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COTORSION PAIRS IN C(R-Mod)
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ABSTRACT. In [8] Salce introduced the notion of a co-
torsion pair (A, BB) in the category of abelian groups. But his
definitions and basic results carry over to more general abelian
categories and have proved useful in a variety of settings. In
this article we will consider complete cotorsion pairs (C, D) in
the category C(R-Mod) of complexes of left R-modules over
some ring R. If (C,D) is such a pair, and if C is closed un-
der taking suspensions, we will show when we regard K(C)
and K(D) as subcategories of the homotopy category K(R-
Mod), then the embedding functors K(C) — K(R-Mod) and
K(D) — K(R-Mod) have left and right adjoints, respectively.
In finding examples of such pairs, we will describe a procedure
for using Hoveys results in [5] to find a new model structure
on C(R-Mod).

1. Introduction. Let R be a ring, and let C(R-Mod) denote the
category of complexes of left R-modules. This category has enough
injectives and projectives so we can compute derived functors. We let
Ext™ denote the nth derived functor of Hom in the category of these
complexes. We identify the elements of Ext! (C, D) with the equivalence
classes of short exact sequences

0—D—U—C—0

in C(R-Mod).

If C € C(R-Mod), let S(C) denote the suspension of the complex
C. So S(C), = Cpy1 for all n, and the differential of S(X) is d where
d is the differential of C' (with an appropriate change in subscripts).
We then can define S¥(C) for any k € Z. A class C of objects of C(R-
Mod) will be said to be closed under suspensions if S¥(C) € C whenever
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In later sections we will be concerned with the categories C(R-Mod)
and the homotopy categories K(R-Mod). These categories have the
same objects. To distinguish sets of morphisms, we will let Hom (C, D)
denote the set of morphisms C' — D in C(R-Mod), and then we let
Homg (r-Mod) (C, D) denote the morphisms C' — D in K(R-Mod).

We recall that, if f: C — D is a morphism in C(R-Mod), then we
have the mapping cone ¢(f) of f. We have that ¢(f), = Dy, ® Cry1,
and the differential d is such that d(y,z) = (d(y) + f(z),d(z)). We
have the short exact sequence

0— D —c(f) — S(C) — 0,

where the maps D — ¢(f) and ¢(f) — S(C) are given by y — (y,0)
and (y, z) — x, respectively.

Given f,g € Hom (C, D), we will let f = g mean that f and g are
homotopic. If we want to indicate the homotopy s, we write f = g.
A pair (C,D) of classes of objects of C(R-Mod) is said to be a
cotorsion pair in C(R-Mod) if
D=C'={D|Ext}(C,D) =0 for all C € C}
and if

C=1D={C|Ext'(C,D) =0 for all D € D}.

For objects C' and D of C(R-Mod), the groups Ext!(S*(C), D) and
Ext!(C, S*(D)) are isomorphic. So if (C,D) is a cotorsion pair, C is
closed under suspensions if and only if D is closed under suspensions.

The cotorsion pair (C,D) will be said to be complete if, for every
X € C(R-Mod), there are exact sequences

a) 0D —-C—-X—0
b)0—-X—>D —-C" =0
where C,C" € C and D,D’ € D.

If there is a set S of objects of C(R-Mod) such that St = D for
some cotorsion pair (C,D), then the pair is said to be cogenerated by
a set. If this is the case, then the pair is known to be complete; see
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Theorem 3.2.1 of [4] where the proof is given for cotorsion pairs in the
category R-Mod. It carries over directly to the category C(R-Mod).
The proof there shows that sequences a) and b) above can be chosen
functorially. This is what is meant by saying the pair is functorially
complete. So, when the pair (C,D) is cogenerated by a set, it is a
functorially complete cotorsion pair.

If we have sequences a) and b) as above for a complete pair (C, D),
and if C' € C, then we have the exact sequence

Hom (C,C) — Hom (C, X) — Ext*(C, D) = 0.

This gives that C — X is a C-precover. Similarly, we get that X — D’
is a D-preenvelope.

