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GROUND STATES FOR CHOQUARD EQUATIONS
WITH DOUBLY CRITICAL EXPONENTS

XINFU LI AND SHIWANG MA

ABSTRACT. In this paper, an autonomous Choquard
equation with doubly critical exponents is studied. By us-
ing the Pohozaev constraint and the perturbed method, a
positive and radially symmetric ground state solution in
HY(RY) is obtained. The result here extends and comple-
ments the earlier theorems obtained by Seok [19] and Moroz
and Schaftingen [14].

1. Introduction and main results. We are interested in the au-
tonomous Choquard equation

(1.1) —Au+u=(I,*G(u)g(u) inRY,

where N >3, a € (0,N), g € C(R,R), G(s) = [; g(t)dt, and I, is the
Riesz potential defined for every z € R™ \ {0} by

L((N - a)/2)
(a/2)aN/220 g [N =

with T' denoting the Gamma function [18, page 19].

(1.2) Iy(z) = T

For G(u) = |ul?/p*/?, (1.1) is reduced to the special equation
(1.3) —Au+u= (I, * |uP)|uP?u in RV,

When N = 3, p = 2 and a = 2, (1.3) was investigated by Pekar [16]
in the study of the quantum theory of a polaron at rest. In [9],
Choquard applied it as an approximation to the Hartree-Fock theory
of one component plasma. It also arises in multiple particle systems [7]
and quantum mechanics [17]. There are many papers devoted to the
existence and multiplicity of solutions of (1.3) and their qualitative
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properties. See the survey paper [15] and the references therein.
For p € (N + a)/N,(N 4+ «)/(N — 2)), Moroz and Schaftingen [13]
established the existence, qualitative properties and decay estimates of
ground states of (1.3). They also obtained some nonexistence results
under the range
N+« < N+«

or .
N-2 P="N
Usually, (N 4 «)/N is called the lower critical exponent and (N + «)/
(N — 2) is the upper critical exponent for the Choquard equation.

P

For equation (1.1) with general nonlinearity, Moroz and Schaftin-
gen [14] considered the subcritical case. In the spirit of Berestycki and
Lions [2], they obtained the existence of ground states by using the
Pohozaev-Palais-Smale sequence method under sufficient and almost
necessary conditions on the nonlinearity g:

(gl) there exists a C' > 0 such that, for every s € R,
5g(s)| < C(|s| NN 4 |g|(N+e)/(N=2)y

(82) limy_o G(s)/|s|N+/N = 0 and limg|_y00 G(s5)/|s| NV T/ (N=2)
=0.

(g3) There exists an sp € R\ {0} such that G(sg) # 0.

(g4) g is odd and has constant sign on (0, 00).
More precisely, they obtained the following results.

Theorem 1.1. Assume that (g1)—(g3) hold. Then, (1.1) has a ground
state in H'(RY). Furthermore, assume that (g4) holds. Then, every
ground state of (1.1) has constant sign and is radially symmetric with
respect to some point in RV,

Theorem 1.2. Assume that (gl) holds. Then, every solution u €
HY(RY) to (1.1) satisfies the PohoZaev identity

N -2 N N
7/ |Vul? + 7/ lu|? = ta / (I * G(u))G(u).
2 RN 2 ]RN 2 RN

Recently, many authors considered similar equations to (1.1) for the
critical case, see Alves et al. [1], Cassani and Zhang [4] for the upper
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critical case, Schaftingen and Xia [21] for the lower critical case, Gao
and Yang [5] for the strongly indefinite critical problem, and Gao and
Yang [6] for the Brezis-Nirenberg type critical problem. More recently,
Seok [19] considered (1.1) with doubly critical exponents. When

N N N -2 N
Glu) = Jp gl TN Frp g T,

they obtained the following result.

Theorem 1.3. Let N > 5 and o € (0, N —4). Then, (1.1) admits a
nontrivial solution u € H*(RN) which is radially symmetric.

In [19], the workspace is the radially symmetric subspace H}(R™) of
the usual Sobolev space H!(R”). By using the mountain pass lemma,
the author first obtained a (PS). sequence {u,} C H}(RY) for some
suitable constant ¢, and then, using radial symmetry, he proved that
the (PS). sequence is relatively compact in H!(RY) and convergent
to a nontrivial solution u € H}(RY). The solution obtained in [19]
may not be a ground state. A natural question arises: Can we obtain
a ground state? The answer is yes, if we can obtain a (PS). sequence
{un} € HYRY) with ¢ not being larger than the ground state energy.
However, it seems that this problem is not an easy issue. Fortunately,
in this paper, we obtain a critical point sequence {u,} C H}(RY) for
a sequence of perturbed functional with some extra properties for its
energy level. Based on that, we can obtain a ground state. A similar
technique was used in [11], in which the authors obtained a positive
radially symmetrical ground state for a class of Schrodinger equations.

