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OSCILLATIONS AND MODULI OF
CONTINUITY OF KERNEL DENSITY ESTIMATORS
UNDER DEPENDENCE

XIAOYONG XIAO AND HONGWEI YIN

ABSTRACT. We provide an almost sure bound for oscil-
lation rates of kernel density estimators for stationary pro-
cesses, under the predictive dependence measures which are
directly related to the data-generating mechanisms of the un-
derlying processes. We also discuss moduli of continuity of
the kernel density estimators.

1. Introduction. In this paper, we consider a general class of
stationary and causal sequences represented in the form

(1.1) Xn=J( . ,en-1,&n),

where J is a measurable function and {e,},cz are independent and
identically distributed (iid) random variables defined on the same
probability space (9,4, P), see e.g., [4, 7, 9, 13, 16] among others.
As is explained in [16], (1.1) can be taken as a physical system with
the input F,, = (...,en—1,n), a filter J and the output X,,. Then the
dependence can be taken as the degree of dependence of the output
X, on the input F,,, which is a sequence of innovations that drive the
system.

Given a stationary sequence { Xy }1<k<n, the empirical distribution
function is known as

1 n
Fo(w) =~ > 1ix,<ep, TER
i=1
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We denote by F' the cumulative distribution function of X and by f
the density. For the moduli of continuity for the function

én(x) = \/E[Fn(m) - F(l’)],

(12) Bafbn) = s (Gule) = Gl

where the sequence b,, of positive numbers satisfies b,, — 0 and nb,, —
oo as n — oo. Plenty of literature exists on the asymptotic behavior
of En(bn), under the condition that {Xy}i1<k<, are iid, see e.g., [5,
10, 12]. However, the behavior of A, (b,) has been much less studied
under dependence. The commonly adopted framework for dependence
is the strong mixing condition. However, Wu [15] implemented the
new dependence measures proposed in [14] and provided an almost
sure bound for A, (b,) under short-range dependence.

Another way of studying the distribution of X} is to consider the
kernel density estimator of f. From [8], given the data X1,..., X,, the
kernel density estimator of f(x) is defined by

(1.3) ) = - ZK(”E ) ZKb v X

where the kernel K and the bandwidth b,, satisfy the conditions:

(1.4) /RK(U) du=1, K, (z)= biK(J;)

b, -0 and nb, — co.

When {Xj}1<k<n are iid, Bickel and Rosenblatt [1] provided the
asymptotic distribution of supg<,<q |fn(z) — E[fn(2)]]. Neumann [6]
generalized their results to geometrically S-mixing processes. Wu [14]
obtained asymptotic normality of f,, under short-range dependence.

In this paper, we are interested in the oscillatory behavior of the
kernel density estimators f,(z) — f(x). Moreover, we shall obtain an
almost sure bound for the moduli of continuity for the functions

(1.5) G(@) = Vb fu(@) = ELfa(@)]],

(1.6) An(n) = sup  |Gu(z) — Gu(y)l,

lz—y|<dn
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under dependence.

2. Conditions and notation. First we introduce some notation.
We write X € £P with p > 0 for a random variable X, if || X||, =
[E(|X[P)]? < oo, and || - || := || - [|l2. We say a function g is Holder
continuous on the set A with index 0 < 7 < 1 and write g € C"(A), if
there exists a constant Cy < oo such that |g(x) — g(y)| < Cylz —y|™ for
all xz,y € A. We denote by C a constant whose value varies from line
to line.

For i € Z and k € N, we define the conditional cumulative distribu-
tion function Fy(z|7;) = P(Xiqx < z|F;), and fi(z|F;) = & Fj.(x|F;)
as the conditional density. Moreover, let the conditional characteristic
function

o (tlFi) = B(eV™1Xux| ) = / V=1 fi (| ) da,
R

where v/—1 is the imaginary unit.
Let {£}} defined on (€2, A, P) be an iid copy of {¢;}. We denote by

% ! 3
Fr=(..,6_9,6_1,60,€1,...,&;) fori>0,

Fi = F; for i <0, and X} = J(F}). So F} (respectively, X) is a
coupled process of F; (respectively, X;) with g replaced by an iid copy
gy- Next, for p > 1 and k > 0, we introduce the L£P integral distance

_ 1/p
@0 B0 = | [ M) - fstel D]
and the sup-distance
(2:2) Op(k) = sup 114k (2 Fo) = frow (2] F5) lp-

