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THE p-VERSION OF THE BOUNDARY
ELEMENT METHOD FOR A
THREE-DIMENSIONAL CRACK PROBLEM

ALEXEI BESPALOV AND NORBERT HEUER

ABSTRACT. We study the p-version of the boundary el-
ement method for a crack problem in linear elasticity with
Dirichlet boundary conditions. The unknown jump of the
traction has strong edge singularities and is approximated by
solving an integral equation of the first kind with weakly sin-
gular operator. We prove a quasi-optimal a priori error esti-
mate in the energy norm. For sufficiently smooth given data,
this gives a convergence like ¢p~'1¢ with ¢ > 0. Here, p
denotes the polynomial degree of the piecewise polynomial
functions used to approximate the unknown.

1. Introduction and formulation of the problem. We analyze
the convergence of the p-version of the boundary element method
(BEM) with weakly singular integral operator for problems in R3. That
is, we study approximation properties of piecewise polynomial functions
on surfaces in a negative order Sobolev space (order —1/2).

The p-version uses piecewise polynomial spaces on fixed meshes and
increases the polynomial degrees, whereas the more conventional h-
version improves approximations by mesh refinement and by using
piecewise polynomials of lower, fixed degrees. It is well known that
an appropriate combination of mesh refinement and polynomial degree
distribution (the hp-version with geometrically graded meshes) may
lead to an exponential rate of convergence, even in the presence of
singularities (for the FEM, see [9, 10] and for the BEM we refer to
[13-15, 17]). The approximation strategy of such hp-methods is to use
polynomial degrees of lowest order where solutions behave singularly
and to use high order polynomials where solutions are smooth. With
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244 A. BESPALOV AND N. HEUER

respect to theory, this strategy has the advantage that it completely
avoids the approximation analysis of singular functions by high order
polynomials. This is different for the p-version which makes its analysis
more involved. Actually, only relatively little is known for problems
in three dimensions. In this paper we fill one of the gaps in theory
by studying for the first time the p-version of the BEM with weakly
singular operators on surfaces. For numerical results studying the h-,
p-, and hp-versions, we refer to [14].

We also note that high order polynomials have much better approx-
imations properties for wave problems in the sense that they reduce
very efficiently the pollution effect of the oscillatory behavior of solu-
tions, see [1, 16]. Therefore, the p-version (combined with mesh refine-
ments but using high degrees everywhere) becomes attractive for wave
problems.

The p-version (and hp-version with quasi-uniform meshes) of the
BEM on curves have been widely studied, see [11, 12, 20, 21]. As
mentioned before, there are very few results in three dimensions, i.e., on
surfaces. The case of hypersingular operators on polyhedral surfaces
(the energy space is H'/?) is analyzed in [18]. There, the optimal
convergence of the p-version has been shown by making use of the H!-
regularity of the solution. In [5] we consider hypersingular operators
on open surfaces, where no H'-regularity can be assumed, and prove
optimal a priori error estimates. The case of weakly singular integral
operators on surfaces has been an open problem so far. Here we study
this situation for the model problem of linear elasticity with a crack I'
that has a smooth boundary. The solution exhibits in general strong
edge singularities not being Lo-regular.

Throughout the paper I' denotes an open smooth surface in R3~With
smooth boundary curve v (v is locally C*). Let H'(T') and H'(T')
be the usual Sobolev spaces, see Section 3 for a definition. We will
use these notations for scalar functions as well as for vector functions.
The latter will be denoted by boldface symbols, the norms and inner
products for them are defined componentwise.

Let us formulate the model problem. We consider the Dirichlet
boundary value problem for the displacement field u = (uq,uz,us)
of a homogeneous, isotropic, elastic material covering the domain



p-VERSION OF THE BOUNDARY ELEMENT METHOD 245

Qp := R3\T: For given uy, uy € HY/2(T') with vy —uy € HY2(T) find
u satisfying

(1.1) pAu+ (A +p) graddivu=0 in Qr,

(1.2) ll|[‘1 =ui, u|r2 = uo,

(1.3) u(z) = o(1), % u(z) =o(jz|™"), j=1,2,3, |z — cc.

Here, I';, i = 1,2, are the two sides of " and p > 0, A > —2/3u are the
given Lamé constants. The corresponding Neumann data of the linear
elasticity problem are the tractions

0
T(u) := A(divu)n + 2u 8_2 +unxcurlu on Ty i=1,2

where n is the normal vector on I' pointing into a specified direction.