If C'is a complex, then z € C will mean that = € C,, for some unique
n € Z. A cotorsion pair (C, D) is said to be hereditary if Ext™(C, D) =0
for allm > 1 and all C' € C and D € D. The pair is hereditary if and
only if, for every short exact sequence 0 - D" — D — D" — 0 where
D',D e D. Then D" € D.

We will also consider cotorsion pairs (A, B) in the category R-Mod.
The definitions and terminology are essentially the same as those above.

2. Two lemmas. In this and the following sections we will be
concerned with C(R-Mod) and K(R-Mod) for some ring R. We prove
two lemmas. The first of the two is known (see Lemma 3.2 of [4]). But,
for the reader’s convenience, we include the short proof.

Lemma 2.1. If f € Hom (C, D), then the short exact sequence
0— D — c(f) — S(C) — 0 is split exact if and only if f = 0.

Proof. Assume that the sequence splits, and let u : S(C) — ¢(f)
be a section. Then, for z € S(C), we have u(x) = (s(z),z) for
some s(x) € D. Since w is a morphism of complexes, we have
(ds(z) + f(x),dx) = (sd(x),dx). So f(x) = (ds(x) + sd(x)). This
shows that s provides the desired homotopy.

If, conversely, f = 0, and if we define u by u(z) = (s(x), x), we check
that u gives the desired section. ]

Corollary 2.2. If C,D € C(R-Mod) and if Ext'(S(C), D) = 0,
then every f : C'— D is homotopic to 0.



1790 DIEGO BRAVO, ET AL.

Proof. Immediate. O
The next lemma is our main result of this section.

Lemma 2.3. Given f € Hom(C,D) and the associated ezxact
sequence
0— D —c¢(f) — S(C) — 0,

the following are equivalent:
a) D — c(f) admits a retraction in C(R-Mod).
b) D — ¢(f) admits a retraction in K(R-Mod).
) e(f) = S(C) admits a section in C(R-Mod).
d) ¢(f) = S(C) admits a section in K(R-Mod).

Proof. The equivalence of a) and ¢) is standard. Clearly, a)= b) and
c)= d).

We now prove b) = a). Let 7 : ¢(f) — D (r a morphism in C(R-
Mod)) give a retraction of D — ¢(f) in K(R-Mod). Let t be the
corresponding homotopy, i.e., for y € D we have (dt+td)(y) = yr(y, 0).
Define ¢(f) — D by (y,z) — y + tf(x) + r(0,2) for (y,x) € c(f). If
this map is a morphism of complexes, it gives the desired retraction.
Since d(y, z) = (dy + f(z), dz) we need to show that

dy +tf(z) +7(0,2)) = dy + f(z) — tfd(z) — r(0,dz).
Canceling dy and using the fact that df = fd in the term ¢fd(x), we
see that we are reduced to showing that
dtf(z) + tdf (x) = f(x) — dr(0,z) — r(0, dz).

But dtf(z) + tdf (x) = (dt +td)(f(x)) = f(z) — r(f(x),0). So now,
canceling f(x), we need that

r(f(x),0) = dr(0,z) + r(0, dz).
Since dr = rd, we have

dr(0,z) + r(0,dz) = rd(0,z) + (0, dz)

r(f(x), dz) + (0, dz)
r((f(x),0) + (0, dx)) + (0, dx)
=r(f(),0).

C
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We now prove d) = c¢). Let s : S(C) — c(f) be a section up
to homotopy where s(z) = (u(z),v(z)). Let w be the associated
homotopy. Then —(dw 4+ wd)(x) = z = v(x). We have

ds(z) = d(u(x),v(z)) = (du(x) + fo(z),vd(x)).

But s is a morphism and so ds(x) = s(—dz) = (—ud(z), —vd(z)). So
we get (du + ud)(z) = — fv(z) and dv(z) = vd(z).

