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MULTIPLE SOLUTIONS FOR A KIRCHHOFF-TYPE
PROBLEM INVOLVING NONLOCAL FRACTIONAL
p-LAPLACIAN AND CONCAVE-CONVEX
NONLINEARITIES

CHANG-MU CHU, JIAO-JIAO SUN AND ZHI-PENG CAI

ABSTRACT. This paper examines a class of Kirchhoff
nonlocal operators involving concave-convex nonlinearities
and sign-changing weight functions. With the aid of the
Nehari manifold, the existence of multiple nontrivial nonneg-
ative solutions is obtained.

1. Introduction. In this paper, we study the multiplicity of non-
trivial nonnegative solutions to the Dirichlet boundary value problem
by the nonlocal operator:

M(/ |u(z) — uly)Pdx dy> L u

1.1) e / .

( = M@+ (@) 2 i
u=0 in RV \ Q,

where Q C R¥ is an open bounded set with Lipschitz boundary 952,
M (t) = a+bt™ and the parameters a,b,A > 0,0 < s < 1< ¢ < p < o0,

N > ps, s Np
0<m< ——, —_
N —ps N —ps

The weight functions f(z), g(x) € C(Q) satisfy f* = max{f,0} # 0
and g7 = max{g,0} # 0. The nonlocal operator L% is defined as:

(m+Dp<r<p:i=

Lru(z) =2 lim [u(a) —u(y) P~ (u(z) —u(y) K (z—y) dy,
e0T JRN\B. (x)
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r € RN and K : RV \ {0} — (0,+00) is a measurable function with
the property:

yKe LY(RY) where y(z)=min{|z|’, 1};
there exists a kg > 0 such that

(1.2)
K(x) > kol|z|~(N+ps) for any z € RV \ {0};
K(z) = K(—x) for any x € RV \ {0}.

A typical example for K is given by the singular kernel K(z) =
|| ~(N+Ps)_ In this case, problem (1.1) becomes

M ( /Rw W dx dy) (—A)su

S M@l 2+ gl u in 0,
u=0 in RV \ Q,

(1.3)

where (—A)Z is the fractional p-Laplace operator which, up to normal-
ization factors, may be defined as

S0y — o 1 Ju(z) — u(y)P~*(u(z) — u(y))
(=A)ju(r) = -2 El_l)%1+ o — g dy.
RN\ B, (z)

Setting m = 0 and a + b = 1, problems (1.1) and (1.3) reduce to

(1.4) ~Lheu= M (@)[u*"?u+ g(@)[u"uin Q,

. u=0 in RV \ Q,
and
(15) (~A)u = M @)ultu+ g@l™ e inQ,

' u=0 in RV \ Q.

Recently, much attention has been given to the study of Kirchhoff-
type problems and nonlocal elliptic operators. Kirchhoff-type equations
arise in the description of nonlinear vibrations of an elastic string,
see [16]. Solvability of the Kirchhoff-type problem with the Dirich-
let boundary using variational methods is studied in [1, 3, 7, 17],
and the references therein. Fractional and nonlocal operators arise in
many different contexts, such as the thin obstacle problem, finance,
optimization, quasi-geostrophic flow, etc. There is much literature on
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fractional and nonlocal operators; the interested reader is referred to
2, 4, 8,9, 13]-[15, 18, 20, 22]-[26, 28], and the references therein.
However, there is little research concerning the existence of solutions
for Kirchhoff-type problems in the fractional setting. A detailed dis-
cussion regarding the physical meaning underlying fractional Kirchhoff
models and their applications was first provided in [12, Appendix A].
More precisely, Fiscella and Valdinoci proposed a stationary Kirchhoff
variational model, which takes into account the nonlocal aspects of ten-
sion arising from nonlocal measurements of the fractional length of the
string. Some results of Kirchhoff-type problems involving nonlocal op-
erators may also be found in [19, 21, 27], and the references therein.
In these papers, multiple results with concave-convex nonlinearities and
sign changing weight functions were obtained using the Nehari mani-
fold and fibering map analysis. However, as far as is known, there has
been no research on Kirchhoff-type problems and nonlocal operators
with concave-convex nonlinearities and sign changing weight functions.

