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ASYMPTOTIC ANALYSIS OF A FAMILY
OF POLYNOMIALS ASSOCIATED WITH
THE INVERSE ERROR FUNCTION

DIEGO DOMINICI AND CHARLES KNESSL

ABSTRACT. We analyze the sequence of polynomials
defined by the differential-difference equation Pn41(z) =
P} (z)+xz(n+1)P,(x) asymptotically as n — oo. The polyno-
mials Py (x) arise in the computation of higher derivatives of
the inverse error function inverf (xz). We use singularity anal-
ysis and discrete versions of the WKB and ray methods and
give numerical results showing the accuracy of our formulas.

1. Introduction. The error function erf(x) is defined by [1]

(1) erf (z) = % /0”3 exp (—t°) dt

and its inverse inverf(x), which we will denote by J(z), satisfies
Jlerf (z)] = erf[J(z)] = x. The function J(z) appears in several prob-
lems of applied mathematics and mathematical physics [8].

In [4] we considered the function

(2) N(z) = \/% /_”3 et 2 gt

and its inverse S(z), satisfying

S[IN(@)] = N[S(z)] = =.
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It is clear from (1) and (2) that

N(z) = %[erf <%) + 1},
and therefore,
(3) S(x) = V23 (2x —1).

In [4], we showed that

) () = Varexp 350
and
(5) S = p_(S)(S), n>1,

where P, (z) is a polynomial of degree n satisfying the recurrence
(6)  Py(z) =1, Poii(z) =Pl (z) +z(n+1)P,(x), n>1.

The same approach was employed by Carlitz in [2]. From (6), it follows
easily that for a fixed value of n

(7) P,(x) ~nla"™, x— oo.
From (3) and (5), we conclude that

Since

we have
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It follows from (8) that estimating 3(™(0) for large values of n is
equivalent to finding an asymptotic approximation of the polynomials
P, (z) when z = 0.

The objective of this work is to study P,(x) asymptotically as
n — oo for various ranges of . We shall obtain different asymptotic
expansions for n — oo and (i) 0 < = < oo, (ii) z = O(n™!) and
(iii) x = O(y/In(n)). The paper is organized as follows: in Section 2
we approach the problem using a singularity analysis of the generating
function [14] of the polynomials P,(x). In Section 3 we apply the
WKB method to the differential-difference equation (6). In [15], we
used this approach in the asymptotic analysis of computer science
problems and in [7] to study the Krawtchouk polynomials. Finally, in
Section 4 we analyze (6) again using the ray method [13] and obtain an
asymptotic approximation valid in various regions of the (z,n) domain.
In [5, 6, 9], we employed the same technique to asymptotically analyze
other families of polynomials and in [10, 11] to study some queueing
problems.

2. Singularity analysis. In [4] we obtained the exponential
generating function

- 2" 22
> Palw) = =exp {%S2 [N(z) + 2N'(z)] — ?},
n=0 .

which implies that

dz

_ 7w2/2£‘7§ 1 2 ! _—
Po(z) =e 27 |z|<r exp{25 [N(x) N (:E)] Zn+1’

where the integration contour is a small loop around the origin in the
complex plane. Using (4), we have

dz
szrl

x 26—12/2l! Ly x)+ zN'(z
P(a) i b 7S @ N @)

2 1 TL' 1
_ /2 - T - !
‘ V271N (z) 27i ~7|§2|<r Zntl dSIN (@) + 2N ()]
|
- "GN @) + N (@)] dz,

2mi |z|<r Zn+2
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and therefore,

dz

0 Pl = T

Since S(z) has singularities at + = 0 and « = 1, we consider the
functions

O TR
We have
2
(10) Zy(—x) = —V2r exp <%> — Z1(x)
and

in (9), we obtain

n ! w —(n+2)
Pu(z) = N,l(x)( 2;1)' fcswﬂ) [N,—(x)+zl(x)] o,
or, setting w = w/2,
(11) Pn(x) _ \/Eezz/Q (Tl+1)' 3(w+1) dw,

2mi é[\/ﬂ_/zeﬂ/Qw_yZl(x)

:| n+2

where C' is a small loop about w = w*(x) in the complex plane, with

w*(z) = —\/%6902/221 ().
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To expand (11) for n — oo with a fixed z € (0,00), we employ
singularity analysis. The function J(w) has singularities at w = +1.
By (1), we have

2 J 2 2 1
w=— e dt=1—e7 |— +0 (33|, J— oo,
\/77/0 [ﬁd @)

so that

Jw) ~+/—In(l —w), w—1",

and by symmetry, we have
Jw) ~ —y/=In(1 +w), w——17.

The integrand in (11) thus has singularities at w = 0 and w = —2,
but for > 0, the former is closer to w*(z). We expand (11) around
w = 0 by setting w = d/n and using

5 —(n+2)
Zy () + \/ge‘"”zmﬁ]

~ [Zl(x)]*(n+2) exp l_ T ea?/2 g

(12)

2" Zi(x)

Then, we deform the contour C' in (11) to a new contour Cj that

encircles the branch points at w = 0 and at w = —2 (see Figure 1) and
write
1)! J 1
(13) Pn(x) = \/E€$2/2 (n;_ ) % 2 (w i ) n+2 dw.
™o Jo [«/W/Ze‘"fz/Qw + Zl(x)}

In order to estimate the contribution of the integrand in (11) around
the large semi-circular arcs of C; (see Figure 1), we use the following
lemma.

