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A QUADRATURE METHOD FOR CAUCHY
INTEGRAL EQUATIONS WITH WEAKLY
SINGULAR PERTURBATION KERNEL

GIUSEPPE MASTROIANNI AND SIEGFRIED PROSSDORF

ABSTRACT. The authors study the mean weighted conver-
gence of the quadrature method for solving integral equations
over the arc (—1,1) with Cauchy kernel and with a perturba-
tion kernel not necessarily regular. Error estimates in uniform
norm are also given.

1. Introduction. Many problems in aerodynamics and elasticity
lead to a singular integral equation with Cauchy kernel of the form

(1.1) a(x)u(x)+@/ u(t) dt+/ k(z, t)u(t) dt = f(z)

™ -1 t—x -1

on the interval (—1,1) (see, e.g., [1, 16, 19]). The first integral in
(1.1) is to be interpreted as the Cauchy principal value. Hereby a,b
and f are given Holder continuous functions, and £ is a given smooth
or weakly singular kernel function.

The problem we are interested in is to find an approximation to the
unknown solution w by using projection methods (like collocation or
Galerkin schemes) or quadrature procedures with orthogonal polyno-
mials as trial functions. There is already a considerable literature on
this subject in the case of regular kernel k (see, e.g., the surveys [9,
6-8, 12, 22, 23, 13-15, 24] and the references given by the same
authors). In most of these papers the following strategy is employed.
For given functions a and b, one introduces two sets of orthogonal poly-
nomials which are denoted by {p,} and {g,}, where Dp,, = ¢,—x with
D being the dominant part of Equation (1.1) and X the index of D
(see Section 2). For a given value of n, we use Gauss-type quadrature
rules based on the zeros of p,, and collocate at the zeros of ¢,_. In
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the case of constant coefficients a and b, the polynomials p, and ¢,
turn out to be Jacobi polynomials corresponding to the weight func-
tions w(t) = w @A (t) = (1 —t)*(1+1)?, -1 < a, B < 1, and 1/w(t),
respectively. If, for example, k € C"T*([-1,1]?) and f € CTFA[-1,1],
where r is a nonnegative integer and 0 < A < 1, and |a] = |8] = 1/2,
X = 0 or X = 1, then in [14] the corresponding quadrature method
is proved to converge in the weighted space L2 (—1,1) with the rate
O(n="*) as n — oo.

In the present paper we prove that the quadrature method, under
certain additional assumptions for a and b, converges in the space
L2(—-1,1) with the error bound O(n~""*logn), provided only that
k is a kernel of the form k(x,t) = [h(z,t) — h(z,z)]/(t — x), where
h € C"([-1,1]?), f € C"**~1,1], and «, 3 are arbitrary numbers
satisfying —1 < «, # < 1 and X = 0 or X = 1. Moreover, error
estimates in uniform norms are given. The crucial point in our analysis
are bounds of the quadrature error for the perturbation kernel & which
are founded on thorough estimates for the distances between the zeros
of the orthogonal polynomials p, and ¢, (Section 3). Further ideas
of Junghanns and Silbermann [14] and Elliott [5—8] are used. In
Sections 2 and 3 the quadrature method is studied when a and b are
real constants and in Section 4 when a and b are real-valued functions.

2. Singular integral equations with constant coefficients.
Consider the singular integral equation with Cauchy kernel of the form

1 1
(2.1) au(z) + é/ Mdt+/ E(x,t)u(t) dt = f(x),

T 1t_.'1; 1

x € (—1,1), where a and b are given real constants such that a?+6% > 0,
and k is a regular or weakly singular kernel function,

h(z,t) — h(z,x)

(2.1) k(z,t) = —

with h € C*([-1,1)2),0 < A < 1.
Notice that if k is a weakly singular kernel of the form

m(z,t)
|z — t|m’

k(xz,t) = 0<p<l,
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with m € C¥([-1,1]), then the representation (2.1)" holds, where
h(z,t) = (t — 2)|t — z|"#m(z,t) € C*([—1,1]?) with A = min(1 — p,v)
(see, e.g., [19]).

