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ON EXISTENCE AND UNIQUENESS OF
L;-SOLUTIONS FOR QUADRATIC INTEGRAL
EQUATIONS VIA A KRASNOSELSKII-TYPE
FIXED POINT THEOREM

RAVI P. AGARWAL, MOHAMED M.A. METWALI AND DONAL O’'REGAN

ABSTRACT. Using a Krasnoselskii-type fixed point theo-
rem due to Burton [7], we discuss the existence of integrable
solutions of general quadratic-Urysohn integral equations on
a bounded interval (a,b). Uniqueness of the solution is also
studied. An example to illustrate our theory is also included.

1. Introduction. Quadratic integral equations play an important
role in the theory of radioactive transfer, kinetic theory of gases,
neutron transport theory, and in traffic theory [2, 6, 8]. In this paper,
we study the equation

b
(1.1) x(t):g(t,Tlx(t))+T2m(t)-/ ult,s,2(s)) ds, teTl=(ab),

where Ty and T, are two operators.

Equation (1.1) is very general and includes the following equations
as special cases:

(1) The = z, Tox = 1, u(t,s,x) = K(t,s)f(s,z), and the integral
equation is of Hammerstein type [15];

(2) g(t,Tiz) = h(t), and Tox = x is the functional-integral equation
[14];

(3) g(t,Thx) = h(t), u(t,s,z) = K(t,s)f(s,z), and the quadratic
integral equation was discussed in Orlicz spaces [9, 10];
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(4) for continuous solutions with Thz = z, Thx = f(¢t,z) and

ui(t, s, )
T(a) - (t—s)t—o’

u(t,s,x) = see [5];
12 = x, 1ox = A 1s the functional Urysohn integral equation
5) T; T A is the fi ional U hn i 1 i
(for continuous solutions see [3]);
12 = x, 1ox = x 1s the quadratic (functiona rysohn integra
6) T T: is th dratic (fi ional) Urysohn integral
equation (see, for example, [4]);
17 = |, u(t,s,z(s))ds, Tox(t) = 0 and was discussed in .
7) Twa = [y ult ds, Tz (t) = 0 and was discussed in [12

In this paper, we discuss the existence of integrable solutions of (1.1).
We will distinguish between two different cases: when an operator takes
its values in the Lebesgue spaces L,(I) or in a space of essentially
bounded functions Lo (I). Uniqueness of the solution is also discussed
in each case.

2. Notation and auxiliary facts. Let R be the field of real num-
bers, I an interval (a,b) and L;(I) the space of Lebesgue integrable
functions (equivalence classes of functions) on a measurable subset I of
R, with the standard norm

lloar = / e (t)] dt.

Recall that, by L,, 1 < p < oo, we will denote the space of (equivalences
classes of) functions z, satisfying

/I|a:(t)\p < o0.

By |- ||p, we will denote the norm in L, (I). In addition, Lo (I) denotes
the Banach space of essentially bounded measurable functions together
with the essential supremum norm (denoted by ||.||L..). We will write
L1, L, and Ly, instead of L1(I), L,(I) and L (I), respectively. Denote
by B(xz,r) the closed ball with the center at x and with radius r and
B, for the ball B(6,r) centered at zero element 6.

Now, let I C R be a given interval.

Definition 2.1. Assume that a function f(t,z) = f : I xR —- R
satisfies the Carathéodory condition, i.e., it is measurable in ¢ for any
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xz € R and continuous in x for almost all ¢ € I. Then, to every
measurable function = on I, we shall define the operator

Fy(x)(t) = f(t, z(t), tel

The operator Fy, defined in such a way, is called the superposition
(Nemytskii) operator generated by the function f [1].

Theorem 2.2 ([1]). Suppose that f satisfies Carathéodory conditions.
The superposition operator Fy maps the space L, into Lq, p,q > 1, if
and only if:

(2.1) |f(t2)] < alt) + blz[P/,

forallt € I and x € R, where a € Ly and b > 0. Moreover, this
operator is continuous.

For Nemytiskii operators, we have the following theorem.

