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ON THE THEORY OF
PARTIAL INTEGRAL OPERATORS

A.S. KALITVIN AND P.P. ZABREJKO

The fundamental work of F. Riesz and J. Schauder has shown that the
basic facts of the classical theory of integral equations (convergence of
iteration methods, Fredholm alternative, bilinear expansions of kernels,
etc.) are due to certain functional-analytic and geometric properties of
corresponding integral transforms, such as boundedness (continuity),
compactness, or weak compactness. With regard to this fact, many
authors tried to find conditions for the continuity or compactness of
linear integral operators in various function spaces. Now the theory of
such operators is rather advanced and complete; the basic results may
be found, for example, in the monographs [9, 20, 22, 25, 38].

Unfortunately, the operators studied in these monographs do not
cover many integral operators arising in mathematical physics. For
instance, some problems for elliptic or hyperbolic equations lead to in-
tegral equations with the property that the integration is carried out
only over some of the variables [8, 30, 32]; such equations will be
called partial integral equations in what follows. For a long time, such
equations have not been studied for essentially two reasons. First of all,
partial integral equations occur less often than classical integral equa-
tions (involving integration with respect to all variables); second, the
corresponding operators are not compact, and thus the classical Riesz-
Schauder theory does not apply. In recent years, however, it became
clear that partial integral equations should be investigated in more de-
tail. In fact, they arise in many fields of current interest, especially
in continuum mechanics. Here one could mention, for instance, axial-
symmetric contact problems [1-3, 23, 24, 28, 29], the theory of thin
elastic shells [32], and certain problems in aerodynamics [4].

It is clear that, for studying partial integral equations, one has
to analyze the operators generated by such equations. We mention
here the papers [5-7, 12-19, 27], where spectral properties of such
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operators have been studied by means of tensor products of function
spaces.

The present paper is concerned with general properties of operators
generated by partial integral equations: boundedness conditions, norm
estimates in various function spaces, adjoint operators, properties of
resolvents, and others. In particular, we obtain analogues of Banach’s
continuity theorem, of the Gribanov-Zabrejko theorem on weak con-
tinuity, and of some results of Kantorovich type. Finally, we discuss
several applications to integral equations and give a specific example
arising in continuum mechanics.

For simplicity, we shall restrict ourselves throughout to spaces of
functions of two variables. The operators we shall study in such spaces
are of the form

(1) K=C+L+M+N,
where
(2) Calt,s) = clt, s)at, ),

(3) Lz(t, s):/sl(t,s,o)x(t,a)du(a),

(4) Muz(t, s)z/Tm(t,s,T)x(T,S) du(T)

(5) Nx(t,s) = /T/Sn(t,5,770):17(77 o)du x v(t,o).

Here T and S are arbitrary nonempty sets equipped with o-algebras
S(T) and &(S), and separable measures p and v on &(T') and &(S),
respectively; by pu X v we mean the product measure on the o-algebra
S(T) x 6(S). The coefficient ¢ = ¢(t,s), as well as the kernels
I = l(t,s,0), m = m(t,s,7), and n = n(t,s,7,0) are measurable
functions, and the integrals (3)—(5) are meant in the Lebesgue-Radon
sense. The whole operator (1) is a partial integral operator (PIO) in its
most general form.

1. Continuity. In the sequel we use the following notation. By
S = 8(T x S) we denote the space of all (real or complex) functions
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on T x S which are measurable and almost everywhere finite, and by
X and Y ideal Banach spaces of functions in S. (Recall that a Banach
subspace Z C S is called ideal if the relations z(t,s) € S, y(t,s) € Z,
and |z(t, s)| < |y(t, s)| a.e. on T x S imply that also z(¢,s) € Z and
=[], < llyll2-)

Theorem 1. Suppose that K is a PIO which acts from X into Y.
Then K is continuous.

Proof. Together with (1), consider the operator

(6) JK[=]C[+ L[+ |M[+]NI[,
where
(7) ]C[l‘(f, 3) = |C(t7 S)|:L‘(t, 8)7

®) |L[z(t,s) = /T 1(t,5,0)|z(t,0) du(o),
(9) IM[(t,5) = /S im(t, 5, 7)|(r, 5) du(r),

and

(10)  IN[a(ts) z/TXS/|n(t,S,T,J)|x(t,U) dp x v(r, ).

Let x € X. By hypothesis, the function y(¢,s) = Kxz(t,s) belongs
to Y. This implies, in particular, that the functions (¢, s, o)z(t, o),
m(t, s, 7)x(t, s), and n(t, s, 7,0)x(t,0) are integrable, for a.a. (t,s) €
T xS, on ST, and T x S, respectively. By well-known properties
of the Lebesgue-Radon integral, the same is true for the functions
[1(t,s,0)||z(t, o), Im(t, s, 7)||z(T, s)|, and |n(t, s, T,0)||x(T,0)|; thus, we
may define |K[x and get |K[z € S, by Fubini’s theorem. In other
words, the operator (6) acts from X into S.

We claim that the operator K is closed. Suppose that z,, € X
converges (in X) to z* € X, and Kz, converges (in Y) to y* € Y;
we have to show that Kz* = y*. Choose a sequence nj of natural
numbers such that

o0
ZH:CM — "] < 0.
k=0
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Then, evidently, z,, (t,s) — x*(t,s) a.e. on T x S, and the function
(o]
2(t,s) =Y |, (t,5) — 2*(L, )]
k=0

belongs to X. Consequently, the sequences [(t,s,0o)xy, (¢, 0),
m(t, $,7)xn, (1,8), and n(t,s,7,0)xy, (7,0) converge, for a.a. (t,s) €
T x S, to the functions I(t,s,o0)z*(t,0), m(t,s, 7)x*(r,s), and
n(t,s, 7,0) x*(7,0), respectively, and are majorized by the integrable
functions |I(t, s, 0)|z(t, o), |m(t, s, 7)|z(T, s), and |n(t, s, T,0)|z(T, 0), re-
spectively. By Lebesgue’s dominated convergence theorem, we have
Lz, (t,s) — La*(t,s), Mx,, (t,s) — Maz*(t,s), and Nz, (t,s) —
Nx*(t,s), for a.a. (t,s) € T x S, and hence also Kz, (t,s) — Kx*(t, s)
a.e. on T' x S. But, by hypothesis, the sequence Kx,, converges in Y’
to y*, and thus Kz* = y* as claimed.