The quadrature method under consideration, like most of the poly-
nomial approximation methods for solving equation (2.1), is essentially
based on the well-known relation (see, e.g., [9, 5, 6, 13—15])

27%p e
2.2 D(p{eP)) = ————pl=u
( ) (pn ) Sin(?TOéo) pnfx 9
where

(2.3) (Dv)(t) = aw(x)v(z) + b /1 wt)ult) dt, —-1<uz<1,

™ J_1 t—x
is the dominant part of Equation (2.1), and {psla’ﬁ ) }nen is the sequence
of orthonormal Jacobi polynomials with respect to the weight function
w(z) = w@f(z) = (1 — 2)*(1 + )%, that is, P& s a polynomial

of degree n with positive leading coefficient and fil p%a’ﬁ >p§,€f By =

5n,m(p;__(§<’_ﬁ) =0 for n — X < 0). The numbers «, 3 and X involved
are defined as follows:

a+ib = (a% 4 b?)1/ %m0, 0 < |ag] < 1,
-1 <a:=p— a, B:=v+ay<l,

w and v are integers, X := —(a + 3) = —(u + v).

Denote by L2 = L2 (—1,1) the Hilbert space of all complex-valued
functions on (—1,1) which are quadratic integrable with respect to the
weight w. The space L? is equipped with the scalar product

1 -
(1, 0)y = — / WD) dt
TJ
and the norm ||u||, = [(u,u),]'/?. As an immediate consequence of

(2.2), the operator D defined by (2.3) and acting from L2 to Lf/w is
Fredholm with index X (see also [11, 18]). Moreover, D is invertible if
X = 0, invertible from the right if X = 1 (in this case D(P,_1) = P,_»
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with P,,_; being the set of all real polynomials of degree < n) and
invertible from the left if X = —1 (in which case D(P,_1) + C = P,).
Let ty =tmp, k=1,... mandz; =2m;, j=1,... ,m—X, be the

zeros of the polynomials pg,? ) and pgn X =9 , respectively, i.e.,

P ) =0,  p %P (@) =0.

Choose now a Gauss-type quadrature formula with the weight w and
the nodes t; such that

1 m
e [ a0u®d=Y At g€ Pans,
k=1

-1

where A,k = Am k(w) stands for the Christoffel numbers. Then

m

(2.5) (Duy,)(z;) = Z j=1,....,m—X,
k

holds for any polynomial v, of degree m — 1 (see, e.g., [15, Lemma
1.15]; cf. also Lemma 4.2).

We consider the following quadrature method for the approximate
solution of Equation (2.1). Determine &, = &k, k = 1,...,m, such
that

26i [

In the case X = 1, it is necessary to give an additional condition in
order to define the solution of (2.1) uniquely, e.g.,

Pop— +k(l’],tk):|§k:f($j), j=1...,m—X.

(2.7) /1 u(t)dt =0

-1

which can be approximated by

(2.8) > Amibe =0.
k=1
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In practice, the most frequent case is that of an unknown function
u which is unbounded at both the endpoints 1 and —1. Then the
representation

u(t) = (1 —t)*(1+t)%v(t)
holds, where v is continuous, provided the given functions f(z) and

k(x,t) are smooth enough, and «a, 3 are real numbers satisfying —1 < «,
g <1

Given 0 < A\ < 1, an integer r > 0, and a subset A C[-1,1]2, we
denote by C"+*(A) the class of all functions on A whose 7-th derivatives
belong to Lip, (A). The main results of the present paper are as follows.

Theorem 2.1. Assume —1 < «, f < 1, X = 0 or X = 1,
ke C"M[-1,1?) and f € C"TA=1,1], » > 0, 0 < X\ < 1. If the
problem (2.1) (for X = 0) or (2.1), (2.7) (for x = 1) has a unique
solution u = wv, v € L2, then the system of equations (2.6) or (2.6),
(2.8), respectively, is uniquely solvable for all sufficiently large m and

1
29) o= vnlla =0 (5 )
where (©.5)
P (t)

U (t) = /
v ;@—tk)p&?ﬂ’ (tr)

is the Lagrange interpolation polynomial corresponding to the solution
of (2.6) or (2.6), (2.8), respectively.

&k

Theorem 2.2. Assume that X =0 and |a| < 1/2 or that X =1 and
-1 <a<0,heCt[-1,1?) (recall (2.1)") and f € C™H*-1,1],
wherer > 0 and 0 < A < 1. Then the assertion of Theorem 2.1 remains
true with the error bound

(2.10) |v—vm|w—0<10gm).

mr+A

Theorem 2.3. Assume the hypotheses of Theorem 2.2 are satisfied.
If r + X\ > v, where v := max(«, 8) + 1, then v € C[—1,1], and

(2.11) max_[v(t) — vm(t)| = O <M> .