Note that, if fi4x(2|Fp) does not depend on &g, then 6,(k) = 0
and 0,(k) = 0. So 6,(k) and 6,(k) measure the contribution of
the innovation ¢ in predicting the future output Xi,x given Fy by
perturbing the input via coupling. If fi(+|Fp) € C?, then we define the
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L integral distance ¥,,(k) and ¢, (k) on derivatives:

_ 1/p
T, (k) = [ [ 1 atal) —f{+k<x|f5>|§dx} ,

1/p
(2.3) [ 1t - 1+k<x|fo>|pdx} |

These quantities are directly related to the data-generating mechanism
of X}, thus play an important role in the study of asymptotic properties

of fn.

For a real sequence a = {ag }xez, we define
n—j P
(2.4 S0 =3 (3 ) |
JEZ Nk=1—j

where p = min(2,p) and p > 1. Let 0, = {0,(k)}rez, and 0,(k) =0
for k < 0. We similarly define 6, Ep and ap. Let

(2.5) @p(n) = Sp(mgp)a Op(n) = Sp(n; ),
Ep(n) = Sp(n§¢p)7 ®p(n) = Sp(n; ¢p)-
These quantities can be used to interpret the degree of dependence in
[16].
Note that, for a nonnegative sequence (a;), let
u) = Zaje\/jlj“, u € R,
JEL

be its Fourier transform. Then, by Parseval’s identity, we have the
Fejér kernel representation

(2.6) 21S5(n;a) = /0 ' lg(u) Z e_\/jlku|2du

k=1

T S u/2)
= [ tatw) e
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Condition 2.1.
(i) There exists a positive constant Cjy < oo, such that
sup f1(x|Fo) < Cp almost surely.
z€R
(ii) For some 7 > 0, assume that K € C"(A) with bounded support

A, and X}, € L* for some a > 0.
(iii) Suppose that [, uK(u)du =0, f € C?, and sup, | f"(z)| < oc.

Condition (i) implies that Xj has a density f such that f(z) =
E[f1(z]|Fp)] < Cy. From Condition (ii), we see that K is bounded, and
Jg lul?|K (u)| du < oo for each constant 3 > 0.

3. Main results.
3.1. Oscillations of kernel density estimators.

Theorem 3.1. Assuming conditions (i)—(iii), let I(n) = 1/(log n)loglogn
and logn = o(nby,).

(i) If ©2(n)+T¥s(n) = O(n®l(n)), where 1 < a <2 andl is a slowly
varying function, then

(3.1) suplfn(w)—f(x)|=0a.s.< 1°g”+bi)

z€R len
+ 0as. (N2 (0) (1) 1 103 (6/5)) -
(i) If ©2(n) + ¥a(n) = O(n), then

(3.2) sup | fo(2) — F(2)] = o( logn b)

zE€R nby,

Note that Wu et al. [16] showed that

sup | fu () — Elfu(2)]] = Ons. (, fen na/2—17<n>>,
TzeR N0y,

~ ~

where I(n) = (logn)/?*€l(n) if a > 1, and I(n) = (logn)Y/?*e
Zj:213n11/2(2j) ifa =1 for e > 0.
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Remark 3.2. The order of O3(n) + Wa(n) may be a little difficult
to distinguish, while, from [16, Lemma 1], we see that a sufficient
condition of O2(n) + Wa(n) = O(n%l(n)) with 1 < o < 2 is a condition
of long-rang dependence

(3-3) O2(k) + o (k) = O(Ik|~C= 212 (|k])),

or, by Parseval’s identity, we have an equivalent condition
(3.4)

[/ (14 2)r (1] Fo) smk(tfa‘)n?dt} Ok,
since

[ torsatF) =1 (tF) Pde=2m [ |fiin(alFo)= Franlaly) P,
[ BloriatF) =1 (tF) Pde=2m [ |1 el Fo)=FioplalF) P

Similarly, a sufficient condition of ©(n) + ¥a(n) = O(n) is a condition
of short-rang dependence (the cumulative contribution of the input eq
in predicting future values { X} }r>1 is finite):

(3.5) Y [Ba(k) + 1y (k)] < o0,

k=0
or an equivalent condition

o] 1/2

3o Y| [0+ Ot - ernm)Pa) <.

