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THE h-p-VERSION
OF SPLINE APPROXIMATION METHODS
FOR MELLIN CONVOLUTION EQUATIONS

J. ELSCHNER

ABSTRACT. We consider the numerical solution of Mellin
convolution equations on an interval by the h-p-version of
spline approximation methods. Using a geometric mesh re-
finement towards the singularity of the integral equation, we
prove stability and exponential convergence in the L, norm,
1 < g < oo, for Galerkin, collocation and Nystrom methods
based on piecewise polynomials.

1. Introduction. We consider the approximate solution of the
one-dimensional Mellin convolution equation

L) ule) - / w(a/y)uly)y " dy = f(z), zel:=(0,1),

where f and k are given functions and « is the unknown function. Such
integral equations having a fixed singularity at the point z = 0 arise
in a variety of applications; for example, they occur when boundary
integral methods are applied to potential problems in plane regions
with corners or to crack problems in linear elasticity (see [4, 13] and
the references therein). Note that the integral operator in (1.1) is not
compact so that standard theories for the numerical analysis of second
kind Fredholm integral equations cannot be applied. Nevertheless,
using graded meshes and modified spline spaces, results on stability
and optimal convergence orders of Galerkin, collocation and quadrature
methods for Equation (1.1) which are based on piecewise polynomial
basis functions have been obtained in [4, 6, 7, 9]. These papers
apply the technique of the traditional h-version of spline approximation
methods where accuracy is achieved by decreasing the mesh size h,
while keeping the degree p of piecewise polynomials fixed.

In the present paper we study the h-p-version of those approximation
methods which is obtained if one simultaneously refines the mesh and

Received by the editors on August 4, 1992.
Copyright ©1993 Rocky Mountain Mathematics Consortium

47



48 J. ELSCHNER

increases the degree of the splines. For the finite element method
on a geometric mesh applied to elliptic boundary value problems in
planar polygonal domains, it has been shown in [10] that, if the given
data are piecewise analytic, the h-p-version has an exponential rate of
convergence with respect to the number of degrees of freedom, whereas
the h-version has only a polynomial rate. The state of the art of the p-
and h-p-versions of the finite element method is described in [3]. Only
recently the h-p-version has been introduced into boundary element
methods [2, 15]. These papers analyze the h-p-version of boundary
element Galerkin methods with quasiuniform and geometric meshes
for some strongly elliptic first-kind integral equations on a polygon; [2]
establishes, in particular, the exponential rate of convergence when a
geometric mesh refinement towards the vertices is used.

Our aim is to show corresponding results for spline Galerkin methods
applied to the second-kind integral equation (1.1). Furthermore, the
h-p-version of certain collocation and Nystrom quadrature methods is
discussed here for the first time. In Section 2 we recall some analytical
properties of (1.1) in L,(I), 1 < ¢ < oo, and in weighted Sobolev spaces.
Following [10] we further introduce countable normed spaces BE () of
real-analytic functions on (0, 1] which are adapted to the singularities
of solutions to (1.1) at the origin. As one of our main results we prove
that if the right-hand side f of (1.1) belongs to BZ(I) and the kernel
function x satisfies appropriate conditions then the solution u is also
an element of BE([).

In Section 3 we define the spline spaces S, 0,, 0 € (0,1), p > 0,
consisting of piecewise polynomials of degree [un| on the subintervals
[o"~¢ 0" "71] i =1,... ,n—1, of the geometric mesh. (Here and in the
following [a] denotes the integral part of a.) On the first subinterval
[0,071] the splines are assumed to be zero; this corresponds to the
simplest modification of the usual spline spaces in order to deal with
the singularity of the integral equation (1.1) (cf. [4, 6, 7, 9]). Following
[10], we investigate the L, approximation of functions u € Bg(I) by
splines from S, . The underlying approximation theory, however, is
simpler than that of [10] and essentially relies on Jackson’s theorem.
Besides the uniform degree distribution, we also briefly discuss the case
of spline spaces with linear degree distribution; cf. (3.4) for definition.

In Section 4 we prove stability and exponential convergence in the
L, norm (1 < g < o0) of Galerkin and collocation methods with
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basis functions from S, . In Section 5 we present the corresponding
results for the Nystrém method which can be regarded as the discrete
iterated collocation method based on the spline spaces S, 5. Using
a somewhat different approach, it is possible to treat Galerkin and
collocation methods with splines which are not required to be zero over
the first interval [0, 0"~ ]; cf. [7] in case of the h-version.

2. Smoothness of solutions. We first recall some facts about the
solvability of Equation (1.1) in weighted Sobolev spaces; see [7]. Let A
be the Mellin convolution operator defined by

(2.1)  Au(z):= (1 - K)u(x), Ku(z) :z/0 w(z/y)u(y)y* dy.

For any interval J and 1 < ¢ < 0o, Ly(J) will denote the usual Lebesgue
space on J with norm

1/q
|u;Lq<J>||—{/|qu:c} L g< oo
J

[t Loo (J)[] = ess suplu(z)].