More precisely, in this paper, we consider the equation in RV

(1.4) —Autdu = (Lo (uful’ +wlul® ) (ppsulP~utwp® ful” 2u),

where N > 3, a € (0,N), A, p, w > 0 are constants, p, = (N + «)/N
and p* = (N + «)/(N — 2). The main result of this paper is as follows.

Theorem 1.4. Let N > 5 and « € (0, N —4). Then, for every A, pu,
w >0, (1.4) admits a positive ground state solution u € H*(RY) which
is radially symmetric.
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At the end of this section, we outline the methods used in this paper.
To prove Theorem 1.4, inspired by [11, 19] (see also [8, 12]), we
consider the equation
(1.5)

— B+ M= (L (plufP 2+ wlul” =)

X (p(ps + @)ul” T Pu+ w(p® —a)lul” " Pu)  in RY
with a € [0,a0] and ag = (p* — p«)/4. For a = 0, equation (1.5) is

reduced to (1.4), and, for @ > 0, equation (1.5) is subcritical, which
was studied in [14].

From the Hardy-Littlewood-Sobolev inequality and the Sobolev em-
bedding theorem, the functional I, : H'(RY) — R of (1.5) is defined
as
(1.6)

1 1 x

L) =5 [ 96PN = 5 [ (o < Galul e 4 ol )

2 RN 2 RN

X (plulP= e+ wlufP" )}
and

(1.7)

(I, (u),v) = - VUVUJF)\UU*/RN{(Ia*(MU

X (p(ps + @) ul” T Pu+ w(p® — a)lul” " Pu)o)

pxta +w‘u|p*fa))

for any u, v € H(RY), that is, any critical point of I, in H*(RY) is
a weak solution of (1.5). A nontrivial solution u € H*(RY) of (1.5) is
called a ground state if

(1.8)  I(u) = ¢ := inf{I,(v) : v € H'(RN)\ {0} and I/ (v) = 0}.
To prove Theorem 1.4, we define

(1.9) co = inf{I,(u) : u € H'(RN)\ {0} and P,(u) = 0},
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N -2 N
Pa(u) = T/ |VU|2 -+ 5/ >\|U|2
RN RN

N + N
_Nra / (T * (ululP* + wluf” )
2 ]RN

Pt ful )},

x (plu

By Lemma 2.6, ¢, is well defined and ¢, < +o0o0. By Remark 2.7, ¢, < ¢4
for a € [0, ap] and ¢, = ¢Z for a € (0,ap]. Let a,, € (0, a0] be a sequence
satisfying lim,, o a, = 0. Theorem 1.1, Theorem 1.2 and Remark 2.7
imply that there exists a positive sequence {u,} C H}(R™)\ {0} such
that

(1.10) I, (uy) =0, I, (up) = ¢, and P, (u,)=0.

It can be shown that {u,} C H!(RY) is an almost critical point
sequence of Iy with 0 < inf,, I, (u,) < sup, o, (un) < co. By using
these properties, {u,} is shown to converge to a nontrivial ground state
of (1.4), see Section 3.

This paper is organized as follows. In Section 2, we give some
preliminaries. Section 3 is devoted to the proof of Theorem 1.4.

1.1. Basic notation. Throughout this paper, we assume that N > 3.
C2°(RY) denotes the space of infinitely differentiable functions with
compact support in RY. L"(RM) with 1 < r < oo denotes the Lebesgue

space with the norms
1/r
full = ([ )
RN

H'(RY) is the usual Sobolev space with norm

1/2
el s oy = ( / Vu2+|u|2) .
RN

DY2(RNY) = {u e LPN/WN=2(RN) : |Vu| € L*(RV)}.

HYRY) = {u € H'(RY) : u is radially symmetric}.
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2. Preliminaries. In this section, we give some preliminary lem-
mas. The following, well known Hardy-Littlewood-Sobolev inequality
can be found in [10].