k=0

Since
/R ik ({1F0) — (1|75 2t
_ " 1" %\ (2
— o /}R (2l Fo) — f (el F) P,

we have similar comments for Wy(n)+®(n), and, for 14 (k) +dy(k), we
only need to replace the term (1+¢2) in (3.4) and (3.6) with ¢2(1 +¢2).
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Note that E[f1(z|Fr)|Fo] = fi+x(x|Fo) for & > 0. Then, by Jensen’s
inequality, we have

[frar(@lFo) = frow (@ Fo)llp = 1 EL1 (2] Fr) = fi(elF)Fo, Folllp
< (@] Fr) = Sl F) -

Similarly, E[¢1(t|Fk)|Fo] = w144 (t|Fo) for k >0, and

14k (t1Fo) = P14k (EFG)lp < M1 (ElFr) = 1 (¢ lp-

Then the term || fi1x(z|Fo) — fiax (2| F)||? under the integral of 65 (k)
and 1, (k) in equations (3.3) and (3.5) can be replaced by || f1(z|Fx) —
J1(z| Fp)|?, and the term ||141 (¢ Fo) — 145 (L FG)||* in equations (3.4)
and (3.6) can be replaced by |1 (t|Fx) — @1 (t|F7)|?.

Remark 3.3. Theorem 3.1 shows the interesting dichotomous phe-
nomenon as follows.

For case (i), given a small b, if & > 6/5 and
bn = o(n' =171 (n)(loglog n) ~?),

or 1 < a < 6/5 and b, = o((logn/n)'/?), then the first term
V1ogn/(nb,) dominates equation (3.1); however, for a large bandwidth
by, if @ > 6/5 and (n~2=2)/41Y/4(n)[1/2(n)) = o(by), or 1 < a < 6/5
and ((logn/n)'/®) = o(b,), then the second term b2 dominates, when
a = 6/5, the behavior of the first two terms depend on the representa-
tion of I(n); for a mild bandwidth b,,, if (n=(®=D1~1(n)(loglogn)~2) =
o(byp) and b, = o(n~2=9/41/4(n)11/2(n)) for o > 6/5, then the third
term n®/2=11/2(n)I(n) dominates.

For case (ii), if b, = o((logn/n)'/%), then the first term /log n./(nb,)
dominates equation (3.2); however, if ((logn/n)'/®) = o(b,), then the
second term b2 dominates. In a word, the overall bound depends on the
interplay between the bandwidth b,, and the dependence parameter «.

From the analysis above, we briefly discuss how to choose an appro-
priate b,. If we take b, =< (n~'logn)'/® for a < 6/5, then it holds
that

sup | fn(2) — f(z)| = Oau.s.(n_1 log n)2/5.
R
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This gives the optimal convergence rate (n_llogn)Q/ 5, since Stute
[11] showed that (nlogn)?/® supyi<c [fn(x) — f(2)|/f(z) converges
almost surely to a non-zero constant if inf |, <. f(z) > 0 for iid
random variables Xj. For a > 6/5, if we take a mild band-
width b, such that (n=(®=Di=(n)(loglogn)=2) = o(b,) and b, =
o(n=(=)/41/4(n)[1/2(p)), then we have

SUp | fn(2) = f(2)] = 0as. (= O 2 (n)i(n).

This gives the infinitesimal order of the lower bound on the right hand
side of (3.1).

Next, we introduce

n

(3.7) Hy(z) = Z[fl(x\]:iq) - f(@)],

i=1

and rewrite
(3.8)
n{fn(2) = E[fu(2)]} = Po(z) + Qu(x),  Ru(x) = Elfu(x)] — f(z),

where
(3.9) Z{Kbn — E[Ky, (v — X3)|Fi-1]}s
(3.10) Qu(x Z{E Ky, (v — Xi)|Fia] = E[Kp, (x — X3)]}

/Kb x —u) du—/K n(x — bpu) du.
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Lemma 3.4.

(i) Assume conditions (1)—(ii) and logn = o(nb,). Then

Suplpn(m)‘ = Oa.s.( \Y nlog n/bn)

z€R

(i) If ©a(n)+Wa(n) = O(n®l(n)), where 1 < a < 2 and 1 is a slowly
varying function, then sup,cg |Qn(z)| = 045 (n®/211/2(n)l(n)).

(iii) If ©2(n) 4+ ¥a(n) = O(n), then sup,cg |Qn(z)| = 0as. (v/nl(n)).

