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ON NONHOMOGENEOUS ELLIPTIC PROBLEMS
INVOLVING THE HARDY POTENTIAL AND
CRITICAL SOBOLEV EXPONENT

JING ZHANG AND SHIWANG MA

ABSTRACT. In this paper, we are concerned with el-
liptic equations with Hardy potential and critical Sobolev
exponents where 2* = 2N /(N — 2) is the critical Sobolev
exponent, N >3, 0 < pu <@ = (N—-2)?/4, @ C RN an
open bounded set. For X € [0,A1) with A1 being the first
eigenvalue of the operator —A — pu/|x|? with zero Dirichlet
boundary condition, and for f € HO1 Q) '=H"1 f#0, we
show that (1.1) admits at least two distinct nontrivial solu-
tions ug and wup in H(} (2). Furthermore, ug > 0 and u3 >0
whenever f > 0.

1. Introduction and main result. In this paper, we shall study
the existence and multiplicity of nontrivial solutions of the critical
elliptic problem

—Au — u# =Xu+|u 2u+f inQ,

1.1
(L) u=20 on 012,

where 2* = 2N /(N —2) is the critical Sobolev exponent, N > 3,
0<p<m=(N-2)%/4,Q C RY an open bounded set. For A € [0, A1)
with A; being the first eigenvalue of the operator —A —u/|z|? with zero
Dirichlet boundary condition, and for f € H}(Q)™' = H! f # 0,
satisfying

3\ (V+2)/4
I < (1= 5
1
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where

)

1 (2" =1)/(2"=2)
2* -1

CN—(Q*—Z)(

and

pu?
Sy = inf / |Vul? — 5 ) tu € HY(Q), |ufz- =17,
Q >

and where € is a bounded domain in RY, 2* = 2N /(N —2), N > 3,
0<pu<pm=(N-2)%/4,and 0 < X < \; is a positive constant, where
A1 is the first eigenvalue of the operator —A —p/|z|? with zero Dirichlet
boundary condition, f € H~! satisfies a suitable condition and f # 0,
and we denote the dual space of HY(2) by H~1.

The existence of solutions of the problems related to (1.1) has been
studied extensively. The Hardy potential is critical in nonrelativistic
quantum mechanics, as it represents an intermediate threshold between
regular and singular potentials, for more details see [14]. Problem (1.1)
was studied in [5, 8, 16] where f = 0, A # 0, and many interesting
results have been obtained. If f # 0, p = A = 0, Tarantello [17]
established a possibly sharp estimate for the upper bound of the norm
of f, under which problem (1.1) was proved to have at least two distinct
solutions. For problem (1.1) on RY with f # 0 and x4 = A = 0, some
similar results can be found in [4, 10] and the references therein. If
f#£0,u#0and A =0, (1.1) is a special case of the problem considered
in [18]. Chen and Zhao [9] considered problem (1.1) with A = 0 and
f replaced by of, and they proved the existence of two solutions for
all o € (0, 0*) with 0 < ¢* < 400, but they could not give an explicit
estimate of o*.

Let \;, i = 1,2,. .., be eigenvalues of operator —A — i /|z|? with zero
Dirichlet boundary conditions. In view of [12, 13], each eigenvalue A;
is positive, isolated and has finite multiplicity, the smallest eigenvalue
A1 is simple and A\; — oo as ¢ — oo. Moreover, each L? normalized
eigenfunction e; corresponding to \; belongs to HY(Q2), and e; is
positive.

Consider the classic elliptic problems involving Hardy potential

(1.2) {_Au = /|2 + |ul* “?u in RV,

w>0 in DL2(RN).
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For 0 < p < 71, setting 8 = /&1 — p, Catrina and Wang [7] proved that
all positive solutions of (1.2) are of the form wu.(z) = 2~ N/2u(z/¢),
€ > 0, where

C
T e[ N227B(1 ¢ [«] 1B/ (N-2))(N-2)/2

u(z)

for an appropriate constant C' > 0. These solutions achieve S, where

pu?
S, = inf / |Vu|> = — ) :u € H(RY), |ufo- = 1.
RN |[?