Here, we use the variational approach on the Nehari manifold to
solve problem (1.1). Motivated by [7, 13], the aim of this paper is to
investigate multiple solutions of problem (1.1) and extend the results
of [8, 13].

Problem (1.1) has variational structure, and solutions may be con-
structed as critical points of an associated energy functional on some
appropriate space. In the norm |[[ul g ®~), the interaction between
and RY \ Q provides a positive contribution, which should be consid-
ered when encoding the boundary condition v = 0 in RY \ Q in the
weak formulation.

Now, we introduce the linear space
X = {u | u:RY — R is measurable, u|q € LP(Q)
and (u(x) — u(y)) /K@ —y) € 1'(Q)},

where Q = R*V \ (CQ x CQ) with CQ = RN \ Q. The space X is
endowed with the norm, defined as

1/p
u||X=||u||Lp<m+( /Q |u<x>—u<y>|pf<<x—y>dxdy) .
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Moreover, we shall work in the closed linear subspace
Xo = {u € X : u=0 almost everywhere in RV \ Q},

with the norm
1/p
ulls = ( /Q fulz) — u(y) PK (x — ) da:dy) |
Let
K =RN\ {0} — (0, +o0)

satisfy assumption (1.2). We have that C§°(Q) C X, and (Xo, || - | x,)
is a reflexive Banach space, see [10, 27]. Moreover,

X C W*P(Q)
and
Xo C WoP(RN),

where W*P(Q) is the usual fractional Sobolev space endowed with the
norm

1/p
lu(z) — u(y)|?
||U||WS‘IJ(Q) = HUHLP(Q) + ( W dx dy .
QxQ

In addition, the embedding
Xo = LP:(Q)

is continuous, and there exists a positive constant Cy = Co(N,p, s)
such that, for any v € Xy, 1 < k < pf,

(1.6) [0l[Lx () < Collvllx,-

Now, the definition of weak solutions for problem (1.1) is given.
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Definition 1.1. We say that © € X is a weak solution of problem
(1.1) if u satisfies

M(Jlull%, / () ()P~ ()~ u(y) ) (0(@) — () K (2 —y) dar dy
= 2) || 2w de 2) " 2up de
—A/Qf()\l pdat [ g@lulupds,

for any ¢ € Xo.

The main results of this paper are as follows.

Theorem 1.2. Let
K :RY\ {0} — (0,+00)
be a function satisfying (1.2). Suppose that M (t) = a+bt™, f(z), g(x) €
C(Q) satisfy
t =max{f,0} #0 and g¢g" =max{g,0} #0.

If0<s<l<g<p<oo, N>ps,a>00>00<mc<
ps/(N —ps), (m+ 1)p < r < pk, then there exists a \* > 0 such that
problem (1.1) for any A € (0, \*) has at least two nontrivial nonnegative
solutions.

Remark 1.3. The multiple solutions of problem (1.4) with p = 2,
f(z) = g(x) = 1, are obtained in [8], and the multiple solutions of
problem (1.5) are obtained in [13]. Obviously, the results there are the
special case of our Theorem 1.2.

This paper is organized as follows. In Section 2, we give some nota-
tion and preliminaries regarding the Nehari manifold. In Section 3, we
give the proof of Theorem 1.2.

2. Notation and preliminaries. The energy functional
J)\ : XO — R

associated to problem (1.1) is defined as

Jy(u ),M ulfy,) - 2 / F@)lultdz — / o)l dz,
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where .
b
:/ M(r)dr = at + —— t™ "1,
0 m+1

It is well known that Jy is of class C' in Xy, and the solutions of
problem (1.1) are critical points of the energy functional Jy in Xy. In
fact,

(T (), ) = M([[ull%, / () — u(y) P~ (u(z) — u(y))
% (o(z) — p(y) K (x — y) da dy
Y / £(@) a2 up do — / o) |ul"ugp de.

Since r > (m+1)p, it is easy to see that J is unbounded from below on
Xp. In order to obtain the existence results, we introduce the Nehari
manifold

Ny = {ue Xo\ {0} : (J5(u),u) =0},

where (, ) denotes the duality between Xy and its dual space. Thus,
u € N, if and only if

1) M(ul%,)lul, - A / J(@)|ul*dz - / g(@)lulda = 0.