The problem (1.1)—(1.3) can be formulated as an integral equation
of the first kind, see, e.g., [7, 19]: u € HL_(R3\T) is the solution of
the Dirichlet problem (1.1)—(1.3) if and only if the jump of the traction
t := T(u)|p, — T(u)|r, € H'/2(T) solves the weakly singular integral
equation

(1.4) Vit(x) := /FE(y,a:)t(y) ds, =g(z), zeTl

where

(@) = 5 (w + w)(o) + [ TyE() (s — ) (0) s,

Here,

_ _ T
E(y,z) = — 2K L, Atp @-y@—y
8mp(A+2p) \ |z —yl~  A+3p |z —yP

denotes the fundamental solution of (1.1) with the identity matrix I.
The solution t of (1.4) yields the solution to problem (1.1)-(1.3) via
the representation or Betti’s formula

u(z) = /F (B, 2)b) ~ (T,E(y, 2)) (i (y) — wa(y) ) ds,, @ ¢ T
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In what follows, together with usual space coordinates (x1,x9,x3) =
x € I', we will use surface coordinates (s, p) in a small neighborhood
of v on I' such that s, respectively p, varies in tangential, respectively
normal, direction to . Thus, the boundary curve v is described by
the equation p = 0, and in a sufficiently small neighborhood of v one
has s = s(x) and p = p(x). Throughout the paper, we will specify this
small neighborhood of 7 as the boundary strip I's of T" such that, for
small § > 0,
Is={zeT; 0<p(x)<d}.

Let us cite the following regularity result from [7].

Proposition 1.1. Let |o| < 1/2 and u; € H?>T7(T), j = 1,2, with
u; —uy € H3/2%9(T). Then the solution t € H=Y/%(T') of the integral
equation (1.4) has the form

(1.5) t=B(s)p~"*X(p) + to

with vector functions B € HY2%9(y) and to € HY2+'(T') for any
o' < o. Furthermore, X € C5P(R) denotes a cutoff function with
0<x <1 and X =1 near zero.

In the next section we formulate the p-version of the BEM for the
approximate solution of (1.4) and state the main result which proves
an almost optimal convergence rate, Theorem 2.1. Technical details
and the proof of Theorem 2.1 are given in Section 3.

2. The p-version of the BEM. Below p will always denote a
polynomial degree, and C' is a generic positive constant independent
of p.

In order to define finite-dimensional subspaces of H~/ 2(T), we use a
regular parameter representation © = X (u), u € U, U being a compact
region in R? whose boundary is mapped onto v. On U we use a fixed
regular mesh 7 = {U;; j = 1,...,J} of quadrilaterals and triangles
which are in general curvilinear such that U is completely discretized.
We assume that, for each j = 1,...,J, there exists a smooth one-
to-one mapping M; such that U; = M;(K) with K = Q or T (here,
Q= (-1,1)2and T = {¢ = (£&1,&); 0< & < 1,0 < & < &} denote
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the reference square and triangle, respectively). The Jacobians of M;
are assumed to be bounded from above and below by positive constants
independent of j.

Using the parameter representation X we have a fixed regular mesh
A={T; =XUj); =1,...,J} on T'. The union of the elements of
A touching the boundary curve v will be denoted by A, ie., A, =
U{T;; T;N~v # @}. We assume that, close to the boundary 7, the mesh
is fine enough such that A, C (I's5/2U7). We also assume that the cutoff

function X in (1.5) is chosen such that supp (B(s)p~'/2x(p)) C A,.

Now, for given integer p, we define the space S,(I') of piecewise
polynomials on I For K = Q or K = T let Q,(K) be the set of
polynomials of degree < p (in each variable for K = @ and of total
degree < p on T'). Furthermore, for K = I an interval, Q,(I) denotes
the set of polynomials of degree < p on I. We will also use the set
Rp(I';) of polynomials of degree < p in each variable s and p on the
elements I'; C A, C T's/o. Then, using the notation v; = v|r;, we
define

Sp(T) == {v;vje [Ry(T))? i T;C Ay, and (v 0 X o M;) € [Q,(K)]?,
K=QorT, if T; C (T\4,)}
(here, we denote by [-] the sets of vector functions with corresponding

polynomial components).