It is well known that solutions of problem (1.1) are the critical points
of the functional I, : Hj(£2) — R given by

L(u) = Va2 — e ) de— & 24y —
#(u)*z a | ’LL| H|$|2 U € 9* Q|U| € qu'

We observe that I,,(u) is bounded from below in the manifold:

A={ue H}Q): I (u)u = 0}.

Thus, a natural question to ask is whether or not I,(u) achieves a
minimum in A.

We assume that:
(N+2)/4 (2"-1)/(2"-2)
() Il <On(1=2) SV on=(2" - 2)(545) -
In this paper, we take advantage of the method applied in [6, 17]
and obtain at least two weak solutions in H}(€2).

Theorem 1.1. Let f # 0 satisfy (). Then

(1) infa I, = co is achieved at a point ug € A which is a critical point
of I, and ug > 0 whenever f > 0;

(2) o is a local minimum of I, and |luo || — Aug — (2* — 1)|ug 2. >0.

Similarly to the method used in [17], we split A into three parts:

AT ={ueA: |lul2 —M?— (2" = Duf3. >0},
AP ={ueA: |ju)2 - - (2° —1)[uf}. =0},
A" ={ueA: [lul2 — M?— (2" — Dul3: <0}
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It turns out that assumption () implies A = {0} (see Lemma 2.3
below). Therefore, for f # 0, we obtain ug € A", and consequently,

co=1infl, =infl,.
L S e
So we are led to investigate a second minimization problem, namely,

C1 =infl,.
A M

Theorem 1.2. Let f # 0 satisfy (x),

8> min{l, max{é](VN__f;z), N; 2}}

Then c1 > co and c; = infa- I, is achieved at a point uw € A~ which
defines a critical point for I,,. Furthermore, u; > 0 whenever f > 0.

As an immediate consequence of Theorem 1.1 and Theorem 1.2, we
have the following conclusion.

Theorem 1.3. Problem (1.1) has at least two weak solutions ug, u; €
HY(Q) for f # 0 satisfying (x). Moreover, ug >0, u; >0 for f > 0.

The remainder of this paper is organized as follows. In Section 2,
we obtain the first solution of (1.1) which is a local minimum of I,,. In
Section 3, we verify the PS condition and get the second solution of
(1.1).

2. The first solution. Throughout this paper, we denote the norm
of LP(2) by |ul, = ([ [u[’)}/P. Denote the scalar product in Hg(£2)

by
(u, v), = / (Vqu - 'u2uv> dx,

and the corresponding norm by ||ul|, = (x, u)}/Q. Note that 0 < p < I,

and by the Hardy inequality,

2 1
L odr< = |Vu|*dz  for all u € H} (),
o |zf? K Ja 0
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it is easy to see that ||ul, is equivalent to the usual norm

1/2
Jull = ( I |Vu|2dx) on HL(S),

see [8]. Denote by B;(z) an open ball in RY, which is concentrated at
with radius (.

In the following discussion, we denote various positive constants as
CorC;,i=0,1,2,3,..., for convenience.

Since 0 < X < Ay and A\ = infy |Jul|?/|ul3, we can obtain

u? A
Vul2—p— — M2 > (1- = 2
1w = == (1 5l

so that [lul|? is equivalent to [q, [Vul® — pu(u?/|x]?) — Au?.

To obtain the main results, several preliminary lemmas are in order.

Lemma 2.1. Let f # 0 satisfy (x). For everyu € HE(2), u # 0, there
exists a unique t+ = t+(u) > 0 such that tTu € A~. In particular,

0 = (L A|u|%>1/<2 )

@ - Dl

and

I(tTu) = R I,(tu).

Moreover, if fﬂ fu >0, then there exists a unique t— =t~ (u) > 0 such
that t—u € AT, In particular,

(=
(2% = Dlul3:
and I,,(t"u) < I,(tu), for all t € [0, tT].