Theorem 2.3 ([1, Theorem 3.17]). The superposition operator F}
maps L, into Lo if and only if

If(t,z)] <a(t), xR

for some a € Ly, i.e., f is independent of x.

We now recall some basic facts concerning the Urysohn operators
Ux(t) = fab u(t, s, z(s)) ds.

Theorem 2.4 ([17, Theorem 10.1.10]). Let u : I x I x R satisfy the
Carathéodory condition, i.e., it is measurable in (t,s) for any x € R
and continuous in x for almost all (t,s) € I x I. Assume that the
operator U maps L, into Ls(q < 00) and, for each h > 0, the function
R t7 = t? )
1 (t,5) = max u(t, 5. 2)

is integrable with respect to s for almost every t € I. If, moreover, for
each h > 0 and D C I, we have

=0

Lq

lim  sup
measD—0 lz|<h

/ u(t, s,x)ds
D
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and, for any nonnegative z € Lg,

/ u(t,s,x)ds
D

then U is a continuous operator. The first two conditions are satisfied
when [; Ry(t,s)ds € Lg.

lim  sup =0,

measD—0 |z|<z

Lq

Theorem 2.5. [17] Let v : I x I x R — R satisfy the Carathéodory
condition, i.e., it is measurable in (t,s) for any x € R and continuous
in x for almost all (t,s). Assume that

lu(t, s, z)| < k(t, s),

where the nonnegative function k is measurable in (t,s) such that the
linear integral operator Ky with the kernel k(t,s) maps Ly into Leo.
Then, the operator U maps L1 into Lo,. Moreover, if, for arbitrary
h>0,z;eR,1=1,2,

li t —u(t d =0
51_13%) T |IIIi1ra§Xh ‘u( 7551‘1) U( ,S,I2)| s )
|z1—22]<d

Lo

then U is a continuous operator.

We note that some particular conditions ensuring the continuity of
the operator U may be found in [16, 17].

Next, we state the compactness criteria due to Kolmogorov, see [11].

Theorem 2.6 ([13]). Let Q@ C L,y[0,1], 1 <p < oco. If

(i) Q is bounded in L,[0,1],
(ii) vp — v (converges in Ly[0,1]) as h — 0 uniformly with respect
to v € Q, then Q is relatively compact in Ly[0,1]; here,

t+h
vp(t) = %/t v(s) ds.

Finally, we state a Krasnoselskii-type fixed point theorem due to
Burton [7].
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Theorem 2.7. Let S be a nonempty, closed, convex and bounded subset
of the Banach space E, and let A: E — E and B : S — FE be two
operators such that:

(a) A is contraction;
(b) B is completely continuous;
(¢c) z=Ax+By=xz€S forallyesS.

Then, the equation Ax + Bx = x has a solution in S.

3. Main result. Rewrite (1.1) as
x = Ax + Bz,
where

(Az)(t) = Fy(Taz)(1), (Bx)(t) = (T2x)(t) - (Uz)(t),
b
Fy(Thz) = g(t,Thz), and (Ux)(t)= / u(t, s, z(s)) ds.

3.1. The case when the operator U has values in L,,. We con-
sider (1.1) and the following assumptions.

(i) g : IxR — R satisfies the Carathéodory condition. The operators
T; : L1 — Ly, i = 1,2, are continuous. There are positive functions
a; € Ly, 1 =1,2,3, such that

9(t,0)[ < as(t),  [T2(0)] < ax(?)

and
|T2’I(t)| S ag(t) + b2|£l?(t)|, b2 Z 0

for almost every ¢t € I and = € L;. Also, there are constants b; > 0,
7 =1,3, such that, for almost every t € I:

lg(t,x) —g(t,y)| < bslz —yl, x,yeR

and

Ta(2(t)) — Ti(y(®)| < bula(t) —y(®)], .y € L1
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(ii) u : IxI xR — R satisfies the Carathéodory condition. Moreover,
for arbitrary fixed s € I and z € R, the function t — u(t,s,x) is
integrable.

