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ABSTRACT. In this paper we analyze nonconforming finite
element methods for solving a fourth order boundary value
problem describing the deformation of a clamped elastic thin
plate unilaterally constrained by an elastic obstacle. Optimal
order error estimates are derived for both continuous and
discontinuous nonconforming finite elements.

1. Introduction. Nonconforming methods are popularly employed
in solving high order differential equations. For fourth order boundary
value problems, conforming finite elements require C' continuity. For
multi-dimensional spatial domains, it is not easy to comstruct C*
elements, and the resulting C'! elements are usually difficult to use.
On the contrary, nonconforming finite elements are easy to construct
and easy to use, since the smoothness requirement on finite element
functions is weakened to either C° continuity or even less than C°
continuity. Application of nonconforming finite element methods is
not limited to fourth order or higher order problems, though; they
offer more efficient solution algorithms for numerous other problems,
see, e.g., [3, p. 208].

It is more delicate to provide convergence and error analysis for non-
conforming finite element methods than for conforming finite element
methods. An early reference on the mathematical analysis of non-
conforming finite element methods for the plate bending problem is
[9]. A patch test was proposed and is widely used by engineers for
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convergence analysis of nonconforming finite element methods, see [1,
8]. However, it is shown in [15] that the patch test is neither a necessary
nor a sufficient condition for convergence. One finds in [15] a rigorous
necessary and sufficient condition for convergence of nonconforming fi-
nite element solutions to variational equations of some boundary value
problems. Some further developments along this line can be found in
[13, 20] where convergence conditions are studied which are easier to
examine. A summary account of nonconforming finite element methods
can be found in [4], or more recently, [5].

In this paper, we study the nonconforming finite element method
for solving the problem of determining the deformed configuration of
a clamped homogeneous, isotropic thin elastic Kirchhoff plate subject
to transversal loads and unilaterally constrained by an elastic obstacle.
The model is proposed and studied in [16], where a mixed approach
is taken for its finite element solution. The model is a boundary value
problem for a fourth-order equation with a non-smooth term of the
solution, and can also be formulated as a fourth-order elliptic varia-
tional inequality. We notice that in the literature, only a few papers
can be found on the analysis of nonconforming finite element methods
for fourth order variational inequalities, see [7, 17-19]. Analysis of
mixed finite element methods for a fourth order variational inequality
in unilaterally supported bent plate problem can be found in [6].

The paper is organized as follows. In Section 2, we introduce the plate
problem presented in [16] and determine some regularity properties for
the solution of the problem. Nonconforming finite element methods for
the problem are introduced in Section 3. Section 4 is devoted to error
estimation of continuous nonconforming finite element methods for the
plate contact problem. The error estimates are valid in particular
for the Zienkiewicz triangle and Adini’s rectangle. Discontinuous
nonconforming finite element methods are discussed in Section 5, and
we mention Morley’s triangle and the Fraeijs de Veubeke triangle as
two particular examples. Description of the four sample nonconforming
elements can be found in [4, 5].

2. The plate contact problem. The physical setting of the
contact problem is illustrated in Figure 1. We consider a thin flat plate
Ox(—d/2,d/2), where d > 0 is the thickness of the plate, assumed to be
small, and Q C R? is an open, bounded, connected set with a Lipschitz
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FIGURE 1. A plate subject to a normal force and unilaterally constrained by
an obstacle.

continuous boundary T' = 0€). Throughout the paper, we denote a
generic point in Q by x = (x1,22). Assume the three-dimensional
material of the plate is isotropic, linearly elastic with Poisson’s ratio
o € (0,1/2) and Young’s modulus E > 0. The plate is assumed to
be clamped on its lateral boundary T' x (—d/2,d/2), and is subject
to a transversal external force of density Doq(x), ¢(x) > 0, where Dy
denotes the stiffness coefficient of the plate:

Ed®

Dy=—""5 .
"7 12(1-0?)

The unknown of the problem is the plate vertical deflection u(x).
The plate is constrained unilaterally by an obstacle described by the
equation x3 = 1(x). The obstacle is flexible and offers resistance on
regions where contact occurs between the obstacle and the plate. The
reaction force of the obstacle acts vertically on the plate and is given
by the formula

r(x) = = Dor(x) (u(x) = 1(x)) -

Here « is a positive-valued function, and ¢, = max{t,0} is the positive
part of ¢. Observe that r(x) = 0 at a point x where the plate does
not touch the obstacle. The function x describes the stiffness of the
obstacle. The limiting case of a rigid obstacle is recovered as £(x) — oo.
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For the given data, we make the following assumptions:

g€ L?(Q), ¢>0 ae in Q, 1€ L*Q),

(2.1) :
kELX), K>kKo>0 ae in Q.