_i<¢<1 mrtA=y
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Further, if  + X > 1/2, then v is continuous on any closed set
AcC (-1,1) and

logm
(2.12) max [v(t) = vn(t)] = O (4mr+)\1/2> :

Remark . Theorems 2.1 and 2.3 (under additional assumptions) were
proved in [14] for the case |a| = |5] = 1/2.

Note that Theorem 2.3 guarantees, for example, the uniform conver-
gence in [—1, 1] and estimate (2.11) in the following particular cases:

1) r>land x=0,if r+A>~v=1+|q|,
2) r>land X =1,iff r+ A >~y =1+ max(a,—1— ),
3) r=0and X =1,if A >~ =14 max(a, -1 — a).

3. The proof of the main results. In the following the symbol “C”
stands for some positive constant taking a different value each time it
is used. It will always be clear what variables and indices the constants
are independent of. If A and B are two expressions depending on some
variables, then we write

A~B iff |AB™Y<C and |AT'B|<C
uniformly for the variables in consideration.

In order to prove the theorems of the preceding section, we need the
following auxiliary results. In particular, we shall use the following
lemma that can be found in [2].

Lemma 3.1 (Jackson). For any function f € C"([-1,1]%), r > 0,
and for any positive integer m, there exists an algebraic polynomial
P, (x,y) of degree n in x and y separately such that

1
B )= Palel <o (£1). c1<ays,
where

) . 87‘
Q,(£:0) = max w(f7h0),  f = oL

0<i<r ~ Oxr—igyt’ >0,
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and

T §) = r—i — i > 0.
w(fz 76) hll}:lf?;%(;‘fz ($+h1>y+h2) fl (xay)|7 h17h2_0

Let k(z,t) € C"([-1,1]?). For any continuous function f, we define
the operator K by

1

(3.2) (K )(x) = / ke, 0) f (B (t) dt.

-1

If Lgé) g denotes the Lagrange polynomial interpolating the bounded

function g on the zeros ty, k=1,2,... ,m of pgﬁ“ﬁ), then we set

Go(z) = / ' L3 (@, )0, ()} @D (¢) dt,

-1

where L{! )t is the interpolating operator L acting on the function
E(x,t)vm,(t) with respect to the variable t. Obviously,

(3.3) Grn(@) =Y A (W), ) v ().
k=1

Further, denoting by L Xg, X = —(a+ p) € {0,1}, the Lagrange
polynomial mterpolatmg g on the zeros z;, j = 1,2,... ,m — X, of
pgn X —A) , for any polynomial v,, € P,,_1 we define the operator K,,
by

(2 . m—X

(Kmvm) () = (L, - lm—x,j( ( 7)
Jj=1
(3.4 S [ZA @)y, ) (12)].
j=1

where [,,,_x ;(x) are the fundamental Lagrange polynomials corre-
sponding to the knots z;, j =1,2,... ,m — X.
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Notice that if k(z,t) is a polynomial of degree m — 2 in the variables
x and t separately, then by well-known properties of the Gaussian rules
and of the Lagrange polynomials, we have

(35)  (Kmom)( / (s £)om (@) () dt = (Kvp) (),

or, that is the same (K — K, )v,, = 0.

Therefore, for any function k(z, t) and for any polynomial @ of degree
m — 2 in the variables x and ¢ separately, we get

1

(K = Kn)onl(@) = [ [k(e.0) = Qom0 1) di

(3.6) —sz il {ZA RPNk, ty)
Q. tknvm(tk)}.

Finally, setting
llgllee = sup_|g(z,y)l,
[_171]2

we can state the following

Lemma 3.2. Assume k € C"([-1,1]), » > 0 and o, 8 € (—1,1).
Then

(3.7) (K = Ko )vm| o= < CllrmElloo|[vm ||,

where rpk is the remainder of the Jackson polynomial corresponding
to the function k (see Lemma 3.1), and C = 2v/2[B(1 + o, 1+ 3)B(1 —
a,1— 3)]*? with B the Euler function.