We now claim that = — (fw(z) + u(z),z) is the desired section.
To get that the function commutes with differentials, we need that
dfw(x) + du(z) + f(x) = — fwd(z) — ud(z) or that f((dw + wd)(z)) +
(du + ud)(z) = —f(x). Since (dw + wd)(z) = v(z) — x and since
(du 4 ud)(z) = —f(x), we see that the equality holds. O

3. The existence of adjoints. The objective of this section is to
prove that the adjoints mentioned in the abstract exist.

Proposition 3.1.  Suppose that (C,D) is a complete cotorsion
pair in C(R-Mod) where C is closed under taking suspensions. For
X € C(R-Mod), let 0 - D - C — X — 0 be exact where C € C and
DeD. IfC'" €C and if f; € Hom (C', X) and g; € Hom (C’,C) for
i =1,2 are such that

C/

1

C —X

are commutative for i = 1,2, then f1 = fo if and only if g1 = go.

Proof. If g1 = g2, then easily fi = fo. For the converse, let f = f1— f2
and g = g1 — go. We see that we only need show that when f = 0 we
have g = 0. With such an f and g, we get the commutative diagram:

0 T c(g) S(Ch 0
0 X c(f) sS(c”) 0
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Since f 220, by Lemma 2.1 we get that the lower short exact sequence
splits. A retraction ¢(f) — X provides us with a commutative diagram:

S

Since C is closed under extensions and suspensions, we have ¢(g) € C.
Since C' — X is a C-precover, we get a lifting ¢(g) — C. We now want
to apply Lemma 2.3. So we want to argue that ¢(g) — C provides a
retraction of C' — ¢(g) in K(R-Mod). For this, note that the difference
of the composition C — ¢(g) — C and the identity map idc maps
C into the kernel of C — X, that is, into D. By Corollary 2.2, this
difference (as a map into D) is homotopic to 0. But then the difference
as a map into C' is homotopic to 0. So, by Lemma 2.3, we get that the
short exact sequence 0 — C' — ¢(g) — S(C") — 0 is split exact. So, by
Lemma 2.1, we get that g = 0. a

c(g)

M ——Q

Corollary 3.2. With the same notation, Homgk (R-Mod)(C’,C) —
Homgk (R-Mod)(C’, X) is a bijection.

Proof. We first note that the exact sequence 0 - D — C — X — 0
gives the exact sequence Hom (C’, C') — Hom (C’, X) — Ext}(C’, D) =
0. So Hom (C',C) — Hom (C',X) is surjective. This gives that
Homgk (R-Mod)(C’, C) — Homk (R-Mod)(C’, X) is surjective. Propo-
sition 3.1 guarantees that this function is injective and so bijective. O

We also have the duals of Proposition 3.1 and Corollary 3.2. Since
the proofs will be dual proofs, we will just state the results.

Proposition 3.3.  Suppose that (C,D) is a complete cotorsion
pair in C(R-Mod) where D is closed under taking suspensions. For
X € C(R-Mod), let 0 - X — D — C — 0 be exact where C € C and
D e D. Then, if D' € D and if f; € Hom (X, D’) and g; € Hom (D, D’)
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fori=1,2 are such that

are commutative for i = 1,2, then f1 = fo if and only if g1 = go.

Corollary 3.4. With the same notation we have that Homg (R-Mod)
(D, D) — Homgk (R-Mod)(X, D) is a bijection.

Theorem 3.5. If (C,D) is a complete cotorsion pair in C(R-Mod),
and if C is closed under taking suspensions, then the embeddings
K(C) - K(R-Mod) and K(D) — K(R-Mod) have right and left ad-
joints, respectively.