Since the plate is clamped, the function space for the deflection u is
V = HZ(Q).

We adopt the summation convention over a repeated index. For any
u,v € V introduce the following functionals

a(u,v) = /Q [AuAv+(1—-0)
X (2 312u 8121} — 811U 6221} — 822u 8111})] dI,

j(uav):/Q“(U—i/J)JrUd%

and denote

(q,v) = /qud:v.

Later in this paper, we will use the following formula on several
occasions: for any v € H3(D) and any w € H?(D),

(22) / (2 8127) (91211} — (911’0 (922’[1} — (922’1) (91111)) dx
D

:/ (=0r7v Oyw + Oyrv Oy w) ds,
oD

where D is a two-dimensional Lipschitz domain, v = (v1,1s) is the
unit outward normal vector on D, T = (71, 72) = (—va, 1) is the unit
tangential vector along 9D, and

O,v = v;0;v,
(97—’0 = Tiai’l),
81,7-’0 = I/Z"Tjaij’l),

O0-70 = 7;7;0450.
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These derivatives and the vectors v, 7 are defined a.e. on the boundary
of the Lipschitz domain.

Note that for u,v € V, we have

a(u,v) = [ AulAvdz.
Q

Then following [16] (with a scaling of the constant Dy throughout the
equation), the weak formulation of the plate problem is

(2.3) ueV, a(u,v)+ju,v)=(qv) YVveV.

It is shown in [16] that the problem (2.3) has a unique solution, and
the problem is equivalent to the variational inequality of finding u € V'
such that

K

atwo—w+ [ =00 do= [ Flw=v) do> o= u)
Yo eV,

and is also equivalent to the problem of minimizing the energy func-

tional ) )
2
g0+ 5 [ Klw=v)] de = (o)

over V. The classical formulation of the problem is

Au+k(u—1p)L=q in Q
u=0,u=0 on T,
where 0,u is the outward normal derivative of u on I'. The boundary

condition d,u = 0 is understood to be valid at the boundary points
where the outward normal vector v is defined.

We now recall a regularity result for the biharmonic equation [2,
Theorem 7).

Theorem 2.1. Let u be the weak solution of the problem

A2u=f in Q,

u=0,u=0 on T.
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Let Q C R? be a bounded polygon and denote its largest internal angle
by w. Then, if w < 180° and f € H~1(Q), we have u € H3(Q); and if
w < 126.283696 .. .° and f € L*(2), we have u € H(1).

For the plate contact problem (2.3), notice that  (u — )y € L?(1).
Applying Theorem 2.1, we obtain the following regularity result for the
solution.

Theorem 2.2. Assume (2.1), and let u € V be the weak solution
of the problem (2.3). Then u € H3*(Q) if w < 180°, and moreover,
we HA(Q) if w < 126.283696.. . .°.

Assume u € H3(Q2). For later use, we note that, from (2.3),
—/ VAu-Vudz —|—/ K (u—)vdr = (g,v) Yo e Hy(Q).
Q Q
By a density argument, we then have

(2.4) —/QVAu~Vvdx+/Qn(u—z/J)+vdx:(q,v) Yo e Hy (Q).

For a domain D and an integer k > 0, we will use ||-||x,p and |-|x,p for
the norm and semi-norm on the Sobolev space H*(D). When D = (,
we will simply write || - || and | - |.

3. Nonconforming finite element methods. Let {7}, be a
family of finite element partitions of the domain Q. Here h — 0+ is
a discretization parameter. A typical element in 7 is denoted by T.
Let {V,}n be a family of corresponding finite element spaces used to
approximate the space V. We consider nonconforming approximations.
Thus in general, V;, ¢ V. Then the discrete approximation problem is
to find u;, € V}, such that

(3.1) an(un, vn) + j(un,vn) = (¢, vn) Von € Vy,
where the discrete bilinear form is

ap(v,w) = AvAw+ (1—-0o

X (2 8121} 81211) — 31111 822’(0 — 622’0 81111))} dz.



NONCONFORMING FINITE ELEMENT METHODS 273

Assume

1/2
(33) fonll = (3 1) o eV

TeT)

is a norm on V},. This assumption is usually easy to verify, and is valid
for the nonconforming elements mentioned in later sections. Since

ap(v,w) = Z / [0 Av Aw+ (1-0)
TeT, T
X (2 0120 010w + 011V 011w + Dagv 32211))} dx,
the bilinear form (3.2) is coercive on Vj:
ap(vp,vp) > « ||Uh||i Yo, € Vi

with & = 1 — 0. Obviously, ax(:,-) is continuous:

lan (v, w)| < M ||v||p||w||n Yv,w eV + V.