We have shown that the operator K is closed between X and Y. The
assertion follows now from Banach’s closed graph theorem. 0O

Theorem 1 is an extension of Banach’s well-known theorem on the
continuity of integral operators (see, e.g., [20, 25]) to PIO’s. This
theorem carries over as well to the case of ideal quasi-Banach spaces
(for instance, the space S itself). It is clear that the operator K maps
X into Y if all the operators C, L, M, and N given by (2), (3), (4), and
(5), respectively, do so. Interestingly, the converse is not true, at least
in case one of the sets T or S contains a countable number of atoms.
This problem is related to that of the uniqueness of the representation
of the operator K in the form (1). We point out that this representation
is unique if the measures p and v are continuous (atom-free) on &(7T')
and &(.9), respectively; this follows from regularity theorems which we
shall give in the next section. Such regularity theorems allow us also
to conclude the action of all the operators (2)—(5) from the action of
the single operator (1) between X and Y.

2. Regularity. As before, the notation z < y for z,y € S(T x 5)
means that z(t,s) < y(t,s) a.e.on T X S.

Recall that a linear operator K : X — Y is called regular if there
exists a positive operator K : X — Y (i.e., x > 0 implies that Kz > 0)
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such that R
|Kz| < K|z|, z€X.

The classical Kantorovich theorem [33] states that a linear operator
is regular if and only if it preserves order-boundedness. Moreover,
among all positive majorants K of K there exists a minimal one (in
the sense of the induced ordering on the space of linear operators); this
minimal positive majorant is usually called the absolute value of K and
denoted by |K].

Theorem 2. Suppose that the measures . and v are continuous, and
let K : X —Y be a PIO. Then K is regular if and only if the operator
|K[ given by (6) also maps X into Y. In this case,

(1) K| = K]

Proof. The sufficiency of (11) follows from the obvious inequality
(12) |Ka| <]K[|z]|, =ze€X,

which implies that K[ is a positive majorant of K, and, hence,
|K| <]K][. To prove the necessity of (11), let K : X — Y be regular.
For any nonnegative function x € X, we then get (see again [33])

| K|z =sup{|Kz|: |z] <z} €Y.

Since X and Y are K-spaces of countable type [20], we find a countable
set M which is dense (in measure) in the set {z : |z|] < x} and such
that

| K|z =sup{|Kz|:z € M}.

By the continuity of the measures p and v, we can choose sequences of
sets T,, CT and S,, C S such that

T = [j T,, S = [j Sh, w(T,) — 0, v(S,) — 0
n=1 n=1

and every point ¢t € T and s € S belongs to infinitely many subsets T,
and S,,, respectively. Let

U, =TxS,, Vi=TyxS, A,=U,UV,, V,=U,NV,,
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and

M* = {x(t, s)signc(t, s)Xv, (t, ) + u(t, s)Xv: (t,5)

+ U(ta S)Xu’,,, (t’ S)Xvn (tv 8) + w(ta S)Xvﬁl (t’ S)Xun (tv 8)}7
where u,v,w € M, n runs over all natural numbers, Xp is the
characteristic function of D CT x S, and D’ denotes the complement
(T'x S)\ D. Since M C M* C{z:|z| <z}, we have

| K|z =sup{|Kz|:z¢€ M*},
since M* is countable, we also have
(13) |K|x(t, s) = sup{|Kz(t,s)|: z € M*}
for a.a. (t,s) € T x S. Fix (¢t,s8) € T x S with (13), and choose
sequences ny and my such that ¢ € T,, and s € S, for all k.
Moreover, let wug(t,s), vg(t,s), and wg(t,s) be functions in M such
that ug(7,0) — signl(t,s, 7)z(r,0), vi(T,0) — signm(t,s,o)z(T,0),

and wy(7,0) — signn(t, s, 7,0)x(r,0) (convergence in measure). Let

2k(1,0) = 2(1,0)sign c(1,0)Xg, (7, 0)
+ ug (7-7 U)Xﬁ; (7—7 U)Xﬁk (T’ 0')
+ vk (7, 0) Xy (7, 0) Xay, (T, 0) + wie(7, U)XA;c (1,0),

where
ﬁkZTXSmk, Vk:TnkXS, AkZUkUVk, @kZUkﬁVk.
By Lebesgue’s dominated convergence theorem, we conclude that

i K241, 9)
— le(t, )|z (t, 5) +/Su(t,s,o—)\x(t,a) (o)
+/T\m(t,s,7)\x(7,s)du(7')
+/TXS/|n(t,S,T,O')|x(T, o) dyu(r) dv(o) = |K[(t, 5).
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On the other hand, from z, € M*, k=1,2,3,..., it follows that

|K[z(t,s) = klim | Kz (t, s)| < sup{|Kz|:z¢€ M*}.

This implies, together with (13), that |K[z(t,s) < |K|z(t,s) and,
hence, |[K[z < |K|z. We have shown that the operator K[ maps
all nonnegative functions z € X into Y. But every function in X may
be written as a difference of two nonnegative functions, and, thus, |K|
acts from X into Y as claimed.

Equality (11) follows from the just established inequality | K| < |K|
and from (12). O

The hypothesis on the continuity of the measures p and v is essential
not just for the proof but also for the statement of Theorem 2. Nev-
ertheless, one may modify Theorem 2 in such a way that its statement
remains true also for discrete (purely atomic) measures and even for
arbitrary measures. Denote by T,; and Sy the “discrete part,” and by T,
and S, the “continuous part,” respectively, of the sets T and S. We say
that the representation (1) of the operator K is normal if ¢(¢, s) = 0 for
(t,s) € Ty x Sg, l(t,s,0) =0 for t € Ty, and m(t,s,7) =0 for s € Sy.
It is not hard to see that one can always find a normal representation
for a PIO, just by using the “0-functions” defined by

5t 7) = {,u(r) fort =,
’ 0 for t # 7,

1

and
v(o)~t fors=o,

6(8’0):{0 for s # o.

In fact, replacing the functions c(t,s), I(t,s,0), m(t,s,7), and
n(t,s,7,0) in (1) by the functions
é(t, ) = c(t, $)X1.xs.(t, ),
I(t,s,0) = c(t, 5)0(s,0) + U(t, s,0)X1.x5,(t, 5),
m(t,s,7) = c(t, $)o(t, 7) + m(t, s, 7)X1,xs.(t, S),

and
n(t, s, 7,0) = c(t,s)o(t,7)0(s,0) + U(t,s,0)d(t,T)

+m(t,s,7)0(s,0) +n(t,s,7,0),
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respectively, one gets a normal representation for K. We formulate
now an analogue of Theorem 2 in this general case; the modification of
the proof is straightforward.