One has S,(I") C H=1/2(I), and the p-version of the boundary
element Galerkin method is as follows: For given p, find t, € S,(I)
such that

(2.1) (Vt,,v) =(g,v) VveS,@T),

where (-, -) denotes the duality pairing between H~/2(I') and H'/2(T).

As it is well known, this method converges quasi-optimally, see [6],
i.e., there exists a constant C' > 0 such that for all polynomial degrees
p the following holds

22) e —tyll5 1 < Cint{ft—v] ve s, D)

ﬁ—l/2(r);

We now present the main result giving an a priori error estimate.
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Theorem 2.1. Let |o| < 1/2 and u; € H3/?**(T), j = 1,2, with
u; —uy € H3/2t9(T). Then the following a priori error estimate holds

(2.3) 6= tpll gy < Cp 7 a=1/24+0—c >0,

where C' > 0 depends on € but not on p. Here, t is the solution of (1.4)
and t, is the boundary element approximation to t given by (2.1).

This error estimate is quasi-optimal for sufficiently smooth given
data. More precisely, if o is large enough, then there exists for any
e > 0 a constant ¢ > 0 such that the p-version converges like cp~1+¢.
A convergence like cp~! would be optimal, cf. the results in [5, 18].
The sub-optimality of (2.3) is due to Proposition 1.1 which states the
regularity of the term B in the representation of the exact solution
only in standard Sobolev spaces, which are not appropriate to obtain
optimal results. For numerical results (dealing with the scalar version
of the Laplace operator) which underline the a priori error estimate we
refer to [14].

The proof of Theorem 2.1 is given in the next section.

3. Technical details. Before proving Theorem 2.1, we define
Sobolev spaces and collect several auxiliary results.

Let Ly(R™) be the usual Lebesgue space of square integrable func-
tions on R"™, n > 1, equipped with the standard norm || - ||z, g&n»). For
t € R, we define the Sobolev space H'(R") with norm

el e ey = || 1+ I€[2)/2 a

La(R")

Here @(€) = (2m)~"/? S w(z)e™"¢ dz denotes the Fourier transform
of the function u € Ly(R™), x = (21,...,24,), & = (&1,...,&), and
r-§=m& + -+ Tpén.

Then for a Lipschitz domain Q2 C R™ and ¢ > 0 we set
H'(Q) = {u=ylo; ¢ € H'(R")}
with norm

ul| gre = inf tRn
iy = __inf el

u=¢la
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and _ -
H'(Q) = {u € H'(R™); supp u C Q}

with norm
el 0y = el

For ¢ < 0 the spaces H'(€) and H'(2) are the dual spaces of H*(Q2)
and H~'(Q), respectively, with Ly(Q) = H(Q) = H°(Q) as pivot
space. When (2 is bounded and ¢ > 0 we will also use the space H{ ()
being the closure of C§°() with respect to the norm in H*(Q).

Note that H'(Q) = H'(Q) = HL(Q) if 0 < ¢t < 1/2, and H'(Q) =
HE(Q) if t —1/2 is not an integer, see [8]. Moreover, in the latter case,

the norms || - Hﬁt(ﬂ) and [ - || g¢() are equivalent.

For an open surface I' in R?, we define H*(I") via a regular parameter
representation # = X(y), * € I', y € © C R?, and by using the
definition for Q as a subset of R2. On an interval or a smooth curve
we define the Sobolev space H?*(7y) similarly (using periodic functions
in the case of closed curves).

The Sobolev spaces satisfy the interpolation property, see [4]: let
t1,t9 € R, t1 < to, and t = (1 — g)tl + 0ty for 0 < 6 < 1, then

HY(Q) = (H"(Q), H?(Q)), and H'(Q) = (ﬁfl(ﬂ),ﬁtz(sz))

0 P
Here we use the real K-method of interpolation where, for two normed
spaces Ap and Aj, the interpolation space (Ag, A1)s, 0 < s < 1, is

equipped with the norm

o0 dt\ /2
R -2 : 2 2 2
lelngan. o= ([ 072 _int ool + 2 lanl3) §)

1

Lemma 3.1. Let Q C R? be a Lipschitz domain. If u € H'(Q) with
0<t<1, then fori=1,2, Ou/dx; € H'=1(Q), and
Hau/axi”ﬁt—l(g) < CHu”ﬁt(Q),

where C' > 0 is independent of u.
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On an interval, this statement is proved in [21, Lemma 3.5]. In two
dimensions the proof is similar and is skipped.