Proof. A right adjoint T' of K(C) — K(R-Mod) can be constructed
as follows. For each X € C(R-Mod), we make a choice of an exact
sequence 0 - D — C — X — 0 in C(R) with C € C and
D € D. We want to define a functor 7' : K(R-Mod) — K(C) so
that T(X) = C. If f : X — X’ is a morphism in C(R-Mod),
we let [f] represent the corresponding morphism in K(R-Mod). So
[f] consists of all f/ : X — X’ such that f = f’. We use the
following procedure to define T([f]). We have the exact sequence
Hom (C,C’") — Hom (C,X’) — Ext!(C,D’) = 0. So this means
that there is a ¢ € Hom (C,C’) whose image in Hom (C, X’) is the

composition C' — X J, X', So we have the commutative diagram:
C—X
|
¢ —— X'
For f' € [f] (so f = f’) we use the same argument and find a
g’ : C — C’ so that the diagram

C——X

| |7

Cl—>X/
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is commutative. Then an application of Proposition 3.1 gives that
g = ¢’. This means that we can define T'([f]) to be [g] with f and g as
above. Then it can be quickly checked that T is an additive functor.
Note that the maps C' — X then become maps T(X) — X and give a
natural transformation from 7" to the identity functor on K(R-Mod).

Now we appeal to Corollary 3.2. This corollary says that, if ¢’ € C
and if 0 = D — C' — X — 0 is as above, then Homg g-moa)(C', C) —
Homg (r-Mod)(C', X) is a bijection. But 7T'(X) = C so we have the
bijection

HomK(R_Mod) (Cl, T(X)) — HomK(R_Mod) (Cl, X)

From the definition of this map we see that it is natural in C’. From
the natural transformation above, we see that it is natural in X. So
this establishes that T is a right adjoint of the embedding functor
K(C) — K(R-Mod). o

The definition of T" in the above depends upon the choice of an exact
sequence 0 - D — C' — X — 0 for every X. A different set of choices
of such sequences will give a functor isomorphic to this 7.

Remark 3.6. If D above is exact, then T'(X) = C — X is a homology
isomorphism. So if all such D are exact, the counit of the adjunction
consists of homology isomorphisms. If all C' € C are exact, we get a
similar claim about the unit of the left adjoint of A — K(R-Mod).

4. Examples and applications. In this section we will give several
complete cotorsion pairs in C(R-Mod) where the components of the
pair are closed under suspensions. So then we get the associated adjoint
functors.

We now recall a method of Gillespie for creating cotorsion pairs in
C(R-Mod) from pairs in R-Mod. Here £ is the class of exact complexes.

Proposition 4.1 [3, Propositions 4.4, 4.6]. If (A, B) is a cotorsion
pair in R-Mod which is cogenerated by a set, then C(B) and C(B)NE
are the second components of cotorsion pairs in C(R-Mod) which are
cogenerated by sets.

As noted in the introduction, the fact that these cotorsion pairs are
cogenerated by sets implies that they are complete. Also, note that
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classes C(B) and C(B) N & are closed under suspensions. We note
that Gillespie’s result for C(B) N € in [3] required that A contain a
generator of finite projective dimension. In this situation we even have
a projective generator; namely, the ring as a left module over itself.

Examples. We will use the symbol R-Inj to denote the category of
injective R-modules. Then we will use other variations of this notation.

(1) (R-Mod, R-Inj) is a cotorsion pair in R-Mod which is cogenerated
by the set of R/I where I is a left ideal of R (the Baer criterion). Then,
using Proposition 4.1 and Theorem 3.5 we see that K(R-Inj) — K(R-
Mod) and K((R-Inj) N &) — K(R-Mod) have left adjoints.

(2) In [1, Theorem 4.2 and Proposition 4.1] it was shown that
(C(R-Flat)N¢&, (C(R-Flat)N&)™L) is a cotorsion pair which is cogener-
ated by a set. The fact that (C(R-Flat), C(R-Flat)') is a cotorsion pair
can be found in [1, Theorem 4.3]. This result, with different terminol-
ogy, says that this pair is complete. The argument that it is complete
was based on the fact that it was cogenerated by a set.

So now an application of Theorem 3.5 gives that K(R-Flat) —
K(R-Mod) and K((R-Flat) N £) — K(R-Mod) have right adjoints.
The existence of the first of these two adjoints was proved by Neeman
(see |7, Theorem 3.2]) but with different methods.

We now want to give another example analogous to that in (2) above.
We first recall Kaplansky’s theorem:

Theorem 4.2 [6, Theorem 1]. If P is a projective module, then P
1s the direct sum of countably generated projective modules.

