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ON THE EXISTENCE OF GROUND STATES OF
NONLINEAR FRACTIONAL SCHRODINGER
SYSTEMS WITH CLOSE-TO-PERIODIC POTENTIALS

GONGMING WEI AND XUELIANG DUAN

ABSTRACT. We are concerned with the nonlinear frac-
tional Schrédinger system

(—A)*u+ Vi(@)u = f(z,u) + D@lult~2ulol?  in RY,

(=2)*v + Va(a)v = gz, v) + T(@)|ol" " 20lul?  in RY,

u,v € H*(RY),
where (—A)® is the fractional Laplacian operator, s € (0, 1),
N > 25, 4 <29 < p < 2% 2 =2N/(N —2s). Vi(z) =
Vier (@) + Vi (z) is closed-to-periodic for ¢ = 1,2, f and g
have subcritical growths and I'(z) > 0 vanishes at infinity.
Using the Nehari manifold minimization technique, we first
obtain a bounded minimizing sequence, and then we adopt
the approach of Jeanjean-Tanaka [8] to obtain a decom-
position of the bounded Palais-Smale sequence. Finally,

we prove the existence of ground state solutions for the
nonlinear fractional Schrédinger system.

1. Introduction. Recently, Bieganowski and Mederski [4] consid-
ered a class of nonlinear Schrodinger equations with a sum of periodic
and vanishing potentials and sign-changing nonlinearities. Under the
positivity assumption on the spectrum of Schrodinger operators, they
investigated the existence of ground state solutions being minimizers
on the Nehari manifold. To the authors’ knowledge, this is the first
paper for such a type of problem. Since we are considering nonlin-
ear Schrodinger equations on the entire space RY, there is no obvious
compact imbedding for Sobolev spaces; furthermore, the concentration-
compactness lemma can be used. For the case of autonomous systems
(with constant potentials), the symmetry of solutions may be used
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to obtain compactness. However, for general nonconstant potentials,
since there is no symmetry of solutions, some restrictions must be used
on the potentials, such as boundedness and asymptotically constant or
monotonicity at infinity. Hence, it is completely nontrivial and different
techniques are required for the case of periodic potentials. For further
background and survey on nonlinear Schrodinger equations with peri-
odic potentials, the interested reader may refer to Pankov [19], in ad-
dition to [6, 9, 12, 22]. Pioneering research via variational methods on
nonlinear Schrodinger equations with general potentials may be found
in [20].

In 2006, Maia, Montefusco and Pellacci [13], via variational meth-
ods, considered a weakly coupled nonlinear Schédinger system. This is
one of the earliest papers on the subject. Using techniques of the Moun-
tain Pass theorem, the Nehari manifold method, the concentration-
compactness lemma and the Pohozaev identity, the authors proved the
existence of the positive solution of the Schrodinger system, i.e., each
component of the solution of the system is nontrivial. In 2016, using
an approach based on a new linking-type result involving the Nehari-
Pankov manifold, Mederski [14] found a ground state solution of a sys-
tem of nonlinear Schrédinger equations with periodic potentials. This
may be viewed as an extension, not only from a single equation to
a system, but also from a constant potential to a periodic potential.
When we consider the nonlinear Schodinger system, although the sys-
tem may have a similar variational structure to a single equation and
we can obtain a solution of the system using similar techniques as for
the single equation, usually it is not an easy task to prove that each
component of the solution of the system is nontrivial.

Applications in pure and applied mathematics and other natural
sciences, as well as fractional Laplacians, have been widely studied via
variational methods in the last decade. In 2015, Servadei and Valdinoci
[21] extended the Brezis-Nirenberg result for the classical Laplacian to
the fractional Laplacian. The reader may find a general picture on
the development of the fractional Laplacian from the introduction and
references in this paper. Nonlinear fractional Schrodinger equations
also appear in fractional quantum physics; thus, it is interesting to
study such equations for every type of potential. Our aim in this pa-
per is to extend the results on ground state solutions of nonlinear
Schrodinger equations with periodic potentials [4] to coupled nonlinear
fractional Schrodinger systems with periodic potentials.
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After this paper was completed, the authors obtained the paper
[3]. The variational structure in [3] is very similar to ours. Nonlinear
Schrédinger equations with vanishing potentials are more complicated;
the reader is referred to Benci, Crisanti and Michelltti [2] and Mederski
[15]. How to extend the results of [2, 15] to nonlinear fractional Schro-
dinger equations is a problem still to be addressed.

Motivated by the above papers, in this paper, we focus on ground
state solutions of the nonlinear fractional Schrédinger system with
periodic or close-to-periodic potentials, i.e.,

(=A) u+Vi(z)u = f(z,u) +T(@)|ul?2ufv]? n RY,
(L) {(—A)Y0+ Va@)o = glw,0) + T@)elt 2ofult in RY,
u,v € H¥(RY),
where (—A)? is the fractional Laplacian operator,

2N
N —2s°

€ (0,1), N > 2s, 4 <29 <p<2F, 2" =

Our aim is to study the existence of least energy solutions for sys-
tem (1.1).

We assume that f: RY x R — R verifies the following hypotheses:

(Fy) f is continuous in u € R for almost every z € RN and ZN-
periodic, measurable in z € RV, and there is a ¢ > 0 such that

If(z,u)] < c(1+|uP~) forallucR, zeRY,

(F2) limyy o (f(z,w)/|ul) = 0 uniformly in z € RY.
(Fg) hm‘u|_,oo(F(x u)/u[??) — oo uniformly in x € RY, where
u) = [ fz,s)ds > 0.
(F4) w s f(x,u)/ul??71 is strictly increasing on (—o0, 0) and (0, co)
for any x € RV,

In view of (Fy)—(Fy), we assume that g : RN x R — R verifies
hypotheses (G1)-(G4), and (G1)—(G4) are the same as (Fy)—(Fy).

Let I' : RNV — R verify the following hypotheses:

(T) ' € L=®RY), limpy0ol'(z) = 0, I(z) > 0 for almost every
r € RN T(z) £0.