For any integer [ > 1, we further introduce the weighted Sobolev space
LoyI)={ue L,I): 2’ Diue L,(I), j=1,...,1}
on the unit interval, which is equipped with the canonical norm

llus Lea(DI| = > [[@? D7u; Ly(T)]|, D = d/da.
0<j<t

Let & be the Mellin transform of the kernel function of K:
R(z) = / v* i (2) da.
0

The function a(z) = 1 — &(z) is called the symbol of the Mellin
convolution operator A. For fixed q, 1 < ¢ < oo, and ¢ > 0, we
make the following set of assumptions on x and a.
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(A1) fooo w9 Yk(z)|de < oo0; a(z) # 0, Rez = 1/g;
{arga(1/q+ i)}, = 0.
(A29) [° a1 k(x| da < o0; a(z) #0, 1/g— 0 <Rez < 1/q.

Here 1/q := 0 if ¢ = 0o, and {arg-}°>°, denotes the change in argument
of a(1/q+ i€) as £ runs from —oo to oo.

Note that the L, operator norm of K is bounded by the integral
appearing in (A1), and then the second condition of (A1) is equivalent
to the invertibility of A on Ly(I). Under the assumptions (Al) and
(A29), u € Ly(I) and Au € Lg(I) imply that u € L¢(I), where L(1)
denotes the weighted space x2L,(I). Note that the supremum of the
numbers o for which condition (A29) is satisfied reflects the principal
term of the asymptotics of solutions to (1.1) at the origin; cf. [5].

The conditions (A1) are of course necessary for the stability in L, (I)
of any projection method applied to (1.1). To obtain sufficient stability
conditions, we usually have to require some additional smoothness of
the kernel function:

(A3;) / V97 DI k(z)| de < 00, j=0,...,1
0

Condition (A3;) implies that K is a bounded map of L,(I) into L (1),
and together with (A1) this ensures the invertibility of A on L ;(I).

To derive exponential convergence rates for our spline approximation
methods, the framework of weighted Sobolev spaces does not suffice,
and following [10] we therefore introduce appropriate countable normed
spaces of real-analytic functions on (0,1]. For 1 < ¢ < oo and ¢ > 0,
let

Bg(I) = {u € C>(0,1] : 3d > 0 independent of j such that
|27~ eDIu; L (I)|| < d’t141, §=0,1,...}.
The functions in Bg(I) are characterized by different constants d. If

we wish to emphasize the dependence of a function u on d, we shall
write u € By ,(1).

In order to state our result on smoothness of solutions with respect
to the scale B¢(I), we introduce the hypothesis

(A49) klr € BY(I).
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Theorem 2.1. Assume (Al) and (A49), and suppose in addition
that (A2°) holds if ¢ > 0. Then u € Ly(I) and Au € BZ(I) imply
ue Be(I).

To prove this, we need the following preliminary

Lemma 2.2. (i) Ifue€ B ,(I), then

[(zD)u; Ly(D)]| < (2ed)’ ™35!, j=0,1,....

(ii) Conversely, if
[@DYw; Ly(D|| < d*151, j=0,1,...,

then u € B 5.4(1).

Proof. (i) Using the relation 2/ D’ = zD(zD — 1)---(zD — j + 1),
one obtains

o' Dhusy(nll < 3 () @Dy L)

-
< Mm.
o

<) (GNP < (G + Dt

(3

I
=3

Since by Stirling’s formula,
(2.2) J < @)V < el j=0,1,...,
we finally get
o7 Dus Ly (D) < (ed) (G + 1)) < (2ed) L1
(ii) Note that

J
(xD)? = Z cad = DIt

=0
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with certain nonnegative numbers CZ . Applying the operator zD to the
last relation, we obtain

A=+ (+1-0)d_, C';+1 = =0

Now, by induction one can easily show that for any ¢ and j

Therefore we obtain the estimate
) J j o
@Dy Ll < 3 (4) e D s Ly
i=0

which implies the assertion as before. u]

Proof of Theorem 2.1. Step 1. We first verify the assertion in the
case ¢ = 0. We have to show that, under the assumptions (A1) and
(A4°), u € Ly(I) and Au € Bg(I) imply u € Bg(I). Thus, by Lemma
2.2, one may assume that for some d > 1
[lu; Lo (D] < d,

@) | @Dy Aus Ly(D)|| + @D s Lo(D)| < @131, =0

1

s Ly

Note that w € L, ;(I) for any j > 1; cf. [7, Theorem 1.10]. Proceeding
by induction on j, we suppose that for some k£ > 1 and d; > d

(24) l@D) s Ly(D)|| < ™! j < k.
To show (2.4) for j = k, we start with the relation
(2.5) tDKu(z) = KeDu(x) — s(z)u(l), we& Lgi(I)

which follows by applying the operator zD to the integral

1 s}
Ku(w) = [ wtafyatuy = [ rleutefz i
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By iteration, (2.5) yields for any k > 1
(2.6)
(zD)* Au = A(zD)*u + Z(mD)k_l_jﬁ;(x)(xD)ju(l), u € Ly i(I).
i<k

Applying Sobolev’s embedding theorem for the interval [1/2, 1], one has
the estimate

[(@D)*tu(1)] < el|(@D) u; Ly(1)|| + e(e)|[ (2 D) us Lo ()]
for any € > 0 and k > 1. Together with (2.3) and (2.6), this implies

|A(zD)*u; Ly (1)]| <I[(xD)* Au; Ly(I)|
+ dfe||(zD)*u; Ly(1)|| + c(e)||(xD)*~ u; Lo(I)|]}
+ Z d* I (k=1 — HY|[(zD)" " u; Ly(I)|]
j<k—2
+ c(D)[|(zD)’u; Ly (1]}

Choosing ¢ sufficiently small and using (2.3), (2.4) and the invertibility
of Ain L4(I), we obtain from the last inequality

|(@D)*u; Ly(D)]] < cd* kU + > ed]™(j + 1)1dF I (k- j — 1),
J<k—=2
where ¢ > 1 does not depend on k. Using the estimates
G+DW k-7 -1 <(k-1)!
and selecting d; = 2cd?, we finally have

|(@D)*u; Lo(D)]| < cd* RN+ Y ed]2d" I (k — 1)1 < dfTRL
j<k—2

This shows (2.4) for j = k and completes the proof of the assertion in
view of Lemma 2.2.

