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A ¢-ANALOGUE OF MODIFIED BETA OPERATORS

VIJAY GUPTA, P.N. AGRAWAL AND DURVESH KUMAR VERMA

ABSTRACT. In the present paper, we introduce a g¢-
analogue of modified Beta operators. First we estimate mo-
ments of these operators and also obtain the relation for mo-
ments. We estimate some approximation properties of these
operators.

1. Introduction. In 1997 Phillips [11] proposed an important gen-
eralization of the classical Bernstein polynomials based on g¢-integers.
It is well known that many g-extensions of the classical objects arising
in approximation theory (e.g., different types of Bernstein operators
and Bernstein basis polynomials) have been recently introduced. See,
e.g., [12 and the references given there].

In 1967 Durrmeyer [5] introduced an integral-modification of Bern-
stein polynomials so as to approximate Lebesgue integrable functions
on the interval [0, 1]. These operators have been extensively studied by
several researchers. In a similar manner, Deo [4] introduced the follow-
ing modified beta operators so as to approximate integrable functions
on the interval [0, 00),

(1.1) Mo(f,z) = %an,k(x) /oo bo(t) (1) dt,
k=0 0

where
1 ak
b, =
,k(x) Blk+1,n) (1+ x)n-i—k—‘,—l

and the beta function B(a, 8) = [(« — IS — D]/(a+ S — 1)L
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Following [7] and the references therein, for ¢ > 0 and each nonneg-
ative integer n, we have

1—q"
), = { T q#1,
n, q=1,

and

] '_{[1n]q[n—1]q[n_2]q...[1]q, ::(1)2

Further, we use the g-Pochhammer symbol, which is defined as

(b ) = [[ (1 + ).

Jj=0

The g-Jackson integrals and g-improper integrals are given by (see
8, 10])

| f@)de == e} flaaa
n=0

and

[ e =0 ) > (%) G ase

n=—oo

provided the sums converge absolutely.

The ¢-gamma function [2] is defined by
1/1—q
Iy(t) = / 2" Ey(—qz)dyz, t>0,
0

where the g-exponential function E, is defined as

= Z
=[Ja+0-9d2) = Zq’“(’” = lal <1
3=0 '
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(see e.g. [9]). Consequently,
Fa(t+1) = [t]gq(t), Tq(1)=1.

The ¢-beta function [2] is given by

xtfl

oo /A
B,(t,s) = K(A,t)/o (

LA
TQ)trs

where K (z,t) = (1/1+2)2'(z7*;¢)¢(2;9)1—¢. In particular, for any
positive integer n,

K(z,n) = q"("_l)/z, K(z,0) =
and

_ Ta@)T(s)
Bq(t, S) = m

Motivated by the g-analogue of Bernstein-Durrmeyer polynomials [7],
we introduce a similar g-analogue of the operators (1.1) as follows:

For f € Cp[0,00), the space of bounded and continuous functions on
[0,00), g € (0,1) and each n € N, the positive linear operator M,, , is
defined by

(1.2)
oo /A
Mg(f,2) = ank / ¢ (O dyt,
qk 0
where
gF=1)/2 ok

q (z) = » el
Pk = BT T e © €0

and By (k + 1,n) = [k]![n — 1]4!/[n + k4!

2. Preliminaries. In the sequel we shall require the following
results.
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Remark 1. Following the paper [1] and the g-derivative
[ (@) — [ (qz)
(l-qz '

by a simple computation, we have

(Duf) (2) = if o £ 0,

[k

L R e

- qx) [n +1]4p}) 1. (g2)

and

O e ]

where D, denotes the g-derivative operator.

Lemma 1. If we define the central moments as
Toom(z) == My 4(t™; x)
1 0 . oo /A ko .
=—> pl(x) q" Py, (Ot dgt,
[n]q k=0 0

then T, o(x) = 1 and, for n > m+ 2, we have the following recurrence
relation:

([n +1g = [m +2]g)Tn m+1(q7)
= qo(1 + 2)Dg[Tn,m ()] + q([m + g + [0 + 1]g2) T, m(q2);

consequently, we have

_ [+, T !
Tml(x) = n — 1]q q[n — 1]q
and
sty Lt Ll 2l

q¢°[n — 1g[n — 2],

[n +1]q(q + [3]q)
¢°[n — 1]q[n — 2],
24
¢*ln —1]gn -2,

+
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Proof. Using Remark 1, we have