Proof. Case (i) easily follows from the proof of Theorem 2 in Wu et
al. [16]. As for case (ii), we define projection operators Py, by

PvZ = B(Z|F) — BE(Z|Fx—1), Z€L' and keZ.
Note that PpH,,(z) for k < n are martingale differences and

Hy(x) = Y PpHu().

k=—o00

Let 0;(x) = || f1+i(z|Fo) — frri(z|F)|. Then 02(i) = /([ 07 () dz),
and we have || Py f1(z|F;)| < 6;(x). In fact, 6;(z) = 0 for i < —1, and
|Po f1(x|Fi)|| = 0 for i < —1 by their definitions. Next, for ¢ > 0, we
have

|Po f1(x|Fi)ll = | E[f1(x|F:)|Fol — Elfr (| Fa) | F-1]ll
= || fi4i(2|Fo) — E{E[f1(2|F:)[Fo]| F-1 }|
= || fi+i(@|Fo) — Elfr+i(a[Fo) | F-4]|
= [|E[f1+i(x|Fo)[Fo] — E[fr+i(z|Fg)|Fol
< |l fiti(z[Fo) = frra(z|F)I,

where we have used the fact that
Elfu@|Fo)lFo] = BUu (@l F)IFol, for k> 1,

and Jensen’s inequality.
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By Doob’s inequality, Burkholder’s inequality and then Minkowski’s
inequality, we have

B| masx H} (2)] < 4| Hy(@)]* < Oy X IR @)

n

=0 Z

k=—o0

n 2
Zpkfl(x\}-i)

i=1

n n

<oy (Z 1Pe s (2l F) |>2
oEiEe)

On the other hand, by Holder’s inequality, it holds that

[(E o) [ 5 FR(E 50)e
Therefore,

/RE[matz( x)]dz < C f: (lnk ‘Q(i)) > W

I<n ~
n n—~k
=0 Z <

k=—oc0 “i=1—k

Similarly, we have

/ E{maX(Hl( ))2} dr = O(¥s(n)).
R

I<n

By [15, Lemma 1], we have

sup 17 /Hl da:—i—/R(Hl( ))2da.
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If ©2(n) + ¥a(n) = O(n®l(n)), then

= E[max;<qa sup, cp Hf ()]

2d(xl 2d)12(2d)
Elmax;<qa [y H2(z) + (Hj(x))2dx]
2da](24)]2(24)
Bl [ max;<oa HE (2) + maxj<oa (H] (2))?dx)]
2da](24)]2(24)
0(2%1(2%) & 1 -
2da](2d)[2(2d) ZO<d10g2d> <

d=1

M

=1

IN

M 50 B0

Y
Il

1

By the Borel-Cantelli lemma, as d — oo,

maesup | Hie)| = ous (2102012 21(21)).
<2

For any n > 2, there is a d € N such that 297! < n < 29 Since

max;<, |H;(z)| < max;<qa [Hj(x)|, then we are done. Case (iii) easily
follows from the proof of case (ii), and we only need to replace n®l(n)
with n. g

From the proof of case (ii) in Lemma 3.4, we easily obtain the
uniform bounds of empirical functions under long-rang dependence.

Corollary 3.5. Assuming condition (i), if ©2(n)+V¥a(n) = O(n®l(n)),
where 1 < a <2 and l is a slowly varying function, then

(3.11)  An(bn) = Ous.(V/bn 10g 1) + 04s. (b @~ D/212(n)i(n)),
where 1(n) = v/(log n) log log n.

Proof. We have the decomposition

- 1
n ZI{X <x}_F1(5L'|JT_.1 1

3

Z [Fy (2| Fim1) — F(2)]
= 7,:1
( ) Gn Q(I)
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From [15, Lemma 3], it holds that

sup  |Gpa(z) — énl(y)| = Oa,s.(\/bylogn).

|z —y|<bn

On the other hand, when ©3(n) + Ua(n) = O(n®l(n)), we have

sup |Hy ()| = sup | > _[f1(«Fi1) — f(2)]

AN zER i—1
= 0as (2112 (n)i(n));
therefore,
~ ~ b
su Gpolx) — G < 2 sup|H,(z
‘Iimzbnl n,2(2) = Gn2(y)| < \/ﬁze§| ()]

= 045 (b @ V/212(0)(n)).