(iii) Assume that |u(t,s,z)| < k(t,s), for all t,s > 0 and = €
R, where the function k is measurable in (¢,s). Assume that the
linear integral operator K, with the kernel k(¢,s) maps Lj into La.
Moreover, assume that, for arbitrary h > 0, x; € R, i = 1,2,

(%1_1}(13 ’ lg&xh |u(t, s, z1) —u(t, s, x2)| ds =0,
|w1—w2|§5 Loc
and let
1 [tth
1 li - — =0.
(3.1) lim h/t k(6,5) = Kt o) do| =0
1
(iV) bibs + b2||KOHLoo < 1.
(v) Let
o lasllL, +bsllarflz, + || Kollz., - llazlz,
1 — (b1bs + b2|| Kol|L..) ’
and assume that
1 [t
(3.2) H E/ [Tox(0) — Tox(t)|dO|| — 0,
t Ly

as h — 0 uniformly with respect to = € B,., where B, is the closed ball
with center 0 and radius r, i.e., B, = {x € Ly : ||z||r, < r}.

Theorem 3.1. Suppose that assumptions (1)—(v) hold. Then, (1.1) has
at least one integrable solution x € Ly on I.

Proof. The proof will be given in five steps.

Step 1. The operator A : Ly — L; is a contraction.

Step 2. The operator B maps the ball B, into L; and is continuous.
Step 3. B(B,(I)) is relatively compact in L; using Theorem 2.6.
Step 4. We prove that Theorem 2.7 (c) holds.

Step 5. We apply Theorem 2.7.
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Step 1. Let « € L;. From assumption (i), we have, for almost every
t € I, that

1Ty ()] — [Ty O] < |T1(2(8) — T1(0)] < by|(2))
— [Ty (2(8))] < [T2(0)] + b ()] < as(£) + b |a(2)],
and l9(t, Tyx(£)] < as(t) + bs| Ty (x(1))]
< az(t) + bzlai(t) + br|x(t)]]
S [a3(t) + b3a1(t)] + b1b3|l‘(t)‘

Thus, A maps L; into itself. In addition,
[ a0 - an@na= [ o a0) - o0, 1)
/ ba| Ty a(t) — Tay(t)] dt
<b3/ la(t) — y(0) i
< b1b3/ |z (t) — y(t)|dt,

which implies that
(3-3) Az — AyllL, < bibs|lz —yllz,-
From assumption (iv), we deduce that A is a contraction.

Step 2. From assumptions (ii) and (iii), we deduce that the opera-
tor U maps L; into L, continuously. From assumption (i), the operator
T> maps L into itself continuously, which implies that B transforms
the ball B,.(L1) into Ly and is continuous.

Step 3. Now, for z € B,(I), we have

IB(@)|L, = /|Bx |dt</|sz ()| di

/|T2x /|utsm )| ds dt
< [laa®) + bletl e [ kt.s) ds

= 1Kol llazllz, + boll2 L, ];
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thus, B(B.(I)) is bounded in Ly, i.e., Theorem 2.6 (i) is satisfied.
Letting « € B, (I), then

Bt - @)= |1 [ B0 - @)
1
<1 — (Ba)(1)] do
1 b
=7 Tox(6 u(H,s,x( ))ds

b
—Tg.’L‘(t /utsx ))ds| dé

t+h

/t+h
/
/

Tox (0 / u(0, s,x(s)) ds — Tox(t)

(9 s,x(s)) ds

<1
=

1 t+h
o1

)
do

¢ b
Tgx(t)-/ u(f, s,2(s)) ds
)
— Thx(t) / u(t, s, x(s)) ds

do

1 t+h
< / \To(8) — To(t)]
t

b t+h

/a \u(ﬁ,s,x(s))|ds|d9+%/t |Tox(t)|
b

[ 65,250~ 5,25 ds

t+h b
< %/t |T2x(0)—T2x(t)|~/a k(0, 5) ds do
b
+ / [as(t) + bale ()]

. (}L /:M k(0 5) — k(t, 5)| d0> ds

which implies that
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[(Bx)n — (Bx)| L, =/ [(B2)n(t) — (Bx)(t)| dt