Lemma 2.1. Letp, r > 1 and0 < o < N with1/p+(N—a)/N+1/r =
2. Letu € LP(RN) and v € L"(RN). Then, there exists a sharp
constant C(N, a, p), independent of u and v, such that

‘~/]RN/]RN Ix*yIN «

Ifp=r=2N/(N + a), then

oy = vemje T2 (T2
Cl¥.ap) = Calh) = xS RS

C(N; o, p)ullpl[v]l:-

Remark 2.2. By the Hardy-Littlewood-Sobolev inequality above, for
any v € L*(RN) with s € (1, (N/a)), I, v € LVNs/(N=2s)(RN) and

||Ia * ’UHNS/(Nfas) < Aa(N)C(N7 Q, S>||UHS
The following Strauss inequality is used to construct a dominated

function for radically symmetric function, see [22, Lemma 4.5] for its
proof.

Lemma 2.3. If N > 2, then there exists a Cn > 0 independent of u
such that, for every u € HY(RY),

lu(z)] < C’N||u||1/2||Vu||1/2\:1:|(17N)/2 almost everywhere on RY .

The following lemma can be found in [3, 23].

Lemma 2.4. Let Q@ C RN be a domain, and q € (1,00) and {u,} a
bounded sequence in L1(Q). If u, — u almost everywhere on Q, then
Up — u weakly in LI(Q).

The following lemma will be frequently used in this paper. For
convenience, we give its short proof.
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Lemma 2.5. Let N >3, q € [2,2N/(N —2)] and u € H'(RY). Then,
there exists a positive constant C independent of q and u such that

lullg < Cllull g @)

Proof. By the Holder inequality and the Sobelev imbedding theorem,
lullg < lall3llull3ng v —2y < (Crllull @)’ (Collull o)~
< max{C’l, CQ}HU||H1(RN),
where 1/g =60/2+ (1 —0)/[2N/(N — 2)]. The proof is complete. [

Define u., by

2.1) un () = {u(a:/r) T >0,

0 7=0.
The following lemma shows that ¢, is well defined, where ¢, is defined

in (1.9).

Lemma 2.6. Let N > 3, a € (0,N) and a € [0,a0]. For any
u € HY(RN)\ {0}, there exists a unique 79 > 0 such that P,(us,) = 0.
Moreover, I(ur,) = max,;>o Ly (ur).

Proof. Set ¢(7) = I4(u;). Direct calculation gives that
(2.2)

TN72 7_N ,TN+a
o(r) = / VulP+ oA / Juf? / (I#G(u, a))G(u, ),
2 RN 2 ]RN 2 RN

where G(u,a) = plu[P*T® + wlu[P"~*  Thus, ¢(7) has a unique
critical point 79 which corresponds to its maximum, that is, I,(us,) =
max,>o I, (u,) and

N -2 N
0=¢'(n0) = TTéV_?’ /RN [Vul® + ?Tév_l)\/RN |ul?

-7 / (In * G(u,a))G(u,a).
RN
Hence, P,(ur,) = 0. The proof is complete. O

The following is a series of lemmas and remarks concerning the
properties of ¢,.
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Remark 2.7. Theorem 1.2 implies that ¢, < ¢4 for a € [0,a0]. By
using the results of [14], we can further obtain that ¢, = ¢J for
a € (0,ap]. Indeed, [14] yields that

cd == inf sup I,(v(t)),
7€l telo0,1]

where the set of paths is defined as
I'={ye 00,1, H'(R")) : 7(0) = 0, L(y(1)) < 0}.

For any u € HY(R™)\ {0}, with P,(u) = 0, let u, be defined as in (2.1).
By (2.2), there exists a 79 > 0 large enough such that I,(u,,) < O.
Lemma 2.6 implies that

mp < = .
cn _rilg(})(Ia(uT) I, (u)

Since u is arbitrary, ¢d = ¢"? < ¢,. Hence, ¢, = ¢ for a € (0, ag].
Lemma 2.8. Let N >3, a € (0,N) and a € [0,a9]. Then, ¢, > 0.