Proof. Set @(t) = t(||ulZ — Nul3) — t2"~Yul3.. Basy computations
show that ¢ is concave and achieves its maximum at

e = (e 2y 1
(27 = Dlul3:
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And

R P S Sy (] U Vi B
Pllmax) = 97 ]z ’

so that N .
(lullZ2 = Alul3) N +2/
N/2

2*

@(tmax) = C(N

|u

Therefore, if fﬂ fu < 0, then there exists a unique tT > tyax such
that o(t7) = [, fu and ¢'(t7) < 0. Equivalently, t*u € A~ and
I(tTu) > I(tu), for all t > tpax-

If [, fu >0, by assumption (*), we have that

/nfu<CN

B O)ful[2)V+2)/4
((1 (>\/>‘| ))Jll/QH#) S @(tmax)
U

([ullf = Aul3)(V+2)/4
N/2
2*

|ul

Consequently, we have a unique 0 < ¢t~ < tpax < tT such that
o) = [ fu=p(t")
Q
and
¢tT)>0>¢'(th).

Equivalently, ttu € A~ and t—u € AT. Also, we have I(t*tu) > I(tu)
for all t >t~ and I(t~u) < I(tu) for all t € [0, tT]. O

Lemma 2.2. If f satisfies (x), then

Q

[ufox =
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Proof. For u € H} () with |u

o« = 1, we have that

Cov ([l — Aul2)¥+2)/ /fu

> On(Jlullf, = Alul3) ¥ +2/4 —

A (N+2)/4 N/2
N e I L

1
> S lullugo >0,

where £; is some positive constant. This completes the proof.

For u # 0, set

(1wl

1=l

Y(u) =Cn

_ )\|u|§)(N+2)/4 /
— | fu.
2 o

Fixing v > 0, it follows from Lemma 2.2 that

inf (u) > Cov.

|u]ox >v

Lemma 2.3. Let f satisfy (x). For every u € A, u # 0, we have

luallf = Alul3 —

i.e., AO = {O}

(2"~ Dluf3 #0,

A (N+2)/4 N/4
Cn (1 - )\1> S+ 8o

693

)l

Proof. Arguing by contradiction, we assume that, for some u € A,

u # 0,

luallf = Alul3 -

A S 1/(2*—-2)
> 1=+ L = 1.
2 ((x)et) e
i [ fu= -2
Q

which implies

|u

For u € A, we have

0= [lullf = Alul3 — |u

(2" = DlulZ =0,

o
on —/ fu.
Q
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By Lemma 2.2,
0<Cory < ’(/)(u)

(1 \ETEe (]2 = Auf3)? ~1\ /"2
=z (2*-2) " 5 fu
— 5

— (2* _ 2) 1 F-1/@-2 (HU”;ZL - )\|u|%)2*71 1/ _2)_ |’LL 2%
2 — 1 ul3: >

(<Ilu2 Alul%)?‘”m 1) =0
@ -~ DufE: |

which yields a contradiction. O

= (2" - 2)Jul

As a consequence of Lemma 2.3, we obtain the next lemma.

Lemma 2.4. Let f # 0 satisfy (x). Given u € A, u # 0, there are
a 0 > 0 and a differentiable function t = t(v) > 0, v € H, |v||, <9,
satisfying

HO)=1,  tw)u—-v) €A, for|lo], <35,

and
(2.1)

, o) — 2 [o(VuVo—p(uw/|z)?) —Auw) — 2* [¢, [u> “2uv— [, fv
o= [l — A — @ — Dl

Proof. Define F : R x H}(Q2) — R as follows:
Pt 0) = t(fu = ol = Alu = o) = £ = ol = [ fa).
Q

Since F'(1,0) = 0, and by Lemma 2.3, we have Fy(1,0) = ||ul|? — Alul3 —
(2*—-1) % # 0, we can apply the implicit function theorem at the
point (1,0) to obtain the result. O

Next, we are ready to give a proof of Theorem 1.1.