1650 GONGMING WEI AND XUELIANG DUAN

We assume that V3 (z) and Va(x) are close-to-periodic, i.e.,

Vi(@) = Vyer (@) + Vige (@), i=1,2,
where
i 0o (RN jq 7N _ s 3i .
(V1) V() € L°(RY) is Z7 -periodic, i = 1, 2.
(Va) 0> Vi () € LO(RN), limy yao Vi (z) = 0,7 = 1,2.
(V3) 0 < a; < V;(z), a; is a constant, i = 1, 2.

loc

Let w = (u,v). We obtain solutions of (1.1) from critical points of
the functional J(w) = J(u,v) : H*(RY) x H*(RY) — R, where

(1.2)

1 —u(y)? 1
J(w)=J(u,v)=QAZNWda:dy+2/RN Vi (z)ulde

1 |’U($> — U(y)|2 1 2
+ - ——— " _dxd —+ = V d
2 /]R2N |z y‘N+25 v 2 Jpn 2(33)” v

1
- F(z,u)dx — G(z,v)dx — - / L(x)|u|?|v|?dz.
RN RN q Jr~

Denote ||, the norm in L?(R™) and |(-, )|, = (|- [2+]-[2)"/? the norm
of a vector-valued function in LP(R™) x LP(RY). In order to look for
ground state solutions of problem (1.1), we consider Hilbert space

(13) E= EV1 X EVza

with norm
lwll? = [l (u, ) I* = lull}, + [lv]I3,

for w = (u,v) € E, where Ey;, is the Hilbert space with inner product

i = [l =) w0 o

|z —y| N+
+ / Vi(z)u; (x)v;(x) dz,
RN
and the norm is

ui () — ui(y)|? 2
luillv, = /sz dedy‘i‘/ﬂw Vi(z)ui ()| da

for u;,v; € By, and i = 1,2.
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We define the Nehari manifold
N = fw € B\ {0} : (7'(w),) = 0}
={we E\ {0} : |lw|?® =T'(w)(w)},
where 7 : E — R is defined as
I(w) = Z(u,v)
:/)F@me+
-

Note that Z is of C-class.

1
a%mm+f/ D) u|]o|7dz.
RN q JrN

Since (V3), then || - ||y, and || - ||y, are equivalent to the standard
H*-norm, i.e., there exists a constant C' > 0 such that

CH ullgeny < llullvy < Cllulls@y),

and
C Ml gy < Nollvy < Cllvll s ey

In this paper, we use the method of Nehari manifold minimization
to obtain a bounded minimizing sequence and adopt the approach of
Jeanjean-Tanaka [8] to obtain a decomposition of the bounded Palais-
Smale sequence. The Nehari manifold method goes back to Nehari’s
work [16, 17] when he considered a boundary value problem for a
certain nonlinear second order ordinary differential equation in an
interval (a,b) and showed that it has a nontrivial solution which may
be found by constrained minimization of the Euler-Lagrange functional
corresponding to the problem. The Nehari manifold method has the
advantage of not requiring an Ambrosetti-Rabinowitz type condition,
which is customary when dealing with the Palais-Smale condition. For
a unified approach of the Nehari manifold method and application to
the existence of solutions to the nonlinear boundary value problem, the
interested reader may refer to Szukin and Weth [23]. For its application
to the existence of ground states for functionals with nonhomogeneous
principal part and complete continuity of Z’, the reader may refer to
Figueiredo and Quoirin [7]. Note that, in our problem, Z no longer
satisfies the conditions in [23].

Our main result in this paper is the following.
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Theorem 1.1. Suppose that (V1)—~(V3), (T'), (F1)—(Fy) and (G1)—(Gy)
are satisfied. Then, (1.1) has a ground state w € E \ {0}, i.e., w is a
critical point of J such that J(w) = infar J.

2. Preliminaries.

Remark 2.1.
(11) Set

(21) plt) = T () ) + T(w) ~ T(1w),

weN, te(0,00)\{1}.
Observe that 7' (w) (w) = [|w||? > 0 and ¢'(t) = tZ' (w)(w) —Z' (tw)(w) <
0 for ¢t > 1, and ¢'(¢t) = t7'(w)(w) — Z'(tw)(w) > 0 for t < 1, p(1) = 0.
Hence, ¢(t) < ¢(1) = 0. Therefore, we may assume that
(1= (" (w)(w) = T'(tw)(w)) > 0
for w such that Z'(w)(w) > 0 and ¢ € (0,00) \ {1}.

(I2) Note that the following condition (J3) in Theorem 2.2 is equiv-
alent to the condition: w € N is the unique maximum point of J (tw)
for ¢t € (0,400). Indeed, for w € N, it holds that

t?—1
2

(22)  Jw) = (J(w) =T () —
() + T (w) < T (w)

¥
it and only if ¢(t) < 0.

J' (W) w)) + T (w)

In order to obtain a bounded Palais-Smale sequence, we need the
following theorem [4]. However, for the reader’s convenience, we give a
sketch of the proof and remind the reader that our model is a nonlinear
fractional Schrédinger system.

Theorem 2.2. [4] Suppose that:
(J1) there is an r > 0 such that a := inf =, J(w) > J(0) = 0;

(J2) there is a q > 2 such that Z(t,w,)/t21 — oo for w, — w on
E\ {0} and any t,, — 00 as n — oo;
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(J3) the following holds:
t2—1

2
fort € (0,00)\ {1} and w € N.

(J1) T is coercive on N, i.e., for (w,) C N, there is a J(wy) — 00
as ||wy || = oo.

7' (w)(w) — Z(tw) + Z(w) < 0,

Then, infar J > 0, and there exists a bounded minimizing sequence for
J on N, i.e., there is a sequence (wy,) C N such that J (w,) — infar J
and J'(wp) — 0.

Remark 2.3. Observing (J;) and (J3), there are w # 0 and ¢ > 0
such that J(tw) < 0, and J has the classical Mountain Pass geometry
[1, 24]. Then, we can find a Palais-Smale sequence, although we do
not know whether it is a bounded sequence or whether it is included in
N. Therefore, we assume coercivity in (J4) to obtain the boundedness.
Proof of Theorem 2.2. Observe (2.2) and the map
o(t) : [0,400) — R:
o(t) = J(tw) — J(w) for t € [0,+00) and w # 0.

In view of (J1)—(J2), we have that

o] o]

o0) = 70) - 7)< (2] - 7 = (55 ).

and p(t) — —oo as t — oo. There is a maximum point ¢(w) > 0 of
¢ which is a critical point, i.e., J'(t(w)w)(t(w)w) = 0 for t(w)w € N.
Therefore, we consider the functional m : E \ {0} — N,

m(w) = t(w)w for w # 0.

Take ¢, = t(wy,) for n > 0 and w,, — wy # 0. Observe that m(wy,)
= tpwy. If t, — 0o, we have

(2.3) o(1) = T (wn) /1! < T (wn)) /13

15
- §ti 2| w, |12 = Z(tawn) /12T — —c0
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by (2.2) and (J2). In view of (2.3), we get a contradiction. Therefore,
we may assume that ¢, — to > 0. Thus,
j(t(wo)wo) Z j(towo) = 111’I1 J(tnwn)
n—roo
> nhﬁngo T (tH(wo)wy) = T (t(wo)wo)-

Then, we obtain ¢ty = t(wp), and m is continuous.