Proof. Let rpk = k — Q, with @ the Jackson polynomial (Lemma
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3.1) corresponding to the function k. Then by (3.6), we have

1
(K — Koo () = / (k) o o ()0 (1)

- i: lim—x.j (@)
j=1
[ZAm,k<w<a’ﬂ>><rmk><xj,tk>vm<tk>
k=1

— / ' (ruk) (2, ) vy, (£)w' P (t) dt

—1

m—X
- Z lim—x.j (x)Gm(mj)’
j=1

where
m

Cn(2) =D A (@) (k) (2, 1) o ().

k=1

Since

|G ()] < |[rmk| Ioo\l > Am(w‘”’ﬁ))\l D A (w02 ()

k=1 k=1

and v, € P,,_1, we can write

1 1/2
(3-8) |G ()] < {lrmElloo|[vm]we.e {/ w! @ (z) dw]
—1
On the other hand, we also have
1

(3.9) ‘ / (rmk) (2, t) v, (t)w @D dt}

-1

1/2

1
< Lol [0 [ / w0 (z) dx}
—1
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Therefore,

2

— V|2 (Cae 1 17‘ 1)Uy (H)w ()
10 = Kdonla <2 [ | [ (kom0 o)t

~1
w4 P (z) da

(3.10) +2 /1 (Lglxgm)%x)w(—a,—ﬂ) (2) d

-1

=1, +1s.

In view of (3.9) we deduce
(3.11)

1 1
<2 [ w D@ [ w0 @) dolfon sl
-1 -1
In order to estimate Zs, we use the Gaussian formula corresponding to
the weight w(~*~=A). So, by (3.8),

m—X

=2 Mm@ G ()

< Al [ 0 da:ZA wl-er9)
(3.12)
1 1
<2 [ 0D @)de [ w0 D@) dolfon o bl
-1 -1

Finally, combining (3.11) and (3.12) with (3.10), we obtain (3.7). O

In order to state a lemma similar to the previous one with k(z,t)
replaced by k(x,t) = [h(z,t) — h(z,x)]/(t — x), where h € C"([-1,1]?),
we need some other preliminary results.

Lemma 3.3. Let {pgg’ﬁ)},{pga’fﬂ)}, a,f € (—1,1), be the se-
quences of Jacobi polynomials corresponding to the weights w(®?)
and w(—%=P) respectively. Denote by t;, = tmk = COSTmk, k =
1,2,...,m, and ©; = Tm; = co8bp ;, 7 = 1,2,...,m, the zeros of
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pSff’ﬁ) and p,({a’fﬁ), respectively. If o + 3 =0, then

(3.13) mikn [T — Omj| ~m ™t

s

Furthermore, if a + 3 = —1, then

(3.14) D | g1, = O |~ m 7

s

The proof of the previous lemma is due to the authors and it can be
found in [17]. Now, assume that k(z,t) = [h(z,t) — h(z,2)]/(t — ©).
Then the function G, in (3.3) becomes

(z,tr) — h(z,x)
tk — X

(3.15) Gon(2) = 3 A (w @) h U (1),
k=1

and, by retaining the previous notations, (3.4) becomes

for any v, € Pp,—1.

Similarly,

(K’Um)(x):/ wvm@w(a,m@ di.

-1 t—zx

On the other hand, we remark that if h(z,t) is a polynomial of degree
[m/2] — 1 in the variables t and z separately, then by (3.15) and (2.4),

Gon(z) = [ i@ D) = h@ @) @ (1) dt = (Kom) ().

1 t—x
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Since G, is a polynomial of degree m — 2 at most in x, we get
(L Gp)(x) = Gy (). Thus,

(K — Kp)vm =0

in the case when h(z,t) is a polynomial of degree [m/2] — 1 in the
variables x and t separately.

Therefore, denoting by P(z,t) the Jackson polynomial (Lemma 3.1)
corresponding to the function h(z,t) of degree n = [m/2] — 1 in the
variables z and ¢ separately and setting (r,h)(x,t) = h(z,t) — P(x,t),
we can write

(0 = Ko oa) = [ Lo 2 ()

O ()W O (t) dt

m

m—X
=D lmxi (@) Y A (w @)
j=1 k=1

(rah) (@), ) — (rah)(z;, 3;)
ty —x;

Um(tk).