The proof of Kaplansky’s theorem carries over to projective com-
plexes, i.e., to the projective objects in C(R-Mod). But it is not true
that every P € C(R-Proj) can be written as a direct sum of complexes
with countably generated terms. To see that this is so, let M be a left
R-module, and let - -+ — P, = P, — Py — M — 0 be a projective res-
olution of M. If P is then the complex --- — P, — P, — Py — 0, we
see that, if P were such a direct sum, then M would be the direct sum
of countably generated modules. But it is certainly not true that every
module has such a direct sum decomposition. For example, consider
M = ZN as a module over Z. However, there is something we can say
about P € C(R-Proj). To do so, we need the next notion.



1796 DIEGO BRAVO, ET AL.

Definition 4.3. Given a complex C € C(R-Mod), by a filtration
of C indexed by an ordinal A we mean a family (C, | @ < A) of
subcomplexes of C' such that Cy = 0, such that Cy = C, such that
C, C Cyu whenever a < o/ < A, and such that, for any limit ordinal
B8 < X we have Cp is the union of the C, with a < 5. If § is some
class of complexes in C(R-Mod), we say that this filtration is an S-
filtration if, for each o + 1 < A, we have that Cy11/C, is isomorphic
to an element of S. By a filtration (X, | « < \) of a set X, we will use
the obvious modification of this notion for complexes.

Theorem 4.4. If P € C(R-Proj) for some ring R, and if S is a
set of representatives of complexes with all terms countably generated
projective modules, then P has an S-filtration.

Proof. By Kaplansky’s theorem each P, can be written as a direct
sum P, = .., P. (direct) for some set I,, and where each P} is
countably generated and projective. We will construct the filtration
(PY | a < ) for some ordinal number A by constructing a filtration
(I | o < A) of I, for each n. This filtration will be such that, if we let
P = Elel“ P! for each n € Z and « < )\, then for each o the terms
P will give us a subcomplex P“ of P and then these in turn will give
us the desired filtration of P.

We construct our filtrations of the sets I,, by transfinite induction.
For a« = 0, we let I = & for each n. Then the corresponding
subcomplex is P° = 0. The crucial step is now in constructing the
subsets I} C I,, for each n. To do this, we choose an arbitrary m € Z
and then choose a countably generated submodule S C P,,. Since S is
countably generated, and since S C Zle I P! | we can find a countable
subset I}, C I, with S C >ien Pr. Now con51der dm (X ienn PL).
Since this module is a countably generated submodule of Py, 41, 1t will
in turn be contained in a sum »_ Pm 41 for a countable subset
I}nﬂ of I, +1. We then choose a countable subset I! ma2 C Imy2 so that
dm*‘l(zief}nﬂ Pl C Ziel:n“ P!, 5. Proceeding in this manner we

iel) |

choose countable subsets I} C I,, for each n > m. Now, for n < m,
let I, = @. Then, with Py = >, ;1 P%, we get a subcomplex P' C P

with each term of P! countably generated and projective and such that
S C P!. This means that, if P # 0, we can choose P! # 0.
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We now note that, by construction, (P/Py), = P,/Py =3, 1 P}
(direct). So this means that we can use the same procedure to construct
a subcomplex P?/P! of P/P* where P? =%"._,. P! for each n where

I? > I! and where I2I} is countable. We can also require that, for
some given m and countable submodule T/P,, C P,,/PL, we have
T C P2. This means that we can choose P* C P? if P! £ P.

So now we assume that g is some ordinal number and that, for each
n € Z and each o < 3, we have constructed subsets I C I,, satisfying:

1) I* c 1% when o < o' < 6,
2) It is countable when o + 1 < 3,
3) IV = Uacy Iy when v < § is a limit ordinal,

4) If Py = > icr.
subcomplex P® of P.