Define m = g1, where S! is the unit sphere in E. The inverse
function is given by m~1(0) = 6/||6|| for # € N'. Then, m is a homeo-
morphism and

c:=inf e (J om)(w) = inf,en T (w) > 1nfweNj<|| ” > >a>0

by (2.2). Take z € E such that w, := wg + nz € E. In view of

lmw)ll

o]

m(w) = = t(w)w,

the mean value theorem implies that

(J om)(wn) = (I om)(wo)

«7( nwn) - (tOwO)

I (tnwn) — T (tnwo)

T (tnlwo + Ta(wn — wo)])tn (wn — wo)
=toJ (M(wo))nz +o(n) asn—0

—~
N
=

Nz
INA

with some 7,, € (0,1). In a similar manner, we obtain

(T om)(wn) = (T o m)(wo)
I (tnwn) — T (towo)
(2.5) > J (town) — T (towo)
T’ (to[wo + 1 (wn — wo)])to(wn — wo)
=toJ (M(wo))nz +o(n) asn—0

with some 7, € (0,1). In view of (2.4) and (2.5), it follows that the



THE FRACTIONAL SCHRODINGER SYSTEM 1655

directional derivative (J o m)’(wp)z exists and is given by

(J om)(wn) = (T om)(wo)

- o tane = L

(J om) (wo)z = lim,, 0
J' (M (wop))z.

We get that J om : ST — R is of C'-class.

By the Ekeland variational principle [24, Theorem 2.4], we find a
minimizing sequence (6,,) C S! for J om such that (J om)'(6,) — 0.
Let w, = m(6,) € N, and then we obtain that J'(w,) — 0.

For w,, € N, in view of
(2.6)
c < J(wn)

then |Jwy,|| > v/2¢ for some ¢ > 0. In view of (J2), we have
Lo 2
T (tnwn) = gtn”WnH = I(tpwn) — —00
for any ¢, — oo and w, — wo # 0, and hence, J(w,) < co. We get
sup,, ||wn|| < oo by the coercivity of J, and hence, (w,) is a bounded

minimizing sequence for J on A such that J'(w,) — 0. O

3. Decomposition of bounded Palais-Smale sequences.

Lemma 3.1. Suppose that (V1)—~(V3), (I'), (F1)—(F4) and (G1)—(G4)
are satisfied. Then, (J1)—(J4) hold.

Proof.

(J1) Observe (F}) and (F»), and fixing € > 0 for some C¢, we have
F(z,u) < €l|u|?> + C.|ulP. For some constant C' > 0, applying the
fractional Sobolev embedding theorem [18, Theorem 6.7], we have

/ F(z,u)dz < C(el|ull + Cc|lul ).
RN
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In a similar manner, we obtain
G(z,v)dx < Cle||v]|* + C-||v]|P).
RN
The Holder inequality and the Sobolev embedding theorem imply that
1 1
*/ T () |ul?|o|?de < =|T|oo|ulg,|v]3, < Cmax{|ul[*?, [jv]/>!}.
q JRN q
Then, for ||w|| < r, there is an r > 0 such that

/ F(z,u)der/ G(x,v)danl/ I(x)|u|?|v|?dz
RN RN q JrN
< C(5Hw||2 + Ce([lull” + [[]|")) + Cllw]*
Cle Hw||2+C lw]?) + Clw]|*

1
< ol < 377
For ||w|| = 7, we have
1 1 1
T@) > el - Fll? = 32> 0.

(J2) Note that

F(x,t Gz, t
I(tnwn)/tiq _ / (33 nun)| n|2q - _|_/ (56'7 nvn) |'Un‘2qu
RN RN

tn [un |24 tn [un |22

1
+ 7/ L(2)|un|?vn|? — 0.
]RN

q

Indeed, we obtain

F(z,thuy) G(z,thvn)
- - 00,
tfﬂ\un|2q ’ t%qwn‘zq

by (F3) and (G3). On the other hand, we have lim inf,, o [n [tn|*dz
> [fon [u[?%dz > 0 or liminf, o [on |vn[?dz > [on [0[*dz > 0 by
Fatou’s lemma. Hoélder’s inequality and Sobolev’s embedding theorem
imply that

1 1
= (@))% < =|T)so|uld, |v]g
q/RN (@) ul*ol*dz < —|Ploo ul[v]3,

< Cmax{lul*, [Jo]**} < oc.
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(J3) Fix w such that Z’(w)(w) > 0; hence,

T'(w)(w) = flz,u)u dx—i—/ g(z,v)v dx+2/ L(z)|u|?|v|?dx > 0,

RN RN RN

in view of

7' (w)(w) — I’ (tw) (w)

- a|yl4
= t(/RN f(z,w)udx +/H§Ng(x,v)vdx+2/RNI‘(ac)|u| ] dx)
— < f(z, tuw)udx +/ g(z, tv)vdx + 2t2q*1/ I‘(:c)|uq|qux>.
RN RN RN

For t < 1, observing that (Fy) and (G4) hold, we have
17 (w)(w) — I’ (tw) (w)

>t2q—1< f(x,u)uda:+/ g(ac,v)vd$+2/ F(33)|7«t|q|v|qdﬂﬁ>
RN RN

RN

- ( flz, tu)ude +/ g(x, tv)vdx + 2t2q_1/ F(m)u|q|v|qd$>
RN RN RN

= t2q—1< f(a:,u)udx—i—/ g(z,v)vde
RN RN

flz, tu)u g(z,tv)v
RNthi_ld.’Ef RNthi_l dl'>07

and, for ¢ > 1, we have

T () (@) — T (tw) ()

< t2q1< [z, u)uds +/ g(w,v)vdz + 2/ F(x)“|q”|qd$>
RN RN

RN

- ( f(z, tu)ude —|—/ g(x, tv)vdx + 2t2q_1/
RN RN

RN

F(m)|u|q|v|qu>

=2t ( f(z,u)ude —|—/ g(z,v)vde
RN RN

flz, tu)u g(z,tv)v
RNtzqi_ldx_ RNW dl’<0

From Remark 2.1, (J3) holds.
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(J4) Suppose that (w,) C N is a sequence such that |w,| — oo for
n — oo. In view of w = (u,v), for u > 0, we have

u2q—1 2q—1

flz,u)u = 2q /Ou f@u) s2171ds > 2¢ /Ou @smﬁlds = 2qF(z,u)

by (Fy). For u < 0, observe that
0 0
fla,u) g0 f(@,5) 29—
flz,u)u = —2q/u #8211 tds > —2q g 5(2117—15% Lds
= 2¢F (z,u).
In a similar way, we obtain

g(z,v)v > 2¢G(z,v).