Theorem 3. Let K : X — Y be a PIO with normal representation
(1). Then K is regular if and only if the operator | K| given by (6) also
maps X into Y. In this case, equality (11) holds.

3. Duality theory. We recall some definitions from the general
theory of ideal spaces and operators acting between them [34, 37]. Let
Q be a set equipped with a g-algebra & of subsets and a measure p,
and let Z be an ideal space over . The associate space Z' consists,
by definition, of all measurable functions f on € which vanish outside
supp Z (see [37]) and satisfy

I(f,9)] <00, g€Z,

where

(f.9) = / F(@)g(w) dp(w).

With the usual algebraic operations and the norm

(14) 1 fllz: = sup{|(f. 9)

Hlgllz <13,

the associate space is also an ideal space, and supp Z’ = supp Z. The
associate space Z’ is a closed (possibly strict) subspace of the usual
dual space Z*.

Let A be a linear operator between two ideal spaces X and Y. The
associate operator A’ of A is defined by the relation

(15) (Az,y) = (x,A'y), ze€ X, yeY’

Not every operator A admits an associate A’. Obviously, the operator
A’ is just the restriction of the usual adjoint operator A* to Y’;
consequently, the operator A’ exists if and only if A*Y’' C X',
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Let us return to the PIO (1). We define the transposed operator K#
of K by

(K#y)(t,s) = c(t, s)y(t, s) —|—/Sl*(t,s,0)y(t,o) dv(o)

(16) + Tm*(tms)y(ﬂs)du(f)
—|—/S/Tn*(t,7',s,a)y(7',a) dp x v(r,0),

where
1*(t,s,0) =1(t,0,s),

m*(t,7,s) = m(7,t,s),
n*(t,7,s,0) =n(r,t,0,s).
In general, the transposed operator of an arbitrary operator of type (1)
may be different from the associate operator, as simple examples show.

Nevertheless, a classical result for integral operators (see [37]) carries
over to PIO’s:

Theorem 4. Let K be a PIO which acts between two ideal spaces X
andY . Then both the associate operator K' and the transposed operator
K# exist and are equal, i.e.,

(17) K'y= K%y

for any y € Y’ with K#y € S.

Proof. As was shown in the proof of Theorem 1, the operator | K|
defined by (6) acts from X into S and is continuous. Consequently, the
image N of the unit ball ||z||x <1 of X under |K[is a bounded subset
of §, and, hence, so is the set

a8)  N={J{{v: - IK[e <v<]K[2}:|fall, <1},

(closure in S). Denote by Y the ideal space whose unit ball coincides
with the set (18); such a space may be easily constructed. By construc-
tion, the operator | K[ acts from X into Y and is continuous.
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Let z € X and y € Y’ By Fubini’s theorem, we then have
// (t, 8)x(t, s)y(t, s) du x v(t,s)

/Sl (t,s,0)x(t,0) dv(c ))y(t, s)du x v(t,s)

/ m(t, T, 8)x(T, s) du(T ))y(t,s) du X v(t,s)

At
LA
+/S/T(/S/Tn(t,7'7$7a)a?(7',a) duxu(7,0)>y(t,s) dp x v(t, s)
= [ [ ettt omteos) i xvies)
+/S/Tx(t,a) (/Sl(t,s,a)y(t,s) du(s)) d % v(t, o)
w [ [atreo( [ meroutau) du < i)
+/S/Tx(T,a)(/S/Tn(t,T,s,U)y(t,s)d,u><V(t,s)) i X v(7, ).

This shows that
(19) (Ka,y) = (¢, K"y), zeX, yeY
and thus the operator K# coincides with the associate operator K’ of

K if we consider K as an operator from X into Y.

Fix a nonnegative function vg € Y’ such that supp vy = supp Y. For
any y € Y', we write y, = min{|y|, nvg }signy, and get
(20) (K:Evyn):(xaK#yn), 7120,].,2,.‘. .

Since the limit, as n — oo, of the left-hand side of (20) exists for any
r € X, the sequence K#y, is X-weakly Cauchy in X’. But the space
X' is X-weakly complete (see [34, 37]), and, hence, K#y, — K'y for
some y € Y. Since this function y obviously satisfies

(Kz,y) = (z,K'y), zeX, yeY’,

we have shown that the associate operator K’ of K also exists, if we
consider K as an operator from X into Y.
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Now let y € Y/ and K#y € S. Then ]K# [ ly| € S and, by Lebesgue’s
theorem, the sequence K#y, converges (in S) to K#y. But, by what
has been proved before, the sequence K #1,, converges as well X-weakly
to K'y. Since these two types of convergence are compatible (see, e.g.,
[34]), we conclude that K'y = K#y, and so we are done. O

A particular case of Theorem 4, which is much easier to prove, is

Theorem 5. Let K be a PIO which acts between two ideal spaces
X and Y and is reqular. Then both the associated operator K' and the
transposed operator K# exist and are equal.

4. Algebras of PIO’s. Given two ideal spaces X and Y, denote by
L(X,Y) the space of all continuous linear operators and by £,(X,Y)
the space of all regular linear operators between X and Y'; similarly,
MN(X,Y) (respectively, M, (X,Y")) is the space of all (regular) operators
of the form (1). Theorems 1 and 2 state that M(X,Y) C L(X,Y) and
N(X,Y)CL.(X,Y). If L(X,Y) and L,.(X,Y) are equipped with the
usual operator norm, the subspaces 9(X,Y) and 9M,.(X,Y) are not
closed. However, if we consider £,(X,Y") with the norm

(21) L = K]S

|K| given as in Section 2, then £,.(X,Y’) becomes a Banach space in
the norm (21), and N, (X,Y) is closed in £,(X,Y). In order to state
more precise results, some auxiliary definitions are in order. Recall that
Y/X denotes the space of all multiplicators between X and Y, i.e., of
all functions c(t, s) such that c(t, s)z(t,s) € Y for all 2(¢,s) € X. This
is an ideal space with norm

(22)  le(t, 8)llyyx = sup{[le(t, )z (¢, s)lly : [le(t, 5)l[x <1}

Further, by R1(X,Y), R (X,Y), and R,,(X,Y) we denote the sets of
all measurable functions I(¢,s,0) on T'x S x S, m(t,7,s) on T x T x S,
and n(t,7,s,0) on T x T x S x S, respectively, such that I(¢,s,0) =0
for t € Ty and m(t,7,s) = 0 for s € S4. All these three sets are ideal
Banach spaces equipped with the norms

(23) |I(t,s,0)|lr,x,y)y =  sup
[z (t,5)]|x <1

?

