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A GENERAL METHOD
FOR SOLVING PLANE CRACK PROBLEMS

JIANKE LU

0. Introduction. There have been many works on plane crack
problems. Each of them has solved a particular problem for the case,
either special in the location of the cracks and the interfaces or in
the boundary conditions, for example, [1, 2]. In this paper a unified
method of solution for such problems is proposed, which is effective
in the following more general case. Assume there are a set of arc-
wise smooth nonintersecting cracks in the composite media with certain
interface. The cracks may touch or pass through the interface, or even
lie on the interface. It reduces to a singular integral equation which
is uniquely solvable under certain natural additional requirements for
its solution. A new idea for determining the order of singularity of the
solution at any node of the problem is suggested. Here, by a node of
the problem, we mean either any tip or corner point of the cracks, any
corner point of the interface, or any point of intersection of a crack and
the interface.

For definiteness, we consider the first fundamental problems only
(Muskhelishvili [6]) although our method is also effective for the second
fundamental problems or mixed boundary problems. For simplicity, we
assume the interface is a straight line. We shall illustrate our method
for two somewhat special cases which often occur in practice, but the
method is universally in effect for the general case.

1. Bonded half-planes with cracks. Assume an elastic infinite
plane consists of two bonded half-planes, the upper half-plane Z+
and the lower half-plane Z~, and there are p cracks v1,...,7, in the
plane, some of which lie in Z% or in Z~ (maybe touch the z-axis) and
the others locate on or pass through the z-axis. Assume each crack
v; = a;b; is an arc-wise Lyapunov arc: the angle of inclination 6(t) of
the tangent at t on each of its smooth subarcs is Holder continuous.
Denote v = Z?:o v, X = {the z-axis}\y (which is the interface) and
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FIGURE 1.

S* = Z*\7. X consists of several segments on the z-axis, two of which
are actually half-rays extending to +oco and —oo, respectively (Figure
1).

Let the elastic constants of S* be x*, 1

We shall discuss the first fundamental problem. That is, find the
elastic equilibrium, given the external stresses (loads) X (t) 4+ iY,*(t)
on . The principal vectors of the external stresses on v; are

+ respectively.

+ V= + -yt
XE 4 ivE = / IXE() +iVE(D)] ds,

Vi

respectively, where s is the arc-length parameter on ;. Without loss

of generality, we may always assume that X f + in+ = —(X; +14Y;)

and there are no stresses or rotation at infinity (cf. [3]). We always

assume both XF(t) and Y, (t) € Hy on v (for notation, cf. [6]).
Denote

(1.1) fji(t):ii/ (XE(r) +iYVE(r)ds, tery, j=1,...,p.

aj

Thus we have

(1.2) fi(a;) =0, fH(by) = f; (by).
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Moreover, denote
(13)  FO)=f"®)—-f(), GO)=f"O)+f (), tenr.

Let ¢(z),%(z) be the complex stress functions [6] for the problem,
both of which are sectionally holomorphic in ST + S~ with ¢(oo) =

P(o0) = 0.

Then, the boundary conditions on %j-[ are

(14) GEO)+FO+ PO = FEO+Cpo ter =1,

where C}, j =1,...,p, are undetermined constants [3].

On the interface X, the condition of equilibrium for the external
stresses is

(15) ¢F(x)+a¢*(x) + vt (z) = ¢~ (z)+a¢'~ (2) + ¢ (), z€X,

and the condition of continuity of the displacements is

(1.6)

at¢t(z) = BTz (2) + ¥ (2)] = "¢ (2) = B [wd'~ (2) + 4~ (2)),
z e X,

where we have put
(1.7) o =kF/pF, BT =1/uF,

which are given positive constants.

Thus, our problem is transferred to the boundary value problem
(1.4)—(1.6) for sectionally holomorphic functions ¢(z),(z) with the
additional requirements

(1.8) ¢(00) = t(00) = 0.