Proof of Theorem 1.1. We now show that I, is bounded from below
in A. Indeed, for u € A, we have

-/|Vu|2 u — M’ —/ u|? -/fufo
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so that

IM(u):;/(|Vu|2—,uW—)\u x——/ u|? da?—/ fu

(e agin)- () o

1 A N+2
> 5 (1 5 Il = S5l

A1
>_ -
= 16N\ — )

\/

((N+2)||f||H—1)2-

In particular,

A
Co> !

2 ~t5xon = (N + 2.

In order to get an upper bound for cg, let w € H (€2) be the unique
solution for

(2

Therefore, for f # 0,
fw= ||wHZ > 0.
Q

Set tg = ¢t~ (w) > 0 as defined by Lemma 2.1. Then tow € AT, and
consequently,

t2 25 .
Tytaw) = Sl = Mo = Efult —to | fo
*—1 o .
-2 *
2* 0 |w|2

< tg(l\ 12— Alwl3) < fo 1 A Jw||?
——=(Jw||, — Alw - - — |w
N #" =N A p

= =5 (lwll = Awl3) +

This yields

(2.2) < B A <0
. Co N )\1 H-1 .
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By Ekeland’s variational principle, see [1], a minimizing sequence
{u,} C A of the minimization problem inf,/,, = ¢y exists such that

(i) Iu(un) <co+1/m;
(i) I.(v) > I(upn) — (1/n)]Jv — upl|,, for all v € A.

Taking n large enough, from (2.2), we obtain

31 N+2

1 t3 A
<+l <—N(1—)||f||H .

This implies

2 A
. > 42 - — 2,1 .
(2.4 [tz g (1- 5 )M > 0

Consequently, u, # 0, and combining (2.3) and (2.4), we derive for n
large,

2t3 A N+2/ N\
2. O (1- =2 < g, € —= 1.
25) 22 (1= 3 )l < Hunlle = 2 (5255 sl

Proposition 2.5. [T} (u,)|| = 0 as n — +o0.

Proof. Since u,, € A, by Lemma 2.4, we can find &, > 0 and a
differentiable functional ¢, = t,(v) > 0, v € H}(Q), ||v]|, < &, such
that

Wy, =t (V) (uy, —v) € A for |||, < en.

By the continuity of ¢,,(v) and ¢,,(0) = 1, without loss of generality, we
can assume that e, satisfies 1/2 < t,(v) < 3/2 for ||v]|, < &n.

It follows from condition (ii) that

Tt (0) (= 0)) = Tutn) 2 = 0 (0) = ) = s,
that is,
<I/;(un), tn (V) (Un — v) — up) + o([|tn (v)(uy —v) — unHu)

1
> _E”tn(v)(un —v) = un”#
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Consequently,
tn (V) (L (un), v) + (1 = tn(0)) (L (un), un)
< %H(tn(v) = Duy, — tn(“)””u +o([[tn(v)(uy —v) — un”u)-

By the choice of ¢,,, we obtain

(I (un), v) < 9|<t;(0), o)+ o([|v]l)
(2.6) "

1
+ ol + oIt (0); ) [l + l[of)-
If we can prove that

(2.7) (£, (0), V)| < [[vl,

then, from (2.6), we get

C 1
(L (un), v) < —olly + —[[vllu + o([[oll)  for [[v], < en.

Hence, for any 0 < € < ¢,,, we have
1
(2.8) M (wn)l = < Sup (I, (un), v) <
vl =€

for some C' > 0 independent of £ and n. Taking ¢ — 0, we obtain
14, (un)|| = 0 as n — +oo.

We now turn to proving (2.7). Indeed, by (2.1), we have
2 o |[VuVo — p(uv/|z*)] +2* g ul* o] + | [ fo]
[l = Aul3 = (2* = Dful3:]

(2llnlly + 2 [funll =" + 1 Fllzr—2) 0]l
[l = Aul3 = (2¢ = D)ful3:]

Noting (2.5), in order to prove (2.7), we only need to show that
(2.9) el = Alul3 = (2" = Dlul3:| > p,

for some p > 0 and n large. We argue by way of contradiction. Assume
that, for a subsequence, still called {u,}, we have

(2.10) [llullf, = Alul3 = (2 = Dul3.]| = o(1).

