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ON LIMITING BEHAVIOR FOR ARRAYS OF ROWWISE
LINEARLY NEGATIVE QUADRANT
DEPENDENT RANDOM VARIABLES

YONG-FENG WU

ABSTRACT. Let {Xk,1 <k < kn,n > 1} be an array of
rowwise linearly negative quadrant dependent random vari-
ables, and let {anx,1 < k < kn,n > 1} be a real number
array. The limiting behavior for {X,,;,1 < k < kn,n > 1} is
investigated, and some new results are obtained. The results
extend and improve the corresponding result of Hu et al. [3].

1. Introduction and preliminaries. The concept of negative
quadrant dependent (NQD, in short) random variables was introduced
by Lehmann [7].

Definition 1.1. Two random variables X and Y are said to be NQD
if, for any z,y € R,

(1.1) P(X<z,Y <y <PX<z)PY <y).

A sequence of random variables {X,,n > 1} is said to be pairwise
NQ@D if every pair of random variables in the sequence is NQD.

The concept of linearly negative quadrant dependent (LNQD, in
short) random variables was introduced by Newman [8].

Definition 1.2. A sequence {X,,,n > 1} of random variables is said
to be LNQD if, for any disjoint subsets A, B C ZT and positive r;-s,
ke Tk Xk and 3- . pr;X; are NQD.
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Remark 1.1. It is easily seen that, if {X,,,n > 1} is a sequence of
LNQD random variables, then {aX,, + b,n > 1} is still a sequence of
LNQ@D random variables, where a and b are real numbers.

Obviously, LNQD random variables are much weaker than indepen-
dent random variables and negatively associated (NA, in short) (cf. [4])
random variables. Newman [8] established the central limit theorem for
a strictly stationary LNQD process. Since the article of [8] appeared,
Wang and Zhang [11] provided uniform rates of convergence in the
central limit theorem for LNQD sequence, Ko, Cho, and Choi [5] ob-
tained the Hoeffding-type inequality for LNQD sequence, Ko, Ryu and
Kim [6] studied the strong convergence for weighted sums of LNQD
arrays, Wang et al. [12] studied exponential inequalities, the complete
convergence and almost sure convergence for LNQD sequence, and so
forth.

Definition 1.3. An array of rowwise random variables {X,;,1 <
k < k,,n > 1} is said to be stochastically dominated by a nonnegative
random variable X (write {X,,} < X) if there exists a constant C' > 0
such that

(1.2) sup P(|Xpi| > 2) < CP(X > x), forallz>0.
n,k

Clearly, if {Xp1} < X, for 0 < p<ooand any 1 < k < k,,n > 1,
E|X,lP < CEXP.

A sequence of random variables {U,,n > 1} is said to converge
completely to a constant q if, for any € > 0,

> P(U, —a| >¢) < o
n=1

In this case, we write U,, — a completely. This notion was given firstly
by Hsu and Robbins [2].
Hu et al. [3] had obtained the following result in complete conver-

gence.

Theorem A. Let {X,i,1 < k < mn,n > 1} be an array of rowwise
independent random variables with EXpj, = 0. Suppose that {Xpi, 1 <
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k < n,n > 1} are uniformly bounded by some random variable X. If
E|X|* < 0o for some 1 < p < 2, then

n~4/P Z Xnre — 0 completely,
k=1

if and only if E|X11|*? < co.

Let {Z,,n > 1} be a sequence of random variables and a, > 0,
b, >0, q>0,if

(1.3) Z anE{b, | Z,| —e}? < 0o for some or all € > 0;

n=1

then (1.3) was called the complete moment convergence by Chow
[1]. Chow [1] investigated the complete moment convergence for
independent random variables. Wan and Zhao [10] investigated the
complete moment convergence for NA sequences. However, few articles
have been written on this subject for LNQD random variable sequences.

In this work, we shall extend Theorem A by considering LNQD
instead of independent variables. It is worth pointing out that our main
methods differ from those used by Hu et al. [3]. In addition, we study
the complete moment convergence, the convergence in probability and
the mean convergence for the array of pairwise LNQD random variables
under some appropriate conditions, which were not considered in [3].