Lemma 3.2. Let Q, Q1 be two Lipschitz domains in R™, n = 1,2, 3,
and Q1 C Q. Then, for 0 <t < 1/2, the following holds

(3.1) lull < Cllullz- Vue HHQ),

H=t () — )

where the constant C' > 0 s independent of u.
Proof. For 0 <t < 1/2, the identity H{(Q1) = H'(Q1) holds, see,
e.g., [8]. Let us consider the function v € H* (1) = H{(Q) and denote

by U the extension of v by zero outside ;. Then v € H'(Q) = HE(Q)
and

7l ) < € (I9lmgcen) + [Pl agenan) ) = Cllolmgan = Cllolle ).

The inequality above is due to [22, Lemma 3.2] when defining the
Sobolev spaces by complex interpolation. The proof presented there
works the same way for the real interpolation method see [2, Theorem
4.1]. Then (3.1) follows by using the duality H*(2;) = (H'(Q4))".
O

Lemma 3.3. Let f € HY(K) for real t > 0 with K = I C R,
respectively K = Q or K = T in R?. Then there exists a sequence
fp € Qp(K), p=0,1,2,..., such that

If = folla) < Co7 N1 lae iy

For a proof of Lemma 3.3, we refer to [3].

Lemma 3.4 [22, Lemma 3.3]. Let f(z) € H (L) and g(y)
H™%2(I3) with 0 < t1, ta < 1. Then f(z)g(y) € H " ~t2(I; x I) and

V@I G-ty ety < O -0 1 9@ -

The constant C is independent of f and g.



p-VERSION OF THE BOUNDARY ELEMENT METHOD 251

To analyze the approximation of the singular part of t in (1.5) we first
study singularities on an interval. Let us consider the singular function

(3.2) Y(x) =1 +2) x(x), zel=(-1,1),

where A > 0 is real, x € C°°(I) is a cutoff function with Xx(x) = 1 for
ze(—1,-1+d and X(z) =0forz > -1+2d,0<d<1/4.

Observe that ¢ € H*(I) for —1 < ¢ < min {0, A — 1/2}, in particular,
Y e H-Y2(I).

Theorem 3.1. Let ¢(x) be given by (3.2) with A > 0. Then
there exists a sequence ¥, € Q,(I), p = 1,2,..., such that for
—1<t<min{0,A—1/2},

(3.3) 1o = vl g < Cp2071270 T=(=1,0).

Proof. Introducing a C* cutoff function X(z) such that

(34) X(xz)=1 for z€[-1,0] and X(z)=0 for z>1/2,

we define
€T

W(o)i= Xa) [ 0(©d, @)= (1-2) W), wel=(-L1).
-1

Then ¥(—1) = ¥(—1) = 0, and, due to (3.4), ¥(z) = ¥U(z) = 0 for

x € [1/2,1]. Moreover, on the interval I = (—1,0), one has

(3.5) V' (z) = ¥(x), zel.

Further, using integration by parts we obtain

W) = (1- )X | () de

— (1 - 2) () / (146 1x() d

-1

_ A+ a)X@)X(@@)  X(x) /‘r

(3.6)
(1+ &M (€) d¢

Al —x) A1—2) /4
=: F(z) — G(z).
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For the polynomial approximation of the function (142)*X(z), we refer
to [5, Theorem 3.1] if 0 < A < 1/2 and to [18, Theorem 5.1] if A > 1/2
(actually, we apply here the scaled versions of these theorems). We
also note that the factor (\=1(1 — x)~1X(x)) € C*°(I) does not alter
the singular behavior of the function (1 + x)*x(x), and the mentioned
results of [5] and [18] remain valid for the function F'(x) in (3.6). Thus
there exists a polynomial F,, € Q,([I) such that F,(—1) = F(-1) =0
and

(3.7)  |IF = Fpllgeer < Cp 232700 0 <t < min {1, A+ 1/2}.