The following method of solution for this problem is inspired by that
of Sherman [8] for elastic problems of single medium and that of the
author [4] for those of composite media without cracks.
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Introduce a new unknown function w(¢) on v + X such that

_ 1 w(¢)
(1.9 000 =g | o g
(1.10) . -
_ 1 w(C) +¢w'(¢) 1 [ F@)

in which w(¢) € Hy and w'({) € H{ are assumed, that is, w(¢) € H
and w'(¢) € H* on each crack in v and on each segment of X (for
notation, cf. [7]), which imply w(z) = O(|z|™*) and w’'(z) = O(|z|*~*)
as x — 00, 0 < p < 1. Of course, the existence (and uniqueness) of
such a function should be proved. We also assume that, for any fixed
node c,

(1.11) > w(e) =0,

where the summation extends over all the cracks and all the interface
segments starting or ending at ¢. That means the sum of the limit
values of w(¢) when { — c along these cracks and segments is equal
to zero. Of course, this should be proved too. For the time being, we
assume such w(() exists and fulfills (1.11).

Substituting (1.9) and (1.10) in the condition (1.4), by the Plemel;
formula [6] and integration by parts, we obtain the same singular
integral equation on ~:

_ 1 w(¢) 1 C—t

1 — (-t
(1.12) L Sa=t

21 Jyqx ¢—1t

=fo(t) +C{1), ten,
where
1 F(7) 1

1.13 t) = — —dT + =G(t te
W19 0 =gy [ F 6, e
and C(t) = Cj, t € v5, 5 =1,...,p, are undetermined constants. Here,

the terms out of integration vanish when the process of integration by
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parts is applied because of (1.11). Substituting them in (1.5), we find
it is identically satisfied. In the sequel, we shall denote

A=aot+a ™ +67+p57, B=at—-a -p7+07,

(1.14) C=a"—a, D=p3"—p5".

Similarly, substituting (1.9) and (1.10) in (1.6), we get a singular
integral equation on X:

KXwEAw(a:)+£/ &dcj

i Jyyx C— @
F—

(1.15) +%{/W(T)d10gT i+/md;:i}
:—Dfl(x;, ze X, 7

where we have set

(1.16) fi(z) = i_/ ) 47 sex.

(1.12) and (1.15) constitute a singular integral equation of normal
type on v + X, which should be solved in the most narrow class h,
i.e., the solutions are restricted to be bounded near all the nodes of
v+ X. Since F(a;) = F(bj) = 0, so the right-hand member of this
equation belongs to class H, and therefore its solution w(() in class h,
if any, must fulfill (1.11), as otherwise there would appear logarithmic
singularities in the left side of (1.12) or (1.15). w(4o00) = 0 are evident
because all the terms except the first one in the left side of (1.15) as
well as the right-hand member tend to zero as x — £oo.

In order to prove the obtained equation has a unique solution in
class h, we first show that its corresponding homogeneous equation
has only the trivial solution in A. In fact, the latter corresponds to
the case where there are no stresses on 7, no stresses or rotation at
infinity and C; =0, j = 1,... ,p. Assume w(({) is a solution of this
homogeneous equation. Then, by the uniqueness theorem for elasto-
static problems (which may be proved rigorously in mathematics, cf.
[6]), we should have ¢(z) = 9(z) = 0 since ¢(c0) = (c0) = 0. Hence
w(C) = $*(C) — = (¢) = 0 for amy C € 7+ X.
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It is easily verified that the index of the obtained singular integral
equation in class h is kK = —p, and so, by the Noether theorem,
its adjoint equation has 2p linearly independent (in the sense of real
coefficient domain) solutions o1(¢), ... ,02,((), ¢ € v+ X, in class hy
(solutions are permitted having integrable singularities at the nodes),
and it is (uniquely) solvable in this class if and only if
(1.17)

Re /V[fo(t)—i—C(t)]aj(t) dt:DRe/Xfl(x)Uj(x) de, j=1,...,2p,

are satisfied (cf. [7]).