Step 2. Passing to the Mellin convolution operator A, = x~2Axz?
with kernel function x~ ¢k, the assertion in the general case may be
reduced to the situation considered in Step 1. Indeed, using the
relations (zD)?x 7% = 27 ¢(xD — p)’k and the considerations in the
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proof of Lemma 2.2, x € B¢(I) implies that 2~ ¢x € Bg(I). Further,
by assumption, A, is invertible on L,(I) while A is invertible on L, (1)
and L¢(I). Thus it suffices to verify that v = x7%u € Ly(I) and
Agv = x72Au € B{(I) imply v € Bg(I), which was already done in
Step 1. i

Remark 2.3. Another analyticity assumption on «, which is stronger
than (A42) but usually satisfied in practice, is the following condition

(A59) / VI I DI k(z) | de < Y5, 5 =0,1,.. ..
0

This condition implies that
(2.7) K(LI(I)) C BZ(I).

Indeed, for the Mellin convolution operator 7 ~2DJKz? with kernel
function 27~2DJk, one then obtains the estimate

|27 =¢ D7 Ku; Lo(1)|| = |27 =2 D7 Ka® (2™ 2u); Ly(1)]]
< (/ xl/ql9|3:ijli(x)dx>|l”QU§Lq(I)||
0
Scdj-"_lj!, 7j=0,1,....

Notice that (2.7) together with the invertibility of A on L,(I) and
Lg(I) yields immediately the assertion of Theorem 2.1 if one replaces
condition (A42) by (A59) there. Moreover, the fact that (A5¢) implies
(A49) can now easily be verified if we choose in (2.5) a smooth function
u, vanishing in a neighborhood of = 0 and such that u(1) # 0, and
observe that tDKu — KxDu € BS(I).

Example 2.4. Consider the operator (2.1) with kernel function
k() = —X7(z)2®, B > 0, where X; denotes the characteristic function
of the interval I (i.e., X;(z) = 1 if z € I and X;(z) = 0 otherwise).
Then the symbol of A takes the form a(z) = 1+ (8 + 2)~ !, and the
conditions (A1), (A22) and (A42) are satisfied for 1 < ¢ < oo and
0<o<p+1/q

Example 2.5. Let x(z) = 1/7(1+ 2?). The corresponding equation
(1.1) appears as a local model when the single layer potential is
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used to solve the exterior Neumann problem for Laplace’s equation
and the plane domain has a corner with right angle. Then a(z) =
1 —1/2sin(7z/2), and the assumptions (A1), (A22), (A3;) and (A52)
are fulfilled if 1 <¢<3,0<p<1/¢g—1/3andl=1,2,....

3. Auxiliary results from approximation theory. For 1 < ¢ <
ocand k=0,1,..., let Wf([) denote the usual Sobolev space of order
k on the unit interval, where W¢(I) = Lq(I). By Ep,(u; W}F) we denote
the error in the best approximation of the function u by polynomials
of degree < m with respect to the norm in W,f(]):

Ep(u; Wp) = inf{|lu— o; Wi (I)]| : ¢ € P}
The following proposition, being a simple consequence of Jackson’s

theorem, is the key to the derivation of exponential convergence rates
for our spline approximation methods.

Proposition 3.1. We have
(i) Em(u; Lg) < (1 +m)=*||D*u; Ly(D)||, w € WE(I), m+1 > k;

(i) Ep(w;Wy) < FPHL + m) || DF s Ly(D)||, w € WEHH(T),
m >k,

where ¢ does not depend on u,m and k.

Proof. If k = 0, then the result is trivially true. Let & > 1.
(i) By Jackson’s theorem

Byn(u; Lg) < e(1+m) Y| Dus Ly(D)],
and applying successively the relations
Ep_j(D'u; Ly) < c(l+m—j) 'Ep_j (D7 L), §=0,1,...
and an elementary inequality, one obtains (see [12, Chapter 1.6])
Eun(; Lq) < ¢ (6 /K1) (1 4+ m) 5[ D¥us L,(D)]|

Together with Stirling’s formula (cf. (2.2)), this yields the result.
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(ii) By (i) there exists a polynomial ¢ € P,_; such that
[1Du — 45 L(D)]| < Fm=F D s Lo(D)]], m >k > 1,
and setting p(z fo t) dt + u(0), the last estimate implies
llu =@ Wy (D] < er|ID(u = @); L(D)]] < exc®m™" || D lus LoD,

where ¢, ¢; only depend on gq. a

Let R,, be the orthogonal projection of Lo(I) onto P,,. To inves-
tigate the L, convergence of spline Galerkin methods, we need the
following simultaneous approximation result.