There holds G € C§°(I) because X'(§) = 0 for £ € (—-1,—-1+d) and
X(z) = 0 for x > 1/2. Therefore, for the approximation of G we use the
standard result [3, Lemma 3.2]: there exists a polynomial G, € Q,(I)
such that G,(£1) = G(£1) = 0, and for arbitrary 7 > 0,

(3.8) IG = Gl <Cp~™, 0<t<1.

Let us define U, (z) := (1 — z)(Fp(x) — Gp(x)). Then ¥, € Q,11(I),
U,(£1) = 0 and, for 0 < ¢t < min{l,\ + 1/2}, we deduce from
(3.6)—(3.8),

(39) 1V = Uyl < O = (B, = Gyl < Cp2H1/270),
Hence,
(3.10) I =Wyl < CIVY = ¥pllaea) < Cp~2AF1/2=0),
t € [0,min{1, A+ 1/2})\{1/2},
because (U —V,) € Hi(I) = ﬁt(l) for these values of t.
Now we define the polynomial v, as
(3.11) Up(x) == Wh(z), z €l

Then ¢, € Q,(I), and recalling (3.5) we have ¢y — ¢, = (¥ — ¥,
on I. Therefore, using sequentially the one-dimensional versions of
Lemmas 3.2 and 3.1, and then estimate (3.10), we obtain for any fixed
t' € (1/2,min {1, \ + 1/2}),

(3.12)

[l — w;DHﬁt’—l(j) = [|(¥ - \Ilp),”ﬁt’—l(f) <C[(¥ - \IJP)/Hﬁt'—l(I)

SOV =yl g < C p~ 2 +1/2=1)
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Thus we have proved (3.3) for t € (—1/2, min {0, A — 1/2}).

On the other hand, applying Lemma 3.1 and inequality (3.9) with
t =0, we have

16 Gl gy = 1 = B 5z < C I = Tyl
<O =Wyl goy < Cp 22,
Since —1/2 <t —1 < min {0, A — 1/2} in (3.12), interpolation between
H=*(I) and H* ~1(I) gives (3.3) for any t € [—1, min{0, \—1/2}). o

Remark 3.1. Since ¥,(—1) = 0 in the proof of Theorem 3.1, one has
by (3.11),

/I1 VYp(§) d§ = W, ().

Therefore we can rewrite (3.9) with ¢ = 0 as follows

19 = ¥yl = %) [ @5 [ vyieae

< Cvp—2(>\-i-1/2)7

(3.13) Lo(D)

where ¢(z) is given by (3.2), and 1, (z) is a polynomial approximation
to ().

Moreover, ¥(x) € La(I) (because ¥(x) ~ (1+x)*, A > 0), and (3.13)
yields

<C.
Lo (I)

(3.14) 19l = H [t ae
21

Now we prove the main result of the paper.

Proof of Theorem 2.1. Due to the regularity result of Proposition 1.1
and the quasi-optimal convergence (2.2) of the BEM, one only needs to
find a piecewise polynomial function that approximates t in (1.5) with
the upper bound stated by (2.3).
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For elements at the boundary v we need covering rectangles in surface
coordinates. Let I'; C A, be an element touching the boundary .
Since A, C (I'5/2 U7), there exist two points on v with coordinates
(s1,0) and (s2,0) such that

I CQj={(s,p) €ls/; 51 <5< 82, 0< p<§/2}

First, we define an approximation tg, to the vector function to, €
H*(') ¢ H*(I) (hereafter, « = 1/2 + o — e > 0 with sufficiently
small e > 0). If I'; € (I'\A,), we apply Lemma 3.3 componentwise
on the square (or triangle) K such that I'; = X (M;(K)). However, if
I'; € A,, we apply Lemma 3.3 on ; D I';. Since I' is smooth, the
function tgp on I's O A, has the same Sobolev-regularity in terms of
coordinates (s, p) as in terms of space variables = X (u). Therefore,
recalling the definition of S,(I") and applying Lemma 3.3 as indicated
above, we find tg, € Sp(I") such that

[to = to.pll g-1/2(r,) < b0 = topllLory) < Cp™Itollmacry)
<Cp*

(3.15)

if I'; C (I'\A), and

Ito = topllz-1/2(r,) < b0 = topllLoiry) < lIto = topllL(@))
< Cp *tollzag,) <Cp™*

(3.16)

if Fj C AA/.
Now we consider the singular term B(s)y(p) = B(s)p~?x(p) in
(1.5). Let I'; ¢ Ay, and I'; C @Q; as above. Then using the

one-dimensional version of Lemma 3.3 we approximate the function
B(s) € H'/2%9(v): there exists B,(s) € [Qp(s1,52)]° satisfying

18 = BollLa(srsa) < CP™ 2Bl pras210 ()

(3.17)
< Cp V2B yrsaray).