E = qx(l + 2)Dy [T m ()]
oo /A

oSl aD ) [
0

ko

[n+1q q /DQ/A k( [k]q > q m
= Pp.pqx ¢ = —qx |p,, ()t dgt
2 vhales) | p K" dy

[n]q

_ e g (g
[nlq =0

oo /A
X / q" (16[167](1 —t+t— qac)pfl L)t dt.
0 qk=1[n], ’

Thus, by Remark 1, we have

St [ e[S+ Dot

q k=0
+ [n + 1] Tm+1(qz) — g[n + 1)q2Ty m (qz)

an k

‘1 k=0
00 /A
x / q" [qt™ ! + 1" 2] Dy [pl (1) dgt
0

+ [+ 1)¢Tnm+1(gr) — gln + 1)q2T, m(gx).

Using the ¢ integral by parts,

we have

E = —q[m +1]4Tpm(qr) — [m + 2]4Tn m+1(qz)
+ [’I’L + ]-]an,erl(qx) - Q[n + 1]qun,m(qx)a

which completes the proof of recurrence relation. a
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Corollary 1. From Lemma 1, it follows that

2,
Mol 6 =22 = G 23, " 11,
[n+ 1]4[n + 2]4 2[n + 1], 9
st = o) = (T, - At )
(g + [3]g)[n +1]4 2 .
*( 3 — 1yl — 2, q[n—uq)

2],
e, —2,

Further, M, ((t — )™, ) is a polynomial in x of degree m and, for
every x € [0,00),

m 1
Mg ((t - 2)™, ) :o(w), as ,n = 0o,

where [B] denotes the integer part of f3.

Lemma 2. Forn > 2, we have

15 1
Mn,q((t - $)27$) < m ((p(x) + m)

n —

where p?(x) = 2(1 + ), x € [0,00).

Proof. By Corollary 1, we have

Mmq((t—x)?,x):( [n41]gln+2),  2n+1] +1)x2

¢5[n — 1]g[n - 2], - ¢*n— 1]y

@+ B+, 2\
+(q5[n—11q[n—21q q[n—11q>
2,

@3 —1g[n - 2],
_ ([n +14[n +2]q — 2¢*n + 1]4[n — 2],
¢°[n — 1g[n — 2],
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=ty =2

+wm—um—m) (1+2)
alq + 3], — [0 + 2 )ln + 1],

+( 2l — 1,0 — 2,

(24" [n + 1]y — 2¢° = ¢°[n — 1])[n — 2],
* ¢ln—1,ln— 2, )“
2],

P2,

Hence, for n > 2, we have, using

[n—1]; =1+g[n - 2],
[n+1]y =8y +¢*ln -2,

and

[+ 2)g = [4]4 + ¢*[n — 2

[+ 1gln + 2]g — 2¢*[n + gl — 2]g + ¢°[n — Lg[n — 2],

[n+
[

= ([3]q+q3[ 2]g)([4]q+ 4[ — 2], )—2q4([3]q+q3[n—Z]q)[n—Z]q
+4°(L+qln — 2 In — 2]

= [3]4[d]q + [n — 2]4(¢*[4)g — ¢"[38]¢ + ¢°)

= [8]q[d]g + [n —2]4(¢® +¢° = ¢") > 0.

Next,

q(q+[8lg — [n+2]g)In+ 1y + (2¢" [n+ g — 2¢° — ¢°[n — 1] ) [n — 2],
=q(q+[3]q — [4]q — q4[n —2]g)([3]q + q3[n —2]g)
+2¢*(Blg + ¢°[n — 2]g) — 2¢° — ¢°(1 + g[n — 2])][n — 2],
=q(q + [3]¢)13]q — Blg[4]g + [n — 24
X (q4 +¢ + q5[2]q —-2¢° + q4[3]q - q3[4]q - qﬁ)
= q(q +[3]¢)[3]q — [Blg[d]q + [n — 2]q(q4 - qs)
= —1—q—|—q3—|—q4—[n—2]q(q3—q4) <0, formn>2.
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Thus, we have

M, q((t — r)% x)

[n+1]q[n+2]q — 294[n+1]q[n_2]q + qﬁ[n—l]q[n—Q]q
<=l ”)( Eln 1,2l )
LB,
q3 [n - 1]q[n - 2]q
15[” - 2]q 2 [2]q
S Pt -2,° O T m o,

<o (70 )

for every ¢ € (0,1) and z € [0, 00). Hence, the result follows.