Then,
L 2
j(wn) = Hwnll - F(xaun> dx
2 .
1
— G(z,v,) dx — f/ T(x)|un|¥|vn|9dx
RN q Jry
1 1
= (350 el = [ Floun)as
1
+— flz,up)uy, doe — G(z,v,)dz
2q RN RN
1
+ % Jox g(x, vp ) vy, dz
> (55 ) lenl? — -
2379 Wy 00 as n — 0o,
which completes the proof of (Jy). O

We shall deduce a decomposition of bounded Palais-Smale sequences
which is a key step in the proof of Theorem 1.1. Motivated by [4, 5],
we mainly adopt the method of Jeanjean and Tanaka in [8, Theorem
5.1]. Denote the functional Jper : £ — R as
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1 |u(2) — u(y)® 1 1 2
Tper(w) = 5 /sz Wdﬂfdy+ 5/}1& Ver () |u]

1 |v(x) —v(y)* 2
(3.1) +§/sz - ‘NHS  dvdy + - / 2 (@)l da

- F(x,u)dx — G(z,v)dz.
RN RN

Theorem 3.2. Suppose that (V1)—~(V3), (I'), (F1)—(Fs1) and (G1)—(G4)
are satisfied. Let (wy) be a bounded Palais-Smale sequence for J.
Then, passing to a subsequence of (wy), there exist an integer I > 0
and sequences (y¥) C ZN, w* € E, k=1,...,1, such that:

(a) wy, = wo and J'(wo) = 0;

() |y¥| = oo and |y* — k,|—>oofork:7ék’;

(c) Wk #0 and J}o (w*) =0 for each 1 < k <1;

(d) wn—wo—zk L wh(@ —yF) = 0 in E as n — oo;

(e) J(wn) = T (wo) + Zk:l jper(w )

In this section, our proof is based on Lions’ lemma [10]. As in (2.6),
there exists a p > 0 such that each nontrivial critical point w of J
satisfies ||w]|| > p.

Proof of Theorem 3.2. The proof consists of six steps as follows.

Step 1. We may find a subsequence of (wy,), and wy € F is a critical
point of J such that w, — wp. Since (w,) is bounded, there is an
wo € FE such that w, — wg up to a subsequence. Moreover, up to
a subsequence, we may assume that w,(z) — w(z) for almost every
v € RV, Let 6 = (¢,0), ¢, ¥ € C(RV). Take @ = R2V \ [(RN |
Supp ¢) x (R¥\Supp ¢)] and M := R*N\ [(RV\Supp 1) x (R \Supp ).
Observe that:

(3.2)

T (wn)p — T (wo)o
_ / [(un(x) — uo(x)) — (un(y) — uo(y))l(p(z) — ¢(y))
Q

|z —y| N+

i [ oo le)= (o) ol 010D o,
M

o=yl V7
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+ / Vi(z)(upn — up)pdx + / Va(z)(vn — vo)th dx

Supp ¢ Supp ¢

= [ U = feagds [ (g(00) = glav)ds

Supp ¢ Supp ¥

([ @l ulaleds = [ @l ol d)
Supp ¢ Supp ¢

([ r@par s [ r@hel2lld)

Supp ¢ Supp ¢

The weak convergence w,, — wy implies that

/ [(un () — uo(x)) — (un(y) — uoW)l(¢(x) — ¢(y))
Q

|z — gy N2

dx dy

/ [(vn(2) = vo(2)) = (va(y) — vo(W)I(Y(x) — ¥ (y))

o — gV i

+
M
+ / Vi(z)(u, — uo)pde + / Va(z) (v, — vo)9p do
Supp ¢ Supp ¢
— 0.

For measurable set F C Supp p, we have
[ 116 ua)el do < Cllxellunels + loxeblunef; ™)
E

by the Holder inequality and (F;). Therefore, f(z,u,)e is uniformly
integrable and, by the Vitali convergence theorem, we have

/ (s um) — F(u0))p da — 0.

Supp ¢

Similarly, we have

(9(z,v,) — g(x,v9)) de — 0.
Supp ¢
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From the Hoélder inequality, we have

/F(w)lunlq’zunlvnlw d < |Ploo max{lunxelsg ' oaxElg * Hexelz,
E

and then, using the Vitali convergence theorem, we obtain

/ F(m)|un|q_2un|vn|q<p dx —/ F(m)|u0|q_2u0|v0|q<p dex — 0.
Supp ¢ Supp ¢

In a similar way, we have
/ D) [0 |7~20n [t ) i —/ () v~ 2vp || 90> dar — 0.
Supp 7 Supp ¢

Hence, J'(wn)d — T’ (wo)® — 0. Then, we obtain that J'(wo)¢ = 0 by
(wp) is a Palais-Smale sequence.

Step 2. Take wl = w, — wo, ul = u, — ug, v}

5 = Un — Vp. Suppose
that

(3.3) SUP, crN / |wh|2dz — 0.
B(z,1)

Then, w, — wp and (a)—(e) hold for [ = 0. In view of

. [ |wi|2dx=supzem( [ e |v;|2dx)—>o,
B(z,1) B(z,1) B(z,1)

we have that

(3.4) SUP, cpN / lul [Pdz — 0
B(z,1)

and

(3.5) SUD, RN / lvp|2dx — 0.
B(z,1)

Observing that

1 10,02
, 1 |up () — uy, (y)]

et = [ el = W G g

T (wn)w;, /RZN o — gV T ay

(o) — o)) (0 () — k(1)
“J.. o — gl il
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+/ Vl(x)|u:1|2dx+/ Vi(2)ugul de
RN RN
[vn (@) — Vs (y)]?
nd) = 9 W1 g g
I

o [ o) = m)he) ) g,

|z — y|N+2s

+/ Va(x |vn\2dm+/ Va(z)vovy, dz
RN
flz un)u dx—/ g(x, v}l dx
RN RN

/F Y|, |92 |vn\qu;dzf/ L() v |9 %0, |un |70} de,
R RN

N

we obtain
(3.6)
o (o (%) — o (y)) (up () — up, (v))
n dzd
Johl? = 7@t = [ o v dy
_ 1() ol
[ Vit [ OG0,
RN R2N @ — y|N+2s
/ Va(z)voulde + [z, up)u) do
RN RN
+/ g(z,v,)v dx—i—/ D) |t |7 2up o, |90’ da
RN RN

+/ D(2) 0|9 20 [ |90} da.