Lemma 1. The function J(z) has the asymptotic behavior

A =0 (Vi) 2l = ox.
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FIGURE 1. A sketch of the contours C' and C1.

Proof. We have

Bl _ sl
Vinlz[  /Inferf(s)]’

2] > 1,

where z = erf(s). Now [1],
lerf (s)| — oo

if and only if |s| — oo and

arg (s) £

<

ol
SE

In this case,

ext (s)] ~

exp [-r? cos (20)], r — oo,

1
T

where s = rel. So,
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o B s
|2[—o0 /In |2] |s|]—o00 In |erf (s)|

larg(s)tm/2|<m/4

. r
= lim

0sn/52n g/ —12 c08 (20) —In (1) — 1/21n ()

N S (_31 _E>U<E 31)
—cos (20) 27 2 27 2

and the result follows. O

In particular, we see that
13(z) =o(lz]), 2] = oo,

and therefore the contribution of the integrand in (13) around the large
semi-circular arcs of C; can be neglected.

We denote by ¥(x,n) the contribution from the branch point at
w = 0. To leading order, this is

Uy (z,n) ~ (n+ 1)re /2 [ 2y (@) %

- Tt Y~ _re
“om ) )eXpl \/;Zl(x)(s

where

dé,

T*(8,n) = /=£ir —In (6) + In (n).

Here Y*(d,n) corresponds to the approximation of J(w+1) for w — 0,
above or below the right branch cut in Figure 1.

For n large we have

YHG,n) — Y~ (6,n) ~ —2
In (n)

and evaluating the elementary integral in (14) leads to

n! —(n+1)

Ui(z,n) ~ ——=|Z1(x
1(z,n) 21n(n)[ 1(2)]

(15)

n!

v/21In(n)
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with

o= Ef-on(3)

~ exp <— x_22> [m_l + 0 (m_g)} , T — 00.

By using the symmetry relation

\/gexp <%>w +Zi(—x) = \/gexp <%> (w+2) — Z1(x),

we see that the integrand in (11) is antisymmetric with respect to the
map (z,w) = (—x,—w — 2). Thus, the branch point at w = —2 gives
the contribution (—1)"W;(—z,n), and hence

(17)  Pu(x) ~ %(n) {[21(x)]_("+1) (=) [Zl(—x)]_(n+1)},

This formula applies for n — oo and all fixed x > 0. For > 0 the
second term in the right-hand side of (17) is asymptotically negligible,
since Z1(—x) > Z;(x). However, for x = O(n~!) this is no longer true.

We let z = y/n with y = O(1), and use

(18) Zl(m):Z1<—): g—%u)(n*?), n — 0o

so that (17) simplifies to

n! 2 o
P, (x) ~ Uy(z,n) = 7< —)

21n (n) ™
(19)
2 B 2
x | exp <y\/j> +(-1) exp(—y —)1
T m
Note that, for z = O(n™!), the singularities at w = 0 and w = —2 in

(11) are nearly equidistant from w*(x).
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FIGURE 3. A plot of the ratio In[P40(y/40)/40!]/In[¥2(y, 40)/40!].

In Figure 2 we plot In[Pyo(x)/40!] and In[¥; (z, 40)/40!]. We see that
the approximation is very good for z = O(1), but it becomes less precise
as x — oo. This is because our previous analysis assumes that n — oo
with 0 < & < co. If £ — co, we must modify it.

In Figure 3 we plot the ratio In[Pyo(y/40)/40!]/ In[¥2(y, 40)/40!] and
verify the accuracy of (19).
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Letting  — oo in (17) using (16) yields

n!zntl
V2In(n)’

which differs from (7). This suggests that another scale must be
analyzed, where x and n are both large. Thus, we consider the case
of  — oo, with z = O(v/Inn). Now the singularity at w = 0 in (11)
becomes close to w*(z), since

P, (x) ~

V2
/7’

We use the form (9) and expand S[N(z) + zN'(z)] for z — 0 and
x — 00. Setting z = £/x with £ = O(1), we obtain

w* () ~ — T — o0.

~V2,|~In [\/geww @ - z)

~\/§\/%2+1n(x)— %m (%) —In(1-2¢).

Thus, we have

V2 (n+ 1)zt

~ 27
x2 T 1 2\ d¢
4. V?““ () - (e

Here the contour Cj is a small loop about £ = 0. Now we again employ
singularity analysis, with the branch point at £ = 1 determining the

P, (x)

(20)
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FIGURE 4. A plot of In[Pyo(z)/40!] (solid line) and In[¥3(z, 40)/40!] (0oo0).
asymptotic behavior for n — oco. A deformation similar to that in
Figure 1 leads to
nlgntl 1

V2 /(22]2) + In(nz) — (1/2)In (2/7)

For z > /In(n) this reduces to (7).