Proposition 3.2. For any u € Wf“(]), 1<g< > andm >k,
(1 = Rn)u; Lg(D)|| < 1+ m)~F|| DM s Ly(1)],
where ¢ is independent of u,m and k.

Proof. 1. Let 1 < g < 2. Then, for any ¢ € P,,, the estimate

(1 = Rom)w; Lo(D)]] < [[(1 = R )u; La(1)]]
<l — @5 La(D)|] < exllu — s WH(I)]|

holds, where ¢; only depends on gq. Here we have used Sobolev’s
embedding theorem. Now it suffices to apply Proposition 3.1 (ii).

2. If 2 < ¢ < o0, we have for any ¢ € P,

(1 =R )w; Ly (D] < [lu = 5 Lg(D]] + [[Run(u = ¢); Le (1]
<l — @3 Lo(D)]] + e (14 m) =29 Ju — 3 Ly(1)]]
< (L e +m) ~ju — g Ly(D)]]

where ¢ is independent of u, p and m and the second inequality is a
consequence of [14, Theorem 3.3]. It remains to apply Proposition 3.1

(i). O
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To the Chebyshev nodes on I

my 1 (2j+Dm :
(31) EJZEJ( )Z: 5{1+C08m}, ]:0,...,777/,

we now associate the corresponding Lagrange interpolatory projection
L, onto P,,. The following result is needed in the convergence analysis
of spline collocation methods and is the analogue of the preceding
proposition.

Proposition 3.3. For any u € W(f‘H(I), 1<g< > andm >k,
(1= Lon)us Lo(D)]| < 1A 4 m) = F|| DM s Ly (1],

where ¢ does not depend on u,m and k.

Proof. 1. Let ¢ < co. By a theorem of Erdés and Feldheim (cf. [186,
Chapter 14.3]), we have

|£mus La(D)]| < e(g)]]u; Lo (T)]]

for all m € N and all continuous functions u on [0,1]. Utilizing
Sobolev’s embedding theorem, we thus obtain for any ¢ € P,,

(1 = Lon)u; Lg(D] < Ju = 5 Lg(D)|| + [|Lm(u — @); Lg(1)]|
< (1 + c(@)llu—@; Loo (]| < e1(q)l|u—o; W, ()]

and it suffices to apply Proposition 3.1 (ii).

2. Let ¢ = co. By a theorem of Bernstein (see [13, Chapter 3.3.1]),
the Lo, operator norm of L, is bounded by ¢;(1 + log(1 + m)). Now
we obtain as before

(1 = Lon)u; Loo (D] < 1 (1 +log(1 +m))l[u — @5 Loo (1)

for any ¢ € P,,, and Proposition 3.1 (i) completes the proof. O

We now introduce the spaces of piecewise polynomials on geometric
meshes occurring in the h-p-version of spline approximation methods.
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For any n € N and fixed o € (0,1), we first define the geometric mesh
Ay, =7, ={z;:0<i<n}on I, where

(3.2) zi=2™ =0 i=1,...,m 2,=0.

Let I; = (z;-1,;), h; = ; — x;—1, where the upper index n is omitted
for convenience. To the mesh A, , and a fixed parameter p > 0, we
then associate the spline space

(33) Sn = On,ou — {U S LOO(I) : ’U,‘jl = O,u\ji S P[un]a 1 Z 2}

which corresponds to a uniform degree distribution on the subintervals
of A,,. Sometimes we also consider the case of linear degree distribution

(34) Slin . {u € LOO(I) : ’U,‘jl = O,u\ji € P[W]’ 12> 2}

n,o,u

The following theorem is the crucial approximation property of Sy;
for ¢ = 2 it is of course a special case of the two-dimensional results
obtained in [10]. Let P, denote the orthogonal projection of Ly(I) onto
Sn,ou-

Theorem 3.4. Let u € B§(I), 1 < q<oc and ¢ > 0. Then
(3.5) (1 = Py Ly(D| < e,

where the constants ¢ and b do not depend on n.

Proof. Step 1. On the first subinterval (0,z1) of the mesh A,,, we
have

(3.6) [lu; Lo(I)|| < o Ve|a™0u; Ly ()] < c10™.
Here and in the sequel ¢, cq, ... denote various constants not depending
on n and p.

Step 2. Next we prove the estimate
(3.7) [ = Poti; Ly (a1, 1)|| < cxo™/°

in the case ¢ = 2. In order to do so, we choose a polynomial p; on
each subinterval I;, ¢ > 2, such that according to Proposition 3.1 (i)
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(with m = [un] and k = [vn], 0 < v < p) and the scaling argument,
the estimate

(3.8)

llu = 35 La(I)|| < {ezhi/ (1 + [un]) | DV u; Ly (1))

< {eahi/mia (1+ [un])} 0" af |2 ™= DI Mu; Lo (1)
holds. Here c¢; is also independent of ¢ and v, and v will be chosen

sufficiently small later on. Since h;/z;—1 = (1 — 0)/o (cf. (3.2)) and
u € BS(I), the last expression in (3.8) can be bounded by

{ea/ (L + [pn) Y [vn)!.