Wil [ (3 [ ) - ) a0 a
//a2 ) + bal|x(t)|]

.(h/fh k(6,5) — K, s)|d9) ds dt

1 t+h
<Kol |y [ [Tas(6) - Taalt)] a0
t

Ly
t+h

1
#lloalle, ool |5 [ 1669 - ke, 00 a0
t

Ly

From (3.1) and (3.2), we deduce that (Bz), — (Bx), (converges in
L) as h — 0 uniformly with respect to « € B,.(I). Now, Theorem 2.6
guarantees that B(B,.(I)) is relatively compact in the space L;.

Step 4. Fix x € L1, and assume that the equality z = Az + By holds
for some y € B,.. Then,

/I|x(t)\dt g/I|Ax(t)+By(t)|dt
< [ (lote Tl + 70| [ e, asl) a

g/I<a3(t)+b3Tlx(t)|+[ag(t)+b2|y(t)|]/lk(t,5)ds) dt

<llasl, +bs [ [Tia(o) e

+/1<[ )+ ba|y(t) /ktsds)

< sl +bs [ To2(6) + oo

a

+ (/Iag(t>dt+b2 /ab Iy(t)ldt>||K0|Loo

<llas||z, + bsllail|z, + bibs|lx|L, + [[lazllz, + b2yl L,]
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| Kollzo
<llasl|z, + balla1l[z, + brbsllz| L, + || KollL..
[lazllz, + ba-7].

The above inequality yields
(1 =babs)|zl[, < llasllz, + bsllar]lz, + [ KollLy - [lazllz, +b2-7].
Since (1 — b1bs) > 0, this implies

lasllz, +bsllaalle, + [[Kollz.. - [lagllz, + b2 -]
(1 —by1b3)

lzllz, <

Now, recall that

lasllz, +bsllarllz, + [ Kollz.. - llazllz, +b2 -] _
(1 —b1bs)

Hence, ||z||z, <, i.e., € B,. Thus, Theorem 2.7 (c) is satisfied.

Step 5. From the above steps, we can apply Theorem 2.7. Thus,
(1.1) has at least one integrable solution x € Ly in B.(I). O

3.1.1. Uniqueness of the solution. Consider the next two assump-
tions.

(vi) g : I x R — R satisfies the Carathéodory condition. The opera-
tors T; : L1 — Ly, 1 = 1,2, are continuous. There are positive functions
a; € L1, 1=1,2,3, such that

\g(t,0)| < a3(t)7 |T](O)| < aj(t)ﬂ ]: 172a

for almost every ¢ € I. In addition, there are constants b; > 0,
i =1,2,3, such that, for almost every ¢ € I:

|g(t,a:)—g(t,y)| Sb3|$—y|, $7y€R7
and

T3 (x(t) = Ti(y()] < bjlx(t) —y(B)l, j =12, zye L.

(vii) There exists a positive constant M (which may depend upon r)
such that

|ult, s, 2(s)) — u(t, s,y(s))] < M|z(s) = y(s)];
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for almost every ¢ € I, almost every s € I and =,y € B, (where r is
given in Theorem 3.1).

Theorem 3.2. Suppose that assumptions (ii)—(vii) hold. If

o < [1 — (bib3 + bo|| Kol L.)]?
= (1= babs)||azl|L, + bollas||L, + babsllallL,

then (1.1) has a unique, integrable solution x € Ly in By(I).