By separating the real and the imaginary parts of Ci,...,C, and
denoting them by 61, ..., d2p, it is seen that (1.17) is a system of real
linear equations in 41, ... ,dap:

2p
(1.18) S wEdk =X, j=1,....2p,
k=1

where (7;1) is a real constant matrix related to o;(¢) but independent of
the boundary conditions while the A;’s are constants related to them.
We show that (v;%) is nonsingular, or, what is the same, (1.18) has
only the trivial solution when A\; = 0, j = 1,...,2p. In this case,
(1.18) is a system of homogeneous linear equations corresponding to
the case where no external stresses on 7 and no stresses or rotation at
infinity. If it has a system of solutions 49, ... ,58p, we then get a set of
constants CY, ... ,CY satisfying (1.17). Therefore, the equation (1.12),
(1.15) with fo(t) = 0, fi(z) = 0, C(t) = C°(t) = CJ = 0, t € ;,
has a unique solution wg(¢). Then the functions ¢o(2), Po(z) defined
respectively by (1.9), (1.10) through wg(¢) would satisfy (1.4)—(1.6)
with fji(t) =0, Cj = CY and ¢g(o0) = t(c0) = 0. By the above
mentioned uniqueness theorem, we know that ¢g(z) = ¥(z) = 0 and
hence C’?:O,j: 1,...,p, or (5;-),3': 1,...,2p.

2. Simplification for the method of solution. It is rather
difficult to determine Ci,...,C}, when solving the equation obtained
in Section 1 since we must solve its adjoint equation first so as to obtain
(1.17) or (1.18). In practice, the stress distribution of the elastic body
is more important, for which it is sufficient to find ®(z) = ¢’(z) and



PLANE CRACK PROBLEMS 91

U(z) = ¢'(z) instead of ¢(z) and ¥ (z) themselves. If we denote

(2.1) QO =uw'(Q), Cev+X,
then (1.9) and (1.10), respectively, become
_ 1 20
(22) e TSI SR

Y U (S B N (Y
(2.3) Y= 2mi ~/7+X ¢—z2 d 271 /y (¢ —2)2 dg,

1 [P
d X.
omi ) i=. M FET

Differentiating (1.12), we get a singular integral equation in Q(():

(2 4) 271 'y-‘rXTtdé-—’—% x at log <<—_£)Q(C)dc
) X Sl e |
+2—7”/v+x 575(( t)Q(C) ¢ = fo(t), ten,
or
o L o—2i0(1) (¢
KlQ:E/y_i_XC—tdC—’_ / C
T Ma(g_t)fz(oa
=2fp(t), ten,
where
L[ OF@,
2f0() 7”1),(9 i@ dr + G'(t)
(2.5)
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(noting that df/dt = e=2**®), in which we have used integration by
parts since F(a;) = F(b;) = 0. By assumption, f{(t) € Hy on ~, that
is, fy(t) € H on each smooth subarc of +.

Similarly, differentiating (1.15), we obtain another singular integral
equation in Q(¢):

(2.6)
AQ(:C)-I—E, 0O g
rx C—x
Lo [
:_Dfl '
K> = AQ(x )+E/X?£—§id§+%/f(jid7

(2.6) _%{/ 3(_730 dT+/ (f:qizﬁdc}
DA, sex.

where

27) Ao == [ ) g

o), T—x
also there exists and belongs to H on X.

(2.4)" and (2.6)" constitute a singular integral equation for 2(¢) on
~v + X without undetermined constants in it. Now Q({) = w’'({) may
have integrable discontinuities at the nodes. Moreover, if we replace
z in (2.6)" by t € v;, then it is easily verified that (K2Q)(t) = 44/ (1),
where g(t) = g7 (t) — g~ (¢) is the displacement difference at ¢ between
the two sides of ;. Hence, the following condition must be satisfied
for each ~;:

(2.8) / (K2Q)(t) dt = 0.

Vi
For any crack «; not lying on nor passing through the z-axis, it is easily
seen that (2.8) reduces to

(2.9) Q(t) dt = 0;

Vi
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for a crack v; = a;b; passing through the interface at a point ¢; (as
shown in Figure 1), it reduces to

(2.10) (a*-%ﬁ*)/ﬂ (Mﬂdt+(a+—F6+X/‘ Q(t) dt = 0.

€ cjbj
Thus, the rather complicated form (2.8) remains only for cracks lying
on the interface.

Therefore, our problem is reduced to solve a singular integral equation
along v + X for Q(¢) in class hg with supplementary requirements
as shown above. Its unique solvability is guaranteed since w(() is
determined as the unique solution of (1.12) and (1.15).