Y

[t )a(t,0)] duto)
S
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b

Y

/Tm(t, 7, 8)x(T, 8)| dv(T)

(24) [|m(t,7,8)||r,.(x,y) =  sup
llz(t,5)]| x <1

and

(25) Hn(taTvsvo-)HRn(X,Y)

= sup

- )
l=(t:s)|1x <1

[ | s agatroldux vir.o

respectively. Consider now the direct sum

where R.(X,Y) is the subspace of Y/ X consisting of all functions c(¢, s)
such that c(t,s) = 0 for t € Tq or s € Sq. The space (26) will be
equipped with the norm

(27)

(e, L m, )l x,yy = lle(t, 8)llr.xvy + 11T 5,0)llR (x,v)

+ Hm(ta T, 8)||R7n(X7Y) + Hn(tv Ty S, O—)HRn(X,Y)'

Theorem 6. Let X and Y be two ideal spaces. Then M. (X,Y) is a
closed subspace of L,.(X,Y) which is isomorphic to the space R(X,Y).
More precisely, the two-sided estimate

(28) Kz, xvy < M6 lmsn)llrexyy < 4Kz, x,v)

holds, where

Kux(t,s) = c(t, s)z(t,s) + /S I(t,s,0)x(t, o) du(o)

—l—/Tm(t,T, s)x(r, s) dv(t)
+/S/Tn(t,7',s,a)x(7',a) dux v(r,o) € L.(X,Y).

Proof. The statement is an immediate consequence of the complete-
ness of the space R(X,Y’) and of Theorems 2 and 3. O
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In view of applications, the following theorem on the superposition
of PIO’s is useful, which follows by a standard reasoning from Fubini’s
theorem.

Theorem 7. Let X,Y and Z be three ideal spaces, and let

Kjx(t,s) = c;(t,s)x / (t,s,0)x(t,0) du(o)
(20) /mt 7, s) du(t)

+//nj(tﬂ',s,a):E(T,U)duxV(T,o),
sJr

j = 1,2, be two PIO’s such that K1 € L.(X,Y) and Ky € L(X,Y).
Then the linear operator K = KoK is also a PIO with coefficient
(30) c(t, s) = ea(t, s)er(t, s)

and kernels

I(t,s,0) = ca(t,s)li(t,s,0) + la2(t, s,0)c1(t, 0)

(31) + [ bt s, (1,60 due),
s
m(t,T,8) = ca(t, s)mq(t, 7, 8) + ma(t, 7, 8)c1(T, s)
(32) o [ ot e sym .5 o),
and

n(t,7,s,0) = calt, s)n1(t, 7, 8,0) + na(t, 7, 8,0)c1(7,0)
+ ls(t, s,0)mq(t, 7, 8) + ma(t, 7, 8)l1(t, 5, 0)

n /S lo(t, 5,6 (8,7, €, 0) dpa(€)
. /T ma(t, 1, 8)n1 (1, 7 5, 0) di(7)
_|-/Sn2(t,7',$,f)l1(t,§70) du(€)
+/T712(t,77>3>0)m1(77’8’0) dv(n)

+LL”ﬂ@ﬂa&@”l(ﬂaﬂ&@ d/LX V(f,ﬂ)-
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Theorem 7 allows us to give some category-type inclusions between
the classes introduced so far, which we state as

Theorem 8. Let X,Y, and Z be three ideal spaces. Then the
following inclusions hold:

(34) Re(X,Y) - R.(Y,Z) CR(X, Z),

(35) Re(X,Y)-Ru(Y,2), Rl(X V) - Re(Y, Z) SRu(X, 2),
(36) Re(X ) Ru(Y,2),  Rm(X,Y)-Re(Y,Z2) CRm(X, 2),
(37) Rl( V) Rm(Y,2),  Rm(X,Y)-Ra(Y,Z) CRA(X, Z),
(

38) R(X,Y) -Ru(Y,Z), Ru(X,Y)-R(Y,Z)CR.(X,Z).

In particular, Re, R1, Rm, and R, are subalgebras of the algebra R,
and R,, and R1 + Rm + R, are ideals in R.

The basic Theorem 6 is not only of theoretical interest. It implies,
in fact, that showing that a PIO (1) belongs to £,(X,Y) reduces to
proving the four relations

c(t,s) € Re(X,Y), l(t,s,0) € R1(X,Y),
m(t,7,8) € Ry (X,Y), n(t,7,s,0) € Rp(X,Y).

The verification of the first relation in (39) reduces to a simple appli-
cation of results on multiplicator spaces, while that of the last relation
may be carried out by means of the theory of Zaanen spaces of kernel
functions for linear integral operators (see, e.g., [34, 37, 38]). Both
procedures have been studied extensively for general spaces, as well as
for special (e.g., Lebesgue and Orlicz) spaces. The problem of verifying
the second and third relation in (39), however, is harder and has not
been given much attention yet.

(39)

In general, it seems to be difficult to give a fairly explicit description
of the kernel classes R1, Ry, and R,. Such a description, apparently,
depends heavily on specific properties of the spaces X and Y, and the
problems are due to the lack of symmetry in the variables s and t.
Some of the most important special cases, in which more information
may be obtained, will be considered in subsequent sections.

5. PIO’s in spaces with mixed norm. Let U and V be perfect
ideal spaces over S and T, respectively [34]. By [U — V] and [U « V]
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we denote the corresponding spaces with mixed norm, i.e., the set of
all functions for which the norms

(40) |z (t, s)llw—v) = |l |zt s)l|vllv
and
(41) | (t, s)|lv—vy = [ z(t, s)[lv]lU,

respectively, are finite. Both [U — V] and [U <« V] are ideal spaces;
they are also examples of tensor products of U and V, since for any
u(s) € U and v(t) € V one has w(t,s) = v(t)u(s) € [U — V], [U « V]
and
42)  [lw(t, s)llv—v) = lJw(t, s)llwevy = llu(s)llo]lv@)]]v-

Let us return to the PIO’s
(43) Lx(t,s):/l(t,s,a)x(t,a) du(o)

5

and

(44) M:C(t,s)z/Tm(t,T, s)x(r, s) dv(r).