N

=

Since J'(wp)w) = 0, then

lwn|I* = T

—~

W )wl —|—/N [, up)ul de — /N f(z,uo)ul do
R R

4 [ otwonehds = [ gt do
N

N R

+ F(x)|un|q*2un|vn|qu}bdaz7/ T(x)|uo|? 2ug|vo|%ul da
RN

+

%\%\%\

F(m)|vn\q*2vn\un\qvidx—/ I'()|vo|?™%vo |uo| v} da.
RN

N
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Then, since (w?) is bounded,
17" (wn) (wn) | < 17" (@)l || — 0.
The Holder inequality and (F7) imply that

f(a:,un)uil dr| < 5|un|2|ui|2 + Ce|un|£71‘u}z|p'

‘]RN

For each 4 < p < 2*, in view of (3.4), it follows that u’ — 0 in LP(R")
by Lions’ lemma [10, Lemma I.1]. Thus, [pr f(2,un)ul dz — 0. In a
similar manner, we have

f(z,up)ul de — 0, / g(x,v,)vt de — 0
RN RN
and
/ g(x,vo)vy dv — 0.
RN
From the Holder inequality,
2q 2q

/ F(x)|un|q72un|vn‘qui dz < [T max{‘“nﬁqilv |”n|2q71}|u;‘24'
N

In view of (3.4) and, since 4 < 2¢ < 2*, ul — 0 in L?¢(RY) by Lions’
lemma [10, Lemma I.1]. Therefore,

/ L) |un|? 2up v, |90l dz — 0.
RN
Similarly, we have
/ () uo|9 % uo|vo |l dx — 0,
RN
/ L(2) [0 200 [tn |90} do — 0
RN

and
/ T'()|vo|? 2 vo|uo| ™} dz — 0.
RN

Finally, we have ||w}| — 0, which completes the proof of Step 2.
Step 3. Suppose that there is a sequence (z,) C Z" such that

(3.7) lim infnﬁoo/ |wh|?dz > 0.
B(z7111+\/ﬁ)
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Then, there is an w® € E such that:
(i) |zn| = o0,
(ii) wn(z + 2,) = w® # 0, W° = (u%,09), u®,0° € H*(RY),
(iii) Jer(w?) = 0. Indeed,
(a) due to w, — wp and (3.7), we deduce that |z,| — oo.

(b) Observe that w,(x + z,) in a bounded space; therefore, there is
an w' € F such that w,(z + z,) — W’ # 0.

(¢) Take v, = wn(x + 21), Yo = (@, Bn), an = up(x + z,) and
Bn = vn(z + 2,,) for each ¢ = (p,), v, € C§°(RY). In view of:

jl(w”)(d)(‘r - Z")) = j/(unvvn)(@(l‘ - Zn)ﬂ/J(iE - Zn))

z/ Va,LVgoda:—F/ Vi(x + zp)anp dz
RN RN

(3.8) +/]RN V8.V d:ch/RN Va(z + 2zp)Bntb dx
- [ twaneds= [ g v
RN RN

a / [z + Zn)|an|q72an|ﬂn|q90d$
RN
- / [z + Zn)|5n‘q725n|an|qw dx,
]RN
there is a B > 0 such that

17" (wn)(d(z = za))| < [T (wn)lll6(x — zn)
< BT (wn) M@l zre vy s 1 vy — 0.

In view of (T), for almost every z € RN, T'(z + z,) — 0 as |z,| — oo.
Hence,

(3.9) / D@+ 20) an|"2an| Ba |7 da
RN

+/ L(x + 2,)| 80|72 Bnlon| % dz — 0.
RN
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For almost every x € RN, V! (z + 2,) — 0 as |z,,| — oo. Then,
(3.10)

/ Vit (@4 2p)anp da —/ (Vi(x+zn) — Vpler(x—l—zn))angodx — 0.
]RN

In a similar way, we get

[ Vidatapude= [ (Valot ) = Vit 2)Butbds — 0.
RN RN
In view of (3.8), (3.9) and (3.10), we obtain

Tper(wn) (@) = T (wn) (d(z = 2n))

—|—/ (2 + 20)|on |7 20| B |V da
R

z

Jr/ L(z + z0)[Bnl"” Zﬂn‘an|q¢d$

R

2

/]RN Vi (x + zp)anpde

— / V2 (x + 2,)Bnth dz — 0.
RN
On the other hand, in a similar manner as in Step 1, we obtain
jlger(w’ﬂ)¢ - j};er(w())d) — 0.
Therefore,
Tper (@) = 0.

Step 4. Suppose that there exist m > 1, w¥ = (u¥,v%) € E, (yF)
C Z" for 1 < k < m such that |y¥| — oo, |[y¥ — y¥ | — oo for k # K’;
wn(z +yk) = w* # 0 for each 1 < k < m and J/,,(w*) = 0 for each
1 <k <m. Then:
(1) if
m
SUp, cpA / ‘wn —wp — Zwk(a: —yb)

B(z,1) k=1

2
der — 0

for n — oo, then |lw, —wo — > pey w*(z — y&)|| = 0;
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(2) if there exist (z,) C Z" such that

2

Wn, — W —Zwk(:ﬁ—yﬁ) dx >0,

(3.11) liminf, o /
k=1

B(zn, 1+VN)

then there is an w™*! € E such that (up to subsequences):
(i) |zn] = 00, |2n — yF| = 00, for 1 < k < m,
(i) wmtl(z + 2,) = W™t £0,
(iii) jécr(wmﬂ) =0.
(a) Denote gn = Wn_wo_zznzl wk(x - yﬁ) and gn = (9n7 pn) Then,
we have 0, = u, —ug — Y ey u¥(z — y¥) and p, = v, — vy — 31,
vk (- yF). If

2
SUp, cpN; /
B(z,1)

wn—wo—Zwk(x—y’n“) dx — 0 for n — oo,

k=1
we obtain
(3.12) supze]RN/ 0,2 — 0 for n — oo
B(z,1)
and
(3.13) supzeRN/ lpn]? — 0 for n — oc.
B(z,1
Direct computations yield
(3.14)
|0n () — On(y)I?
n)én D8] = P01 gy d
T (n)e / ey
—ug(y))(0n(x) — 0n(y))

dxd
+/]RZN |{E— ‘N+2S vy
) - S =) ) )

R2N |w—y|NH2e

+

S

Vi(2)|6, |2dx+/ Vi (z)uob,, dz
RN

|pn(z ) pn( )

R2N
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) =)o) i) o,
R2N

|£E _ y|N+25

o, e ) T Vs ona) )
R2N

o =y

+/ Vz(x)\pnﬁdw/ Va()vopn di
Va(x kaw Y% ) pnda / [, un)bpda /g(w,vn)pndm
RN

]RN —

—/ F(x)\un|q_2un|vn|q0ndx—/ L(2)[vn|T 20, [tn |2 ppd
RN RN

and
(3.15)
Pk = [ 20l) =)o) )

—|—/N Vi(z)uoby, dz
+/2N (v0(%) = vo(9))(pn (@) = pu(y)) dy

|z —y| N+
+/ Va(x)vopn dm—/ f(z,u0)0ndx —/ g(x,vo)pndx
RN RN RN
- / () a0 |7~2a10 v |6 i — / () v |9~ 2v0|to| I pn .
RN RN