It is clear that all nonzero solutions of problem (1.1) must lie on N},
and N, is a much smaller set than Xy. Thus, it is easier to study Jy
on Ny. The Nehari manifold Ay is closely linked to the behavior of
functions of the form

Pyt —> Ja(tu) for t > 0.

Such maps are called fiber maps, introduced by Drabek and Pohozaev
in [11] and discussed by Brown and Zhang in [6]. For v € Xy, we have

1~
ult) = Dl / @)l — / 2)|ulde,
L) = M e — M Qf(x)IUqufv*tH/Q o()u["d,
() = (p— DM |l ) ulll, + P2 (e ful )22

~Aa=e? [ p@lltde— (=10 [ ool .
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Clearly,
1 (1) = Ml ) eul%, — A / f(@)tultda: - / o(@)|tul"dz,

and thus, for u € X and ¢ > 0, ¢/ (t) = 0 if and only if tu € N,. In
particular, ¥/,(1) = 0 if and only if u € N). Therefore, it is natural to
split V) into three parts corresponding to local minima, local maxima
and points of inflection. For this, we set

_{ue/\& P! (1) > 0},
={u € N, :¢)(1) =0},
Ny ={ueN,:¢)(1) <0}
Thus, for each u € Ny, we have
(2.2) (1) = pM'(lullk,) 3
+ (0 — @) M([[ullx)l[ullx, — (r = Q)/Qg(l”)\qu%
(2.3) (1) = pM'(Jull%, ) ullE,
= (r = p)M(JJull5)lull, +A(r—q) /Q f(@)|ul?dz.
Define
(2.4) oa(u) = (Jy(u),u) = M([[ullx,)ull,

- )\/ f(@)|u|?dx 7/ g(2)|u|"dz.
Then, for u € Ny,

(25)  ($h(w),u) = (p — DM(Jull,)ull%, +pM(Jul%,)llulZ,
~(g—1)A /Q f@)ultdz — (r — 1) /Q o)l dz
— (1),

Similar to the argument of [6, Theorem 2.3], we conclude the
following result.
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Lemma 2.1. Suppose that ug is a local minimizer for J on Ny and
up ¢ NY. Then, J§(uo) =0 in X.

Proof. Since ug is a local minimizer on Ay to Jy, by the theory of
Lagrange multipliers and (2.4), there exists a o € R such that
T3 (o) = o)\ (uo).

Thus,
<J§(Uo),uo> = U<¢/A(Uo),uo> =0 1:/0(1)-

Since ug ¢ N7, we have ¢} (1) # 0. Hence, o = 0, that is, J{(uo)
=0. (]

Lemma 2.2. J, is coercive and bounded from below on Ny.

Proof. For u € Ny, by (1.6) and (2.1),

I =8 (lull,) == [ f@uftds = [ g(o)lalda
- %M(Hullé}o) - DGl lull, - S22 [ s
(r=pa, 1, = DR iy
> Jully, + S Tl
(r—q)A

- ?||f+||ong||u||g(O~

Since 0 < ¢ <1 <p, (m+ 1)p < r < p, we obtain that .J is coercive
and bounded from below on Nj. O

Lemma 2.3. There exists a Ay > 0 such that Nf\) =0 for any A €
(0, A1).

Proof. We argue by contradiction. Assume that N? # ) for any
A > 0. Then, for u € N7, we have (J{(u),u) = 0 and /(1) = 0. In
addition, from (2.2) and (2.3),

(p = )M (%, ull, + M (Jullk,)lul¥, = ( —q) /Qg(x)IUI’”dw,
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and

(r = )M (lulli) ullk, —pM ([ul3)lul ¥, = A —q) /Q f(@)ultd.
From (1.6),

1 r r
((m+ D)p = @bllul| 7 < Co(r = @)l oo lullk,

and
(r — (m + Dp)bl|ul| ¢ < CLr — QA oo %, -

This yields that
( ((m+1)p—q)b >1/(7-_(m+1)1’)<||u <((,r,_q)||f+||Oocg)\)1/((m+1)p—q)
C(r—a)llg+ [ SR = r—(m + Dp)b '

This is impossible if A is sufficiently small. Thus, we obtain that a
A1 > 0 exists such that N = () for any X € (0, \1). O

By Lemma 2.3, for A € (0, A1), we write Ny = Ny" UN; and define

al = inf Ix(u), ay = inf Jy(u).
A weN; ) A uENy )