In order to prove our results, we need the following lemmas.

Lemma 1.1 (cf. [7]). Let {X,,n > 1} be a sequence of pairwise NQD
random variables. Let { fn,m > 1} be a sequence of increasing functions.
Then { fn(Xn),n > 1} is a sequence of pairwise NQD random variables.

Lemma 1.2 (cf. [6]). Suppose X1,...,X, are LNQD. Then

Eexp (anxk) < ]ﬁEeXp(Xk).

k=1
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Lemma 1.3. Let {X,,n > 1} be an LNQD random variable sequence
with zero mean and 0 < B, = >_;_, EX} < co. Then

(14) P(|S.| > 2) <> P(IXk| > v) +2exp(§——l( Z-Z))

k=1

for all x > 0,y > 0.

By means of Lemma 1.2, this lemma is easily proved by following [9].
Here, we omit the details of the proof.

Below, C' will denote generic positive constants, whose value may
vary from one application to another, I(A) will indicate the indicator
function of A.

2. Main results. Now, we state our main results. The proofs will
be given in Section 3.

Theorem 2.1. Let {Xp1,1 < k < ky,n > 1} be an array of
rowwise LNQD random variables such that EXp, =0 and { X1} < X,
and {ang,1 < k < kp,n > 1} be a real number array such that
maxi<k<k, |ank| = O(n~") for some r > 0, and let {k,} be a sequence
such that k, < bn™ for someb,m > 0. If m < 2r and EX(m+D)/r ~ 0,
then

kn
(2.1) Z ankXnk — 0 completely.
k=1

Corollary 2.1. Let {Xpk,1 < k < n,n > 1} be an array of
rowwise LNQD random variables such that EXp; =0 and { X1} < X,
EX? <00, 0<p<2. Then

1

s ZX g — 0 completely.
n

=1
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T

Remark 2.1. Take apr, =n~", r = 1/p and m = 1 in Theorem 2.1;
we can get the above corollary. Since LNQD random variables are
much weaker than independent random variables, Theorem 2.1 extends
Theorem A.

Theorem 2.2. Let {X,;,1 <k < kp,,n > 1} be an array of rowwise
LNQD random variables such that EX,, =0 and { X} < X, and let
{kn} be a sequence such that k, < bn™ for some b,m > 0. If m < 2r
and EX(MTD/™ < oo then

() kn
(2.2) Zn—mE{ > Xk
n=1 k=1

where 0 < g < (m+1)/r.

q
— enr} < o0, foralle >0,
Jr

The following theorem shows that, under some appropriate condi-
tions, we can obtain the convergence in probability for the array of
rowwise LNQD random variables.

Theorem 2.3. Let {X,;,1 <k < kp,n > 1} be an array of rowwise
LNQD random variables such that EX,, =0 and { X} < X, and let
{kn} be a sequence such that k, < bn™ for some b,m > 0. If m < 2r
and

(2.3) lim n™ "yP(X > y) =0,
y—>00

then
kn

(2.4) n-" Z Xnw — 0 in probability.
k=1

Finally we state the mean convergence for the array of rowwise LNQD
random variables, under some conditions which are stronger than those
of Theorem 2.3.

Theorem 2.4. Let {X,,1 < k < kyp,n > 1} be an array of rowwise
LNQD random variables such that EXy,p, =0 and { X} < X, and let
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{kn} be a sequence such that k,, < bn™ for some b,m > 0. If m < 2r,
m-+1>7r and

(2.5) ylin;o nm_TEX(m"‘l)/T’I(X > y) =0,
then
kn
(2.6) n"y  Xpp — 0 in LOMTD/T,
k=1

Remark 2.2. We point out that (2.5) is stronger than (2.3). Let
p=(m+1)/r. Since

P

EXPI(X >y) = </pr+/oo)P(XpI(X>y) >t)dt

yP 00
:/ P(X>y)dt+/ P(X? >t)dt
0 Yy

P

=y’P(X > x) +/ P(X? > t)dt,
yp
we know (2.5) implies
(2.7) lim ™ TyMD/TP(X > y) = 0.