For the singular function «(p), we apply Theorem 3.1, scaled to the
interval (0, d), with A = 1/2: there exists a polynomial 1, (p) € Q,(0, )
satisfying

(3.18) 1% = ol -2 (0,52 <Cp %, 0<t<l.
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Since ¢(p) € H7(0,8/2) for t € (0,1], we estimate by (3.18)
(3.19) ||1/)p||ﬁ7t(076/2) <C, 0<t<1,

with a constant C' > 0 depending on ¢. Furthermore, introducing a C'*°
cutoff function X(p) such that, cf. (3.4),

X(p)=1 for p€l0,6/2] and X(p)=0 for p>35/4

and, arguing as in the proof of Theorem 3.1, we obtain the inequalities
similar to (3.13) and (3.14)

(3.20)
4 P
¥ = UpllL,0.6) = HX(p)/ W(r)dr —/ V(1) dr <Cp2,
0 0 L2(0,5)
(3.21)
P
190l 2.0.5) = H [wew|  <c
0 L2(0,8)

Then, making use of Lemma 3.2 (that remains valid with Q; =
I, ¢ Q; = ), Lemma 3.4, the triangle inequality, and estimates
(3.17)—(3.19), we derive for some fixed t’ € (0,1/2)

(322) Hﬂ¢ - ﬁp¢p||§4/(pj)
< ”61/} - ﬁpwpnﬁfz’(Qj)
< C(IB@ = )lg-v o, + 1B = B¥olg-u o))

< C(H/B||L2(51752) ||’(/}_’(/}p||ﬁ—t’(075/2)+||ﬂ_ﬂpHL2(51,S2) ||wp||ﬁft/(075/2)>

<Cp~ min {1/240.2¢'} ||5||H1/2+“(7)'
On the other hand,
18 = Booll 711
0 R ’
b i [ o).
p 0 ’

H-1(T;)




256 A. BESPALOV AND N. HEUER

because B(s)X(p) = B(s) on I';. Then applying Lemma 3.1 in terms of
coordinates (s, p) € I';, we have
Hﬁ¢ - ﬁp¢p||~—1(r )

] ) [ vy, [ wytr)ar

<C|18(s)¥(p) = Bp(s)¥p(p)llmo@,),

where ¥(p (p) [ () dr and W, (p) = [ 4,(r) dr as in (3.20).

Hence

HO(Ty)

||57J1 - ﬁpd’p”ﬁ—l(pj) <C (Hﬁ”Lz(sl,sz)H\Ij - \II;IJHL2(0,6/2)
18 = Boll (1,50 1¥pl Lac0.5/2)) »

and we estimate by using (3.17), (3.20) and (3.21),
||ﬁ’l/1 - ﬁpwp”ﬁ—l(pj) < Cp_ min {1/2+0, 2}||ﬁ||H1/2+°'('y)
= Cp7(1/2+0-)||ﬁ||H1/2+a(,\/).

Since |o| < 1/2, we may take ¢’ in (3 22) such that 0<1/240 <2t/ < 1.
Then, interpolating between H~1(T;) and H- ¥(T;), we prove for any
Fj - A'Y

(323)  1BY = Botullgossar,) < CP Bl a1s2ra ).

Now let us define the approximating function v, on I' as follows:

Vp|Fj = ﬁpwp + t07p|]f‘j if F] C 14,\,/7
if Pj C (F\Aw)

Vplr; = toplr

Then v, € S,(I') and, due to (3.15), (3.16) and (3.23), we obtain for
any element I'; C T’

It — VPHH 1/2(r;) = [|(BY + to) — Vp”ﬁfl/z(pj) <Cp™*,

(3.24)
a=1/240-e>0
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(here we also used the assumption that supp (B8(s)¥(p)) C A,).

Since
J

Ht - vp”ﬁ—l/Z(F) < Cz Ht - VPHﬁ—l/Z(Fj)’
=1

see [22], the desired upper bound in (2.3) follows from (3.24). This
proves the theorem. o
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