Let

Ny — a(r — p) < a(p _ q> )(p—q)/(r—p)
’ (r—=q)C|f* oo \(r = Q)CFlg7 || 0o )

Then, we have following results.
Lemma 2.4. Suppose that 0 < A < Ag. Then, for each u € Xy with

[ s@lulrds >
Q
there exists a tpmax > 0 such that,
(i) i
flx)dz <0,
Q
then there is a unique t~ > tp max Such that t7u € J\/'; and

In(t7u) = sup Jy(tu);
>0



1812 CHANG-MU CHU, JIAO-JIAO SUN AND ZHI-PENG CAI

(i) if
/ f(z)dz >0,
Q

then there are unique t+ and t— with 0 < t < ty,max <t~ such that
tty € Nf and

) — i —) —
Ia(tTu) = Ogtlggbf,mx Ja(tu), In(t"u) = tzsttl,gax I (tu).

Proof. Fix u € X with
/ g(x)|u|"dz > 0.
Q

Let

) = a1l + Ol P 0 [ gl ds,

Q
for a,t > 0. Clearly, tu € N, if and only if
h(£) = )\/ F(@)|ul?da.
Q

Since r > (m + 1)p and

/ g(x)|u|"dz > 0,
Q

we have hy(0) =0,
h(t) — —oco0  as t — oc.

Moreover, there is a unique tmax > 0 such that hy(¢t) achieves its
maximum at tpmax, increasing for ¢ € [0,¢p max) and decreasing for
t € (tp,max, +00). In addition,

o= alp = a)ull, )”“p>
0,max — )
(r—q) Jo 9(@)|u|"dx

and

allull,

atp — a)ullk, )@ﬂV“%

ho(to,max) = <(7” _ q) fQ g(x)|u|7“d$0
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o ap =@l T .
(26) ((r 0T g<x>|u|rdx> JRCIE

(T_p)< a(p — @)llull’, )“’q)/(r”)
r—q \(r—q) [o9(z)ul"dz
) (p—a)/(r—p)

a
= llull%,

, a(r—p) a(p—q)

/Qf(x)dx <0.

There is a unique £~ > ¢, max such that

hy(t™) = )\/Qf(x)\u|qu
and hy(t~) < 0. Now,
W (1) = ()
@7) =Mt ull%)IEull, — A / F@) |t utda - / o)l uldx
— () (hbu) A f f<x>|u|%zx)
=0,
and
(2.8) v (1) = (E)20E) = ()R () < 0,

Thus, t~u € N, . Since t > tp max, we have hj(t) < 0. It follows from
(2.7) and (2.8) that

IA(E70) = du(t7) = sup (1) = sup Jy(tu).
t>0 t>0

/Qf(x)d:v > 0.
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From (1.6) and (2.6), we have
hy(0) = 0 < /\/Qf(fﬂ)lu\qdw < M eCollullk,

(r —p) < a(p — q) >(P—Q)/(7’—P)
—q \(r=a)Cgllg* |l
< ho(to, max) < hp(tp, max),

a
< ullk,

for A\ € (0,\2). Therefore, there are unique t* and ¢~ such that
0 <ttt < tpmax <t ,

hy(tT) = )\/Qf(x)\u|qdac =hy(t7) and hj(tT) > 0> hy(t7).

Similar to the argument in part (i), we conclude that t*u € Ny and
t~u € N, . Moreover,

In(t"u) > Jy(tu) > Jy(ttu) foreacht e [tT,t7]

and
Ja(ttu) < Jy(tu) for each t € [0,t7].
Thus,
o) — i - —
Jn(tTu) = ogtlgrg,mx I (tu), J(t"u) = tzsttl,i),ax J(tw). O

Lemma 2.5. Suppose that 0 < A < Ao. Then, for each u € Xy with
[ f@uftas > o,
Q

there exists a tpmax > 0 such that,
(i) of
[ s@lurdz <o,
Q
then there is a unique 0 < t+ < Tj max such that tTu € Ny and

Ja(ttu) = %gg I (tu);
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(i) if
/ g(x)|u|"dz > 0,
Q

then there are unique t+ and t= with 0 < t+ < tpmax < t~ such that
ttu € ./\//\i and

I(tTu) = inf  J\(tu), J(t"u) = sup Jy(tw).