Proof. Let x and y be any two solutions of (1.1) in B,.(I). Then, for
almost every t € I,

[z(t) —y ()] < lg(t, Taz(t)) — g(t, Try(t))]
+ | Tox(t) - /Iu(t, s,x(8)) ds — Toy(t) - /Iu(t, s,y(s))ds
< bs|Thz(t) — Thy(t)]

+ Tgx(t)-/lu(t,s,a:(s)) ds—Tgx(t)~/Iu(t,s,y(s))ds

|- / ult, ,y(s)) ds — Tay(t) - / ult, 5, y(s)) ds
< bubsla(t) — y(1)|

+ | T2 (t)] - / ult, s, 2(s)) — ult,s,y(s))| ds

+ |Tox(t) — Toy(t |/|U s))| ds

< bibgla(t) — y(b)| + [aa(t) + bofa(t)]] /1 Mlx(s) —y(s)| ds

+ bo|x(t) |/ (t,s)d
thus,

|z —ylo, = /\x |dt<b1b3/|x (t)| dt

+ /I[ag(t) + b2|x(t)|]/1M|x(s) —y(s)|dsdt
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+b2/|x(t) —y(t)|/k(t, s)dsdt
I I
=bibsllz — yll, + Mllaz|lz, +b2llzl[r.] - Iz —yllL,
+ b2 Kol llz — yllL,
< bibslle = yllz, + Mlllaz|lz, +b2 7] - lz = yllL,
+ b2 Kol Nl = yllL, -
The above inequality yields

(1 — (b1b3 + ba||Kollz., + M[llaz|z, +b2-7])] - [|z —y[lz, <0,
which implies that
lz=yle, =0, =z=uy.

This completes the proof.

O

3.2. The existence of solutions when the operator U has values

in L,. In this section, we use Theorem 2.4 (with 1/p+1/¢ =1).

We consider (1.1) with the following assumptions:

(i)' g : I xR — R satisfies the Carathéodory condition. The operator
T\ : Ly — L, is continuous, and the operator T, : Ly — L, is
continuous. There are positive functions a;,a3 € L; and as € L,

such that
19(t,0)| < as(?), IT1(0)| < ax(t)

and
[ Tox(t)| < as(t) + bola(t)|/?, by >0,

for all t € I and x € L;. In addition, there are constants b; > 0,

j =1,3, such that, for almost every ¢ € I:

|g(t,m)—g(t,y)| Sb3|5€—y|, $796R7

and
ITi(2(t)) Ta(y(t)| < balx(t) —y(t)], =,y € L.

(ii)" w: I x I xR — R satisfies the Carathéodory condition. Suppose

that, for any nonnegative z € L, and for D C I,

/D u(t, s,x(s))ds

lim sup
measD—0 |z|<z

Lq
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and that
lu(t, s, )| < k(t,s)(as(s) + balz|*/P) for all t,s >0 and z € R,

where the function k is measurable in (¢, s), a4 is a positive function in
L, and by > 0. Assume that the linear integral operator Ky with the
kernel k(t, s) maps L, into L,. Moreover, assume that

4 1i
(3.4) Jim,

1 t+h
P Ike = kel ] <o

Lq
(iii)" Assume that r’ is a positive solution of the equation

lasllL, + bsllasllz, + llazlz, llaallz, 1Kol + (brbs — 1) - w
+w!/P || K| (ballasl|z,, + ballas]|z,,) + babal Ko| - w?? =0,

where || Kol = |[||k(t,)]|z, ]|z, and assume that
1 t+h
(3.5) Hh/ |Tox(0) — Tox(t)|dO|| — 0,
t L,

as h — 0 uniformly with respect to x € B,.

Theorem 3.3. Suppose that assumptions (1)’ —(iii)" hold. If bibs < 1,
then (1.1) has at least one integrable solution x € Ly in By (I).

Proof.
Step 1 is the same as in Theorem 3.1.

Step 2. From assumption (ii)’, we deduce that the operator U maps
L, into L, continuously. From assumption (i)’, the operator T maps L;
into L, continuously, which implies that B transforms the ball B, (L1)
into Ly and is continuous.