Proof. Let {v,} C HY(RY)\ {0} be a sequence satisfying
lim I,(v,) =c¢co and P,(v,)=0.

n—oo

Then, we have

I, (vn) = Io(vn) — mPa(vn)

< (3 avra) fo 7o

(e

=0,

which implies that ¢, > 0. O

Lemma 2.9. Let N > 3, o € (0,N) and a € (0,a9]. Then,
lim sup,_,q ca < co-

Proof. For any € € (0,1), there exists a u € HY(RY)\ {0} with
Py(u) = 0 such that Ip(u) < cg+e. By (2.2), there exists a 79 > 0 large
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enough such that Iy(u.) < —2. By the Young inequality, we have

b

p*:p*—amp*_'_ *G, |up*
o L e
D" — D« P — D«

|u|P*+a <

b

and, by the Hardy-Littlewood-Sobolev inequality and the Sobolev
embedding theorem, there exist Cy, Cy > 0, independent of u, such

that
/ (Io * |u
RN

<M>AJQWMWWSQM%M%SQM%WV

/ (I * |u
]RN

Hence, the Lebesgue dominated convergence theorem implies that

TN+0¢
3 [ o Gl
RN

p*)

ulP < Cullul3 < Collull 2 oy

. it .
ul’ < Cullully lullgy (v —g) < Callullgigy)-

Pe)

P wlulP ) (P ol

is continuous on a € [0,ap] uniformly with 7 € [0,79]. Thus, there
exists a § > 0 such that

[To(ur) — In(us)| < e

for 0 < a < § and 0 < 7 < 79, which implies that I,(u.,) < —1 for all
0 < a < §. Since I,(u,) > 0 for 7 small enough and I, (ug) = 0 for any
a € [0, ap), there exists a 7, € (0,79) such that (d/d7)I,(us)|r=r, =0,
and then, P,(u,,) = 0. By Lemma 2.6, Iy(u,,) < Io(u). Hence,

Ca < Ia(ur,) < Io(ur,) +€ < Io(u) +€ < co+ 2
for any 0 < a < 4. Thus, limsup,_,¢ca < co. O
Lemma 2.10. Let N > 3, a € (0,N), a, — 07 and {u,} C

HYRN)\ {0} satisfy (1.10). Then, {u,} is bounded in H'(RY) and
liminf,, o cq, > 0.
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Proof. By Lemma 2.9, for n large enough, we have

1
7Pa mn
N+« n(tn)

25) ~(3- o) [, 19wk
(st

which implies that {u,} is bounded in H!(RY).

co + 1 Z Cq, = Ia71 (un) -

In view of (2.3) and (2.4), and by the Cauchy inequality, there exist
C3, C4 > 0, independent of n, such that

0=P,, (uy)

n

N -2 N
_ 7/ |Vun|2+—)\/ 2
2 RN 2 RN

N+a a *—a
2 [ s o o)
RN

Patan | w|un|p*—an)}

x (plun

2p.. 2p*
> 03”“””?{1(]1{1\’) - O4(||un||;1(RN) + ”unH;l(RN))a
which implies that there exists a Cs > 0, independent of n, such that
(26) ||un||H1(RN) Z 05.
Combining (2.5) and (2.6), we obtain that lim inf, . ¢4, > 0. O

By Lemmas 2.9 and 2.10, we have ¢y > 0. In the following, we give
an upper estimate of ¢y. Towards this end, we define

flRN Jul?

2.7 S, = inf
( ) 1 ueHlé]lIl}N)\{O} (f]RN([O(* |U px) u‘P*)l/P*
and
V 2

(28) S2 = inf fRN | *U| * * 0t

ue D2 RN\ {0} (fpn (Lo * [ufP”)|ulP™)1/P
It is known that

A B

Uz) = and V(z) =

(1+ [a?)72 (T+ [a?) 27
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are the extremal functions of S; and Ss, respectively, see [19]. In the
following, we choose A and B such that

/ (I x|U
RN

By direct calculation, we have the following result.

P*)

UP =1 and /(Ia*|V|P*)\V\p*:1.
RN

Lemma 2.11. Assume that N > 5 and o € (0, N —4). Then,

)

(N=-2)/(2+a)
cp < min 2ra N-2 SN+ (2+a)
2(N 4+ a) \ (N + a)w? 2

X NO‘+ 5 ( w Jiva);ﬂ ) N/Q(Asl)uwa)/a}.