Y—0o0

Noting that (2.7) implies (2.3) if m 4+ 1 > r. Therefore, (2.5) implies
(2.3).

Remark 2.3. Since an independent or NA random variable sequence is
a special LNQD sequence, Theorems 2.2-2.4 hold for arrays of rowwise
independent or NA random variables.

3. Proofs.

Proof of Theorem 2.1. Let Ty, = EZL ankXnk. Since anpr =

+ — kn + kn — — .
are —a, Toe =D 0" ar, Xok — > 0" @, Xk, and limit properties
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for k 1 anank are similar to those for 11221 a, . Xnk. Without loss
of generality, we may assume that 0 < apr < n~". Let

X = XorI (| Xk <n") + 0" I(Xpp > n")
T I(Xg < —n"),
+ (X = n")(Xpg > n").
By Lemma 1.1, we know that {X/,,1 <k <k,,n>1}and {X/,,1<

k < k,,n > 1} are arrays of rowwise LNQD. To prove (2.1), it suffices
to show

(3.1) Z ( ) >5/2) < 00
n=1
(3.2) nz:lP< "—EX")| > 5/2) <00

First, we prove (3.1). Let B], = Z],:il a2 E(X!, — EX],)? Take
x =¢/2,y =¢/2n and n > max{1/(2r —m),1}. By Lemma 1.3, we
have

o kn
I, < Z Zp(ank|X;Lk — EX,,| >¢/2n)
n=1k=1
0 B’ n
C
" nzl (Ba 62/477)
=13+ 14

Since FX,,;, =0, we have

ank|EX7/Lk| = ank|EX7/L/k| < TLiTE|Xnk|I(Xnk > TLT)
(3.3) <n B Xk |/ TN X > 07

< n~m X MED/T 0 asn — .

To prove I3 < oo, it suffices to show

x>

n

(3.4) LEY Y Plank]X)y| > e/4n) < 0o
1

~
Il

n=1
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Then

>
3

P(|X7| > ne/4n)

0
N

3
Il
—
~
s
—

P(| X | > n"e/4n)

1k

CY n™P(X >n"e/4n)
n=1
< CEXMHD/T < 0.

Il
-

n

IN

By (3.3) and (3.4), we have I3 < co.

Then we prove I; < oo. Clearly, for x > 0, y > 0 and n > 1,
(x4 y)" <277 1(2" + y"). Hence, by the C,-inequality, we have

=~
IA
Q
NE
M D7

n
aikE( ;zk - EX;mV)

3
Il
=

In
Q
[

n
n?TE<X;k)2)

3
Il
-
=~
I
-

=

n

2 EX2 (X o] <)

(
(
(

Il
Q
e

>
>
Il
—

n

n
+ P(|Xnk| > TLT))

,TL

i I

7N
- >

n
<C NI EX2 (| Xk < nr))

1 =1

i ( 3 P(| Xkl >n7’)>n

k=1
= T4y + Iy
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For 145, we have

I < Ci(nmP(X > nr))n (by n > 1)

n=1

> n
< C(Z n™P(X > nr)) < C(EX(m"‘l)/T)ﬂ < o

n=1

For I;;, we consider the following two cases. When m + 1 < 2r, we
have

kn 7
Iy < CZ (Z T2 B(| Xk || X PO (| X < Tf))

| /\

kn n
<Z —m— 1E|X |(m+1)/r1(|Xnk| Snr))

\ /\

Z EX m+1)/r)77 < 0.

When m + 1 > 2r, we have EX? < co. By n > 1/(2r —m), we have

o0

I41<CZ merpX?) Z m=2(EX?) < co.

From the above proof, we know that I, < oo. Therefore, we prove that
(3.1) holds.

Then we prove (3.2). Note the definition of X//,. By a similar
argument as in the proof of (3.4), we have

M8

I, < P (3k; 1 <k <k,, such that |X,x| >n")

3
Il
—_
>
3

P(|Xnk| >n") <CY n™P(X >n")
1 1 n=1

EXmtD/ < .

