
side of (41) and thus complete the proof of (i). The proof of (ii) can
proceed similarly by making use of Theorem B instead of Theorem A.
]

-1.1 1,1
a0 i : (1)
a
re— > Y < ) —>~
Y Y
-4a]> . . . . . FO . . . . . <a>
A ' A
— > T < —

! : !

Y
(-1-1) (1-1)

FIGURE 1. Tested domain for the L?-errors.
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TABLE 1. Empirical orders of convergence for the Galerkin solution.

a=0.10 a=0.10 a=0.20 a=0.20
b=0.10 b=10.20 b=10.20 b=0.40
N'=20 | N'=25| N'=20 | N'=25 | N'=20 | N'=25 | N'=20 | N'=25
N an an apn an an an apn an

45 0.73 0.62 0.69 0.58 0.48 0.67 0.48 0.65
55 0.62 0.50 0.58 0.47 0.49 0.63 0.49 0.62
60 0.75 0.68 0.71 0.65 0.54 0.67 0.54 0.66
65 0.73 0.66 0.68 0.62 0.51 0.63 0.49 0.59

5. Numerical results. We carried out the numerical experiment
for the weakly singular integral equation (1) for the Dirichlet screen
problem with I' = [~1,1]> and ¢ = 1. The discrete problem (3)
is obtained by using piecewise-constant test and trial functions with
respect to a uniform mesh of square elements with side length h. The
approximate solution ¢, can be expressed as

al r1+1 T2 +1
1 . 2 .
(47) W (z) = Z-]Z:l ¢i ;M (T —i+ 1/2)¢(1) (T —j+ 1/2),
where = (21,22), h = 2/N and where ¢! are B-splines defined in
Section 4.

To test the results on interior estimates, we observed the errors on
'y where I'g is the shaded domain given in Figure 1. Since the exact
solution of the equation (1) is not known for the given data g = 1,
we compare 1, with the Galerkin solution ¢y, where hy = 2/N with
N = 240, assuming that

1Yn = YrollL2me) ~ 1% — Y L2(rg)-

This can be done since the convergence v, — 1 is guaranteed by
Theorem A. In Table 1, we list the experimental convergence rate ay
computed as
_ log(en/en)
AN = ————— =~
log(N/N')

where N’ is a fixed integer and ex = ||, —tn, || L2(r,) for any integer N.
It can be seen from this table that local convergence of order O(h'/?)
in the L2-norm is achieved as we predicted from our analysis.
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To test the effectiveness of the K-operator, we observed the error
| K, s by, — ¥||z2(r,) where Iy = [-1 +d,1 —d]* for 0 < d < 1 and
where Kj, = Kj | = (1/h)yy™M (z/h). Recall that 1y, is the extension of
Y, by 0 outside T'. Since K}, and vy, (which is also expressible by (47))
are piecewise-constant functions, the convolution Kj, * vy, is piecewise
bilinear and can be computed as

N
Ky« dnla) = Y cl-,jw@)(“T“ —i+ 1/2>w<2)(:”2h+1 —j+1/2),

ij=1
where again = (21, 22) and h = 2/N. We assume here again that

ej{\h = ”Khi *thi - 1Z)ho”L"-’(Fd) ~ HKhz *thi - 77[}||L2(Fd)7
where hg = 2/N with N = 240 and h; = 2/N;, i = 1,2,.... The

empirical order of convergence is now given by

® log(eNi/eNi—l)

aly = SSNNSENi) g g
Ni IOg(Nz_l/NZ)

The results given in Table 2 show us that the post-processing Galerkin
solution gives local convergence of order almost O(h) in the L?-norm,
which matches our analysis.

TABLE 2. Errors and empirical orders of convergence for the

post-processing Galerkin solution.

d =0.05 d=0.10 d=0.20 d = 0.40 d=0.70
N en ay en oy ey ay en oy eN oy
20 4.21 1.68 2.65e-1 7.13e-2 2.81e-2

30 3.25 0.64 | 5.61e-1 | 2.70 | 1.21e-1 | 1.93 | 4.99¢-2 | 0.88 | 1.87e-2 | 1.00

40 1.79 2.08 | 2.90e-1 | 2.29 | 8.04e-2 | 1.42 | 3.74e-2 | 1.00 | 1.37e-2 | 1.08

50 | 8.36e-1 | 3.41 | 1.74e-1 | 2.29 | 6.76e-2 | 0.78 | 2.96e-2 | 1.05 | 1.06e-2 | 1.15

60 | 6.21e-1 | 1.63 | 1.39e-1 | 1.25 | 5.57e-2 | 0.85 | 2.44e-2 | 1.04 | 8.53e-3 | 1.20
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