Proof. For &, ¢ > 0, define us(x) = 062U (dz) and v (z) =
e@=N)/2V(z/e). For N > 5, v.(x) € HY(RY). In the following, we
use us and v, to estimate cy. By Lemma 2.6, there exists a unique
75 such that Py((us)r;) = 0 and Iop((us)r,) = sup,;>q lo((us)-). Thus,
co < sup, o lo((us)-). By direct calculation, we have

IO((U5)T)

N-2 N
T T
= / |VU§|2+f/\/ |U5|2
2 RN 2 RN

N+a N
[ (@ < Galusl? + olus” )
R

T

Px I)*
5 + wlusl” )
—2

N

-1 52/ |VU|2+TN)\/ Lok
(2.9) T2 RN 2 " Jan
N+«

2 I, «|U
5 M/RN( * |

Thte 2 c[2(N N-2 * *
Tl (v )/ (L + [UP U
]RN

T

p*>

U‘P*

Up.

p*)

_TN+aMw5(N+a)/(N72)/ (Ia % ‘U
RN

We claim that there exist 79, 71 > 0, independent of J, such that
75 € [10,71] for § > 0 small. Suppose, by contradiction, that 75 — 0 or
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75 — 00 as 6 — 0. Equation (2.9) implies that ¢y < 0 as 6 — 0, which
contradicts ¢g > 0. Thus, the claim holds.

Since N > 4 4+ «a, we have (N + «a)/(N —2) < 2. Thus, for § > 0
small enough,
or-)

7_N TN—i—a
o <sup{>\/ |U|2—7,u2/ (Io % |U
>0l 2 Jrwy 2 RN

N/«
_ o N (ASy)V+a)/a
2(N +a) \ (N + a)p?

P*)

Similarly, we have

To((ve)7)

N—-2 N
T T

_ VEZ A 52
g ey

N+ao .
5 [ o (o o))l
RN

N-2 N
=1 5 / IVV|? + %)\62/ v
RN RN

N+a * ¥
w2/ (L * V)V
RN

: Pt o)

2
N+a
2

M2€[2(N+a)]/N/ (Lo # [V]P*)
RN

—TN+QMW€(N+Q)/N/ (Lo = [V [P)|VIP
RN
and
7.N—2 TN—&-oz . .
CO<SI§8{ 5 /RN |VV|2_TW2/RN(IQ*|V|P VP }
(2.10) = N o
2+« < N -2 >( )/ +a)S(N+a)/(2+a).

2(N +a) \ (N + a)w? 2

The proof is complete. |

3. Proof of the main result. Based on the results obtained in
Section 2, we prove Theorem 1.4 in this section.
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Proof of Theorem 1.4. Let a,, — 07 as n — oo and {u,, } C H}(RY)
be a positive sequence which satisfies (2.10). Lemma 2.10 shows that
{u,,} is bounded in H!(RY). Thus, there exists a nonnegative function
u € HYRY) such that, up to a subsequence, u, — u weakly in
HY(RYM), u, — u strongly in L*(RY) for s € (2,2N/(N — 2)), and
un, — u almost everywhere on RY™. Since a, — 0T, and {u,} is
bounded in L?(RN) N LEN)/(N=2)(RN) by Lemma 2.5, we have

(3.1)
{w(p* = an)|un|? " 2u,} is bounded in LENP)/IP"=DN+)l(RNY

ptan=2y Y is bounded in LENP=)/IP-—DNF+a)] (RN

{u(ps + an)|un

3

and

(32) {ulun

By (3.1) and the Holder inequality,

Petan 4 luy|P 74} is bounded in LGN/ (NFe) (RN,

(3.3) {w(p* = a)|un]? = 2u,p} is bounded in LEN)/(N+e) (RN,
. Petan=2y o1 is bounded in LEN)/(N+a)(RN)

{1(ps + an)|un
and
(34)  ppJulPup and  wp*lul “2up € LEN/ N+ RN),
for every ¢ € C2°(RY), and then, Remark 2.2 shows that
(35) Lo (upelulPPup + wp*lul” " Pup) € LEN/N=)(RN),

It follows from Lemma 2.4 and (3.2) that
(3.6)
[t [P Ol [P0 — plufPr4wlulP” weakly in LGN/ (N (RN,

By (3.5) and (3.6), we obtain
(3.7)

/ (Lo * (pln [P0 + wlun [P 7%)) (up ulP* 2 up + wp™ul?” "2up)
RN

SR

X (Lo * (uplulP ~2up + wp™ulP” ~2ugp))}

patan 4 w|un|p*7a")
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— [l
= [ (o G

as n — oo for any ¢ € C°(RY).
It follows from N > 5 that N/[[(N —1)/2](p. — 1)] and

Pt wlul? ) (Ta * (upeulP* " 2up + wp*[ulP” " ?ugp))

PP 4 wp”ul”” Pugp)

Pt wlul?")) (s

N 2N
KN—DHMﬁ—Ue(N+Mm>
Since a,, — 07 and ¢ € LY{(RY) for t € (1,00), by Lemma 2.3 and the
Young inequality, there exists a constant C' > 0 such that
(3.8)
llun P+ 2unl, |lunlP = Punpl < C(lun P~ ool + unl” i)

< C(|x|[(1*N)/2](P**1)|gp\+|x|[(1*N)/2](p**1)|<p|) c L(2N)/(N+a)(RN).