M

el
Il

3
Il

IA

The proof is complete. i
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Proof of Theorem 2.2. Since

) q
Z n_rqE< ZX"k — ETLT>
n=1 k=1 +
0 fe'e] kn
:Zn*rq/ P< > Xk >anr+t1/q> dt
n=1 0 k=1
0 n"4 kn
:an</ P( ZXnk >£nr—|—t1/q>dt
n=1 0 k=1
o kn
+/ P( Xp| > en” + tl/q> dt)
nTd k=1

e’} kn
< Z P< Xkl > Enr>
n=1 k=1
+Zn—W/ <2Xk >t1/‘1)d

= I5 + 16-

Taking a,r = n~" as in Theorem 2.1 of this paper, we have Iy < oo.
To prove (2.2), it suffices to prove that Is < co. Let

Xoo = XorL(|X] < /%) 4 891 (X > £1/9)
_tl/qI(Xnk < _tl/q).

For

g

kn
> X
k=1

kn
> tl/q> <Y P(|Xi| > tY9)
k=1

wr(

I <Zn—w/ ZP Xl > £1/9) dt
nrd k—

kn,

Xox)

>t1/‘1/2).

k=1

Then
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+ i n~"? /oo P(
n=1 ne

= Is1 + Io2.

kn

ke = EXop)

> tl/‘Z/2) dt

k=1

By {Xnr} < X and the mean value theorem of differentials, we have

It <Can “1/ P(X > tY9)dt

n=1
(s4+1)"

—Can WZ/ P(X > tY/9)dt
< Can*Tq Z s"ITIP(X > s
n=1 =n
< Cisrq_lP(X > s") inm_rq (by m —rqg > —1)

<CY s"P(X >s") <CEX™M/" < oo,
s=1

Then we prove Ige < co. For t > n"9, set

k:ll
—EXpp)

kn
le{ D> P(|X| > ) >P<

k=1
Ny =N — N;j.

> tl/q/2>},

k=1

Obviously if one of N; and Ny is finite, we need only study the case
that n € N; or n € Ny. Hence, without loss of generality, we may
assume that N7 and Ny are all infinite.

When n € N, by a similar argument as in the proof of Is; < oo, we
have
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kn
> oo / ( - EX;,C)‘ > t1/4/2> dt
neN; n" k=1
o0 kn
<C 3wt [ S P(Xul > 0
neN; n g1

< cznm—m/ P(X > tV/9)at
n=1

nrd

<CY s"P(X >s") <CEX™M/" < oo,

s=1

Hence, to prove Ig2 < oo, it suffices to prove that

e 5 e[S

neNs

— EXp)

> tl/q/2} dt < oo.

Let B! = S, B(X, — EX7 )2 Take & = tY/9/2, y = t1/9/2§, and
0> max{q/2 1 1/(2r —m)}. By Lemma 1.3, we have

oo kn
Iy<C Y n*“l/ ZP( * —EXI| > tl/q/25> dt
neNy nrd k=1
Z B// g
+C _Tq/ < " 3 > dt
=, B! +t2/1/46
= I + Ig.

When t > n"?, if m + 1 < r, then
VNEX S < VB XL x,, <i/0) + P Xok] > £1/9)
<t~ VD B X, | DT 0 as n— oo,
Ifm+1>r by EX,r =0, we have
til/q|EX:Lk7| < til/qE|Xnk|I(\X,,Lk\>t1/4)

< =N/ D B X DT 50 as n - oo
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Therefore, when n is sufficiently large, we can get |[EX,| < t1/9/46.
Hence, to prove I7 < oo, it suffices to prove that

L=Cc> —“1/ ZP |X* k|>t1/‘1/45) dt < oco.
nEN2

The proof of I} < oo is similar to that of Ig; < co. Hence,
0 [e%s)

Ié < CZ nm—rq/ P(X > tl/Q/45) dt < CEXM+D/T ~ o

rq
n=1

Finally, we prove Is < co. By > 1, we have

Is<C Z / (B"ot=2/a qt

neNy
<C >y / (ZE 2 T(| X pp] < tV/9)
nENz n”
+ ZtQ/qP(|Xnk| > tl/q)) t=20/a 4t
k=1
<Cc ) —Tq/ (ZEXMI (| X k| <t1/‘1)) 2009 q¢
neNy
kn
+C Y n” / <ZP|X k|>t1/q)) dt
neNy
= Ig1 + Igo.