P! for a < f3, then these are the terms of a

Now if 3 is a limit ordinal, we let I? = U,gI¢ for each n € Z. If 3 is
not a limit ordinal and if 8 = a + 1, we construct each 2T O I, just
as we constructed the I} from the I? = @. But then it is clear that we
can find an ordinal \ so that the corresponding subcomplex P* = P
(so then we can also assume that I} = I,, for this A and each n).

It is clear then that (P, | o < A) is an S-filtration of P. O

Theorem 4.5. If R is a ring, then (C(R-Proj), C(R-Proj)t) is a
cotorsion pair which is cogenerated by a set.

Proof. We let S be a set of representatives of all complexes P of left R-
modules such that each P, is countably generated and projective. Then
S contains a projective generator of C(R-Mod). For, if we let R be the

complex ---0 = 0 — R = R — 0 — 0 — --- with the two R’s in the
1st and Oth place, then @,czS™(R) is such a projective generator in S.
In fact, this complex is free as a complex with exactly one base element
of every possible degree. We then have the cotorsion pair (+(S+),St)
which is cogenerated by the set S. We now use [4, Theorem 3.2.4]. That
theorem was stated for modules, but the proof carries over directly to
complexes where we let the projective generator above of C(R-Mod)
play the role of R in that theorem. We get that *+(S*) consists of
all complexes which are direct summands of complexes admitting an
S-filtration. By Theorem 4.4 above, we get that C(R-Proj) Ct (S1).
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But, conversely, any complex P admitting an S-filtration has all its
terms projective. So then any summand of such a complex has all
its terms projective. Hence, +(S+) C C(R-Proj). So we get that
(+(81),S%) = (C(R-Proj), (C(R-Proj))*), and we have established
our claim. O

We now want to prove a theorem analogous to Theorem 4.4 above
where we replace the class C(R-Mod) with the class C(R-Mod) N &.
To do so, we will use the following terminology. Given P € C(R-Proj)
for some ring R, for each n let P, = >, ; P be a fixed direct sum
decomposition of P, as a direct sum of countably generated projective
modules. We will call a subcomplex P’ C P a nice subcomplex
(relative to these direct sum decompositions) if, for each n, we have
P, = Yy P, for some subset I, C I,. So we note that the
complexes P® in the proof above are all nice subcomplexes of the P of
the theorem relative to the given direct sum decompositions. We also
remark that any intersection and any sum of nice subcomplexes of P
are nice subcomplexes of P.

Theorem 4.6. Let P € C(R-Proj), and let k be an infinite cardinal
with k > |R|. If T is a set of representatives of exact complexes with
all terms projective and with the cardinality of each term at most K,
then P has a T -filtration.

Proof. The argument is analogous to but slightly more complicated
than the argument in Theorem 4.4. In constructing the filtration, the
crucial step is constructing P*! from P?®. Letting P° = 0, we show
how to construct P!. Then P®*! will be constructed from P® in a
similar manner.

We construct P! as a union of a chain Q' € Q2 € Q3 C - of P
where each of these Q™ are nice subcomplexes of P. To construct
Q', we let m € Z be arbitrary and T' C P™ be a submodule with
IT| < k. We choose a subset J! of I, so that T C ZieJ}W Pi.

Then we choose subsets J! C I, for n > m so |JL| < k and so
that dn(3 ;e 0 Pp) C Ziel’ll“ P, for all n > m. Then, we lgt
Jy = @ for n < m and Q' be the complex whose nth term is 3, ;1 Pr.

Clearly, each term @, of Q' has cardinality at most x. We have a nice
subcomplex all of whose terms are projective, but it is not necessarily
exact.
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To construct @2, we pick any p € Z. We have |Q11,| < k, and so
|Z,(QY)] < k. Since P is exact, we have that d,11(Ppr1) D Z,(Q1).
So there is a submodule U C P,41 with |U| < & such that dp41(U) D
Z,(Q'). Now we find a nice subcomplex C of P with C,y1 D U and
where the corresponding subsets of each I, have cardinality at most
k. Now let Q2 = Q' + C. Then @Q? is a nice subcomplex of P with
the corresponding subsets of I, still having cardinality at most x. Also
we have that dp1(Q2,1) D Z,(Q"). We then construct @* from Q?
as we constructed QQP from Q! but with perhaps a different p. If we
then continue and construct Q' C Q? C Q3 C ---, but making sure
that a given p € Z is used infinitely many times in constructing Q"*!
from Q", we see that if we let P! = U, Q™, we get a nice subcomplex
of P with the corresponding subsets of each I, having cardinality at
most k. We also have that, by construction of P!, every cycle of P?
is a boundary of P! and so P! is exact. By construction, P}, > T.
Now the rest of the argument for the existence of our desired filtration
follows the pattern of the proof in Theorem 4.4 above. O