2%
2%
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From estimates (2.5) and (2.10) we derive
|un|2* >v> 0

and

— (|tn 2")(2"—1)/(2*—2) =o(1).

lun |2 = Alulg /G2
v —1

By (2.10) and the fact that u, € A, we obtain

/ fun = (2" = 2)|uy,
Q

The above equality, together with Lemma 2.2, implies

2+ 0(1).

0< C«QV(N+2)/2
2% /(2% =2
< Junl3-"® 7 (u)

o ( r (lnll2 = M)+
/2 (e e [ 70)

. lun [ — Alul3 (2*_1)/(2*_2)
(I (ol
= o(1),

which is impossible. So we conclude that

2% )(2*—1)/(2*—2))

(2.11) 1T, (wn)| — 0 as n — +oc. O

Let ug € H} () be the weak limit of u,. By equation (2.4), the

following holds:
/ fU() > 0)
Q

(I),(up), v) =0, for all v € Hy(2),

and, from (2.11), we have

i.e., ug is a weak solution for (1.1). Therefore, up € A, and hence,

1 N+2
co < I, (up) = (||u0||2 )\|u0|2 /fu0< lim I,(u,) = co.

n—-+4o0o
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Consequently, by the above equation, u, — ug strongly in H}(£2) and
I,(uy) = ¢o = infpl,. Also, from Lemma 2.1 and (2.11) it is necessarily
that ug € AT, see [6].

Next, we claim that ug is a local minimum of I,. For every
u € H}(Q) with [, fu > 0, from Lemma 2.1, we have

I, (su) > 1,(t"u)

a2 — Ajuf3\ V@2
0 S i .
=os ((2* —lu

for every

>
2
In particular, for u = ug € AT, we have

lluoll? —Au@)”@ ~2)

(2.12) t—=1<<(2*_1)|u0

Let § > 0 be sufficiently small so that

2%
2%

lluo — vllj — Alu —v[3

1
ST @~ Dwo v

2*
2*
for ||v||,, < ¢. From Lemma 2.4, let t(v) > 0 be such that t(v)(uo —v) €

A for every |jv||, < 0. Since t(v) — 1 as ||v||, — 0, we can always
assume that

o < (10 = vIE = = oy V2
(2* — D)ug — v

2%
2%

for every ||v||,, < 6. By the above inequality, t(v)(up — v) € AT, and
for

2 2
0 <s < (”uo - ,UHM - )\|u — U|2)1/(2*_2)7

2 — D)Juo — |2

we can obtain
L (o) < Tu(t(0) (0 — v)) < L(s(u0 — 0)).
By equation (2.12), we can take s = 1, and obtain
I.(uw) < I, (ug —v), forallveH, |v|, <5,

so that ug is a local minimum for I,.
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Furthermore, if f > 0, take tg =t~ (Jug|) > 0 with to|ug| € AT, we
also easily see from (2.12) that tg > 1, and Lemma 2.1 gives that

I (uo) < I (toluol) < Lu(luol) < 1p(uo),

so we can always take ug > 0. By the maximum principle for a weak
solution, see [15, Theorem 8.19], we can show that, if f > 0, f #Z 0,
then ug > 0 in RN, O

3. The second solution. Now, we will illustrate that I,, satisfies
the (P.S) condition at the levels below some constant.

Proposition 3.1. Every sequence {u,} C H}(2) satisfying

(a) I, (un) — ¢ with ¢ < co + (1/N)S£[/2, where co is defined as in
Theorem 1.1 (1);
(b) ([ (un)[| =0

has a convergent subsequence.