When n € Ny, we know that Y5 P(|X,.| > t¥/7) < 1. By § > 1
and a similar argument as in the proof of Ig; < 0o, we have

oo kn

Iy <C Y —“1/ ZP(|Xnk| > tH/9) dt

neNy "

<C )y “1/ P(X > tY9)dt < CEXHD/T < 0,
neNy
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Then we prove Ig1 < co. If m4+1 < 2r, by d > 1and 0 < ¢ <
(m+1)/r, we have

Ig < CZ —rq/ <ZE |X k|(m+1)/r|X |2 (m+1)/r)

neNy

I(| X k| < tl/q)) t—20/aqy

oo s kn 5
< CZ n*”/ <ZE|Xnk|(m+1)/TI(|Xnk|< tl/q)) = (m+1)5/ra gy
n€Ny nN =1
S C Z nmé_rq(EX(m+1/T)5 /Oo t—(m+1)6/rth
nrq

neEN2

<C ) n(EXmEN/M? <C’Zn (EXMHD/MY < o0,

neNs n=1

Ifm < 2r <m+1,byd > max{q/2, 1/(2r —m)}and EX2, I(| X x| <
tl/q) < EX? < 00, we have

I <C Y nmé—rq(EXQ)‘*/ t=20/aqy

neNs nr

< C Z n(m—Qr)é(EXQ)é

neNs
<C Z n(m72r)6(EX2)6
n=1

The proof is complete. o

Proof of Theorem 2.3. Following the notations of X, and X/, in
the proof of Theorem 2.1, we can get

kn

kn
P( > Xni| > n%> < P< > (X, - EX})| > nT€/2)
k=1 k=1
kn
+ P( > (X - EX))| > nrs/2)

k=1
= Ig + Il().
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To prove (2.4), it suffices to show that Ig — 0 and 1o — 0 as n — co.
Let G, = Y4, B(X!, — EX/,)%, © =y = n"¢/2. By Lemma 1.3 and

n
the Markov inequality, we have

kn
C
Iy < —EX'|>n"e/)+ C——2
_kg P(1X,, nil > 1m"e/2) + Cn ¥ n7e2/d
Ky, kn
<Cn™ Y E(X}, - EX},)? <Cn7 ) E(
k=1 k=1

Fon
< Cn*QTZE 2 (X <07) + O P(|Xok| > n")
k=1 k=1
= Ig1 + Igo.
For Ige, by taking y = n" as in (2.3), we have
Iy < Cn™P(X >n") — 0 asn — oo.

For Iy, we have
kn ’I’LQT
w=Cn Y / P(X2, (| Xne| < ") > t)dt
170
kn n2r
- Z/ P(X2, > t)dt  (let t = y?)
k=170
kn ’I’Lr
- cn*%Z/ yP(|Xpk| > y)dy
k=170

< C’nm_zr/ yP(X > y)dy.
0

From (2.3), we know that there exists an M > 0 such that n™ "yP(X >
y) <eif n” > M. Then

M n”
Iy < Cnm’Qr/ yP(X > y)dy + Cnfr/ edy
0 M
< On™ ™" 4 Ce.
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Since € > 0 is arbitrary and m < 2r, Ig; — 0 as n — oc.

Then we prove I1g — 0 as n — co. By the definition of X/, and the
similar argument as in the proof Igo — 0, we have

Iy < P(3k; 1 <k <k,, such that |X,x| >n")
kn

<> P(|Xnk| >n")
k=1
<Cn™P(X >n") — 0 asn — oo.