Step 3. Now, for z € B, (I), we have
1B@)||z, = |Tox - U()| L,

/ab u(t,s,xz(s))ds

swmm,\

Lq

b
sn@+mf@mrH/k@®@uﬁ+mM@“ﬁ@

Lq
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< (llazllz, + ballz"/?|IL,) - |kt )z, llas + baz/?||1, ||z,
1
< (lazllz, + ballllP) - 1 Kol (laall, + balll|}/P);
)

thus, B(B,(I)) is bounded in Ly, i.e., Theorem 2.6 (i) is satisfied. Let
o € B,/(I). Then,

|(Bz)n(t) — (Bz)(t)]
t+h b
< %/t | T>2(0) —Tgx(t)|-/a k(0, 5)(au(s) + balz(s)|/P) ds do

t+h
+ % /t ([%(f) + bola(t)] /7]

b
. / |u(8, s, 2(s)) — u(t, s, z(s))] ds) de
t+h
<q [ Il = Taaol - [0,

1
Nlas + baz Pl 40+ [as(t) + bala () /7] -

s b|k(9,s)—k(t,s)\(a4(s)
/v

+ ba|(s)|M/P) ds> do

t+h
<o o) =T k0.,

(laallz, +ballall ") d6 + [az(t) + bl (t) /"] (llaall, + balle] )

1 t+h
G [ ke =k, s,
t

which implies that

1 t+h
(B~ (Ball, < [ [Fae(0) = Tasto)] - 110, ),

1
(laallz, + ball|| /) 8

Ly

+ |[[az + ba|zY/7) (|aal|, + ball|}7)
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1 t+h
] IO = ke, ao

Ly

1 t+h
! / Toa(0) — Tou(t)] 6
t

<
|k

Ly

A, Mz, Qaal, + el

+Ha2+b2|x|1/” .
1
i
t+h
- / 14(6,) — k(t, )1, 0

1
< [Koll(llaallz, + ballll")

1 t+h
. / Toa(0) — Tyz(t)| do
t

H<||a4L T balle]Y7)

Ly

Ly

1 1
+ [llazllz, + balll /7] (lasllz, + balll[}/P)

t+h
k(6 t,- do
B k0 kL, o

From (3.4) and (3.5), we deduce that (Bx), — (Bz), (converges in L)
as h — 0 uniformly with respect to z € B,/(I). Now, Theorem 2.6
guarantees that B(B,(I)) is relatively compact in the space Lj.

q

Step 4. Fix x € L1, and assume that the equality x = Az + By holds
for some y € B,s. Then

2]z, < [[Az + Byl L,
< [ Azflz, + 1 T2yllz, |Uyll,

[ uttsvis) as

< |laz + bsThz|| 1, + |laz + b2|y|1/p||L,,
/ K(t, ) (aa(s) + baly(s)[/7) ds
I

<llas||z, + bsllail|z, + bibs|lz| L,

= llg(t, Tiz)l[L, + | T2yllz,
L‘I

Lq
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1 1
+ (llazllz, + bz||yHL/1p)||||7f(t7 e, (Nladllz, + b4||y||L/1p)||Lq
<llaz|lL, + bsllailr, + bibsl|z||L,

+ Kol (lazllz, + b2 - r"/*)(laal| 1, + ba - r"V/P).
The above inequality yields
(1 - b1b3)Hx”L1 S ||a3HL1 + bgHa1||L1
+ 1Kol (lazllz, + b2 - 7" /P)(llaal|z, + bs-r"/7).

Since (1 — b1bs) > 0, this implies that

las||z, + bsllai|L,
(1= brbs)
N |1 Koll(llaz| L, + b2 - r"/P)([lasl L, + by - r"H/P)
(1 —blbg) ’

||'THL1 <

Now, recall that

llas|| £, +bsllas || o+ | Kol (laz] o, +b2 - /P (llaallz,+ba - */7)
(1 —by1b3)

Hence, ||z||, </, i.e., € B,. Thus, Theorem 2.7 (c) is satisfied.

Step 5. From the above steps, we can apply Theorem 2.7. Thus,

(1.1) has at least one integrable solution 2 € Ly in B,/ (I).