Proof. By the standard method, it is easy to get that |ju,|, is
uniformly bounded. Going, if necessary, to a subsequence, called u,,,
we can assume that

U, — u weakly in Hg ().
And, according to condition (b), we have
(I),(u), v) =0, for all v e Hy(£2).

That means that u is a weak solution for (1.1). In particular, u # 0,
uwe A and I,(u) > co.

Let u, = u + v, with v, — 0 weakly in H}(2). According to [2,

Lemma], we have

% + |vn 3 +o(1).

3 = \u+vn|§* =|u

|,
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Hence, taking n large enough that

1
co + NSIJLV/Q > I, (u+vy)
1

1 .
= Lu(w) + 5 (loalli = Alonl3) = 5 [onl3- +o(1)
1 1
> co + 5 (loalli = Alonl2) = 5 lonl3- + o(1),
gives
1 s 1 2 1 Ny
(3.1) Sllonlll = 5olonl3e < 8372 + o(1).

And, from (b), the following holds
o(1) = (I, (un), un)
= Nl = Ml =l = [ Fut ol
2 40(1)

= <I;(u), u) + HUHHZ - /\‘Unlg — |vn

- /\|Un|§ — |,

3. +o(1),

and by the fact (I},(u), u) = 0 and |v,|3 = o(1), we obtain
(3-2) lonllf = loal3: = o(1).

Now, we claim that conditions (3.1) and (3.2) hold simultaneously if
and only if a subsequence {v,, } of {v,}, converges strongly to zero,
i.e., [[vn, % = 0, as k — 400,

Arguing by contradiction, assume that [|v,, [|2 is bounded away from
zero, that is, for some constant C3 > 0, [|vp, || > Cs holds for all n € N.

From (3.2), it follows that

272> 8, +o(1);

[|vn,

therefore,

[vnll3- > SN2 +0(1).

This and (3.1) and (3.2) yield, for n large,
1w o Lo o 1, ., 1
NS“/ < NH% 3 +o(l) = iHUnHM - 27an

which is a contradiction. In conclusion, u, — u strongly. ]

« 1
g* +0(1) < NSIJLV/z,
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At this point, it would not be difficult to derive Theorem 1.2, if we
had the inequality

. 1

le]u =c <c¢y+ NS;ILV/Q'

We shall obtain it by comparison with a mountain-pass value. In order
to get this result recall ug # 0. Following [3], we let £ C ©Q be a set of
positive measures such that ug > 0 on ¥ (replace up with —ug and f
with — f, if necessary).

Let n € C§°(Q)), with n(z) > 0 and n(x) = 1 in a neighborhood of
x =0. Set

_ Ue(z)
|Ue ()

, :UERN,
2*

Ue(z) = n(@)uc(z),  Ve(x)

where u. (z) and n(z) are defined as before. Then, we have the following
estimate, see [5] and [11],

Vf
/ (sz - ’“‘|x|z> dr = S, + O(e*);
RN

O(e?) B>1,
/ Vo2 ={ 0| mel) B=1,
RN O(e2?) B<1,

¥ < %S{LV/? + 0(29).

2 " 2"
o ) £
2 n<| BE 7 /g

Lemma 3.2. Assume that 8 > min{1, max{(N —2)%/(2(N+2)), (N—2)/
431}, for every t > 0, and almost every a € ¥, g9 = €o(t, a) > 0 ewists
such that

1
I,u(UO + tVE) < co + ﬁSIJLV/27

for every 0 < e < gp.
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Proof. By direct calculation, we obtain
1
Iu(uo—ktVE):i/ (|V(uo+tV)| IMI (ug + tV2)2 — (u0+tV)>
Q

1
_7/ |uo+tVE| / (ug + tV2)
2* Jq
:1/ |Vu|2f—u2—/\u2 - = *—/fu
2 Jo IVl ) = 50 ol
t2 2 2
+ = IVV.]| ,72‘/
2 ||
t? 2
S Ve e
2 Ja Iy}