Combining (3.14) and (3.15) yields

a2 = T (wn) (&)
_zm:/ (o = k) =y = ) 0n() = 0nw)
]R2N

|z — y| N2

(3.16)

m

—Z uf (z — y™)0,, dx

_i/ﬂw vk x—yn)—v|"“(y—yﬁ))(pn($)—pn(y)) dz dy

T — y|N+2s
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(St )

k=1
+ f(xvun)an dx — / f(iC,’U,o)en dx
N RN
+ g(x,vn) pn do — / g(xz,v0)pn dx
N RN

+

— i

z

F(x)|un|q72un|vn|q0nd9:—/ I'(x)|uo|?2uo|vo| %6, da
RN

+

5~

F(x)|vn\q72vn|un\qpndx7/ L'()|vo|?%vo|uo|? py, dex.
RN RN

Since J), (w")€n = 0, iterating (3.15) with w” instead of wy and then
combining it with (3.16), k = 1,...,m, it follows that

(3.17)
Z/ loc (.’L‘ - yrkz)en dx

||§n||2 = J'(wn)(én
k=1
Vioc( ) (l’ - ys)/)n dx

N

7

ES
l
=

flz,upn)b, doe — fx,up)b,, dx

N RN

+
S

[, u®)0, (x +yF) do

N

~
Il
-

|
NE
o

+
5

g(ﬂwn)pndw—/ g(x,v0)pp da
RN

N

9@, ) pu( + yy) da

N

>~
Il
-

|
NE
o

F(m)|un|q_2un|vn|q9ndx—/ D (2 uto |"~2a10 v |6
]RN

+
T

N

D(@)[u®(z — g1 %" (@ — yp)[o" (@ — y3) |76, do

N

=~
Il
_

|
NE
o

+ F(x)|vn|q_2vn|un|qpn dr — /N F(x)|vo\q_2v0\uo\qpn dx
R

Ea—

N

M-

[ L@t = gl 2ot = )l o = o) 1 d
R

N

e
Il

1
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Note that
1T (wn) (E) |l < 1T (@n) I€nll — O

/ o) = )0 do = | el ) @0+ o) do — 0
RN

by (V2). In a similar way,

/ loc il' - yn Pn dx / loc T+ yn (.’L‘)pn(l' + ny) dx — 0.

Since I'(z + y¥) — 0 as y¥ — oo, then
[ T@lt e = = )o@ = )1, do
= [ Tl it @ @)l @) 10 + ) de — 0
and
[ T@I @ = g2 @ = ) @ = ) o

- / T(a + y) 0¥ (@) 20 (@)t (@) [7pu (@ + o) de — 0.

Observe that, from Lions’ lemma [10, Lemma I.1], (3.12) and (3.13),
we have 6, — 0 and p, — 0 in LP(RY) for each 4 < p < 2*. Then,
Hoélder’s inequality implies that

< €|U0|2|9n|2 + CE|U0|571|971|1, — 0.

(3.18) ‘/}RN f(z,ug)0y, dex

As above, in view of Lions’ lemma, we have 6,, — 0 and p,, — 0 in
L21(RN), for each 4 < 2q < 2*. Then, applying Holder’s inequality, we
obtain

(3.19) / D(2) [tn| T 2 |00 96,, da
RN
< |T|oe max{|un 35" [0n |52 Hn|2g — 0.

Similarly to (3.18) and (3.19), we prove that all of the integrals in (3.17)
tend to 0. Hence, ||&,|] — 0, which completes the proof of (a).
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(b) For some (2,) C Z~, suppose that
lim inf, o0 / w —wo — YWz —yf)
B(zn71+\/ﬁ)

k=1
(i) Since wy, —wo— Y ey w*(z — yk) — 0 and (3.11), we easily obtain
|2| — o0 and |z, — yk| — oo for 1 < k < m.

2
dx > 0.

(ii) It is standard that w,(x 4 z,) in a bounded space, and hence,
there is an w™*! € F such that w, (z + z,) — w™T #£ 0.

(iii) Similarly to Step 3, let v, = wy(z + 2,) and 7, = (v, Bn) for
¢ = (¢,v). Then, similarly to Step 1, we have

j};er(’yn)((b) - jp;er(wm+1)(¢) — 0.
Thus, the proof of (iii) is similar to Step 3. We have J;..(7.)(¢) — 0.
Therefore, /. (w™ ) = 0, which completes the proof of (b).

Step 5. Summary of Steps 1-4. From Step 1, we obtain w,, — wg and
J'(wo) = 0, which completes the proof of (a). Suppose that condition
(3.3) is satisfied. Then, w,, — wp, and the theorem is true for I = 0.
Otherwise, for some (y,) C RY, we have

lim infn_mo/ |lw? [2dz > 0.
B(yn 1)

Then, we find z, € Z" for each y,, € RY such that
B(yn,1) C B(zn,1+ VN).
Therefore,

lim infn_)oo/ |lw? |2d2 > lim infn_)oo/ |wh |?dz > 0.
B(zn,1+VN) B(yn,1)

Thus, in view of Step 3, we find w® such that (i)—(iii) are true. Take
w! = w® and y! = z,. Suppose that (1) of Step 4 holds with m = 1.
Then, (b)—(d) hold. Otherwise, (2) of Step 4 holds. Then, take w? = w°
and y2 = z,. Next, iterate Step 4. It is sufficient to prove that the
procedure is complete after a finite number of steps. Indeed, for each

m > 1, observe that

=l 1417 = fm |
k=1
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There is an 1 > 0, and w¥ is critical point of Jpe; such that [w”|| > n.
Therefore, condition (1) in Step 4 will hold by a finite number of steps.