In what follows, we shall describe three approaches to action con-
ditions for these operators in spaces with mixed norm. Consider the
families L(t), t € T, and M(s), s € S, of linear integral operators
defined by

(45) Litu(s) = [ U5, o)ulo)duo), teT.
s
(46) M(s)v(t) = / m(t, T, s)v(r)dv(r), se€S.
T
Theorem 9. Let U; and Us be two ideal spaces over S, and Vi and Vs,

two ideal spaces over T. Suppose that the linear integral operator (45)
maps Uy into Us, for each t € T, and that ||L(t)||zw, v € V2/Vi.
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Then the PIO (43) acts between the spaces X = [U; — V4| and
Y = [Uy — Va] and satisfies

(47) HLHC(X,Y) < H ‘|L(t)||£(U1,U2)||V2/V1'

Similarly, if the linear integral operator (46) maps Vy into Vs, for each
s €8, and ||M(s)||z(vy,va) € U2/Ur, the PIO (44) acts between the
spaces X = Uy — V1] and Y = [Uy < V3] and satisfies

(48) 1M 2xvy S THIM ()2 vy llos o, -

Proof. We prove only the first statement. Let z(¢,s) € X. For each
t € T we then have

L (t, s)|loy < L@ 2wy vzt $)l]oy;
hence, by the definition of the multiplicator space V5/V7,
ILa(t, s)lly < (L@ c@rvs) - 12 8)llo, [lve
< H HL(t)HE(Ul,UQ)HVQ/Vl : ||x”X
This shows that the operator (43) acts between X and Y and satisfies
(47). ©

Interestingly, in the case Vo/V7 = L, the conditions of Theorem 9
are also necessary for the operator (43) to act between X = [U; — V)]
and Y = [Uz — V3]. In fact, considering the operator (43) on the
“separated” functions x(t,s) = u(s)v(t), v € U, v € V, we conclude
that, by the obvious relation Lz(t,s) = v(t)L(t)u(s),

(49) sup O L) w(s) vy —va) < L 2x,v)-

HuHUlallvllvl <1
In case V5/Vi = Lo this means exactly that

(50) L@z ,o)lvayve S L 2ex,y)-

Analogous statements hold, of course, for the operator (44) in case
Us /Uy = L.
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Generally speaking, the estimates (49) and (50) are not equivalent.
Nevertheless, (49) implies that

(51) sup [ [IL(E)u(s)l]v, |lvayvy < o0,
[lullo, <1

which thus is necessary for the operator (43) to act between X = [U; —
Vil and Y = [Uy — V2]. The analogous condition for the operator (44)
reads

(52) sup || [|M (s)o()[vs v, /0, < o0

[lvllv, <1

Observe that we did not suppose in Theorem 9 that the operators (43)
and (44) be regular. Applying this theorem to the kernels |I(¢, s, 0)| and
|m(¢, 7, s)|, rather than to I(t,s,o) and m(¢, T, s), we get a refinement
of Theorem 9. To this end, we denote by Z (W7, Ws) (with W; and
W5 being two ideal spaces over some set 2) the space of all Zaanen
kernels z(&,n), defining regular linear integral operators from W into
Ws, with the norm

12§ M zwy, W) = sup

fwllw, <1

[t mutmlan]

Wa

Theorem 10. Let U; and Us be two ideal spaces over S, and Vi
and Vs two ideal spaces over T. Suppose that l(t,s, o) € Z(Uy,Us) for
a.a. t €T, and ||l(t,s,0)||zw,,v,) € V2/Vi. Then the PIO (43) acts
between the spaces X = [U; — V1| and Y = [Uy — V5], is regular, and
satisfies

(53) 1t s, 0)llRy (x,v) S NILE s, )| 20,02 |lvava -
Similarly, if m(t,7,s) € Z(WV,Va) for aa. s € S, and

[lm(t, 7, 5)||z(v1,v5) € U2/Ui, then the PIO (44) acts between the spaces
X =[U; W] and Y = [Uy — Vs), is regular, and satisfies

(54) Im(t, 7, 8)ll=,,.x.v) < [Hm(t 7 9)ll 20 llvs 0,
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Consider now the two integral operators

(55) /Hlts ) lvapvitu(o) du(o),
(56) N / [t 7, ) a0y 0(7) (),
generated by the kernels I(s,0) = I[I(t,s,0)|lvs/v, and m(t,7) =

[lm(t, 7, s)||v, v, , respectively.

Theorem 11. Let Uy and Us be two ideal spaces over S, and Vi and
Vo two ideal spaces over T. Suppose that the linear integral operator
(55) maps Uy into Uy. Then the PIO (43) acts between the spaces

=[U; — W] and Y = [Us — V), is regular, and satisfies

(57) i, s, 0) Ry x,vy € [HU(Es 8,0 lveyva [l 201,0)-

Similarly, if the linear integral operator (56) maps Vi into Va, then the
PIO (44) acts between the spaces X = [Uy — V1| and Y = [Uy — Vs
1s reqular, and satisfies

(58) lIm(t, 7, $)||r,.cx,v) < [Hm(t, 7, 8)|lvs o, | 21, v2)-

Proof. We prove again only the first statement. Obviously, for
x(t,s) € X, we have

/l(t,s,ff)x(t,ff)dﬂ(a) é/Hl(t,s,a)l\vg/vlllx(taa)llvl dp(a)
S Vo S

=Lu(s),  u(s)= ||zt s)||v;,

/ I(t,s,0)x(t, o) du(o)
s

< N Lu()llvy < Ll 2oy ,va) l[uls)] o,
= |[Ll] cy v (2t 8)| ] x -

This shows that the operator (43) acts between X and Y and satisfies
(57). O



PARTIAL INTEGRAL OPERATORS 369

We conclude this section with two more action conditions for PIO’s in
spaces with mixed norm; these conditions build on multiplicator spaces
of functions of two variables.