Now we are done, since

An(bp) < sup |Gri(2)—=Gri(@)|+ sup |Gpo(@)—Gna(y). O

|z—y|<bn |z—y|<bn

Assume that X are iid standard uniform random variables, and
logn = o(nby,), loglogn = o(log b, 1),
Stute [12] showed that

A, (by)
(3.12) lim ———=""_ = /2 almost surely.
n—oc /b, log by !
If b, + (nb,) ! = O(n™7) for some v > a — 1, then the bound in (3.11)
turns out to be /b, logn, which is the optimal bound, since it has the
same order of magnitude as \/b, log by, *.

Lemma 3.6.

(i) Assume that [ |[uK (u)|du < oo, f € C' and sup,eg | f'(z)| < oo.
Then sup g |Rn(x)] = O(by).
(ii) If condition (iii) holds, then sup,cg |Rn(z)| = O(b2).

Proof. This result is well known, and it easily follows from Taylor’s
expansion, see also [16, Corollary 2]. |



CONTINUITY OF KERNEL DENSITY ESTIMATORS 1671

Now we go back to the proof of Theorem 3.1. Since

logn RS 5 [logn 2/5
nby, nEgAs N\ ’

then

o/2— ~ logn
n /2 lll/z(n)l(n)l{a<(6/5)} = 0< b +bi>

_1/97 logn
Y21(n) = by ).
W 7Tn) = o252 42

Hence, from Lemmas 3.4 and 3.6, the results of Theorem 3.1 are
obvious.

Moreover,

Note that if Theorem 3.1 (iii) is replaced by condition (i) in
Lemma 3.6, then the term b2 in (3.1) and (3.2) should be replaced

by b,,. Since
1/3
10gn+b”Z 3 [logn 7
nby, 22/3\ n

then the indicator 114> (6/5)} in (3.1) should be replaced by 1(q>(4/3)}-

We mention that Wu et al. [16] also showed the £P bounds for
fn(x) — E[fn(2)] under condition (i). Suppose that [, |K(u)|du < co
and sup,, |K(u)| < oo. Then

1
v/nb,,

where p’ = min(2,p). Moreover, assume condition (iii). We provide
the rate of convergence in probability, by Lemma 3.6, that

sup ) = ()l = O 2 + O3 (1)),

1

(3.13) sgplfn(x) —f(@)] = OP(m

+02+0%*n )/n).

At last, according to [16, Theorem 3], assuming conditions (i)—(iii),
if the kernel K is symmetric and b,,02(n) = o(n), then for a fixed point
Tg, it holds that

Vbl fulz0) = Elfa(wo)]} % N0, f(zo)s]
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where % means convergence in distribution and k = fR K?2(u) du.
Moreover, if \/ﬁbi/2 = 0(1), due to sup,ep |Ry(z)| = O(b2), then we
have

W{fﬂ IO ZE())} —) N|:O f(;co) :|
In addition, from (3.13), it holds that
(3.14) Vb {fo(w0) — f(z0)} 4, ,
fnlzo)k

where Z is the standard normal random variable. Therefore, A confi-
dence interval for the unknown f(zg) with confidence level 1 — a be-
comes

e )

where ®(+) is the standard normal distribution function and n is large
enough.

)

3.2. Moduli of continuity. Wu [14] showed asymptotic normality of
fn(x) — E[fn(x)] for each x € R. Now we consider moduli of continuity
of functions Gy, (z) when J,, < C is a sequence of positive numbers for
a certain constant C.

Theorem 3.7. Assume conditions (i)—(ii), and

(3.15) 00 + (n6,)7 logn = o((nb,) /).

Let l = +/(logn)loglogn.

(i) If @g(n) +®3(n) = O(n®l(n)), where 1 < a <2 andl is a slowly
varying function, then

(3.16)

A6 = 0u (32 )ﬁ) T Oue (520120 DRI (),

(i) If Wa(n) + ®2(n) = O(n), then
(317) Oue ((32) L) + 00 6,81 ().
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Proof.