OStStb,max tth,max
Proof. Fix u € X with

/ F@)|ultdz > 0.
Q
Let
Ry (t) = at? ™" ||ull%, + bt(mﬂ)p#HUH%H)p - Atq”/ f(@)|u|?dz,
Q

for a,t > 0. Clearly,

hy(t) — —co ast — 0T

and

hp(t) — 0 as t — +o0.

Moreover, there is a unique fbymax > 0 such that Eb(t) achieves its
maximum at tpmax, increasing for ¢ € [0,%p max) and decreasing for
t € (tb,max, +00). In addition,

— ((r—q A Jy £ u|qdz> /(p=a)
0,max — )
p)llully

a(r —

and

o ar — )”qu (r—p)/(p—q)
Folto.nwd) = (TG o) allul,
Q

B <( a(r;fg)ﬂuu Wdag)<r—q>/<p_q>A /Q —

RIS T
r—q \(r—2q) )\fﬂ x)|ultdx

= [lull,
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> [lullx,

a(p—q) <( a(r —p) ><rq>/<pq>.

r—q \(r— @Al

The results of Lemma 2.5 are obtained by repeating the same argument
of Lemma 2.4. |

Lemma 2.6. Suppose that 0 < XA < (¢gA2)/(2p). Then, we have
(i) af <0,
(ii) oy > do for some dy > 0.
Proof.
(i) Let u € Ny. We have ¢/(1) > 0. By (2.2),

(r— Q)/Qg(x)IUITd’I <alp—q)ullk, + ((m+ D)p— @)bllu] &7

Therefore,
L Yy — — x)|u|"dx
Ia(u) = 5 Bl ——/f )[uf?dz / g(@)lul"d

L= P . ’U,T T
= Nl = LMl + -2 [ g(olulra
< (q_p)Hu”I))(O (q_(m+1) ) || H(erl)p

Pq (m + 1)pgq
+1 ;qq(a@ — q)l[ull%, + ((m + 1)p — q)blu| ")
_Cl(p— )( )H ||
pgr
_((m+Dp—g)(r—(m+ 1)p)bHu”(m+1)p
(m+ 1)prq Xo

< 0.

(ii) Let u € Ny . We have ¢;/(1) < 0. From (1.6) and (2.2),
(2.9)
alo—a)lulf, < (=) | gl de = (m-+ Dp - Dbl &

<(-q) [ s@hlds
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< (r = 9)Cgllg™ lloollu(@)ll%,-

It follows from (2.9) that

- 1/(r—p)
||U||Xo>< _a(p —4) ) |
Cillgt oo (r — q)

According to (1.6) and (2.1), we have

IO ,M (lull%, ——/f |u|qu_,/ o)l da

1
= M(||ul% )——M(llull Iulk,

Sl RO

s s ). L
pr (m + D)pr
N Gl )L TR
2 [
(T_p)a P (r—(m—|—1) ) m-+1)p
2 |ullx WH ull et
(r—q)A

- T\|f+||oocg\|u||g<o

— —q)A
> g (al=0) p-q_ (r=q) + q
= HUHXO ( p (|l Xo rq £l Cy

>< ~ alp-q) )q/(“p)(a(r_p)< a(p—q) >(p—q)/<r—p)
Gl ller=a) . \Collg lr=a)
—q)A
-y oy cp),
q

Thus, if A < (¢A2)/(2p), then o > dy for some dy > 0. O

3. Proof of the main result. In this section, we show the existence
of minimizers in N, ;r and N, for A > 0 small enough. Let

A* = min {)\1, qxg}.
2p

We have the following results.
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Proposition 3.1. If 0 < A < \*, then the functional Jy has a
minimizer ug in Ny and satisfies:

(i) JA(u(J{) = Ozi = infue.,\/;r Ji(u) <0,

(ii) ud is a nonzero solution of problem (1.1).