Therefore we obtain from (3.8)
1/2
{ Do lu—wi Lz(fi)IIQ} < cafes/ (1 + [pn)) } " on]!
(3.9) =2
< 1+ [vn] [vnl
< el s

since [vn]!(1 4+ [vn])~" < 1. Choosing now v = u/c with sufficiently
large ¢ in (3.9), we get (3.7) for ¢ = 2. Indeed, if ¢ = 2c3/0
and pn/c > 1, the last expression in (3.9) can be dominated by
cgolV™ < 4™ whereas for all indices n with un/c < 1 it can be bounded
by ¢4 < coo™.

Step 3. We finally verify (3.7) for arbitrary ¢. Then (3.6) and
(3.7) obviously imply estimate (3.5). Arguing as before, but applying
Proposition 3.2 instead of Proposition 3.1 (i), we get for ¢ > 2

(310)  |lu— Pou; Ly(L)l| < eafes/ (1 + [un]) Y™ af (1 + [vn]).

By virtue of the obvious estimate (1 + [vn])!(1 + [vn])~#™ < 1, this
yields again

1+ [vn] ) (]

= P Ly, D] < e (cag 2

hence the result. |
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Remark 3.5. Let N be the number of degrees of freedom (i.e., the
dimension) of S, . Then N < un?, ie., n > \/N/u, and (3.6) and
(3.7) imply the estimate

(3.11)  ||(1 = P)us Ly(D)|| < er{o?V N/ 4 gV NIy < gy PVN

where ¢, ¢y and ¢y do not depend on N and p, while b is independent
of N but depends on u. Note that a somewhat more precise estimate
for ¢ = 2 and a discussion of the optimal choice of y and o can be

found in [10]. The starting point there is the more precise version of
Proposition 3.1 (i)

m—k+1)!

which is shown by approximating u by the Legendre polynomials.

Remark 3.6. If P, denotes the orthogonal projection of Lo(I) onto
Slin - (cf. (3.4)), then the assertion of Theorem 3.4 only holds, in

n,o, i

general, if p is sufficiently large. Indeed, instead of estimate (3.10),
one obtains from Proposition 3.2 that

llu = Pou; Lo(L)|| < eszf{es/(L+ [wi) }' (1 +14)!, 0> 2,
which gives
= Pott; Lo(1)]| < ex{eso(1 +1)/(1+ [ui]) Yoo < c27 2"
if u is large enough. These estimates yield
[lu — Pyuw; Ly(z1,1)]| < cqo®™,
and consequently
(812) 11 = Paus Ly(D)]| < c102" < epe™ VA0,

where N = dim S,ll”}, , and c1, c2, b are independent of n, N and p. This
corresponds to the result in [10] for g = 2.
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Finally, to the Chebyshev nodes (3.1) and the mesh A,, , we associate
the collocation points

(n) = Ti—1 +§]h27 (173)67—7

Tij = T

where 7 = {(i,7) : 2 < i < n,0 < j < [un]}. For any continuous

function w on (0,1], define the interpolatory projection Qnu € Sy 5
by

(3.13) (Qnu)(wij) = u(wij), (i,4) €T.

To prove exponential convergence of spline collocation methods, we
need the following analogue of Theorem 3.4.

Theorem 3.7. Ifu € Bg([), 1<qg< o and o> 0, then
(I = Qn)u; Ly(D)|| < ce™™,

where ¢ and b are independent of n.

Proof. This follows as in Step 3 of the proof of Theorem 3.4, using of
course Proposition 3.3 in place of Proposition 3.2. ]

4. Stability and exponential convergence of Galerkin and
collocation methods. Let A = 1 — K be the Mellin convolution
operator defined in (2.1). For the approximate solution of Equation
(1.1), we first consider the h-p-version of spline Galerkin methods,
namely the Galerkin method with splines from S, = S,,,. The
Galerkin solution u,, € S,, is defined by

(4.1) P,Au, = u, — P,Ku, = P, f.

Theorem 4.1. (i) Assume (Al), and suppose additionally that
condition (A32) holds if ¢ # 2. Then the Galerkin method (4.1) is
stable in Ly(I), i.e.,

(4.2) [|PrAun; Lg(I)|| > c||un; Lg(I)]], tn € Sn, n > no,
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where ng is large enough and ¢ does not depend on u, and n.

(ii) Under the conditions of (i) and the assumptions f € BZ(I),
o > 0, (A29) and (A49), the Galerkin solution u, of (4.1) converges
exponentially to the exact solution u of (1.1) in Ly(I), i.e.,

(4.3) = s Ly(D)]| < ce YN,

where N is the number of degrees of freedom, ¢ and b are some constants
not depending on N (if u is fized).

Note that the Galerkin method (4.1) is stable in Lo(I) under the
minimal (invertibility) assumptions on A, whereas in our approach the
stability in L,(I), ¢ # 2, requires some additional smoothness of the
kernel function. The proof of Theorem 4.1 (i) is based on the stability
of the finite section method for (1.1). Consider the truncation operators

(4.4) Tt = X(zy,1)Us T = .’L'gn) =g L,
Lemma 4.2. If assumption (A1) is satisfied, then
(4.5) [|mnAmpu; Ly(D)|] > ¢||mnu; Le(D)]],  w € Ly(I), n > no,

where ng s sufficiently large and c is independent of u and n.