We will need the following elementary inequality

(3.4) (ty —s4)(t—s)>0 Vi, seR.

Proposition 3.1. The discrete problem (3.1) has a unique solution.
Moreover, ||up||n and |[(up—1) 4|0 are uniformly bounded, with a bound
that is independent of h.

Proof. Tt is easy to see that (3.1) is equivalent to the minimization
problem

(3.5) Jh(uh) < Jh(vh) Yy, € Vh,

where the energy functional

Iu(wn) = g anonv) + 5 [ wl(on=0)1]" do = (o).
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Since ¢ > 0 a.e. in €,

—(q,vn) = — (g, vn — ) — (g, )

> - (Q7 (/Uh - ¢)+) - (Q7w)
1
>~ 1 [ Rl =) do e
4 Ja
with a constant ¢ depending only on ¢ and . Thus,
1 1
Jn(vn) > 3 an(vn, vn) + Z/ kl(on — )4 dr+c
(3.6) N - @
> S lonll + 7 [ (o0 = 0)s1? do+c
2 4 Jq
and so

Jn(vp) — 00 as ||lvp|lp — 0.

Since V}, is finite dimensional and Jj, is continuous, there is a solution
to the problem (3.5).

To show the uniqueness, let ug) and uf) be two solutions of (3.1).

Then
ah(uﬁll) — uf),vh) —l—j(uﬁll),vh) —j(uf),vh) =0 VYo, €V

Let v, = ug) — ug) and apply the inequality (3.4),

ah(ug) - uf), ug) - uf)) <0.

Hence, ug) = ugf).

Uniform boundedness of |lup||n and ||(up — 9)4]|o follows from the

inequality
K
Iu(w) < 340) = [ 5 (-0 do

and the lower bound (3.6) for Jy (up,). o

We note that the discrete problem (3.1) is equivalent to the discrete
variational inequality of finding uj € V}, such that

an(unson = w) + [ 5 lon =00 do— [ 3 ((un = 0)]" da

Q Q
> (q,op —up) Yo €V
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We will study continuous family (V;, € C°) and discontinuous family
(Vi, ¢ C° of nonconforming finite elements separately. For each
family, we consider finite elements satisfying one of the following two
assumptions.

(A1) There exists a constant ¢ such that

67 | /aT [Aw — (1 — 0) Dort] Do ds

TeT,
<ch||w|sllvp]ln YweV ﬂH3(Q), vy € Vi,

(3.8) |lw—Tpwllo + h?||w — Tpw|n < ch?|w|zs Yw € VN H3Q),

where IIj, is the finite element interpolation operator.

(A2) There exists a constant ¢ such that

39) | Y /8 [Aw— (1)l d,un ds

Te?‘}l
< ch?||lw|lgllonlln Yw € VQHAL(Q)7 vy € Vi,

(3.10) ||w—thH0+h2Hw—th||h§0h4||w\|4 VweVﬂH4(Q),

For the concrete nonconforming finite elements, we will comment on
the validity of these relations.

4. Continuous nonconforming finite element approximation.
We consider some continuous nonconforming plate elements in this
section. Assume ) is a polygonal domain. Let {73}, be a family of
regular triangulations of Q, and let {V},},, C C°(Q2) be a corresponding
family of nonconforming finite element subspaces of V.

The following theorem provides optimal order error estimates.

Theorem 4.1. Assuming w < 180° and (A1), we have the error
bound

(4.1) = wnlln < chfluls.
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Assuming w < 126.283696...° and (Asz), we have the error bound

(4.2) lu = unlln < ¢ h?[lulls.

Proof. For any vy, € V},, we have

allun — vnlln < an(upn — vn, up — vp)
(4.3)
= ap(u — vp,up — vp) + ap(up — u, up — vy).

The first term in the summation is bounded as follows:
ap(u —vp,up — o) < M |lu—opllnllun — vl

4.4 «
(44) §c||u—vh||%+5\|uh—vhlli.