Proof. Since J, is bounded from below on N, ; , there exists a
minimizing sequence {u,} C N /\+ such that

(3.1) lim Jy(u,) = af.

n—r oo

Thus, by Lemma (2.2), the sequence {u,} is bounded in X,. Then,
there exists a uar, up to a sequence, such that

+
Up — Ug

weakly in Xy as n — oo.
Moreover, by [23, Lemma 8],
Up — ug  in LF(RY),

+

un, — uy almost everywhere in RN

as n — oo. For any 1 < k < p%, by [5, Theorem IV-9], there exists an
I(x) € L¥(RY) such that

lu,, ()] < I(x) almost everywhere in RY

Therefore, by the dominated convergence theorem, we have that

(3.2) )\/ F(2)[un]%dz H)\/ F(@)ud |%dz,

/ g(@)|un|” dm—>/ |u0 |"dx,

as n — oo. Now, on N, we have

(3.3) 3
/ £ (@)t = Mnunn

[ _(m+1) ] m+1)p

+
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Letting n — oo, from Lemma 2.6, (3.1) and (3.2), we obtain

/ f(@)|ug|%dz > 0.
Q
By Lemma 2.5, there exists a t; > 0 such that
tl’u,g_ S N;
Next, we show that
Uy — uaL strongly in Xj.
Suppose that this is not true. Then,

HU“O ||Xo < hmlnf ”unHXo

Thus, for u, € Ny,
. . 1
im0l (0) =t (76Ol ),

— it f(x)|un|qd:v t;’—l/ﬂg(x)mnrdx)

1
> Mt |lug | )Iluo %,

7 [ el ptde =7 [ gt s

= P (t1)
=0,
that is, ¢/, (t1) > 0 for n large enough. Since u,, = 1-u,, € N}, we see
that 1y, (t) < 0 for t € (0,1) and v, (1) = 0 for all n. Therefore, we
must have t; > 0. On the other hand, ¢, (¢) is decreasing on (O,tl);

thus,
I(tiud) < a(ud) < lim Jy(un) = af,

n—oo

a contradiction. Hence,
Uy — ua“ strongly in Xj.
This implies

In(un) — I(ud) =af asn— oo,
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namely, uj is a minimizer of Jy on Ny . Using Lemma 2.1, u is a
nonzero solution to problem (1.1). O

Proposition 3.2. If 0 < A < \*, then the functional J\ has a mini-
mizer uy in Ny and satisfies:

(i) Ja(ug) = ax =inf,p Ja(u) >0,

(ii) ugy is a nonzero solution of problem (1.1).

Proof. Jy is bounded from below such that
(3.4) lim Jy(u,) = a; .

J—o0

By the same argument given in the proof of Proposition 3.1, there exists
a U, , up to a sequence, such that

Uy, — u, weakly in X,
Uy, — uy  in LF(RY)
and

Uy, — 4 almost everywhere in RV,

as n — oo, for any 1 < k < p*. Moreover,
(3.5) )\/ f(@)|uy,|%de — )\/ f(@)|ug |de,
Q Q
[ s@lnrae— [ gl las
Q Q
as n — oo. Similarly, we have

r—q _ _ L alp—q) ~ (m+Dp=q)b, _  (m+1)p
— )|y dx = Iy (Up, ) +——=||Un || 5 + ||y, .
] g(@)fifda= 1)+ S o I

Letting n — oo, from Lemma 2.6, (3.4) and (3.5), we obtain

/ g(x)|ug |"dx > 0.
Q

From Lemma, 2.4, there exists a ta > 0 such that tyu, € ./\//\_
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Next, we show that
U, — U, strongly in Xj.
Suppose that this is not true. Then,

lug Il < liminf i x,-
n— o0

Thus, for @, € N, , similar to the argument in the proof of Proposi-
tion 3.1, we have

Ia(taug ) < linrgioréf Ix(taty,) < nl;rrgo Ix(taty,) < nl;rrgo Ia(ty) = ay,

a contradiction. Hence, @, — v, strongly in Xy. This implies
Ia(tp) — Ia(ug ) = o,  asn — oo,

namely, u, is a minimizer of Jy on N, . Using Lemma 2.1, uy is a
nonzero solution to problem (1.1). O

Proof of Theorem 1.1. By Propositions 3.1 and 3.2, we obtain that
problem (1.1) has two nonzero solutions uj € Ny and uy € Ny in Xo.
Since

Ja(ug) = Ia(jugl) and |ug| € NT,

we may assume that u(jf are nonnegative solutions of problem (1.1).
The proof of Theorem 1.1 is complete. O
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