+ / (vuovw; |'u|2u0tV Auotv;>
Q

We know that, if ¢ — oo, then I, (uy +tVz) — —o0, so we assume that
t is in a bounded set. Because ug is a solution of (1.1), the following

holds:
[ Vv ) - Loty ot = [ uo e+ [ v
Q |$| Q Q
So,
t2
I, (uo +tVe) = I, (uo) + 2/ <|VV|2_||2V2>
t2* . t2
/\V|2 /)\V2
/|uo|2* /W /|uo|2
2%
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By this estimate and the result ([11, Lemma 4.1]), we have

t2

i (wvﬁ——wﬂ—gi/wv Aﬁﬂ+ow%

And, for ug,t, V. > 0, we have the inequality
lup + tV)?" > ud + 2% UV 4+ 25 up(tV2) 2 + (#V2)?

so that we obtain

1 X
(o +1V2) < o+ S0 4 0() - /n wo(tV2)2 1

0(e?) B>1,
-1 0@E|ne|) B=1,
O(e%9) B<1.

Next, let us estimate fﬂ uo(tV2)? ~1. Since t belongs to a bounded set
and V, = U./|U.|2+, so we directly estimate [g, upU2 1. Set ug = 0
outside © and n(z) = 1 in ; by the form of u., it follows that

/UOUEQ* /UOU( JuZ 7t
Q RN

c(N+2)/4
=¢ RNuon(x) || (N=2)/2=8)(2"—1) (g 4 | |48/ (N =2)) (N +2)/2 dx
e—(N+2)/4
=¢ RN“‘J”(“””) Z(N—2)/(4B)) (N—2)/2—B)(2" 1)
1
|z /e(N=2)/@B) [(N=2)/2-5)(2"~1)
1

dx

(1 + |z/e(N=2)/(4B)|(4B)/N=2))(N+2)/2
(N+2)/4 .
N O/RN“O”(””) B (V-2 E T ¥ <5(N—2)/(4B)>dx

O (N=2)%/(88) 1 T
—Ce ANUO”(x)g((N—2>/<4ﬂ>>Nw(E<N—2>/<4ﬁ>)dx’

where

B 1
V@) = D/ h @ D (1 4 2B/ D) VD2
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Claim. ¥(x) € L' (RY). We know that

. Y(x)de = /131(0) Y(x)dx + /BIC(O) Y(x) dx.

Firstly, we consider

1
Ll(o)¢($)dI<L(O |x|((N_2)/2_B)(2*—1) dz

- C/ /2 HE—n P
:o/ PN-1-(N=2)/2-8)(" 1) g
0

= CpN*((N*Q)/2*5)(2**1) |(1),

when N—((N —2)/2—8)(2*—1) > 0, that is, 8 > —(N—2)2/2(N + 2),
so we obtain that

P(z) dx < 4o0.
B1(0)
Secondly, we consider
1
Sy #10< [ ==
o0 N—1
=C p dp
1 pl(N=2)/2=F)(2"=1)+(2B(N+2)/(N~2))
“+oo
_C/ ((N=2)/2-B)(2" =1)=(B(N+2)/(N=2)) ¢,
= C’pN ((N=-2)/2— /3)(2*—1)—(25(1\7+2)/(N—2))|;r<><>7
when N2 2B(N +2)
— +
N-(—=-p)e-1n-2"TZ 9
(F52-s)e-v-E2 <o
that is,
N —2)?
g > ( ) ;
2(N +2)
so we obtain that
Y(x)de < +o00
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In conclusion, we obtain that, when 8 > (N —2)%/2(N + 2), ¢(z)
is L' integrable. Therefore, setting

1
‘= /RN || (N=2)/2=8)(2"=1) (1 4 |¢[48/(N=2))(N+2)/2

dx,

we have

1 T
/RN won(@) = ¥ (E(N—2)/(4,3)> dz — uola)a

for almost every a € X. In other words,

/ o (U)2 1 = CeN-2/68) o (@)ar + o N —27/(85))
Q

Consequently,
1
Lu(ug +1V2) < o + 2= S3/% + 0(e¥)

— CeWN=2%/BB) () + o(c N2/ (E0))

O(g?) B >1,
=40 Inel) B=1,
O(e%%) 8 <1

Therefore, if 3 > 1, so that without consideration of [, uo(tVz)* 71,

we have I,,(ug + tVz) < co + (1/N)SY/?. Otherwise, if 8 > (N — 2)/4,
then there is a 28 > (N — 2)%/(80).