Step 6. We will show that (e) holds, i.e.,

l
T(wn) — T(w0) + 3 Fper ().

k=1

Take wy, () = wp(z) — wo(x) + wo(x). Then,

J(wn) =

L / [(tn () —Uofz)z : () ~ w0 g, g

3 o S

. / [(Un(ﬂf)—u()(l“))—(;n_(y;']—\ﬁggy))](UO(x)—UO(?J)) drdy
. / [(va(@) - vo|<;c>> - (o) =@ 4, g,

3 L, AL dei

. / [(vnm—vo<x>>—<|1;n<yy>|;§ggy>>1<vo<m>—vo<y>> dedy

1 1
+ f/ Vi(2)|wy — uol|*dx + f/ Vi (z) Jug|*da
2 RN 2 RN

1
+ Vi(x)(un — ug)ug dz + = / Va(z)|vn — vol?dx
RN 2 Jr~

1
+ f/ Va(2)|vo|*da —|—/ Va(z) (v, — vo)vo da

2 RN RN

1
— F(z,un)de — | G(z,v,)dr — f/ D(x)|un|9vn|?da.
RN RN q JrN

Observe that

j(wn)

J(w()) + jper(wn - WO)
+/ [(un (2) —uo(2)) — (un (y) — o (y))] (uo(x) —uo(y))
R2N

o=y V7

dx dy
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(3.20)

~

+/RN () (up — uo)up de
[ o)) 4,

R2N |z —y|NF2s

//
J

F(az,uo)dx—/ F(as,un)dx—k/ G(z,v) dz
RN RN RN

—vp)vg dx + = / Vit ( — ug)?dx
Up — Vo) da:—&—/R F(m,un—uo)da:
RN

_l’_
10
_|_
Jr/ G(x,vnfvo)d:c—/ G(z,vy,) dz
RN RN
1 1
+7/ F(:c)\uo\q|vo|qu77/ T(x)|un|?vn|%de.
q Jry q JrN

The weak convergence theorem implies that

[ lvnle) = o)) = (o) _aal (o) = 1000
R2N

|z — y[N+2s

+ o Vi (2)(up — uo)ug dz
[ )l ) k) )
RQN

|z — y|NF2

-|-/ Va(z) (v, — vo)vg dez — 0.
RN

Let E C RY be a measurable set. Since

1

1
3 [, Vse@) = w0 de < 51Vl = o)l

and )
3 [ Ve@on = 00 do < G IVEdlol (0 = v0)xeld

by the Vitali convergence theorem, we have

1

1
1 / V(@) (t — 0)? dr — / Vil () (g — ag)?dr = 0
2 ]RN 2 RN
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1
/ loc - U0)2 dr — 7/ Vigc(aj)('UO - ’UO)de =0.
2 Jan

We denote the function H : RY x [0,1] — R, given by H(x,t) =
F(z,uy, — tug). Observe that

F(z,up —uo) — F(z,u,) = H(z,1) — H(z,0) :/0 aafj(:zz s)ds.

Then,

(3.21) /RN [F(z,un —uo) — F(z,uy) + F(z,up)] dz

1
—/ [/ 8H(ar;,s)cls—i—F(QL‘,uO)] dx
RN 0 Os
1
:/ / —f(x, un — sug)ug dx ds + F(z,up) dx.
RN RN

Let E C RN be a measurable set. From the Holder inequality, there is
a C' > 0 such that

| f(x, un — sug)uo| dx

E
<C</ |un—su0\|u0|dx+/ un—5u0|r_1|u0|dx>
E E

< C(|(un — suo)xel2luoxel2 + |(un — suo)xslr uoXelr)-

Hence, f(x,u, — sug)up is uniformly integrable, and

1 1
/ / —f(z,u, — sug)ug dx ds — / / —f(z,up — sup)ug dx ds
o JrN 0o JRN

by the Vitali convergence theorem. On the other hand,
(3.22)

/ / —f(x,ug — sug)ug dx ds
RN
/ / —f(z, ug—sug)up ds dz 7/ / F(z,ug—sug)]dsdx
RN RN

,/RN(F(x 0)—F(z, uo))dw—/ —F(z,uo) dz.

RN



1674 GONGMING WEI AND XUELIANG DUAN

In view of (3.21) and (3.22), we obtain

(3.23) /RN [F(2, tn — ) — F(z,un) + F(@, u0)] dz

— - [F(z,up) — F(z,up)]dz = 0.

In a similar manner, we have
/ [G(z, v, —vo) — G(x,vy,) + G(x,v0)] dr — 0.
RN

Let E C RY be a measurable set. Since

1 1
: / (@)lunl el o < 2 [V ol fon el
E

by the Vitali convergence theorem,

1 1
7/ D(2)|ug|?|vo|? dx — f/ I(x)|un|?vn|? de — 0.
q JrN q JrN

From (3.20), in order to complete the proof of Step 6, it is sufficient to
prove that

l
jper(wn - WO) — ijer(wk)‘
k=1

Note that

1 |(un (@) — uo(x)) — (un(y) — uo(y))|?
2 R2N 0‘55 — y|NH2s : by

1
+ 3 /RN Vpler(x)(un —wg)?dx

1 Up(x) —vo(T)) — (Vn — 2
Pl ol O|($)_)y|1(v+2(§/) oW 4o g

2
1 2 2

+ = Vier (%) (vn — vo)~dz
2 Jan

—/ F(z,up, —ug)dx — G(x,v, —vg)dx.
RN RN
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Take ¢, = wy, —wo — Y py W (z — y¥) and ¢, = (al,,b",). Recalling
(3.23), we have proved that
/RN [F(z,al) — F(x,uyn) + F(x,ug)] de — 0.
Then, putting u! instead of ug and af(z + v;.) instead of u,,, we have
(3.24) /RN [F(z,a}) — F(z,ay) + F(z,u")] dz — 0.

In a similar manner, putting u? instead of ug and af(x + y2) instead
of u,, we obtain

(3.25) / [F(x,ay) — F(x,a}) + F(z,u*)] dr — 0.
RN
Combining (3.24) and (3.25), we have
/ [F(z,a}) — F(z,af) + F(z,u") + F(x,u?)] dz — 0.
RN

Then, we iterate the procedure. Letting u! instead of ug and al | (x +
yl) instead of u,,, we obtain

/ [F(z,al) — F(z,al ) + F(z,u)] dz —s 0.
RN
Using mathematical induction, we can easily verify that

/ [F(z,a]') — F(z,a} ) + F(x7ul_1) + F(m,ul)] dz — 0,
RN

: 1
/ F(:z:,a?)d:c—/ F(x,ag)derZ/ F(x,u”)dz — 0.
RN RN 1 /RN

Observing that a;' — 0, we have

/ F(z,a}')dx — 0.
RN

Since aj = u, — up, then

l

(3.26) / F(z,up —up) de — Z F(z,u") dz.
RN o RN
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In a similar manner, we have

!
(3.27) / G(z, vy —vo)dx — Z/ G(x,v*
RN 1 /RN

Observe that

(3.28)

[ M) =ua _y%;i wa o)
—(n(y) — o Ti’)_y%v%?i ACI)
PR f;c)_—y%%; Vo)

—(va(y) — vo(y) — Sy Vo (y — yi)I?