To bound the second term, we notice that for any wy € Vj,

ap(u,wp) = Z /T[Aquh + (1-o0)

TeT,

><(2 812u(912wh — 811u822wh — 822u811wh)] dx

= Z Aud,wy, ds — Z /V(Au)~thdx
T

TeT;, 70T TET;,

+ (1-0) Z / (= Orrudy,wy, + Oyrudrwy) ds

= Z /zaT[Au_ (1—0) Orru) Oywy, ds —/QV(AU) - Vwy, dz,

TeT,
where we have used the relation, see [4, pp. 368-369],
Z / Oy rudrwyp ds = 0,
TET, oT

valid for continuous nonconforming finite elements. Using the equality
(2.4), we get

ap(u,wp) = Z / [Au— (1 — 0) Orru] Dywy, ds
TeTy, or

+ (qawh) - A K (u — 1/1)+’U)h dx.
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Thus, recalling the defining equation (3.1) for the finite element solution
up, we have

ap(up — u,wp) = ap(up, wy,) — a(u, wy)

= _ Z /aT [Au— (1 —0) Orru| Oywp, ds

TeT,

+/Qn[<u—w>+—<uh—w>+1whdm.

(4.5)

The first term on the righthand side will be bounded by (3.7) or
(3.9). For the second term with wy, = up — vp, we use the elementary
inequality (3.4),

[ rltw= s = (o= )] (o = ) o
< [ Rlu= ) = = 0] (0= ) do

< e [Il(w—=)+llo + [ (un — %)+ llo] [[u = vnllo-

Since ||(up, — ¥)+]|o is uniformly bounded independently of h, we have

(4.6) / (=) 4 — (= ) 4] (tn — vn) dz < cllu — vno.

Combining (4.3), (4.4), (4.5) and (4.6), we have

llun — vpl? < c’ 3 / [Au— (1= 0) drrt] By (up — v3) ds
TeT, or
+e(flu—=onli + llu—wallo) -

Under the assumptions w < 180° and (A;), we can then derive the
following relation:

lun = valln < ehllulls + ¢ (Il = vnlla + u = onllg"?)
From this, the inequality

lu —unlln < llu—vnlln + lun = viln,
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and the arbitrariness of v, € V},, we obtain
lu=unlln < chlfuls+c inf (llu—valln+ Ju—onlls’?).
VR EVR

Finally, using the interpolation error estimate (3.8), we get the error
bound (4.1).

The error bound (4.2) is derived similarly. O

One example of a continuous nonconforming finite element is the
Zienkiewicz triangle. Assume € is such that it is possible to split it
into triangles with all sides parallel to three fixed directions. This
property is valid if € is the union of rectangles with sides parallel to
two fixed directions and right triangles with two sides parallel to the
two fixed directions. Let {7;,} be a regular family of partitions of Q
into such triangles. Then the Zienkiewicz triangle consists of piecewise
incomplete polynomials of degree less than or equal to 3. On each
triangle, the polynomial is determined by its values and the values of
its two first-order derivatives at the three vertices; for details, see [4].
For this element, the inequalities (3.7) and (3.8) are valid, cf. [12].

Another example is Adini’s rectangle. Assume Q C R? can be
partitioned into rectangles, e.g., if 0 is the union of rectangles with
sides parallel to two fixed directions. Let {73}, be a regular family of
partitions of Q into rectangles with sides parallel to the coordinate
axes. Then Adini’s rectangle is defined as a piecewise polynomial
corresponding to the partition 7, such that on each element, it is a
third degree polynomial plus a linear combination of z3xs and xix3,
with the values of the function and of the two first partial derivatives
with respect to 1 and o at the four vertices of the element as the
finite element parameters. The interpolation error estimates (3.8) and
(3.10) hold. A proof of the bound (3.7) is found in [4] or [15]. The
bound (3.9) is shown in [10], see also [11].

Therefore, if w < 180°, for the Zienkiewicz triangle and Adini’s
rectangle, we have the optimal order error estimate (4.1), and if
w < 126.283696...°, we have the optimal order error estimate (4.2)
for Adini’s rectangle.
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5. Discontinuous nonconforming finite element approxi-
mation. In this section, we consider discontinuous nonconform-
ing finite element approximations of the plate contact problem. Let
{Vi,}n ¢ C°(2) be a family of nonconforming finite element subspaces
of V' corresponding to a reqular family {7}, }, of triangulations of Q into
triangles such that the finite element functions are continuous at the
triangle vertices.

Theorem 5.1. Assuming w < 180° and (A1), we have the error
bound

(5.1) [l = unln < chllulls.

Proof. The proof is similar to that of Theorem 4.1. However, since
Vi, ¢ C(Q) implies Vi, ¢ H(Q), we need to make the following
modification in bounding the term ap(up — u, wp) with wp = up — vp.