Theorem 4.7. If R is a ring, then (C(R-Proj)NE, (C(R-Proj)N&)*)
s a cotorsion pair which is cogenerated by a set.

The proof of this theorem is like that of the proof of Theorem 4.5 but
with the set S of that theorem replaced by the set T .

We now get other examples of adjoint functors.
The functors K(R-Proj) — K(R-Mod) and
K((R-Proj) N &) — K(R-Mod) have right adjoints.

5. Hovey pairs. For a ring R, we again let £ C C(R-Mod) be the
class of exact complexes. In [2, page 28, the Main theorem] it was noted
that (+&,&) is a cotorsion pair where +& is the class of DG-projective
complexes. So P € +¢& if and only if each P, is projective and if every
morphism P — FE with E € £ is homotopic to 0. We also need the fact
that this cotorsion pair is cogenerated by a set. So, using this notation
we have:

Lemma 5.1. (*&,€) is cogenerated by a set of complezes.

Proof. We again let R be the complex -+ -0 —> R 53R —0— -
with the two Rs in the 1st and Oth places. Then R is a projective
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object in C(R-Mod) (in fact, it is free with a single generator of
degree 1). We let R be the complex -+ - 0 - R — 0 — ---
with the single R in the Oth place. Then R is a subcomplex of R
and the quotient R/R is S(R), so we have the short exact sequence
0+ R — R — S(R) —» 0. So we can use this partial projective
resolution of S(R) to compute Ext!(S(R), C) for any C' € C(R-Mod).
Clearly, Hom (R,C) = Zy(C) and a morphism f : R — C has an
extension g : R — C' if and only if z = fo(1) € Zo(C) is a boundary in
C. This gives that Ext'(S(R),C) = Hy(C). More generally, we have
that Ext!(S*¥T1(R),C) = Hi(C) for any k € Z. So this gives that a
complex C' is exact if and only if Ext!(S*(R),C) = 0 for all k, and so
we get that S = & where S is the set of complexes S¥(R) for k € Z. o

Definition 5.2. If C and D are two classes of complexes of left
R-modules, we will say that (CNE,D) and (C,D N E) form a Hovey
pair if each of these pairs is a functorially complete cotorsion pair in
C(R-Mod).

Hovey proved ([5, Theorem 2.2]) that every such pair gives rise to
a model structure on C(R-Mod) such that C is the class of cofibrant
objects, D is the class of fibrant objects and £ is the class of trivial
objects of the model structure. Our aim here is to provide an example
of a Hovey pair. All cotorsion pairs here will be in the category
C(R-Mod). We note that we are considering a special case of Hovey’s
results. We are taking the P of his paper to be the class of all short
exact complexes and the class of trivial objects of his paper to be the
class of exact complexes.

Lemma 5.3. If (C,D’) is a cotorsion pair and (U, V) is a complete
and hereditary cotorsion pair in C(R-Mod) and if U C C, then when
(CNV)*+ =D, we have D' =DNV.

Proof. Since CNV C C, we have D' = C+ C (CN V)t = D. Since
U CC,wehave D' =C+ c U+ = V. Hence, D’ C PNV. Let D € DNV.
We want to show that D € D' = C+, i.e., that Ext!(C, D) = 0 for all
C € C. Since (U,V) is complete, for any C € C, we have an exact
sequence

0—C—V-—U-—70

with U e Y and V € V. Since C € Cand U € U C C, we have V € C
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(C is closed under extensions). This gives that Ext!(V, D) = 0. But we
have the exact

Ext!(V, D) — Ext'(C, D) — Ext*(U, D).