Finally, denoting by (Hg)(z) the finite Hilbert transform on [—1, 1] of
the given function g, i.e.,

t
(Hg)(z) = lim 9O 4 1<zt
e—0t le—t|>e t—x

and setting
(3.16)

Fo(z) = i /\m,k(w(a’ﬁ)) Tl t:;z : ,(rrnh)(:m %) U (tr), T # ti,
k=1

we come to the more convenient formula,
(K =K )om](2) = (H(rph)omw'®?) (@) = (rh) (2, 2) (Homw' D) (2)
(3.17) — (LY F)(@).

We also recall some inequalities which are useful in the following. The
Christoffel numbers defined by (2.4) can be expressed for any «, § > —1

as
)\myk(w(a,ﬁ)) _ Am(w(a’ﬁ),tk),
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where
m—1 —1
(3.18) Am (0P 1) = ( [\ (t)]2> :

The following properties hold (see [21, p. 673])
(3.19)

A1), 1) e (1m) (VT T+ m o (T T4 14,
A (WD) ~ (/T =8 fm)w @B (t).

Let

()
(3.20) om(w®Piz) = 3 Ak (W' )

|$—tk|

3

|6 =T |~m~1

where |z| <1, z = cosf, and t, = cosT, k =1,2,...,m, are the zeros
of p,(ﬁ’ﬁ). Then,

(3.21) om (WP ) < Cw'P) (z)logm, |z <1,
where p = min(0, ), o = min(0, 3), a, > —1. (See [4].)

Finally, we shall use the following inequality

1+¢
(3.22) Z dEt)" <C(WV1fx+m 2 ogm,
omrtoms T = O]
where |a] < 1/2, |z] < 1 and 0, 73, t are defined as above. (See [3].)
Now we are able to prove the following

Lemma 3.4. Assume —(a+ () =X =0 and |o] < 1/2 or x =1
with —1 < a < 0, and let h € C"([-1,1]?). Then

(3.23) (K = Kin)vm|ly-a-0 < Cllrnbllco|lvml] .0 logm,
where Uy, € Pry—1, mph is the error corresponding to the function h of

the Jackson polynomial of degree n = [m/2] — 1, and the constant C is
independent of m and h.
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Proof. In view of (3.17), we have

10K = Kol < {lrallocl Homto @) o
+ HHUmrnw(a’B)Hw(m,—ﬂ)}

1L Fonlla-om
:~Il+Iw7

(3.24)

where r,, = r,h.

To bound I; we recall that for any continuous function ¢ it results
(3.25) |Hw P g||y—ar-s < Cllgllwem, —1<a,f<1.
Inequality (3.25) follows from Theorem 3.1 in [18, p. 53]. Then we get
(3.26) I < 2C||7nl|col|vm || wiea.s) -

To bound Is we make use of the Gaussian rule and write
B =L Fla = D Amoni (WD) F2 (x)).

Recalling (3.16), we have

1/2r m 1/2
Z)\ we 6)) (1) / Z)‘m,k(w(aﬂ)) /
m.k( |z — tr] |z — tr] ’

k=1 k=1

()] <2||rn|oo[

Then, by Lemma 3.3 and the definition of o, (w(®?); z) (cf. (3.20)), we
deduce

m—X
2 <4|jr| % ;/\m—x,j( Z/\mk ) W”?n(tk)
(.8).
Tmw ;T
_4HT71||OOZ/\ ’C (aﬁ) Z m-= XJ wle ﬁ)) Tm —tk| )
k=1 j=1 J

(W (a,ﬁ);xj)

= 4l[rn % 03] 00 ZAm (o) 2 7
J
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Therefore, it remains to prove that the behavior of the sum in the last
inequality is O(log® m).

At first, assume that X = 1 with —1 < «, 8 < 0. In this case, because
of (3.21), we have

Um(w(a’ﬁ); zj) < Cw'*P) (x;) logm.

Further, taking into account that

A ()~ (1m0 )y /1 02

(cf. (3.19)), we get

>\m7 . (_O‘7_ﬁ) (w :E-] < 1
Z M(w e —hl | _tk‘ ¢ Z m\x] _tk| o8

The last inequality follows from (3.14) and (3.22).
So, if X =1 with —1 < «, 8 < 0, then

(3.27) Iy < Clogm||rn]loo||Vm || wa.s) -

Now, let X =0 and —1/2 < o < 1/2. In this case, —a = 5. Assume for
instance 0 < a < 1/2. Inequalities (3.13) and (3.21) allow us to write

T (W™ 25) < C(1 + 2;) " logm.
Moreover, since (cf. (3.19))
A ()~ (1/m)(1 = ;)" HV2(1 4 )74 12,
and since 0 < o < 1/2, we also have

A, (W), (w0 35) < (C/m)/1 + x5 log m.