Theorem 12. Let U; and Us be two ideal spaces over S, and Vi
and Va two ideal spaces over T. Suppose that the function ||l(t, -, 0)||u,
belongs to the multiplicator space [Ly — V3]/[Uy < Vi|. Then the PIO
(43) acts between the spaces X = [Uy — V1] and Y = [Uy — Vo), is
reqular, and satisfies

59) [l s, 0)llrixyy < IEE s, 0) vz, —vay/ i —va)-

Similarly, if the function ||m(-,7,s)||v, belongs to the multiplicator
space [Us — Lyo)/[Ur < V4], then the PIO (44) acts between the spaces
X =[U; = W] and Y = [Us — V), is regular, and satisfies

60)  [lm(t, 7, 9)llr,.x vy < [Im(t 7, 8)l[vallwe Lol 1vn —va)-

Proof. Obviously,

hence,

/ lt,s,0)x(t,o) du(o)
S

L /S it 5, 0) | (t, o) | dpu(o);

/ I(t,s,0)x(t, o) du(o)
S Y

< H Hl(t,S,O')HU2|J)(t,O')| ||[L1*>V2]
<, s, 0| 1, —val /1w —vap 2 (s $)1 v, —va)-

This proves the first statement. The second statement is proved
analogously. O

Theorem 13. Let Uy and Uy be two ideal spaces over S, and V
and Va two ideal spaces over T. Suppose that the function ||l(t, s, o)||v,
belongs to the multiplicator space [Vy «— L1]/[U} — V3] (see (14)). Then
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the PIO (43) acts between the spaces X = [Uy — Vi] andY = [Uy «— Vs
1s reqular and satisfies

(61) (it s, 0)llryx,v) < I s, ) oyl v =Ly —vy)-

Similarly, if the function ||m(t,T,s)||v, belongs to the multiplicator
space [Uy < L1]/[US — V3], then the PIO (44) acts between the spaces
X =[U; W] and Y = [Uy — V] is regular, and satisfies

(62) [Im(t, 7 8)l|w,, xv) < |HImE 7 9)llvellv, - Laswg-vgr-

Proof. The proof is completely analogous to that of Theorem 12; one
has just to pass to the corresponding associate operators, see (15). O

All sufficient conditions of Theorem 9-13 are different for the PIO
(43) and the PIO (44) and refer to different kernel spaces with mixed
norm. In this way, the above theorems contain eight statements which
guarantee the acting (and, except for Theorem 9, also the regularity) of
PIO’s between four possible combinations of spaces with mixed norm.

6. Special cases. To verify the conditions of Theorems 9-13, one
has to show that certain functions of two variables, constructed by
means of the kernels [(t,s,0) and m(¢, T, s), belong to certain ideal
spaces, constructed by means of the spaces Uy, Us, Vi, and V5. Since
these ideal spaces are rather complicated, however, the natural problem
arises to replace them by simpler and more tractable ones. One
possibility to do so is to introduce ideal spaces of functions defined
either on T'x S x S, or on T x T x S, or on some permutation of
these Cartesian products. Denote by 7 = (71,72,73) an arbitrary
permutation of the arguments (t,s,0) € T x S x S, or (¢,7,5) €
T xT xS. By [Wy, Wy, Ws; 7] we denote the ideal space of all functions
for which the norm

Hw(t7870)‘|[W1,W2,W3;T] = H H Hw(t7870)‘|W71||W72|‘WT37
Hfw(t, 7, )|y, wa,wair) = [ w7, 8) | [we W | wr

is defined and finite. Using classical results on linear integral operators,
from Theorems 10-13, we get
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Theorem 14. Let Uy and Us be two ideal spaces over S, and Vi and
Va two ideal spaces over T. Suppose that l(t,s,0) € [Va/Vh,Us, Ui; 7]
for some T = (71,72,73). Denote by X the space (U3 — V]
(respectively, [Uy «— V1)) if o precedes t (respectively t precedes o),
and by Y the space [Us — V3] (respectively, [Uy «— Va|) if s precedes t
(respectively, t precedes s). Then the PIO (43) acts between X and Y,
1s reqular, and satisfies

(63) (s, 0)lry (x.x) < [11(E 8, 0)lvava 0,071

Similarly, if m(t, 1, s) € [Uz/Uy, Va, V{; 7| for some T = (71,72, 73), and
we denote by X the space [Uy — V1] (respectively, [Uy «— Vi]) if s
precedes T (respectively, T precedes s), and by Y the space [Uy — V3]
(respectively, [Us — Va]) if s precedes t (respectively, t precedes s), then
the PIO (44) acts between X and Y, is regular, and satisfies

(64) [lm(t, 7, 5)]

Rm (X,Y) < Hl(ta T, S)H[U2/U17V2,V1,;T]'

To illustrate Theorem 14, consider the special case of the Lebesgue
spaces Uy = Ly, Uy = L,,, Vi = Ly, and Vo = Ly,. The
classical Minkowski inequality (see, e.g., [10, 38]) implies that [L, —
L, CI[L, « Ly] for p > q, and [L, < L4 C[L, — L] for p < g. Thus,
from Theorem 14, we get

Theorem 15. Let p1,p2,q1,92 € [0,00]. Suppose that I(t,s,0) €
(Laras/(as—a1)s Loas Lpy jpi—1)3 T, @1 < q2. Then the PIO (43) acts
between the spaces X and 'Y is reqular and satisfies

(s, 0) ||, (X,Y)

(65) < [Ut, 5,0z

q1Q2/(q2ﬂn)vLP27Lp1/(P171>;T]’

provided one of the conditions of Table 1 below holds. Similarly, if
m(t,T,S) € [LQQ7Lth/(ql*l)’LP1P2/(ZD1*P2);T]’ P12 D2, then the PIO
(44) acts between the spaces X and Y, is regular, and satisfies

||m(t’ T, S)HRW(X,Y)

(6) < llm(t, 7. 9)lIi

az:Lay /(a1 —1)1Lpypa /(o1 —p2)’ T]

provided one of the conditions of Table 2 below holds.
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TABLE 1.
X=[Lp, —Lg] | X=[Lp, = Lgo] | X =[Lp, & Lqy] | X = [Lp, < Lq,]
Y =[Lpy = Lgo] | Y =[Lpy < Lgy| | Y = [Lpy = Lgy] | Y = [Lpy « Lgy]
t,5,0) | p1>q1, p2 < g2 P12 q1 p2 < g2
t,o,s) | p1 > q1, p2 < q2 P> q p2 < g2
s,t,0) P1>q1 P1 > q1, P2 > G2 P2 > q2
s,0,t) P2 > g2 mn<aq p1 < q1,p2 > q2
a,t,s) p2 < g2 p1 < q1,p2 < g2 p1 < q
0,5,t) P2 > q2 < q p1 <q1, P2 > q2
TABLE 2.
(t,7,8) | p1 > q1, p2 < @2 P1>q1 p2 < q2
(t,s,7) p2 < g2 p1<q1,p2 < q2 P < q1
(1,t,8) | P12 q1, p2 < @2 P1 > q1 p2 < g2
(7,5,t) P1>q1 P1 > q1, p2 > q2 P2 > q2
(s,t,7) P2 > q2 p1 < q 1 <q1, P2 > g2
(s,7,t) P2 > q2 p1 < q1 p1 <41, p2 > q2

The most interesting and important case in the preceding theorem is
when the operators (43) and (44) are considered in the single Lebesgue
space L, = L,(S x T). Since [L, — L,] = [L, < L,] = L,, Theorem
15 reads in this case as follows:

Theorem 16. Let 1 < p < oo. Suppose that l(t,s,0) €
[Loos Lp, Ly(p—1y; T'] for some ', and m(t,7,5) € [Ly, Lp/(p—1), Loo; T"]
for some 1". Then the PIO’s (43) and (44) are reqular in the space L,
and

(67) 11(ts 8,0 Ry(LpLy) < WU 8, 0) (Lo L Ly 1y 57

(68) ||m(t7 T, S)HRm(prLp) < ||m(t’ T, S)H[Lpst/(p—l)7LOO;T,/].