| _ ‘N+2s

—UO Zu m_yn

vp(x) — vo(x Zv x—yn)

k=1

dx dy

+ [ Vi(@)|u
]RN

2
+ Va(x) dx — 0,

RN

which is equivalent to

RZN

uF (z —yk) —uF(y —yh)|?
+Z e da dy
k=1p}

N

!
[(un () — uo(x)) — (un(y) — uo(y))]
_QRL I; |z — y|N+2s drdy
L (@ — ) — vty —yn))
|$ _ y|N+28

dx dy

(u (e —yp) —u*(y—yn) (W (@ —yp) —u*(y—ys)
+ 2 |z —y[NT2s dz dy

KAK gan
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+

(W) = o) = (waa) = o@D,

e |z — y| N2
k k\|2
zfy ) (v — vl
+Z i |N+2S dx dy
k=1phy

o [ 3 [0a0) = o) = () w0,

|z — y[N+2s

R2N k=1

L W@ ) — oy — )
|£L’ _ y|N+25

dx dy

Py (W (@ —yk) —v*(y—yE) (" (z =y ) =0 (y—yk) g dy

|z —y|N+2s

kAR N l
2
+ / Vpler(ac) (un —uy — Zuk(x - yfl)) dx
R o 2
+ / szer(x) (vn — g — ka(ac — yﬁ)) dx
# [ Ve (0 = w0 = S -4 ) o
+ / V2 () <vn — v — ka(x - yfl)) dr — 0
BN k=1
Note that

‘/ Viee(® ( n—uo—;uk(m—yﬁ))gda:

|loc —’U/()—Z’U, x_yn —>0’
and z
/ Vigc( ( _UO_ZU ‘T_yn> dx
k
l 2
< |‘/lgc|00 Un — Vo — ka( yn) —0
— 2
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Due to w!, (z + y LYy — wl(z), we deduce that u! (z + y!) — u'(z) and
vp(x +9L) — v!(z). Then,

!

o [ 3 ) ) — () — o)),
i |z —yl
(u* (2 — yp) — u*(y — yp))
[ — g dz dy
Iu w—yn —uM(y —yp)?
22 T dx dy + o(1),

and

l
oyl ) - nie) mw 4

R2N T o — y|NH2e
L (@ —yp) — oy — i)
\xf J[ves dzx dy
[vF(z — yp) — " (y —yo)?
22/ 7 = g dzdy + o(1).

Due to |y* — y*'| = oo for k # K/, we have

(¥ (= yp) — My — o) (@ — ) ¥y — )
[ — y[VF2 T

k(o k % k_ k' _ .k kK
:/ (u” (@) —u (W) (" (+yn—yn ) —u" Y+Yn—Yyn ) dudy —s 0,
R2N

|z —y|NF2
and
/ (WF (@ —yh) ="y —yh) (0" (x —yE) —oF (y — k) d dy
2 — g

(v (2) = o () (W (z+yk —y ) =¥ (y+yk —yk)
:/ e da dy —> 0.
R2N Yy

Therefore, (3.28) is equivalent to

[ o)) = 00—l
RZN

|£L’ _ y|N+25

|uk ( w—yn —uP(y —yk)|?
z . ey
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b Nonle) =) = ) = s
R2N

| _ |N+2s

w—yn o (y — yk)]?
_ Z/R2N ‘N+25 dzx dy

/ per |U’Tl - uol dr + Z/ per l‘ - yﬁ))2 dx
Z pcr LE - yn)uk/ (.’E - yn )d:E

KAk’

- 22/ per - UO)’U,k(JZ - yﬁ) dz
/ per |UTL _UO‘ d$+2/ per 93_95))2 dz

+ Z per 37 - yn)vk/ (37 - yn )daj
ktk!
—22/ per U — )" (x — y¥) dz — 0.

Since wy, (x + y¥) — wF(z), we obtain

-2 Z/ per - Uo)uk(fﬂ - yﬁ) dx

l

- 72Z/Nv;er<  (— ) di 4 o),

k=1
and

l

23 [ Viuloon —woito oy s
= —QZ/ per (x —y")2dx + o(1).

Since |yF — y*'| — oo for k # K/, then
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1 k kN, k' k'
/]RN Vper(x)u (.’17 - yn)u (l‘ —Yn )d(E
B / Vo (@)u (@)u? (@ + yf =yl ) dw — 0,
RN

an

per yn) F (ZE - yfx )diE
RN

2 k k' k k'
=/Rvaer<> @t (@ + k= o) dr — 0.

Hence, (3.28) is equivalent to

(3.29) / | un(e) = vole) = (un(o) = 0D 4,

‘ _ |N+2$
u k kY |2
Un ) — U — (U, — 2
. / (on () o|<m>z (1) = 0P g, 4,

_Z/ fff—yn vy — yZ)Idedy
R2N y|N+25

[ Vi~ wldrt [ V2@, - s

RN
l
_ U (uF (2 — uF )2 da
D [ Vel e =l
l
— 2 X ’Ukl'— k 2-7/' .
;/]RNVper( )( ( yn))d —0

Combining (3.26), (3.27) and (3.29), we have

jper n - Z jper

*jper Wp — W ijer I*yS)) — 0.
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Moreover,
l
jper(wn - WO) — ijer(wk)-
k=1
This completes the proof of Step 6 and, therefore, Theorem 3.2. ]

4. Proof of main theorem.

Proof of Theorem 1.1. For J on N, we may find a bounded mini-
mizing sequence (w,) C N by Theorem 2.2. We consider

c:= ijr\lffj
and
Cper ‘= inf{jper(w) weE \ {0}7 j[ﬁer(w) = 0}

By Theorem 3.2, there is an wper 7 0 which is a critical point of Jper
such that Jper(Wper) = Cper- Take t > 0 such that twyer € N. It follows
that

Cper = jper(wper> > jper(twper) > j(twper> >c> 0.

There is an wyp such that J'(wp) = 0 by Theorem 3.2. Moreover,

l
J (wn) — T (wo) + Z jper(wk)'

k=1
Observe that

l
c= j(w()) + Z Jper<wk) > J(OJ()) + lcper-

k=1

We obtain [ = 0, and wy is a ground state. This completes the proof of
Theorem 1.1. O

Remark 4.1. For the problem,
(=A)u+ Vper(z)u = f(x,u) + T(z)|ult%ulv|? in RV,
(4.1) (—=A)v + Voer (@) = f(2,v) + T(z)|v| ?v[ul?  in RY,
u,v € H*(RY),

an interesting problem remains: how to find a solution w = (u,v) such
that v £ 0 and v # 0.
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Assume that wug is a ground state solution of

(4.2) (—A)Y’u+ Vper(z)u = f(z,u).

Let y, € ZN and y,, — o0, and set u,, = ug(x —y,). Then, u, is also a
ground state solution of 4.2. Since I'(z) — 0 as |z| — oo, I'(z+y,) — 0
asn — oo for all z in a bounded domain. The techniques in [13, Section
6] may be helpful in solving the above problem, and we will study it in
the future.
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original proof of Theorem 1.1. We would also like to thank him/her for
informing us about paper [3].
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