3. The order of singularity. It is important to determine the
order of singularity at each node for the stress functions, which is fully
determined by the order of Q(¢) at the same node. It is well known
that, for any node which is a free tip (not on the interface) of any
crack, the order is 1/2. For the other nodes, the situation is much
more complex. Near such a node ¢, usually it is assumed

20(¢)

(3.1) Q(¢) = €= cyoriB

4+, O<ac<l,

where Qo(¢) is bounded at { = ¢ (the unwritten terms are of lower
order of singularity, the same as below). In many cases, the limit of
Q0(¢) does not exist as ( — ¢ along any crack or any segment of the
interface. In fact, Q(¢) oscillates near the node in general.

It seems more reasonable and exact to assume

(3.2)

20) = ot =

(=) T (=)

near ( = c along a definite crack or segment mentioned above. Thus,
the behavior of Q(¢) near ¢ becomes much clearer. If 8 = 0, then
Q(¢) = /(¢ —c)* +--- has areal order at ¢, £ being a constant, so
that there is no oscillation at ¢, which is in harmony with the known
results.

4+ .. (Cl, 02 not both Zero)

We illustrate this idea by two examples.
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FIGURE 2.

Example 1. Assume the elastic body occupies the entire plane with
two rectilinear cracks v; = Ob;, j = 1,2, having a common tip z = 0
and oriented from O to b;. It may be bonded by several different media
with interfaces not passing through the cracks (Figure 2). The angle
of inclination of v; is #;, 0 < 6; < 27, and the length of ~; is ry,
ie., b; = rjewi. Denote § = 0y — 6. Let t = re'%, ¢ = pe'¥s and
Q(¢) = Q;(p) on ;. Then, (2.4) becomes: for ¢ € 71,

1m0 1 [ Qy(p)ei®:
0 0

i p—r i peifz — reib

1 T2 ewlglog( peieg _reiel

270 Jo or pe=2 — re=i01

1 T2 o, 8( pei92 _,reiel

2mi J, or \ pe=i02 — re=ith

Jutore dp
)@we%@zﬁm

t=re, 0<r<ry,

or,

—~

3.3)
71 () 216 T2
1 Nlp) , _L/ Dalp) € / Qa(p)
o P 0

miJo por 2mi —re= " 2mi o — reid
sin fe'? "2 Qs(p) d [ Qlp)
" ™ {/0 p—rew p+rdr/0 p_reze P fO( )v

0<r<mry,3.3

while equation (2.6) has no connection with the singularity at O.
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Assume

Q(p)=A1/p" +Bi/p” +---
(3.4) (y=a+1i0; A1, B, As, By not all zero)
Qa(p) = Aa2/p” + Ba/p? + -+

Then, by the property of Cauchy principal value integrals near the end
O, we should have

cot ym — e eam —

t
cot ym TR,
5

- A+ —
Y i

My
2ir7e= " sinymw 2irve~"Y sinymw

YT Py
20 € € B
+e - - - A+ ———F———By
2ir7ei97 siny 2ir7ei7 sin yw

+ sin fe’? 1+ri - Aejw Ay + L By | =
dr ) \ r7ei7 sin ym r7eiY sin ym

Therefore,

(3.5) 2cosymA; — VT A, 4 I (T=0)+20] 4,
+ 2isin (1 — )=+, —
2cosyn B, — TR, 4 (N (m=0)+2601

4 2isinf(1 — 3)eBE-O+IZ, —
or
(3.6) 2cosywB; — e+ B, | emiby(m—6)+20] g,

— 2isinf(1 — )e =0+ 4, — 0,

Similarly for ¢t = re?®2 € ~,, we have, by interchanging the subscripts
1, 2 in (3.5), (3.6) and at the same time replacing 6 by —6,

(3.7) 2cosymAs — eV (m=0) Ay 4 eily(m+0)=26] 4,
— 2isinf(1 — ) "TO=0 g, — ¢,

(3.8) 2cosywBy — e~ (=0 p | o—ilv(r+0)-20] g
+ 2isin (1 — 5)e " DFO=0 4, — 0.
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Equations (3.5), (3.7), (3.6) and (3.8) form a homogeneous linear
system in Ay, By, Ao, Bs, which has nontrivial solution if and only if
its coeflicient determinant is zero:

(39) ‘ajk| =0, .77k = 17273a4;

where

al] = 2 cos v, alg = ei[V(W_9)+20] _ ei'Y(T""re)’

a3 =0, ayy = 2isinf(1 — v)ei["’(”_e)'w]

)

ag1 = ei[v(ﬂ+9)—20] _ ei'y(ﬂ'—@), ags = 2 CoST,
(3.10) agg = —2isin (1 — )N gy, = 0;
. as1 =0, asy = —2isin (1 — ~)e DT+

a3z = 2COSYT, agy = e (T=O)F20] _ o—in(m+6)

(n+0)-6]

aq1 = 2isinf(1 — v)e_i[ a4 = 0,

A +6)-26] _ g—in(m—0)

ayz = el G44 = 2COSYT.

Remark. If the root v = a+ i3, 0 < a < 1, of (3.9) has been found,
then Ay, B, Ay and By are proportional to the algebraic complements
of the elements in the first row of |a;x|.

Z+

FIGURE 3.

Example 2. Let Z* be two isotropic media with elastic constants

kT and p*, respectively, containing a rectilinear crack v from O to
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b= ae?, a > 0, with inclination 6, 0 < § < 7 (Figure 3). Denote
Q_(z) —oo<z<0,
Qz) =
Qi (z), 0<zx<+o0,
Q1) =Q(p), 0<p<a, 7=pe?
Then equation (2.4) becomes (let ¢t = re®)
“Q 1o 1 [t~ Q
o) © oo L [T 040

o p—r i J_o € —ret? i Jo  €E—ret?
e~ 0 9 & —ret?
—log =——-0_
+ 2mi /,Oo ar & §—rei0 (€) de
e—i0 [t g ¢ —re?
—log =—+—-0Q d
+ 2mi /0 ar & E—rei0 +(&)dg

e~ 0 9 E—ret? —
omi J_ o Or&—re— -(&)de

e—i& +oo o g_rew
2mi /0 or &€ —re1 2() de

=2fo(t), ten,

%/oa —-r 27m/ f— 19 s+ _219 /Oofg_zrig—)ie dg
L /*“’ Q) 4o, /+°° 2.(¢)
0

2mi £ — rew 2mi E—ret0 a

oL e

Lo g d (7 0L
O 2m {/0 f—el9§+d_/0 £ — rewg}
:2f(l)(t)7 ter.
Let (y =a+if)

Qo(p) = Ao/p” +Bo/p"+..., 0<p<a,
(3.12) Q (2)=A_J2"+B_/2"+..., —co<z<0,
Qu(z)=A, /2" +By /27 +..., 0<z<+oo.

dg

+
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Then, substituting in (3.11), we obtain

cot ym Ag . cot ym By

107 107
1 o—2i0 _ _
- . ITA, —e”TA
+ <2i sin ympYeir? + 2i sin’yﬂ'p’Ye—Wg) (e +7€ )

1 6721'9 o o
— — "B, —e "B _
+ <2i sin Y p7ei7? + 2i sin 77rpVe—”9) (e +—¢ )

(1—e?)(1—~)

2i sin yrpYe—iv? (e""B_ — €7 By)

1— —2i6 1—47~ o o
( : .6 _ )7( _‘:-Y) (efz'yfrA_ _ e'wﬂ'A_i_)
2i sin ymwpTe— 70

which gives rise to

(3.13) 2cosymAo
—e () 4 _ omilv(m—6)+26] 4 eiv(fr*fﬂAJr + ei[w(7r+9)*29]14jL

+ (1= e 20) (1= )0 B_ — 0B ],

(3.14) 2cosymw By
— OB _ (=020l ~in(m-0)p 4 ~ih(mt0)-26lp

+(1—e20) 1 —4)[e""=DA_ — e (0 4] = 0.

The equation (2.6) now becomes either of the equations

AQi(x)+%</0 Q-9 d£+/0+°° Q4.(6) d§>

I E—z
+Q/“ Qp)dp  De* /“ Q(p)dp
i Jo p— we mi  Jo p— wei?