But Ext?(U, D) = 0 since U € U, D € D and since (U, V) is hereditary.
So Ext!(C, D) = 0. This gives that D € D’. So we have D’ = DNV. O

A dual argument gives the next result.

Lemma 5.4. If (C',D) is a cotorsion pair and (U,V) is a complete
and hereditary cotorsion pair in C(R-Mod), and if V C D, then when
C=(DnU), we have C' =CNU.

Theorem 5.5. For any ring R there is a model structure on
C(R-Mod) where C(R-Proj) is the class of cofibrant objects.

Proof. By Theorems 4.5 and 4.7, we have that (C(R-Proj), (C(R-
Proj))*) and (C(R-Proj) N &, (C(R-Proj) N E)* are cotorsions pairs
which are cogenerated by sets. So, as noted in the introduction,
both pairs are functorially complete. We want to argue that they
form a Hovey pair as in Definition 5.2 with ¢ = C(R-Proj) and
with D = (C(R-Proj) N €)*. So, with this notation, we need that
(C(R-Proj))* =DNE = (C(R-Proj)NE)L NE.

To get this equality we will appeal to Lemma 5.3 with (C(R-Proj),
(C(R-Proj))*) being the pair (C,D’) of that lemma and with (+&, &)
being the pair (U,V) of that lemma. This latter pair is complete by
Lemma 5.1. Tt is also hereditary. For, if 0 - ' — F — E” — 0
is a short exact sequence of complexes where E’ and E are exact,
then E” is also exact. Since the P €+ & are the DG-projective
complexes, we have Y =+ & C C(R-Proj) = C. Now, applying
Lemma 5.3, we get that D' = D N V. But this equality just says
that D’ = (C(R-Proj))* = DNV = (C(R-Proj) N &)L NE. So, finally,
an appeal to [5, Theorem 2.2] gives the conclusion about the model
structure on C(R-Proj). O

Acknowledgments. The authors thank the referee for his careful

reading of this article and for his many helpful suggestions.

REFERENCES

1. S.T. Aldrich, E.E. Enochs, J.R. Garcia Rozas and L. Oyonarte, Covers and
envelopes in Grothendieck categories: Flat covers of complexes with applications, J.
Algebra 243 (2001), 615-630.



1802 DIEGO BRAVO, ET AL.

2. E.E. Enochs, O.M.G. Jenda and J. Xu, Orthogonality in the category of
complezes, Math. J. Okayama Univ. 38 (1996), 25-46.

3. J. Gillespie, Cotorsion pairs and degreewise homological model structures,
Homology, Homotopy Appl. 10 (2008), 283-304.

4. R. Gobel and J. Trlifaj, Approximations and endomorphism algebras of
modules, Walter de Gruyter, Berlin, 2006.

5. M. Hovey, Cotorsion pairs, model category structures, and representation
theory, Math. Z. 241 (2002), 553-592.

6. 1. Kaplansky, Projective modules, Ann. Math. 68 (1958), 372-377.

7. A. Neeman, Some adjoints in homotopy categories, Ann. Math. 171 (2010),
2143-2155.

8. L. Salce, Cotorsion theories for abelian groups, Symp. Math. 23 (1979), 11-23.

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE LOS ANDES, MERIDA 5101,
VENEZUELA
Email address: dbravo@ula.ve

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, LEXINGTON, KY
40506
Email address: enochs@ms.uky.edu

DEPARTMENT OF MATHEMATICS, GEORGIA SOUTHERN UNIVERSITY, STATESBORO,
GA 30460
Email address: aiacob@georgiasouthern.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, AUBURN UNIVERSITY, AUBURN,
AL 36849
Email address: jendaov@auburn.edu

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD SIMON BOLIVAR, CARACAS
1080-A, VENEZUELA
Email address: juanrada@usb.ve




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