Proof. Consider the map ®u(z) = e~*/9%u(e~*) which is an isomor-
phism of L,(I) onto L,(0,00). Then ®(1—K)®~! becomes the Wiener-
Hopf integral operator

L= W Wals) = [ (e~ y)uy) dy,
0
with kernel function w(x) = e~%/%k(e™%) € Li(—00,00). Now (4.5) is
a consequence of the stability of the finite section method for Wiener-

Hopf equations; see [8] for ¢ < oo and [1] for ¢ = oo, or [13]. O

Proof of Theorem 4.1. (i) For any u,, € S,, the relation

(4.6) P,(1 - K)u, = mp(1 = K)mpup + mn(1 — By Kuy,
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holds. Therefore, by virtue of (4.5), for the proof of estimate (4.2), it
is sufficient to verify that

(4.7) [|mn(1 — Py)K||q — 0, n— oo,
where || - ||, denotes the operator norm on L, (I). We first consider the
case q¢ = 2.

Let u € La(I). In the sequel ¢, cy,... denote various constants not

depending on u,n and i. Applying Proposition 3.1 (i) (with ¥ = 1) and
the scaling argument, we obtain for ¢ > 2
(4.8)

(1 = Pu)Kus Lo(L)| < cha(l + [un]) ™[ DEws Lo(Ly) |

< c(hi/zi—1)(1 + [pn]) M|z DKu; Lo(L)|| < eon™||eDKu; Ly (1)

If we assume, in addition, that K is a continuous map of Ly(I) into
Ly 1(I), then (4.8) implies that

70 (1 = P Kus La(1) || < exn™[feDEw; La(1)]| < con™|Jus La(1)]|

which proves (4.7) for ¢ = 2. Now we observe that, for any ¢ > 0,
K may be approximated by a convolution operator K. with kernel
ke satisfying condition (A3;) such that ||K — K|l < . Since the
projections P, are, of course, uniformly bounded on Ly([I), it suffices
to verify the Lo stability of the Galerkin method for 1 — K, if ¢ is
sufficiently small.

Next we prove (4.7) for arbitrary ¢. Applying Proposition 3.2 (with
k = 1) and the scaling argument, we get for any u € L,(I) and i > 2

(1 = Pa)Kus Ly(T)|| < eh3(1+ [un)) | D2K s Ly (1)
< e(hifwim1)*(1+ [un]) " ||2* D* Kus Ly (1)
< e H|z? D2 Ku; Ly(L)||-

Since K is a bounded operator of Ly(I) into Ly 2(I) by condition (A32),
it follows from the last estimate that
170 (1 = Pa) K Lo(I)|| < exn™![a® D* Ku; Lo(1)]]

4.9
(4.9) < can”Hfu; Ly(D)|

which completes the stability proof.
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(ii) By assumption and Theorem 2.1, the exact solution u of (1.1)
belongs to BZ(I). Therefore, in view of Theorem 3.4 and Remark 3.5,
it is now sufficient to verify the estimate

= i Lo(D)]| < el|(1 = P)us Ly(D)l, n > mo.

Since ||u — un; L(D)[| < [|(1 = Pp)u; Lg(I)|| + [[Paw — un; Le(1)]] and
the stability estimate (4.2) implies

[Pt = s L(D|| < el PaAQL = Po)us Ly(D)ll, n > o,

it remains to verify that the last expression is bounded by ¢||(1 —
P,)u; Ly(I)||. For ¢ = 2, this is obvious because of the uniform
boundedness of P,. In the general case, we have by (4.9)

[PrA(L = Py)us Ly(I)|] < [|mn K (1 = Pp)us Lg(1)]]
+ || (1 = Pp) K(1 = Py)u; Lyg(1)]]
< c|[(1 = Po)u; Lo(T)]|

which completes the proof. u]

We now consider the h-p-version of spline collocation methods. We
seek an element u,, € S,, such that

(4'10) QnAuy, = up — QnKuy, = Qnf,

where @, denotes the interpolatory projection defined in (3.13). The
following result is the analogue of Theorem 4.1 for the collocation
method. Its proof follows the same line as there, using of course Propo-
sition 3.3 and Theorem 3.7 instead of Proposition 3.2 and Theorem 3.4.

Theorem 4.3 (i) Assume (A1) and (A32). Then the collocation
method (4.10) is stable in Ly(I), i.e., estimate (4.2) holds with P,
replaced by Q.

(ii) If, in addition, the assumptions f € BS(I), o > 0, (A2?) and
(A49) are satisfied, then the collocation method converges exponentially

in Ly(I), i.e., estimate (4.3) holds with the collocation solution u, of
(4.10).
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Remark 4.4. For the approximation methods (4.1) and (4.10) with
basis functions from S5 u (cf. (3.4)), the results of this section hold if
u is sufficiently large; compare Remark 3.6 and the proof of Theorem
4.1. To derive stability of those methods, one has to use, for example,

the estimates
1(1 = Pu) Ku; Lo (L)l < chi(1+ [ui]) 7MDK w; Lo (L)l], 0> 2
instead of (4.8).

Remark 4.5. In contrast to collocation methods based on piecewise
polynomials of fixed degree (cf. [4, 7]), for the h-p-version one does
not have so much freedom in the choice of collocation points. If we
take, for example, equidistant points §; = §§m) =j/m,j=0,...,m,
on the unit interval, then the L., operator norm of the corresponding
Lagrange interpolatory projection L, grows exponentially as m — oo
(cf., e.g., [11]) so that the results of Proposition 3.3 and Theorem 4.3
cannot be expected in this case. Selecting, however, & (M) 25 the Gauss-
Legendre points on I, one has the estimate (see [16, Chapter 14.4])

1Lt Loo(D)]] < ev/mllus Lo (D], m =1,2,....

for any continuous function w on [0, 1], and defining @,, again by (3.13),
Theorem 4.3 holds with this choice of the collocation points x;;. This
only requires a slight modification of the corresponding proofs.