3. Main results. In this section we establish direct and local
approximation theorems for the operators M, 4.

Let the space Cp[0, 00) be endowed with the norm || f|| = sup{|f(x)| :
x € [0,00)}. Further, let us consider the following K-functional:

K>(f,0) = inf {llf-gl+ 3llg”"lI},

where § > 0 and W? = {g € Cg[0,0) : ¢’,¢" € Cg[0,)}. By [3,
page 177, Theorem 2.4], there exists an absolute constant C' > 0 such
that

(3.1) Ky(f.0) < Cwa(f.V9),
where

wa(f, V)= sup  sup |f(z+2h) —2f(x+h) + f(2)]
0<h< /6 ©€[0,00)

is the second order modulus of smoothness of f € Cg[0, 00).

In what follows, we shall use the notations p(z) = \/x(1 + z), where
x € ]0,00) and n > 3.

Theorem 1. Let f € Cg[0,00) and n > 3. Then, for every
z € [0,00), we have

My7.) = @) < Cln (. %) s, q{fj%)
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where

@) = (@) +

and C is a positive constant.

Proof. We introduce the auxiliary operators M, , defined by

2+ gt

32) M) = Mag(foo) = o+ T2 o),

x € [0,00). These operators are linear and preserve the linear functions

in view of Lemma 2.

Let g € W2. From Taylor’s expansion of g,
t
9(t) = g(x) + ¢'(x)(t — x) + / (t —u)g"(u)du, t€0,00)

we have

My (9,%) = g(x) + My, ( / t(t —u)g" (u)du, x) :

Hence, by (3.2), we obtain

(3.3)
| M, ,(9,2) — g(2)]

< ‘Mmq(/:(t —u)g" (u) du, x)’

o+(q*2lqzta ")/ In—1]g ~2[9 -1
+’/ (x+q [2l4z +q

[n - 1]q
- u)g”(u) du
t
< | [ 0=l @) 0 <)
wt(q7? [2lgz+q™ ")/ [n—1]q —279 -1
o (s it
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—u)@%wwu
t
<Ahg(/N@—xMWNMMuw)
o+ (g 2 [2qz+q ) /[n—1]q | ,,—2 1
q [2]q$ +q "
+/ 19" ()| du
T [’I’L - 1]4

IN

p@A@_@%@+<23%¥ﬁ§i)jmw
4

T

Applying Lemma 2, for n > 3, we get

g 12
Aﬂd@—@%w+<g%%%ﬁ%_>

[n — 1]
Since
~2[9] 21 g1\ 2
(i) e
_ (+9?e® +2¢(1+qa+q* [n — 2],
B ¢'n— 153 =2zl +2) +1
1 n—2], 42 + 42+ 1

S dtn—-1], n-1], -2l +z)+1’

it follows that

(3.4) M (9,2) — 9(2)] < ——0——82(2) 9" I

¢°ln — 1]
On the other hand, by (1.2), (3.2) and Lemma 1, we have
(3.5)

|My o (f, 2)| < Mg (f, 2)] + 2[FI| < ([ Mg (1, 2) + 2] FI] < 3] 1]
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Now (3.2), (3.4) and (3.5) imply

| My q(f2) — f(2)] < M, (f = g,2) — (f — 9)(=)]
+ M, ,(g,7) — g(z)|

+ f<x+m> - f(@)

[n —1]q
19 "
<Allf —gll + m@%(%)ﬂg [
. q 2l +q7" — fx
+f< e T > f(@)].