The proof is complete. i
Proof of Theorem 2.4. Let p = (m + 1)/r and

X' = X (| Xng| < 6/P) + £PI1( X > t1/P)
— tYPI( Xy < —tY/P),
L= Xk — Xpp = (X — tY/P)I1(Xg > tY/7)
+ (X + ) (X < /7).

For all € > 0,
n P o0 kn
n_TZXnk :n—m—l/ P( ZX"k >t1/p> dt
k=1 0
<e+ n*mfl/ ( tl/”> dt
'm+l€

1
nmtle g

+ n_m_l/ (
nm+1

=+ I11 + Iho.

<e+n™T 1/ ZP|Xk|>t1/p)d

kn

Z ' —EX!)

k=

> tl/P/2)

To prove (2.6), it suffices to show that I;; — 0 and I1o — 0 asn — co.
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For I 1, by (2.5) we have

111 Sn_l/ P(X>t1/p)dt

'm+1€
<nLEXID/TI(X s nem/MADY by mo—r > —1)
<™ TTEXMIV/TI(X > pe/ M) 50 as n — oco.

Then we prove I;y — 0. Let D, = Y5, E(X., — EX.,)?,
x = tY?/2, y = t'/P/2y and v > max{1, p/2}. By Lemma 1.3, we
have

Ly <n™™" 1/ ZP | Xn —EX:zk|>t1/p/27) de
nm+1€k 1
D vy
Cn ™1 — | dt
e /ana (Dn +t2/”/47>
= I3+ 114.

By EX,r =0 and (2.5), we know

tVP|EX), | =t P EX],|
<t VPE| X | T(| X i | > t1/P)
<t VB Xk PI(1 X k] > t1/7)  (by t > n™Te)
<n Ml EX MAD/T (X > pren/ (MDY g

as n — oQ.

Therefore, while n is sufficiently large, by a similar argument as in the
proof I1; — 0, we have

I3 <n™™" 1/
m+1

e Zp (1%l > 1/7/47) at

+1
nm I3 =1

ZP X! ,| > tl/P/zw)

Ekl

gnfl/ P<X>t1/p/47) dt — 0 asn— oo.
m+1g
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Then we prove I14 — 0. By C,-inequality and v > 1, we have
kn ¥

<t2/” > E(X;Lk)2> dt
k=1

e} kn
—onmt [T (Y BRI < )
n'm+1€

k=1

oo

Ly < Cnm-1 /

nmtle

kn
+ 7PN EXZ I < | K| < Y7)
k=1

kn ¥
+ P Xk > WP)) dt
k=1

o0 kn Y
< Cn_m_l/ (t_Q/p Z EX3I(|Xn| < nr)> de
n'm+1€

k=1

) kn y
+ cn—m—l/ <t‘1 S BIX P I0" < [ X < tl/p)> dt

mt+lg =1

mt+lg

o0 kn vy
+ Cn*mfl/ <ZP(|Xnk| > tl/p)> dt
n k=1

"

=1y + Iy + I

For I7;, by the similar argument as in the proof I;; — 0, we have

oo

I} SCnfmflme/ P(X > tYP)dt — 0 as n — oco.

nmtle

By Remark 2.2 we know that (2.5) implies (2.3). Therefore, by a similar
argument as in the proof Ig; — 0, we have

kn
I, < sCn ™1y T EX2I(| Xnk| <n")
k=1

X / t=2/Pdt (by v > p/2)

m+1€

kn
< Ce' PN T EX L I(| Xk <07) (by v > 1)
k=1



QUADRANT DEPENDENT RANDOM VARIABLES 1393

k"L
< Cel=n/pp=2r Z EX2I(| Xk €n7) — 0 as n — oo.
k=1

For I{,, by (2.5), we have

k,

[e%s} n vy
Iy, < Cn*mfl/ <t1 > B Xk PI(| X k| > nr)) dt

m+lg —1
kn o
< Cn LS BX P I(| Xk > ) / vt
n"”*ls
k=1
kn
< Ce' T YN " B X PI(| X k| > ")
k=1
< et MY RXPI(X > p") (byy>1land m+1>7)
< Ce' ™M™ TTEXPI(X >n") — 0 as n — oo.

The proof is complete. O
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