5. Nystrom methods. We finally study stability and exponential
convergence of a quadrature method which can be interpreted as the
discrete iterated version of the collocation method (4.10). To define
this method, consider the (m + 1)-point interpolatory quadrature rule

1 m 1
5.1 vdr ~ W™y f(»m) = Lvdx
J J
0 o 0

with weights w; = w](-m), 7 = 0,..

& = fj(.m) introduced in (3.1). The following property which is
a consequence of a theorem of Fejer (cf. [12, Chapter 3.6.2]) is of
importance for our convergence analysis:

.,m and the Chebyshev nodes

(5.2) wj(-m) >0 for all j and m.
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Let @, be the interpolatory projection onto S, ,,, defined in (3.13) via
the collocation points z;;, (¢,j) € 7. Then the composite quadrature
rule obtained by shifting (5.1) (with m = [un]) to each subinterval I,
i > 2, of the geometric mesh A, , and summing over ¢ > 2 is

1 1
(5.3) / vdx ~ Z wiv(zij)h; = / Qv dz.
0 (i,)ET 0

Using (5.3) we approximate the integral operator K in (2.1) by

(5.4) Kpu(z) = Z wil(x, zi5)u(zij)hi, x €1,
(4,9)€T

where [(x,y) := y~'x(z/y). The Nystrém solution u, () to the integral
equation (1.1) is now defined by

Note that (5.5) is a linear system in the values u,(z;;), (¢,5) € 7, and
then f(x) + K,un,(z) may be computed giving wu,(z) for all z € I.
To derive a stability result for (5.5), we need the following technical

lemmas.

Lemma 5.1. Ifv € WTY(I) and m > k, then
(5.6) ’/vdI—Zw §(m) ‘ 1+ m) 7R DM Ly (1)),
where ¢ is independent of v,k and m.

Proof. For any ¢ € P,,, the left-hand side of (5.6) can be estimated

by
JCRE

<l =3 Li(1 |+Zw(m)\|v—<ﬂ, (D] < elfo — @ WEI)]|-
7=0

m

(m) f(m))|

=0
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Here we have used (5.2) and Sobolev’s embedding theorem. Now the
assertion follows from Proposition 3.1 (ii). O

Lemma 5.2. Under the condition (A32), we have
(K 7= Kus Ly(DI| < e s Laa(DIl, - w € Lya(D), n €N,

where ¢ does not depend on u and n and w, denotes the truncation
operator (4.4).

Proof. Applying Lemma 5.1 (with & = 1) and the scaling argument,
we obtain for any u € Ly 2(I), n € N and ¢ > 2

[1m]
(5.7) ‘/I l(a:,y)u(y)dy—ijl(x,mij)u(a:ij)hi
i j=0

< er(1+ [pn]) " BE(| Do, y)uly); L (1))
< con” My D2z, y)u(y); L (L)]].

Furthermore, the relation

v’ Dz, y)uly) = > b(z,y)y" D u(y)
0<r<2

holds, where I,.(z,y) = vy~ 'x,(x/y) and the functions &, satisfy the
first condition of (Al). From (5.7) we obtain for all z € I and n

1
(K, = KJu(@)] < eon™ 37 [ (el v Duldy
0<r<2”0

which implies the result by passing to L, norms. O

We are now in a position to prove stability of the Nystrom method
in the weighted Sobolev spaces L 2(T).

Theorem 5.3. Assume (Al) and (A34). Then the Nystrém method
(5.5) is stable in Ly o(I), i.e.,

(5.8) (0-Ku)uLya(Dl] > dlu; LDl we Lya(l), n > ny,
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where ng is sufficiently large and ¢ does not depend on u and n.

Proof. Step 1. First we verify that the operators 1 — K, are stable
in Ly 2(I). Lemma 4.2 implies the stability of these operators in L (1)
since one has the matrix representation

- W1 -K)m, O
1=K = (—TF"K(l—ﬂ'n) 1>

with respect to the direct sum Ly () = m,(Lq(I)) @ (1 — 7)) (Lg(1)).
Moreover, for j = 1,2,

|27 D7u; Ly (D] < [[0? D (1 = K )us Lo (1)[| + |27 D? Kmyus Lo(1)]]
and by (A32) and the stability of 1 — K, in Ly(I)

|27 DI Kmu; Ly(1)]] < ellmaus Le(1)]] < elfu; Lo (D)]
< a[(1 = Kmn)u; Lo(1)]]-

These estimates obviously yield (5.8) with K, in place of K.

Step 2. We show that for any n € N, u € Lyo(I) and j =0, 1,2, the
estimate

(5.9) lla? DY (K — K )u; Lo(D|| < en™ ||u; Ly 2 (1)]]

holds. Then the stability of (5.5) follows from that of 1 — K, by
small perturbation with respect to the L, operator norm. Note that
Lemma 5.2 implies (5.9) if 7 = 0. For j = 1,2, we use the fact
that KU) = 2/DJK is the Mellin convolution operator with kernel
2z DFk and that Kflj) = 2/DIK,, is the approximate operator (5.4)
corresponding to K. Since, by (A34), KU) satisfies condition (A35),
it suffices to apply Lemma 5.2 to those operators. o

Remark 5.4. Using the more traditional approach of showing that
[|(K7my — Kn)Knlloo — 0 as n — 00, one can also prove the stability
of (5.5) in Lo (I); cf. [9] in the case of the h-version of the Nystrom
method.