Hence, taking infimum on the right hand side over all g € W2, we get

Mgl F0) =10 <195 (1, b2 0) (1 "{i}fﬂ*q) |

In view of (3.1), for every q € (0,1) we get

My g(f,2) — ()] < Cloy (f, J%) fw (f, q{fj#)

This completes the proof of the theorem. O

Let B,2[0,00) = {f : forevery z € [0,00),|f(z)] < Ms(1 + 2?),
My being a constant depending upon f}. By C,2[0,00), we denote
the subspace of all continuous functions belonging to B,2[0,00). Also,

*,10,00) is the subspace of all functions f € C,2[0,00) for which
limg oo f(2)/14 22 is finite. The norm on C*[0,00) is [|f.2 =
Supfce[O,oo) |f($)|/1 + xQ'

For any positive number a, by

wa(f,0) = sup sup |f(t) — f(z)],

[t—x| <6 x,t€[0,a]

we denote the usual modulus of continuity of f on the closed interval
[0,a]. We know that, for a function f € C,2[0,00), modulus of
continuity w,(f,d) tends to zero as 6 — 0.
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Theorem 2. Let f € C,2[0,00), ¢ = g, € (0,1), be such that ¢, — 1
as n — 00, and let wqy1 be its modulus of continuity on finite interval
[0,a + 1] C [0,00) where a > 0. Then, for every n > 2,

K K
M q(f) = fllcio,a < m + 2wq i1 (f, \/%),

where K = 114M (1 + a®)(1 + a + a?).
Proof. For x € [0,a] and t > a + 1. Since t — 2 > 1, we have
(3.6) [f(t) = f(x)| < My(2+2° +17)
< My(2+ 322 +2(t — 2)?)
<3My(14 22 + (t — x)?)
< 6Mp(1+2?)(t — x)?
<6My(1+a®)(t —z)>

For z € [0,a] and ¢t < a + 1, we have

|t — 2|

B7) 1) = F@)] < wup (st — o) < (1 T )wamf, 5)

with § > 0. From (3.6) and (3.7), we can write

35 110~ @] < 03y1 -+ = + (14 5 Y (10),

For z € [0,a] and ¢ > 0,

|Mq(f,2) = f(@)] < M g([f(t) — f()], 2)
<6My(1+ az)Mmq((t — )%, 1)

+anin(£0) (14 5Mig((t - 0.

Hence, by Schwartz’s inequality and Lemma 2, for every ¢ € (0, 1) and
z € 10,a],

[ My.q(f,2) = f(2)]
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S114Mf(1+a2)(¢2(m)+[ 1 )

¢%ln — 1] n =2l
+ Watr(f, 5)(1 + %\/ng]q <<p2(x) + ﬁ)
K

1 K
< qﬁ[n_'2]q+wa+1(fv§)(1+g ]q)»

taking 6 = /K /q5[n — 2],

< K n ( f K )
S o o T Watl A e a1 |-
-2, ¢°[n— 2],
This completes the proof of Theorem 2. i

By f € Lipasa, we mean that the function f is said to satisfy Lipschitz
condition of order « on [a, ], if

[f(@) = f(y)| < Mz —y|*, forall 7,y € [a,b]; a >0

Corollary 1. If f € Lipya on [0,a + 1], then for n > 2

K
| Mg, (f) = fllco,e < (14 QM)\/ Sn—2,.

where ||f||C[0,a] = SUDPgz¢[0,q] |f($)|

Proof. For a sufficiently large n

K < K
qg[n_2]qn B qg[n_2]qn

because lim,,_,[n — 2], = co. Hence, by f € Lipaa, we obtain the
assertion of the corollary. ]

Now we shall discuss the weighted approximation theorem, where the
approximation formula holds on the interval [0, c0).
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Theorem 3. Let ¢ = q, satisfy 0 < g, < 1, and let ¢, — 1 as
n — oo. For each f € C,[0,00), we have

nlggo HMn,qn (f) = fllez = 0.

Proof. Using [6], we see that it is sufficient to verify the following
conditions

(3.9) ILm (| Mg, (", 2) —2¥||lp2 =0, v=0,1,2.

Since M, 4, (1,2) = 1, therefore for v = 0, (3.9) holds. By Lemma 2,
for n > 1, we have

M, ., (t,z) —
||ann (t,x) — 3}‘||a:2 = sup M
/ z€[0,00) 1+
[n+1], ) " 1
<|{—5——=——-1] sup +
<Q72L[n — 1]%1 2€[0,00) 1+22 Qn[n_].]qn

1 1

< <£n+7]q" _ 1) .