By (3.3), (3.4), (3.8) and the Lebesgue dominated convergence theorem,

Ap = | alps + an)lunlP 4 2unp — ppiulP* 2wl on) (N4a) — 0
and
By, = [w(p® = an)tn|” " e — wp*|ulP upll en) vy — 0

as n — oo. Hence, the Hardy-Littlewood-Sobolev inequality implies
that

(3.9)

[ e Gl

+w(p* — an)|un|p*7a"72un90 — pps|u
< C||/1’|un|p*+a“ + w|un|p*—an (2N)/(N+a) (An + Bn) —0

Prtan 4 w|un|p*7a"))(,“(p* + an)|un petan=2

Un P

P20 — wp* |ul? 2ugp)

as n — oo. By (3.7) and (3.9), for any ¢ € C2°(RY),
0= (I, (un),¥)

= Vu, Vo + Auyp — / {(Iy * (plag [P + w|un\p*7‘1"))
RN RN
—an—2

x (u(px + an)|un|p*+an_2un§0 +w(p® - an)|un|p* unp)}
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[ Vet hup - / (L * (uluf?* + wlul?"))
RN RN

P20 + wp* [ulP” ~2up)}

X (pps|u
as n — oo, that is, u is a solution of (3.4).

We claim that u # 0. Suppose, by contradiction, that v = 0. Fix
€ € (0,2/(N—2)). In the Hardy-Littlewood-Sobolev inequality (Lemma
2.1), choosing

2N (1 2N (1
p= A+ g (1+e)

N+a "TINta)1+ 20

and noting that u,, — 0 strongly in L*(RY) for s € (2,2N/(N — 2)),
we obtain that

(3.10)
[ G el ™ < Calla et 1
= Cillunll5fypopllnlfian) jv—2jicser /a0
= o(1).

In view of (2.7), (2.8), (3.10), and by using P, (u,) = 0 and the Young
inequality (3.3), we get that

(3.11)
/R |Vun|2+i)\/ i |2
= 5 L Gl )
(0% o0}

Sp*(MQ/ (Lo [un " +w2/ (Lo * [un ) |un ") + (1)
RN RN

Y n2 D« v n2 p*
Sp*(/f(fR 5',? | ) +w2<fR |52u | ) )+o(1),

which implies that either |[u,| g1 @~y — 0 or

SS* ) 1/(p™-1)

p*w2

p*)

Un

(3.12) lim sup ||V, |3 > (
n—oo
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or

" 1/(ps—1

limsup |[un |3 > (N + a)p?

n—roo

If [|un|l g1y — 0, then (3.5) implies that c,, — 0, which contradicts
Lemma 2.10.

If (3.12) holds, then

co > limsupec,,
n— o0

1
= limsup(l,, (4n) — —— P, (un
msup(lo, (un) = 5—Fa, (un))

1 N -2
= l. 2
liisiip{@ 2(N+a)>/ [Vn|

Gea L

> min 2+ N -2 (N_Q)/(2+a)5(N+oc)/(2+a)
- 2(N +a) \ ( 2

)

N + a)w?
N/«
e N ()\Sl)(NJra)/oz
2(N + a) \ (N + a)u? ’

which contradicts Lemma 2.11. Thus, u # 0.

By Theorem 1.2, Py(u) = 0, and by the weakly lower semi-continuity
of the norm, we have

Co S Io(u)

= Io(w) = = Polw)

1 N-2 , (1 N ,
= Bl — _ - = )\
(2 2(N+a)>/RN|V“| +<2 2(N+a)) /RN“‘|
1 N-2 ,
< -
it { (5~ 7)) L 1700

s L
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_1
N+«

= lim inf (Ia" (un) — P, (un)) = liminf¢,, <limsupc,, < co.
n—oo

n—00 n—00

Hence, Ip(u) = ¢o. By the definition of ¢, we have ¢ < Iy(u) = co,
which, combined with Remark 2.7, shows that ¢ = ¢y = Ip(u), that is,
u is a ground state solution of (3.4). The strongly maximum principle
implies that u is positive. The proof is complete. (|
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