Apart from the acting and regularity conditions for the PIO’s (43)
and (44), many other statements may be formulated. For instance,
one may obtain further statements by means of interpolation theory
(applied to either classical or partial integral operators), of Kantorovich
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type theorems, or of other methods. We point out that Theorem 9
and its partial converse considered above imply the following useful
criterion: the PIO (43) (respectively, (44)) acts in L, if and only if all
operators of the family (45) (respectively, (46)) act in L, for each t € T
(respectively, s € S) and have uniformly bounded norms.

The statements of Theorems 15 and 16, referring to the Lebesgue
type spaces [L, — L,] and [L, < L], carry over as well to the Orlicz
type spaces [Lys — Ly] and [Lys — Ly].

7. PIO’s of Volterra type. Consider the linear integral equation

z(t,s) = [ Ut,s,0)z(t,0)du(o) + | m(t,T,s)z(r,s)dv(r)
o el /

—|—/ / n(t,7,s,0)x(r,0)du x v(t,0) + f(t,s)
sJT

which may be written concisely as operator equation

(70) (I-L—M—N)x=f,

where L, M, and N are given by (3), (4), and (5). We are interested
in the question as to what extent the basic results for classical integral
equations carry over to equation (69). We shall discuss some results
which are related to specific properties of the operator K =1 — L —
M — N. Obviously,

(71) K=(I—L)(I-M)—(N+LM)=(I—M)(I—L)—(N+ML);

hence, in case the operators I — L and I — M are invertible, equation
(70) is equivalent to both equations

(I—(I-M)"*I-L)"YN+LM))z=f,

(72) - B
(I—(I—-L)"*I—-M)"Y(N+ ML)z = f.

Observe that the operators N + LM and N + ML are (compositions
of) integral operators, and, hence, one may apply classical results on
integral equations to the operator equations (72). The invertibility of
the operators I — L and I— M is related to the solvability of the equation

(73) ult,s) = /S I(t, 5, 0)u(t, o) dulo) + f(t,5)
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(which is a classical integral equation containing a parameter t), and
the equation

(74) ot ) = /T m(t, 7, 8)o(r, s) dv(r) + f(t,s)

(which is a classical integral equation containing a parameter s). The
study of equations (73) and (74), in turn, reduces to analyzing the
operators (45) and (46).

As a matter of fact, under natural hypotheses on the kernels I(¢, s, o)
and m(t, T, s), the linear integral equations

(75) MﬁzLKMMWWMM®+M$,tEZ
and
(76) o(t) = /T m(t, 7, s)o(r) d(r) + h(t), s €S,

admit unique solutions in U and V for arbitrary functions g(s) and
h(t), respectively. Moreover, these solutions are given by

(77) M$=M$+A¢@&®%ﬂWWLtEi
and
(78) v(t) = h(t) + /Tw(t,T, $)h(r)dv(r), s€S

involving the resolvent kernels ¢(¢, s, o) and ¥(¢,7,s). In case U and
V are ideal spaces, and the spectral radii of the operators |L(t)[ and
|M(s)[ (see (45), (46), (8) and (9)) satisfy

(79) p(L@)) <1, teT,  p(M(s)]) <1, se€S5,

the resolvent kernels may be represented as a series of iterated kernels

(80) o(t,s,0) = Zl(k)(t,s,o), s,0€ S, teT,
k=1
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and
o0

(81) P(t,1,8) = Zm(k)(t,r,s), t,TeT, s€S,
k=1

which converge in the Zaanen kernel spaces Z(U,U) and Z(V,V),
respectively (see Section 5). If, in addition, we have

(82) (b(tv S, U) € RI(U7 U)> ¢(t7 T, S) € Rm(V, V)7

it is natural to expect that

(s3) w(t,5) = f(t.5) + /S o(t, 5,0)(t, @) dy(o)
and
(34) £(t,5) = f(t.s) + /T B(t, 7, 5)f (7, 5) dv(r)

are solutions of (73) and (74), respectively. In particular, this is true if
(85) p(L) <1,  p(M)<1;

in our case, the spectral radii in (79) may be calculated by the formulas

p(LD = Tim {10t 5,0)l -, . x),

p(M(s)) = lim {/|[m® (t,7,5)]

(86)

R (X, X)-

‘We summarize with

Theorem 17. Suppose that the linear operator D = L + M + N
acts in some ideal space X and is reqular. Assume that the estimates
(79) hold, that the corresponding resolvent kernels satisfy (82) (with
XCU — SIN[S « V]), and that one of the operators N + LM or
N+ ML is compact. Then the linear integral equation (69) satisfies the
Fredholm alternative in the space X; in particular, (69) admits a unique
solution x(t,s) € X for any f(t,s) € X if and only if (69) admits only
the trivial solution for f(t,s) = 0.
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Consider now the special case when the sets T" and S are intervals
and (69) is a partial integral equation of Volterra type

x(t,s) = Sl(t,s,a) (t,o) du(c m(t, T, s)x(r,s) dv(r)
S ——

—i—/c /C n(t,7,s,0)x(r,0)du x v(r,0) + f(t,s).