qn[n - 1]qn qn[n — 1]%1

Condition (3.9) holds for v = 1 as n — co. Again, by Lemma 2 for
n > 2, we have

HMn,qn(tQ’x) - xQHrﬁ
|Mn7qn (t27x)_x2| <( [n+1]Qn[n+2]qn _ ) 1‘2

= sup sup ——5
fEG[O,DO) 1 + x2 qg[n_ ]‘]Qn [n_2]qn 136[0,00) 1+x2
n + 3 1 2
(bl e P
qn [n - 1]Qn [n - 2]Qn 136[0,00) ]‘ + x q'n, [n - 1]Qn [n - 2]Qn

ot g2, (g0 + Blg )l + 1,
S(ﬁm—u%m—m% 1)+<@m—u%m—ﬂ%)
2],
Gl =1, — 2,

Condition (3.9) holds for v = 2 as n — oco. Hence, the theorem. O

Corollary 2. Let q = q, satisfy 0 < g, < 1, and let g, — 1 as
n — 0o. For each f € Cy2[0,00) and o > 0, we have

lim sup |M"7‘1n (fv x) - f($)|

=0.
n—=20 1.c(0,00) (1+22)
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Proof. For any fixed xg > 0,

(Mn.q, (f,2) = f(z)]

sup

z€[0,00) (1 _|_x2)a
My, (f,2) — F() My, (f,2) — F()
g | |
S ) (e

| Mg, (1 + 12, )]
< Mn - T z z
< Mg, (f) = fllco,ee + 1] T A+ a2
|f ()]

+ sup ———.
fﬂZfE)o (1 + x2)a

The first term of the above inequality tends to zero by Theorem 2. By
Lemma 1, for any fixed xg, it is easily seen that

| Mg, (1 + %, 2)|
sup IV
>0 (1 +z )
tends to zero as n — oco. We can choose x( so large that the last part
of the above inequality can be made small enough.

Thus the proof is completed. ]

Voronovskaja type theorem. In this section we establish a
Voronovskaja type asymptotic formula for the operators M, 4.

Lemma 3. Assume that g, € (0,1), ¢, — 1 as n — oo. Then, for
every x € [0,00), the following hold:

lim [n —1]g, My q,(t —z,2) =2z +1

n—oo

and

lim [n — 1]g, Mg, ((t — )%, 2) = 22(1 + ).

n—0o0

Theorem 4. For ¢, € (0,1), the sequence My, 4. (f) converges to f
uniformly on [0, A] for each f € C7,[0,00) if and only if lim, o0 ¢ = 1.

Proof. The proof is similar to that of Theorem 2 [7]. O
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Theorem 5. Assume that ¢, € (0,1), ¢, = 1 as n — oco. Then,
for any f € C%,[0,00) such that f', f" € Cy2[0,00) and = € [0,00), we
have

lim [n — 1]q, (Mn.q, (f,2) = f(2)) = Q2+ 1) f'(z) + 2(1 + 2) f" ()

n—r oo

for every x > 0.

Proof. Let f, f', " € C*[0,00) and = € [0,00) be fixed. By the
Taylor expansion, we can write

(1) (1) = F(@) + /@)t —x) + ¢ @)~ ) + ()t~ )
where r(t, ) is the Peano form of the remainder, r(-,z) € C%,[0,00)
and lim;_,, (¢, z) = 0. Applying M, 4, to the above, we obtain
[n =g, (Mng,(f,2) = f(2) = f'(@)[n = g, M q, (t — 2, 7)
3@l gy Mg, (¢~ 72, 2)
+[n =1, Mg, (r(t,z)(t — )2, 2).

By the Cauchy-Schwarz inequality, we have
(4.2)

Mmqn(r(t,x)t—x \/ann (t,x)? \/ann t—x)4x).

Observe that 7?(z,z) = 0 and 72(-,x) € C*,[0,00). Then it follows
from Theorem 5 that

(4.3) lim [n — 1]y, My,.q, (r(t,2)? 2) = r*(z,2) =0

n—oo

uniformly with respect to x € [0,A4]. Now, from (4.2), (4.3) and
Lemma 3, we obtain

lim [n — 1]y, M, 4, (r(t,z)(t — 2)?,2) = 0,

nl;n;o[n —1g, (Mp g, (f,2) — f(2))
= nh_{rgo <f’(x)[n =14, My g, (t — z,2) + %f”(x)[n —1]g, Mp g,

x ((t - x)Q’ T) + [n - 1]ann,qn (r(t,x)(t — x)Q’ x))

=2z +1)f' () + (1 +2)f"(2).
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