Thus
m (—a) L
ZA’”» (w(~*) m(® $25) _CZ ! _logm
= |5 — tl = mla; =ty
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where the last inequality follows from (3.13) and (3.22). Similar
computations can be done in the case —1/2 < a < 0. Therefore,
inequality (3.27) is still true when x = 0 with || < 1/2.

Finally, combining (3.26) and (3.27) with (3.24), we deduce (3.23).
O

Proof of Theorems 2.1 and 2.2. Equation (2.1) can be written in the
form

(3.28) Dv+ Kv=f,
where K is the operator defined by (3.2). Assume first x = 1.

We recall that L%) f denotes the Lagrange interpolation polynomial
of degree m — 1 with the nodes t, £k = 1,2,...,m, and Lg)_lf
denotes the interpolation polynomial of degree m — 2 with the nodes
zj,j=1,2,...,m—1. By virtue of (2.5) the system (2.6) is equivalent
to the operator equation

(3.29) Dup, + Kpvgn = L f,

where

(Kvm)a) = 171 [ LSRG v ()t .

and Lﬁ})t stands for the interpolation operator L%) applied to the

function k(z,t)v,, (t) with respect to the variable ¢.

Since the solution of (3.28) is unique in L, ; := {v € L : (v,1), = 0}
and the operator D : L2, — Lj Jw 18 invertible, we conclude that
the operator D + K : Lio — Lf/w has a bounded inverse, because
K : L}, — L}, is a compact operator (see, e.g., [18]). Provided
(3.29) has a solution v,,, then

2
(D + K)vy = (K = Kp)vm + L2 | f.
Thus,

omllw < 11D+ K) " IIE = Kon)vml 1w + 1LE 1 111 /2]
<D+ K) Yleml[omllew + 1D + K )vm] 1),
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where g, = O(m~""%) as m — oo in the case of Theorem 2.1 and
em = O(m™""*logm) — 0 in the case of Theorem 2.2 (see Lemmas
3.1, 3.2 and 3.4). Consequently, for all sufficiently large m, the estimate

(3.30) Cllvmllw < (D + Km)vmul/w,
holds with a positive constant C < [|(D + K) ||~ — &,,. Since
(D + Kp)v, € imLill for all v,, € im L%), the estimate (3.30)

implies the invertibility of the finite dimensional operator D + K, :
(2) 1- Hence, (3.29) has a solution vy, € im Lg,lb) for all

m—
sufficiently large m and ||[vm,||w < C_1||L52)_1f||1/w < const, because
of the well-known estimate

(3:31) 1 = L5 Fll o < CCFYm=",
(see, e.g., [20, Chap. VI, Section 2], [14, Conclusion 4.4]).

Estimates (2.9) and (2.10) are an immediate consequence of (3.31),
Lemmas 3.1, 3.2, 3.4 and the equation

V=V = (D + K) " H(K — Kp)vm + (L2 f = )},

im Lg,ll) — im L

Replacing LS)—1 by L and L2 , by L2, and repeating the preceding
argumentations we prove the assertions of Theorems 2.1 and 2.2 for
X =0. O

Proof of Theorem 2.3. At first, we consider the expansion of the

polynomial v,, of degree m — 1 in the system {pg,?’ﬁ)}

m—1

’Um(t) = Ckp’(:éﬁ) (t), |t| S 17

1
k= / vm(a:)p,(ca’ﬁ)(x)w(a’ﬁ) (z) d.

Recalling (3.18), we get

A
%)
N
=

L
=
—~
~
=
o

|Um(t)‘ >

= [[vm || \/ A (w(@H); 1),
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Then, in virtue of (3.19), we can write

[0 (8)] < CV/ml[vg] e (VI = t+m ™) "V (VT t4m™ 1) =712,
Therefore,

(3.32) [[vmlloo < Cllvmlly@mm?, v =1+ max(a, 3).

If A denotes a closed subset of (—1,1), then

(3.33) max [y, (£)] < Cv/ml [vm ||y ce.o-

That being stated, if the assumptions of Theorem 2.2 are verified the
estimate (2.10) holds and we have

(334) V— Um = Z(U2k+1m — 'Uzkm)
k=0
almost everywhere in [—1, 1].