We are now ready to state our result on exponential convergence of
the Nystrom method.
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Theorem 5.5. Assume f € BE(I), 0 > 0, (Al), (A2?), (A4?) and
(A5°). Then the Nystrom method converges with the error bound (4.3)
where u,, denotes the solution of (5.5).

Proof. Using the relation (1 — K, )u, = (1 — K)u and Theorem 5.3,
we obtain

[u = un; L2 (D] < ef|(1 = Kn)(u = un); L2 (1)]]

= c||(K = Kn)u; Lo 2 (1]

Recall that condition (A5°) is stronger than (A34). Furthermore, by
assumption and Theorem 2.1, we have u € BZ(I) so that it remains to

apply Lemma 5.7 below to the operators 2/ D/ (K — K,,), j = 0,1,2,.
O

Remark 5.6. Under the conditions of the preceding theorem, we
obtain the exponential convergence rate

[ = wp; Ly j(I)]] < ce™®,  ¢,bindependent of n,
for any j € N. Indeed, if we apply the operators z7 D7 to the relation
u—u, = Ku— Kyu, = (K — K,)u+ K,(u—u,),
we obtain with the notation in Step 2 of the proof of Theorem 5.3
(5.10) 2DV (u—uy) = (KW — KOYu + K9 (0 — uy,),
where the kernel of KU) also satisfies the assumption (A5°). Lemma
5.7 below yields the exponential rate for the first term in (5.10). For

the second term, this is a consequence of Theorem 5.5 and the uniform

boundedness of K,(lj ), the latter following from Lemma 5.2 applied to
KU) and the continuity of KW) : Ly(I) — Lo x(I) for any j and k.

Lemma 5.7. If the assumptions u € BS(I), o0 > 0 and (A5°) are
fulfilled, then

(5.11) (K — Kn)u; Le(D)]| < ce™™,
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where the constants ¢ and b do not depend on n.

Proof. We proceed similarly as in the proof of Theorem 3.4. First we
have

(1 =m0 )u; Lo (D] < ¢f[(1 = 7 )us Lo (1]

<c
< coMV g™ Cy; Ly(I)]| < co™.

Here and in the sequel ¢ and b denote various constants which are
independent of n. It remains to show the estimate
(5.12) [(Kmp — Kp)u; Ly(I|] < co®™.

Applying Lemma 5.1 (with & = [vn], m = [un]) and the scaling
argument, we obtain for all ¢ > 2 and v € (0, u)

[pun]

(5.13) \ [ ity dy = 3wttt h

< efe/(1+ [un]) Y R DA 1, y)uly); L (3|

< efe/1+ [pn)) }zg|ly e DI @ yyu(y); Ly(1)))-
Define the functions x; and [; by
(5.14) y 'wi(x/y) =1 (2,y) =y Dil(x,y).

Recall that y~'x(z/y) = l(z,y). Then

(5.15) / V9 gy (x) | de < PHY5), §=0,1,...,
0

where d is independent of j. This follows easily from condition (A59),
using Lemma 2.2 and the relations (zD)? = (Dz — 1),

(Dyy) l(z,y) = (=1)7y~ ((xD) k) (z/y).

Now let K; be the Mellin convolution operator with kernel function

{e/ (L + [un)) Y5 (),
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and define the functions v; by

v; =0 on I, vj(x) = 24|27 "2 Diu(x)| on I, i > 2.
Since u € BE(I), we then have
(5.16) loj; Lo(D)|| < d*5,  5=0,1,....

Furthermore, with the notation of (5.14)

m

YD, y)uly) = Y (?) iz, y)y™ 72D T u(y)

§=0
for any m, and combining the estimates (5.13) we can write

1+[vn]

1+ [vn]
(K7 —Kp)u(x)] < ; Kjvippm—j(z), xzel.
z( ) K

Using (5.15) and (5.16), this implies

(5.17)  |[(Kmn — Kp)u; Lg(1)]|
1+[vn]

<y c{#@n]}[yﬂ (1 +j[’/n]) I 4 [un] — j)!

=0
< efe/(1+ [pn]) 32 + vn))! < efe(1 + [vn]) /(1 + [un]) .
Here we have used the estimate

(2 + [un])!/(l + [yn])[”"] < 21+[Vn].

As in the proof of Theorem 3.4, the last quantity in (5.17) can be
estimated by co® if v € (0,u) is chosen sufficiently small. This
completes the proof of (5.12). O

Remark 5.8. All results of this section extend with the same proofs

to the case where the collocation points x;; are defined by means of the
Gauss-Legendre nodes §J(-m) on I, since the corresponding weights wj(-m)

satisfy condition (5.2) again.
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Finally we note that the results on the Nystrom method remain valid
if we choose a composite quadrature rule based on a linear degree
distribution on the mesh A,, , (i.e., a suitable interpolatory projection
Q, onto 8" s taken in (5.3)) and if y is sufficiently large.

n,0,p
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