3.2.1. Uniqueness of the solution. Consider the following two as-

sumptions

(iv)) g : I x R — R satisfies the Carathéodory condition. The
operator T : L1 — L, is continuous, and the operator 75 : L1 — L, is
continuous. There are positive functions a;,as3 € Ly and ap € L, such

that
9(2,0)] < as(?), |Tj(0)| < aj(t)a J=12,

for almost every ¢t € I. In addition, there are positive constants b; > 0,

i =1,2,3, such that, for almost every ¢ € I:

lg(t,z) — g(t,y)| < bs|z —yl, z,y € R,
|Ty(x(t) — Ta(y(t))] < bylx(t) —y(t)], x,y € L1,
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and
T2 ((t)) = Ta(y(t)] < balz(t) —y(8)]'/?,  z,y € Ly
(v)" Assume that

Ju(t, s, 2(s)) — ult, s,y(s))| < k(t, )|z (s) = y(s)| /7,

for almost every ¢ € I, almost every s € I and z,y € B, (where 1’ is
defined in assumption (iii)’); here, k is a measurable function.

Theorem 3.4. Suppose that assumptions (i)' ~(v)" hold. If
(babs + | Kol|(2') P [llaz ]|, + ballaalz, +ba(1+ba) - r"V/P]) < 1,

then (1.1) has a unique integrable solution x € Ly in B,/ (I).

Proof. Let « and y be any two solutions of (1.1) in B, (I). Then,
for almost every t € I,

|[2(t) — y(t)] < babs|z(t) — y(t)]

T T ()] - / fult, 5, 2(s)) — u(t, 5,y(s))| ds

T [Ty (t) - Tou(t)] / fut, 5,y(s))| ds
< bybala(t) — ()] + [az(t) + bale(t)] /7]

- / Kt 8)](s) — y(s)] /7 ds

I

+ bala(t) — y(t)|M/P / k(t,s)(as(s) + balz(s)|/?) ds;
I
thus,
lz —yllz, <bibsl|z -yl

+ llaz + bolz|'7||L,

/1 Kt )|(s) — y(s)[V/7 ds

Ly

‘/Ik(t,s)(a4(s) + balz(s)|V/P) ds

+bol(@ =)' 7|,

Lq

1
< bibslle — yllz, + (lasllz, + ballz[|}/?)
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etz @ = 9V L,
+balz = yll P INECE, )|, llaa + bale V7 1, I,
< bibsllw = yllz, + (lazllz, + ballzl /) Kol - ||z =yl
+balz — yll/” [ Kol (laall, + ballz]|7)
< bibsllz = yllz, + 1Kol (2) /P~ (laz|, + ba - +1/7)
Nz = yllz, + bl Kol (2r) /P~ (laal 2, + ba - 7"H/P)
N =yl
The above inequality yields
[1— (bibs + | Kol (2r') P [las 1, + ballaa]lr, + ba(1 + ba) - /7))
N =yllz, <0,
which implies that
le—yllL, =0, = z=uy.

This completes the proof. O
4. Examples.

Example 4.1. For ¢ € (0,1), consider the following equation
t cos(ts)

T+ (2()2

Note that (4.1) is a particular case of (1.1), where

(4.1) z(t) = 1jt2 + i [{“ + ;x(t)] + /01

11 , 1
and ¢ cos(ts)
COS(Ts
U(t75717) = W

Also, note that
lu(t, s, )| <1=k(t,s).

1
/ k(t,s)ds =1,
0

Now,
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thus, |Ko||r.. = 1. Moreover, given arbitrary h > 0 such that |z1| < h,
|z2| < h and |zy — x1| < §, we have

2 2
L1 — X3

u(t,s,xr1) —ult,s,xz)| < |tcos(ts)|| ——"—=
u(t, s,21) — u(t, s,x2)| < [tcos(ts)| A+ 01 +22)

< 2hdt,

so assumption (iii) holds.

Note that

e g and T, satisfy assumption (i) with a1(t) = 2, aq(t) = 1,
az(t) = 1/(1+1t%), and with constants by = 1/3, by = 0,
b3 = 1/4;

o bibs + bo||Kollr., = (1/3)- (1/4) +0-1=1/12 < 1;

e Assumption (v) is satisfied with r = (1/11)(37 + 13).

Thus, all of the assumptions of Theorem 3.1 are satisfied so that the
integral equation (4.1) has at least one integrable solution in (0, 1).
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