On the other hand, applying (3.32) and (2.10), we obtain

102041 — Vatnlloo < CY2 D [[ugiisy — vt e

log m log 2k+1
SO AT

Therefore, if 7 + A\ —y > 0 the series Y po 27 (TFA=N(k+1) g 2k+1
converges. Consequently, the series in (3.34) converges uniformly in

[—1,1]. Thus, we deduce that v is continuous and the estimate (2.11)
holds.

Making use of (3.33), by similar computations we deduce that v is
continuous in any closed subset A of (—1,1) and the estimate (2.12) is
valid provided r + A > 1/2. O

4. Singular integral equations with variable coefficients. In
this section a and b are assumed to be real-valued Holder continuous
functions on [—1, 1] satisfying

[r(z)]? := [a(x)]* + b(2)]* >0, x¢c[-1,1].
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Define the continuous function ag(z), x € [—1,1], by

a(z) —ib(z) = r(z)e™ @ 1 < (1) < 1.
Further, we choose integers p and v such that

-1 <a:=p+ap(l), B:=v—ap(-1) <1.

Define now X := —(p + v) and @(t) = X (¢)/r(t), where

1
X@)=1-t)*1+t)” exp/ ao(z)(x —t) "' da.

—1
Since a,b € Lipx[-1,1], 0 < XA < 1, the function @ admits the
representation

(4.1) w(t) = (1 —t)*(1 4 t)Pwo(t),

where wy € Lipx[—1,1] is a positive (nonvanishing) function (see [19,
Sections 26, 27], cf. also [15, Lemma 1.4]).

Following [5, 6], we shall assume that we can find a nonnegative
function ¢ defined on [—1, 1] such that

1. B(x) := c(x)b(x) is a polynomial of degree R, say,

20 The functions w := w/c and w(t) = [X(t)r(t)c(t)]"* are
integrable,

30. If B(zo) =0, —1 < x¢ < 1, then b(zg) = 0.
Multiplying Equation (1.1) by ¢(x), we obtain the following equation
(4.2) (D + K)v = fo,

where

Dv = awv + BSwv, (Su)(z) = %/1 u(t) dt,
(Kv)(z) = /_ (e Dlt)o(t)dr

and
u = wv, fo=cf, ko(z,t) = c(x)k(x,t).
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The analysis of the quadrature method for the approximate solution of
Equation (4.2) is essentially based on the following statement.

Lemma 4.1 (cf. [5, 6, 15]). Let p,, be a polynomial of degree m.
Then ¢, := Dpy, is a polynomial of degree < max(m — X, R — 1) (of
degree m — X if m — X > R —1). If p¥ is an orthogonal polynomial
with respect to the weight w of degree m and if m — X > R — 1, then
gy, = Dp¥ is an orthogonal polynomial with respect to w of degree
m — X. Moreover, the relation ||p2||w = ||¢%]|w holds.

The following properties of the operator D : L2 — L2 are well known

(see, e.g., [18, 6, Section 2, 15, Theorem 1.13]):
(i) dimker D = max(0, X), dim ker D* = max(0, —X), where D* =

acwl — SBwl.

(ii) ker D = span{B, Bt,... ,Bt*"1} if x > 0.

(iii) Let x < 0 and f € L2. Then the equation Dv = f has a solution
v € L2 if and only if (¢, f), =0,7=0,1,...,—X — 1.

(ivi DEYD = Tif x < 0 and DDCY = T if X > 0 where
DY = gewl — BSwI.

Given two sequences {a,}>2; and {b,}52; of real numbers with
b, <0,n=1,2,..., define the polynomials p,, n =0,1,..., by

where p¥; = p“y = 0. Assuming that all zeros tj, of p,(t) lie on
[—1,1], we conclude that —1 < ¢, , < tp_1p < -+ < t1,, < 1 (see
[10]). For ¢, = Dp,,, we have by Lemma 4.1,

(4.4) n(2) = ¢ (x) + angyy 1 () + bugyy_o(2),

if n > X+ R+ 1 (which will be assumed in the sequel). Thus, the
Z€ros Tjn, j = 1,2,...,n — X, of ¢,(t) are simple and real (cf. [10]).
Again suppose all zeros z;,, lie on [—1,1]. Under these conditions we
associate to the polynomials (4.3) and (4.4) the Gauss-type quadrature