(i) Letting T), = supyy_yj<s, |y|>n5/a} |Gn(T) — Gn(y)|, since K €
C7(A) with a bounded support A and X; € L% we have, by
Markov’s inequality, that

\/b"E(ITn>s4E{ sup K(”’_Xl ’
n | >n/a /2 bn

nb/e o(1)

=0(P| |X1| > = .

owr(Ix|>"1) =%

By the Borel-Cantelli lemma, we have

5. \" [logn
_ —3;-1/2y _ On,
T, = 0as.(n"°b, %) Oa's'(<bn) b, )

Write n{fn(z) — E[fn(x)]} = Pn(z) + Qn(x) as (3.8). By
a similar proof of Lemma 3.4 (ii), we have sup, |Q, (z)] =
0as. (n®21Y/2(n)l(n)). Then

(3.18)  sup  /nb,|[Qn(x) — Quly)]/n]

|z—y|<dn
= OaASA((Sn V bnn(ail)/le/2 (n)l~(n))

Next, we only have to consider the behavior of P,(z) — P,(y) over
y € [-n®/%,n5/7). We define I,y = 1{(4,):}z—y|<s,} and

(3.19) Zi(z,y) = Ky, (x — X;) — Ky, (y — X3)
— B[Ky, (v — X;) — Ky, (y — Xi)[Fi1]

by the summands of P,(z) — P,(y). Let I = [n't5/¢+1/7| and
|z|; = |#1]/I. Note that |Z;I,,| < 2Ck67b, "), and

E[Z] 1,y |Fi1) < B{[Ks, (v — X;) — Kb, (y — Xi)]?| Fi1}

< C?{ai‘rb;Q(leT) )
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Take p, = (5;b;(1+ﬂ logn and VA = 16Ck (1 + 5/a + 1/7). By the
inequality of Freedman [3], we have

P(|Pu(x) = Pa(y) Ly > VAp)
7)\p2
< 2exp < n

40K 07bn TV A + 2026276, 2047

_ O(n—ﬁ/(z;c,());

therefore,

P ( max |Py(|z]i) — Pu(lyli) ey > ﬁp> -0 (n10/al2n—ﬁ/(4c,<))

ly|<n®/a
=o(n"?).
On the other hand, since K € C™(A), (ndy)” logn — oo and
sup | Pu(w) — Pu(l i) = O(nby, [0 /(Ibn)]7) = O(pn),
then by the Borel-Cantelli lemma, we have

max |P,(r) — Pn(y)U:c,y = Oas.(pn)-
ly|<nb/a

Now (3.16) is proved and (3.17) is obvious. O
4. Applications. Next, we apply Theorems 3.1 and 3.7 to the

following processes (X}) with the structure

(4.1) Xp =+ Yiot,

where Yj,_1 is Fr_1 measurable. It is a large class of processes. The
widely used linear processes

(4.2) Xy = Zai&‘kﬂ‘,
=0

chains of the form
(43) X :G(Xk;fl,Xk727...)+€k
with infinite memory, and nonlinear processes of the form

(4.4) Xy = m(Xg_1) + ey,
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with a stationary solution all fall within the framework of (4.1). Let
@(t) = E(eV~11) be the characteristic function of ().

Theorem 4.1. Let 0 < 8 < 2. For X}, = ¢ + Yi_1, assume that
(4.5) /|<p [2(1+t3)[t|dt < .

(i) For some 1 < a <2, if
(4.6)  |1Xk — Xzl = O(k~C=/2V2(k)), for k >0,

then (3.11) holds. Moreover, assume conditions (ii)—(iii). Then
equation (3.1) holds.
(ii) Assume conditions (ii)—(iii). I

(4.7) STIX - Xi115? < oo,
k=0

then equation (3.2) is satisfied.

Note that Wu [15] has studied this process (4.1) under short-
rang dependence for empirical processes, and the results above can be
obtained by similar analysis. Condition (4.5) is not overly restrictive.
Obviously, it is satisfied if |p(t)] = O(Jt|™") as [t| — oo, where
v > (34 6)/2. Tt is also satisfied for the important symmetric-a-stable
distributions with heavy tails. Recall that X; and X} are identically
distributed, and X is a coupled version of X}, with ¢y replaced by «,.
Then the quantity || X — X}||s measures the degree of dependence of
J(...,ek-1,€r) on go. In many applications, condition (4.6) or (4.7)
is easily verifiable since it is directly related to the data-generating
mechanism and the calculation of || X} — X}||g is easy [14]. From
Remark 3.2, (4.6) is a sufficient condition of O3 (n)+W¥s(n) = O(nl(n))
with 1 < a < 2 and a slowly varying function [(n), which suggests
long-rang dependence. However, (4.7) is a sufficient condition of
O2(n) + Pa(n) = O(n), suggesting short-range dependence.