Let w}ll_be the continuous piecewise linear interpolant of wy,. Since
wi € C (Q), wl € H(Q). Consider the term

ap(u, wp) = Z /T[Aquh—i—(l—a)

TeT,

X(2 812u812wh — 5‘11u822wh — 822u811wh)] dx

_ Z/ [Au — (1—0) 8, u] By, da

T€7~h oT
- Z /V(Au) -Vwpdz+ (1—0) Z Oyru Oy wy, ds.
TeT, ’ 7T TeT; ” T
Write
- Z / V(Au) - Vwy, de = — Z / V(Au) - Vi, da
TeTy, T TeT), T
- Z / V(Au) - V(wy, —w}) d.
TeTy, T

By (2.4), since wi € H(Q),

- Z /TV(Au) - Vw} dz = (q,wl) — /Q K (u— ) w) de.

TETy
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Hence,
ap(u, wp) Z / [Au— (1 — o) Orru] Opwy, da
TeT), T
+auh) - [ nu-v)suldo
Q
—L,+(1-0) Z Oyru Orwy, ds,
TeT, oT
where
(5.2) = Z / V(wp, — w}) de.
€Th

Thus,

ap(up — u,wp) = ap(up, wp) — alu, wy)

= (q,wn) — /Q K (up, — ¥)ywp, dz — ap(u, wp)
= (g, wn — ) +/ b (1 — ) (wh, — wy) da

— Z/ [Au— (1 — 0) Orru) Dywy, ds

TeTy,

+L,—(1-0) /8,,Tu8whds
TeT, 70T

+ [ Rl ) = (= 0} do.
We have

gy wn — wl)] + ]/Qw—wmwi ~ wn)da| < elluh - wnlo

< ch®|lwalln,

where ¢ depends on ||g||o and ||(u — %)+ |lo. The term

Z / [Au— (1 —0) Orru] Dywy, ds

TeT,
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is bounded by (3.7). The term

/ [ — )y — (un — $)4] wn de
Q

with wp, = up, — vy is bounded by (4.6). Finally, write

Op+u 0wy ds = / 8,-ud-wl ds
Y [ ontmis= 5 [ oo

TeT), TeT,

+ Z / (‘9wu87.(wh—w,ll) ds.
T

TeT,

For each side v of the elements, define a piecewise constant projection

Pl (v) = ﬁ/vds.
8!

Since

/8T(wh —w}l)ds =0,
.

we have

Z / Opru 0y (wp, — w;IL) ds
orT

TeTh
= Z Z Dy Op (wy, — w}) ds

TET, vCoT * 7

= Z Z [0yt — P (dyru)] Or (wy, — wi) ds.

TeT, vCoT

By a scaling argument,

> / Byrtu Oy (wy, — wh) ds < ch|uls|fwp .
TeTh T

Since wl € C() and uw € V N H3(), we have

Oyrth 8Tw,€ ds = / Ou+u 8Tw£ ds = 0.
TeT, /T o0
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The term L, defined in (5.2) is bounded as follows:

(5.3) | L] < Z luls,rlwn — wil1,r < chluls]wn s
TeT),

Thus, by a procedure similar to the proof of Theorem 4.1, we have

[un = onlln < cllu—=wvnln+e([(u =)+l

1 = ) 1 [l0) 21 — wa |2
+elallo + 1w — )4 o) b2 + chluls.

Finally, we use
lu —unlln < lu —vnlln + lun — vnlln,

and take vy, = ITu. Then the error bound (5.1) can be derived. O

As examples of discontinuous nonconforming finite element spaces
for the plate contact problem, we mention Morley’s triangle and the
Fraeijs de Veubeke triangle. Assume € is a polygonal domain, and let
{7} be a regular family of partitions of { into triangles. For Morley’s
triangle, on each element, the finite element function is quadratic and
is uniquely determined by the function values at the three vertices and
the normal derivative at the three mid-side nodes. For the Fraeijs de
Veubeke triangle, on each element, the finite element function is cubic
and is uniquely determined by the function values at the three vertices
and at the center, and the normal derivative at the Gaussian points of
second order on each side. From their constructions, we see that for
both Morley’s triangle and the Fraeijs de Veubeke triangle, the finite
element functions are continuous at the vertices of the corresponding
triangulation. For both elements, the bounds (3.7) and (3.8) are valid,
see [12] for Morley’s triangle and [15] for the Fraeijs de Veubeke
triangle. So if w < 180°, for both elements, we have the optimal order
error estimates (5.1).

For the Fraeijs de Veubeke triangle, we also have (3.9) and (3.10).
A proof of (3.9) can be given based on results similar to Lemmas
10.3.7 and 10.3.9 of [3]. Thus, assuming w < 126.283696 .. .°, we have
u € H*(Q) and would expect the following error bound

(5.4) = wnlln < ¢h?ull.
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However, the proof of Theorem 5.1 does not work for this, due to the
error bound (5.3) for the term L, defined in (5.2).
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