In this case, (79) holds true (see, e.g., [38]) if the operators (45) and
(46) are compact in the spaces U and V, respectively, and U and V are
regular (i.e., all elements in U and V have absolutely continuous norm,
see [34]). Moreover7 if the resolvent kernels ¢(t,s,0) and ¥(t, 7, s)
satisfy (82), the investigation of equation (87) reduces to that of
equations (72) (which are then classical Volterra integral equations,
of course). Finally, if at least one of the operators N+ LM or N+ ML
is compact, then, again by the regularity of the space X (see [ 38]), the
spectral radius of the corresponding operator is zero. We summarize
again with

Theorem 18. Let X,U, and V be regular ideal spaces, and let the
operators L(t), t € T, and M(s), s € S, be compact in U and V,
respectively. Suppose that the resolvent kernels ¢(t,s,0) and ¥(t,1,s)
satisfy (82). Assume, moreover, that at least one of the operators
NA+LM or N+ML is compact in X. Then the linear Volterra equation
(87) has a unique solution x(t,s) € X for any f(t,s) € X.

A simple example illustrating Theorems 17 and 18 is that of the
Lebesgue spaces U = L,(S), V = Lp(T), and X = L,(T x S). In this
case, condition (82) reduces to

(88) o(t,s,0) € L(X, X),  o(t,7,5) € LIX, X),
which, by the results of Section 5, is also necessary. In this way,

verifying the hypotheses of Theorems 17 and 18 means, here, simply
studying families of linear integral operators in Lebesgue spaces.
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8. PIO’s and tensor products. In this section, we shall be
concerned with integral equations of the form

z(t,s) = [ U(s,0)x(t,o)du(o) + | m(t,7)x(r,s)dv(T)
s v

+ /S/Tn(t,T, s,o)x(r, o) du x v(T, o)+ f(t,s),

where the operators
(90) Lx(as)::Jéz(s,ayc@,a)du(a)
and

(91) AM@ﬁy:AﬁdLﬂﬂﬂ@dWﬂ

commute. The operators (90) and (91) are parameter-dependent fam-
ilies of the corresponding integral operators

(92) ﬂu(s)zél(s,a)u(a) du(o)
and
(93) MMﬂ:Am@ﬂMﬂwh)

We shall suppose that the operators L and M act in the spaces L,(S)
and L,(T), respectively, and the operator

(94) Nax(t,s) = /S/T’I’L(t,ﬂ&a')l'(T, o)du x v(t,o)

acts in the space L,(T x S) and is compact. It is well known (see,
e.g., [26]) that L,(T x S) is a tensor product of L,(S) and L,(T) with
respect to the Levin cross-norm. Consequently, for studying analytical
properties of equation (89) (solvability, Fredholm type, index, etc.), one
may make use of the theory of tensor products. Results in this spirit are
most easily formulated in terms of the spectra of the operators L, M, N,
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and D = L+ M + N. We recall some basic notation (for definitions,
see e.g. [21]): o(D) is the spectrum of D; ooy (D) (respectively, oes(D)
and oep, (D)) is the essential spectrum of D in Weyl’s sense (respectively
in Fredholm’s and Browder’s sense); o, (D) is the limit spectrum of D;
o™ (D) is the closure of o,(D*); 04(D) and o_(D) are the domains
of normal solvability of D in case of a finite-dimensional null space
and finite-codimensional range, respectively; ny (D) and n_(D) are
the corresponding finite dimension and codimension; ind D is the index
of D; k(D, \) is the algebraic multiplicity of the eigenvalue A of D.

The following two theorems are consequences of general results on
the spectra of operators on tensor products.

Theorem 19. Suppose that the operator L acts in L,(S), the
operator M acts in L,(T), and the operator N acts in L,(T x S) and
is compact, 1 < p < o0o. Then

(95) Oew(D) = (0ew(L) + (M) U (o(L) + Tew (M)
and for A ¢ oew(D), one has
(96)
ind (A — D)
= > ind(BI-M i (o — L) —n_(ad — L)1)
(a,B8)€EE’ j=1
+ ind (ol — L)Y (n_(BI — M) —n_(8I — M)’™),
(o, 3)EE" Jj=1
where

E' ={(a,f):a+ 8=\ aco(L)\oe(L), 8€c(M)\oew(M)}

and

E'"={(,8):a+B=X\ aco(L)\oew(L),B € o(M)\oep(M)}.
Moreover, one has

(97) Oes(D) = Oew (D) U{A € 0w (D) : ind (M — D) # 0},
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=)
x
Q
+
—
)
S~—
Il

(04(L) + 0 (M)) U (0(L)
(99) 0-(D) = (0-(L) + o™ (M)) U (" (L)

Theorem 20. Suppose that the operator L acts in L,(S), the
operator M acts in L,(T), and N =0. Then

(101) o(D)=0o(L) +o(M),

(102) en(D) = (0en(L) + 0(M)) U (0(L) + 0en(M)),

and, for A ¢ oe,(D), one has

(103) k(DN = > k(L,a) s(M,B),

(a,B)EE
where
E={(a,f8):a+8=)\ ac U(E)\O’eb(i), I6XS U(M)\Ueb(M)}.

Moreover, one has

oo

n-(=D)= 3 > (n((al = L)) = n_((al = L))
a+pB=\ j=1
(104) (- (BT = M) = n (8T = M)™)),
ne(A=D)= Y3 3 (ni((al = L)) = ni((al = LY
a+pB=\ j=1
(105) (04 (BT = MY) = ng (81 = M)

for A ¢ oew(D).
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To illustrate Theorems 19 and 20, consider the linear integral equation

1

(106) Axz(t,s) + / l(s—o)z(t,o)do+ /o m(t,7)x(r, s)dr = g(t, s),

-1

which occurs in the mechanics of continuous media (see, e.g., [1-3,
23]). Here S = [-1,1], T = [0, al, the kernel /(£) has the form

+oo
19 =3 [ lexplivze) dz.

— 00

where 6 is a parameter (which has a mechanical meaning), and [(z) is
a positive, even continuous function satisfying

I(z) = A+ 0(2?), z—0, 12]i(z) = B+o(z71), z— oo;

moreover, the kernel m(t,7) is either continuous or weakly singular,
and the function g(t, s) has the form

g(t,s) = g1(s) + ga(t) + sgs(?), g1 € Lyp(S), 92,93 € L,(T).

Equation (106) may be studied in the space L,(T x S). Under the
hypotheses given above, the operators L and M are compact, and thus
Theorems 19 and 20 apply. The spectrum of L consists of 0 and a
finite number (or a sequence converging to 0) of Fredholm points A,
while the spectrum of M contains only 0. Consequently, the spectrum
of the operator D coincides with that of the operator L; in particular,
all elements of o(D) are Fredholm points.

Altogether, equation (106) admits, for each A with —X\ ¢ o(D), a
unique solution x(t,s) € L,(T x S) for any g(t,s) € L,(T x S).
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