As for the moduli of continuity of functions G, (x) for the model
(4.1), we have the following results whose proofs are similar to Theo-
rem 4.1.
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Corollary 4.2. Let 0 < 8 < 2. For Xy =€+ Yr_1, assume condition
(ii) and (4.5) are replaced by a stronger condition:

(4.8) / lo(®)2(1 + ) [t|*TPdt < oo.

(i) For somel < a < 2, if (3.15) and (4.6) hold, then equation (3.16)
is satisfied.
(ii) If (3.15) and (4.7) hold, then equation (3.17) is satisfied.

Next, we analyze the linear process Xy = Z?io a;€i—;, where g; are
iid random variables with density f.. Important special cases of linear
process include ARMA and fractional ARIMA models. Assume that
e € L9 for some ¢ > 0, and for p > 1,

(49)  Cp= / (@) + |7 (@) + |£(@)] dz < oo,

Let ag =1, and Yy, = X411 — €41 for k > 0. Then fl(x|]-"k) fe (x -
Y}). By Holder’s inequality, since f.(z +t) fo (x +u)
we have

t
-1 /
[l f@pde< [ 10 / 2+ ) Pdu| da
< Colt]P.

On the other hand, the above integral is also bounded by 2PC5. By
Jensen’s inequality, we have

I frar(@|Fo) = frn (@ FG)lp = (|1 ELf1 (@] Fi)[Fo] — Ef1(z]F) | Fo]lp
< | felz = Yi) — fe(z — Yk*)”p'
Then

- 1/p
O (k ( /|fs (v —Yg) — fs(:cYk)|pd:r>

(4.10) < {E[min(2PCy, Calapy1 (0 — €h)[P)]} /P
< 2(Co)P{E[Jars1 (g0 — £f) "M@}/

= Olfaga 07,
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Similarly, we have
@p(k) = O[|ak+1|min(17q/iﬂ)] and ap(k) = O[|ak+1|min(1,q/p)}.

Therefore, for the special case p = ¢ = 2, we have | X — X} =
lax|l|leo—¢ep |2, and (4.6) is reduced to |ax| = O(k~G~*)/2[1/2(k)), which
implies O2(n) + ¥a(n) + ®2(n) = O(n®l(n)), and (4.7) is replaced by
Y reo lak| < oo, which is a classical condition for linear processes to be
short-range dependent and implies O2(n) + WUa(n) + ®2(n) = O(n).

Now we consider the model (4.3) for chains with infinite memory
[2, 16]. We assume that G satisfies

(4.11) |G(z—1,2-2,...) — G(z" 1,2 ,,...)]

oo
!
< E wjlr_; —a";|, where w; > 0.
Jj=1

For simplicity, we assume ¢j, € £2. Let pa(k) = || X}, — X} ||. From (4.3)
and (4.11), we have

k+1
pe(k+1) < ZWiPQ(kJ +1—1), k>0.
i=1
Define a sequence (ay)k>0 by ag = p2(0) and

k+1

Q41 = E Wilk41—i-
i=1

Then Sa(n;pa(.)) < Sa(n;a). Let h(s) = > po,ars® and u(s)
oo wist, for |s| < 1. By simple calculation, we have h(s)
ao(1 — u(s))~!. Suppose that, as s T 1, we have 1 — u(s) ~ (1 — s)

with d € (0,1/2) which implies (1) = 1. As in (2.6), we obtain

= Il

25in?(nu,/2)
sin?(u/2)

h(e\/ju _ ( 1+2d).

27
27 S3(n;a) = /
0

Suppose that the density function of e; satisfies (4.9). Let Y, =
Xp41 — €kp1. Following the calculation in (4.10), we get O(k) =
O(|Yx — Y ||) = O(pa(k + 1)). Thus, O2(n) = O(n'*24). If u(1) < 1,
then h(1) < oo and ©3(n) = O(n). The other quantities Wo(n) and
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®y(n) can be handled similarly, therefore, Theorems 3.1 and 3.7 are
applicable.

For the nonlinear processes X = m(Xy_1) + €k, an important
example is the threshold autoregressive model [13]

Xi = amax(Xy_1,0) + bmin(Xy_1,0) + &,

where a and b are real parameters. If ¢, € £7 and A = sup,, |m/(z)| < 1,
then (4.4) has a stationary distribution and

Xk = Xills < M Xk—1 = Xialls < - < Mleo = gl = O(NY),
(see also [17]); thus, (4.7) is satisfied.
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