+M(l+xi) /Oapgﬂdp——l?f{(x)

e dz — zeit
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according to whether 0 < x < +00 or —oo < z < 0. It follows then
that for z > 0,

AA,  Be ™™TA_  BeceotymAy
7 isinymx? 17
Ce™ A De?%ei™ Ay D(1 —e%9)(1 — 7)e ™ A,

isinyrazYe—?  isinymzrein? isin yraz7ei7?
AB, Be ""B_  BcotyrBy
+ 7 dsin Y + 1x
Ce'"™ B De?0 7" B,

isinyrx¥e—?  jsinyrzVe??

n D(1- ezie)(l —7)ei™ By
isin yrzYei?

from which it follows

(3.15) iAsinyrA,; — Be """ A_ 4+ Bcosyr A, 4+ CeV ™0 4
_ Dei[y(ﬂ79)+29]A0 + D(l _ c2i0)(1 _ ,y)ei'y(ﬂfe)BO =0,

(3.16) —iAsinynB, — Be"""B_ + BcosynBy 4+ Ce~ "9 g,

— Dem =042 B 4 D(1 — e 29)(1 — y)e "D 4, = 0;

similarly, for x < 0,

AA_ N Be"™A,  BceotyrA_
v ¢ sinymrzY 1z
Ce'™ Ay De?Pem Ay D(1 — e?9)(1 —7)eT™ Ay

isinyrzYe~?  jsinymaver?

isin yrz7ei7?

N AB_ N Be"™B,  BcotyrB_
el isinymaxY 1xY
Ce'™ B, De?e"™ By D(1 — e*)(1 — )™ By B

isinyrx¥e—?  jsinyrzVe??

by which it follows

isin yrzYeir?

(3.17) iAsinyrA_ + Be"™A, — BcosymA_ + Cer(mH0) 4,

— Deth(m=0+20] 4 4 D(1—

62i9)(1 _ Fy)ei’y(ﬂ'fe)BO — O,
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(3.18) —iAsinyrB_ + Be "B, — BcosynB_ + Ce ("0 g,
— Detm=0+201 B 4 D(1 — e729)(1 — 4)e ("9 4, = 0.
Therefore, we obtain a system of linear equations (3.13)—(3.18) in

A07BO,Ai and Bi~ Denote Ao = Al, BO = Az, A+ = A3, B+ = A4,
A_ = As and B_ = Ag. Then, this system is

6

(319) ZajkAk = O, j = 1,27334a5,67

k=1
where
(3.20)
a11 = 2cosym, ars =0,
ars = (=0 4 ei[v(w+9)f20], ajg = —(1— 6*2“’)(1 _ ,y)em(ﬂo)’
as = _e*’W(ﬂ'JFG) _efi[w(w70)+20]’ a1 = (1_6722’0)(1_7)672’7&79);
as1 =0, a2 = 2CosST,
Q93 = _(1_62i9)(1_7)67i7(w+9)7 A9y = efi'y(frfe) + e*i["y(ﬂ'Jre)*QO]?
a9y = (1_621'0)(1_,}/)61'7(#70)7 og = _eify(ﬂ-JrG) _ ei[fy(ﬂfe)+20];
az = Cei’y(ﬂ'JrO) _ Dei[w(wf0)+29]’ azp = D(1_€2i9)(1_7)6iw(ﬂ'70)’
as3 = tAsinym + BcosAm, azs =0,
ass = —Be 7, aze = 0;

an = D(1=e™7)(1=y)e 777,
— Ce—i'y(ﬂ'-i—@) _ ‘l)e—i["/(fr—e)-ﬁ—29]7

G42

aq3 =0, agq = —iAsinymw + Bcosym,

ags = 0, ass = —Be™;

as, = Cem(wre) _ Dez‘[»y(fr—e)ﬂe]’ a5y = D(l—e%e)(l—*y)e”(”*e),
ass = Be''™, as4 = 0,

ass = iAsinyr — B cos~ym, ase = 0;

ag1 = D(1—e ) (1—y)e” 77,
ago = Ce—i'y(ﬂ'-i—@) _ ‘l)e—i["/(fr—e)-ﬁ—29]7
agsz = 0, ags = Be T,

ags = 0, ags = —i1Asinyr — Bcosy.
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The root v = a4+ i3, 0 < o < 1, of the equation |a;x| = 0 determines
the order of singularity at O to be sought.

The remark at the end of Example 1 is also effective for this example.
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