QUADRATURE METHOD 225

rules P,, and Q,, defined by

1 n
Po(v) = 1 / w(t) LYo(t)dt = AP v(ten),
k=1

T J-1

1 1 n—Xx
Q.(f) =1 / W@ LY @) dr = 3 A2, F(wi0),
j=1

T™J—1

w w . . .
where L} and Ly_, are the corresponding interpolation operators, i.e.,

n

L) = Poli)lfin)

U 2 ) ph ()

Ly fx) =" (z qucf)f)(qu(zin) '

Jj=1

Notice that (cf. [10]) A, > 0,k = 1,2,....n, AY, > 0, j =
1,2,...,n — X. The explicit form of Dwv,, v, € P,_1, at the points
Zjn, is given in the next lemma.

Lemma 4.2 (cf. [5, 6, 15]). Let v, € P,_1. Then

B(xj-,n) ZZ:l Aq]éj,nvn(tkvn)/(tkm - xj,n),
Z.fl'j,n # tk,nv k= 1,2,...,m,
a(@jpn) W (@) vn(trn),

Zf LTjn = tl,n-

(Dvn) (@) =

We now consider the following quadrature method for the approxi-
mate solution of (4.2): Find &, = f,gn), k=1,2,...,n, such that
(4.5)

- w B(ILTL) _ .
ZAkrm, ﬁ+k0(xj,n7tk,n) gk_fO(xj,n)a ] _071a"' ,’I’L—X.
k=1 ;T Jn

In the case X > 0 one needs the additional conditions

1
(4.6) /w(t)tmv(t)dtzo, m=01, . X—1,

—1
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in order to define the solution of (4.2) uniquely (cf. property (ii)). Let
L? . denote the subspace of all functions v € L2 satisfying (4.6)
(L2, 0 = L). By property (iv), the operator D : L2 , — L2 is
invertible if X > 0, where the inverse is given by D~' = D1,
Condition (4.6) will be approximated by

(4.7) S AP & =0, m=01,.. X1
k=1

In view of Lemmas 4.1 and 4.2, Equations (4.5) and (4.7) can be
rewritten as

(4.8) Duv, + K,v, = L% _, fo,
where . .
va(t) =Y & Lo hin g2
" . tk,n - tj,n WX

k=1 j=1,j#k

and

1
K,v, = L‘;jfx/ Ly ([ko(z, t) v, (t)]w(t) dt.
-1

Thus, we have the same situation as in the preceding section.

To apply the proof of Theorem 2.1 to (4.8), we suppose that the
function ¢, involved in conditions 1° and 2°, is of the form

N
(4.9) c(t) =[] Is; —tI7dt), -1<t<1,
j=1

where —1 = sy < sy_1 < --- < 83 < 81 = 1, and d is both positive
and continuous on [—1,1]. Then w(t) can be written as (4.1) where
—1 < «, f < 0 and wy is a positive Holder continuous function on
[—1,1] (see [5, (2.14), (2.15)]). Combining (4.9) and (4.1), it follows

that
N-1

w(t) = (1= )"+ T Is; — t/wi(t),
-

w(t) = 1=t @+t T |s; — twi(t),
j=2
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where wy, wy are positive and Holder continuous on [—1,1]. In what
follows we assume that

(4.10) X=0 and |af < or x=1 and |a|,|8] <1,

N~

and
(411) m > -14+«a, yw>-140, v >-1, j=23,...,N—-1
Then w and w are generalized Jacobi weight functions satisfying

w(t) = (1 —1)%(1 4 t)Pw(t).

Repeating the proofs of Theorems 2.1 through 2.3, we obtain the
following result.

Theorem 4.1. Assume X > 0, (4.10) and (4.11). Suppose the
conditions of Theorems 2.1, 2.2 or 2.3 are fulfilled with k, h, f replaced
by ck,ch,cf. If (1.1) has a unique solution u € qu’x, then the system
of equations (4.5), (4.7) is uniquely solvable for all sufficiently large n
and the estimates (2.9), (2.10) or (2.11), respectively, hold.

Remark . In order to determine an approximate solution of (1.1) in
the case X < 0, one can apply the modified method studied in [14,
Section 6, 15, Section 2.2].
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