When we take 8 > m = max{(N —2)?/(2(N +2)), (N —2)/4},
I (uo+tVe) < co+ (1/N)S,JLV/2 holds. In the end, under the assumption
of > min{1, m},

1
(3.3) L(up +tV2) < co + NS{)’/Q,

holds for all 0 < € < gg. O

Our aim is to state a mountain pass theorem that produces a value
which is below the threshold ¢y + (1/N )S,iv /% but also compares with
the value ¢; = inf,- I,,. To this end, observe that, under assumption
(%), the manifold A~ disconnects Hj(£2) into exactly two connected
components Uy and Us. To see this, note that, for every u € Hg(€2),
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full = ([Jull? - Aul3)t/? =1, and by Lemma 2.1, we can find a unique
t*(u) > 0 such that
tH(u)u e A, L,(t" (w)u) = max I, (tu).

The uniqueness of t*(u) and its extremal property give that t*(u) is a
continuous function of u. Set

Uy = {uzOoru: ul <t+(|5”>}
{3}

Clearly, H(Q2) \ A~ = U; UU, and AT C Uy, in particular, ug C U;.

and

Proof of Theorem 1.2. An easy computation shows that, for a suit-
able constant Cy > 0,

0<tT(u) <Cy forall|ul| =1, |ulz- >3 > 0.
Since
[ug + toVzl2- . [Ve|o- 1
lJuo + toVell = 2|[Vell = 2(S, + O(£26))1/2

for ty sufficiently large, we can choose
% — Jluo|® "
to> | —————— 1
o> (it Vs T

large enough, €9 > 0, §; > 0 small enough such that w. = ug + toV:
satisfies |w./||we|||2« > 01 for all 0 < & < g¢. Since

[we|* = [luo + to Vel

A
> ||uol|? +t3(1 — M)Sﬂ +o(1)

2
We
>ct> (v ()

for € > 0 sufficiently small, we get

(3.4) we = ug +toVe € Us.
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For such a choice of tg, fix € > 0 such that (3.3) and (3.4) hold for
all 0 < e < gg. Set

I = {y € C([0,1], Hy()) : 7(0) = uo, (1) = uo + toVe()}.

Clearly, v : [0,1] — H}(€2) given by v(s) = ug + stoV: belongs to .
So, by Lemma 3.2, we conclude

1
. = inf I —gN/2,
(3.5) ¢= Inf max w(1(8)) < co+ 55,

Also, since the range of 7 € I' intersects A~ , we have
(3.6) = 1/{1_f I, <c
Similar to the proof of Theorem 1.1, we can show that Ekeland’s
variational principle gives a sequence {u,} C A~ satisfying
I, (up) — ca,

and
11}, (un) || —

Furthermore, from (3.5) and (3.6), we have
1 SN/2
c1 <co+ o

Therefore, by Lemma 3.2, we obtain a subsequence of {u,}, called
{un}, and u; € H}(£2) such that

U, — up strongly in Hj (£2).

Consequently, u; is c critical point for I, and, since A~ is closed, we
have uq € A~ and I,(u1) = c1.

Lastly, we assume that f > 0 and f # 0. Let tT > 0 be such that
t+|u1| cA™.

According to Lemma 2.1, we obtain

Iu(t+|u1|) < Iu(t+u1) < max I, (tuy) = I, (uq).

Ztmax
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Therefore, we can always take u; > 0. By the maximum principle for
weak solutions, see [15, Theorem 8.19], we can show that, if f > 0,
f #0, then u; > 0 in RY. |
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