By examining (15) and (21), we can obtain the following approxima-
tion

(21)  Pu(z) ~

n' 7:r2/2 n+1
(22) P,(z) ~Vs(x,n) = ] ,

V22 +2In(nx) — In (2/m) [ ¢ ()

which is more uniform in x, since it holds both for z = O(1) and
z = O(vInn) for n large and for  — oo with n fixed. However, we
must still use (19) if n is large and = is small. In Figure 4 we plot
In[Pyo(z)/40!] and In[¥3(x,40)/40!] and confirm that (22) is a better
approximation than (15) for large values of z.

3. WKB analysis. We shall now re-derive the results in the
previous section by using only the recurrences (6) and (7). We apply the
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WKB method to (5), seeking solutions of the form P, (z) = n!P, (),
with

(23) P, (x) ~exp[(n+ 1) A(z)] B(z,n), n — .

Thus, we are assuming an exponential dependence on n and an addi-
tional weaker (e.g., algebraic) dependence that arises from the function
B(x,n). Use of (23) in (6) leads to

on?

2
eA@ | B(x,n) + gB(x,n)} +O<8_B>
n

/ 1 9
=[x+ A'(x)] B(z,n) + n—H%B(x,n)

Expecting that 9B/dn = o(B) and 8*B/dn? = o(0B/dn), we set

(24) eA®) =+ A'(x)
and
9 1 9 19
Ax) 2 - il ~ o
(25) e 8nB(x,n) e axB(x,n) - &UB(x,n).

To solve (24) we let

to find that
a’(x) _ €7$2/2€a(m).

Solving this separable ODE leads to

2

x
(26) Alz) = - —In[C(2) + 4],
where k is a constant of integration. To fix k, we assume that expansion
(23), as © — oo, will asymptotically match to (7), when this is expanded
for n — oo. In view of (23) this implies that

P,(r) ~ 2" =exp[nln(z)], z— oo,
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so that
A(z) ~In(z), = — oco.

In view of (26) this is possible only if k¥ = 0 and then from (16) we have

(27) A(z) = —1In {ew2/2§ (x)] ~In(z), z— 0.

We next analyze (25). Using (27) to compute e(*), we obtain

e /2 9 10
@ %B(x,n) = E%B(x,n)

Solving this first order PDE by the method of characteristics, we obtain

B@@:%é%}

where b(+) is at this point an arbitrary function. However, since n is
large and x = O(1), we need only the behavior of b(-) for large values
of its argument. We again argue that by matching to (7) we have

exp[(n+ 1) A(z)] B(z,n) ~ 2", x— oo,

and using (27) we get

1
B(xz,n) ~ e A L2z o0,
T
and thus )
b (nxezQ/Q) ~—, =00
T
so that 1
b(z) v ——, 2z — 0.
21n(z)

Combining our results, we have found that

| 7:r2/2 n+1
28)  Pu(a) i r ] . n— oo

- V2y/In(n) —In[¢ (z)] | ¢ (z)
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This applies for = O(1) and n — oo, where we can regain the results
of the singularity analysis (15) by simply using

VIn(n) —In[¢ (z)] ~ /In(n), n — occ.

Formula (28) is also valid for n = O(1) and = — oo, where it reduces
to (7). However, (23) breaks down for x — 0.

We thus consider the scale z = y/n, y = O(1) and set
with which (6) becomes

5 Y no Y5
P, == P, =P,(y).
(30) v+ ) = P+ LR

For fixed y, we seek an asymptotic solution of (30) in the form
(31) P(y) ~e*"q(y,n), n— oo,

where ¢(y,n) will have a weaker (e.g., algebraic or logarithmic) depen-
dence on n. From (30) we obtain, using (31),

(32) e*|q(y,n) + ainq(y, n) + %qu(y,n) +0 (n2)]

_ 1 _oy | O y
= 1—5+O(n )]a—yq(y,nHEQ(y,n)-

If g(y,n) has an algebraic dependence on n, then (9/9n)q(y,n) should
be roughly O(n~1) relative to q(y,n), (0*/0n2)q(y,n) roughly O(n=2),
and so on. Thus, we expand ¢(y,n) as

(33) 4(5m) = doly,m) + as(,m) + 0 (n72)

where qo(y,n), ¢1(y, n) have a very weak (e.g., logarithmic) dependence
on n and balance terms in (32) of order O(1) and O(n™!) to obtain

(34) qoly,n) = qumy,n)
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and

0 0
(35) e“|ai(y,n) + %ql(y,n)wa—yqo(y,n)

0 0
= 8—yQ1(y,n) - a_y%(y’”) —yqo(y,n).

The solution of (34) yields

(36) qo(y,n) = exp (e”y) q(n),

where q(n) must be determined. We could solve (35), using (36),
but its solution would involve another arbitrary function of n. Thus,
considering higher order terms will not help in determining q(n).
Instead, we employ asymptotic matching to (28). Expanding (28) for
x — 0 and comparing the result to (29) as y — oo, with (31), (33) and
(36), we conclude that

1

min(n)

(37) a=3h (—) q(n) =

But then our approximation for y = O(1) is not consistent with
P,(0) =0 = P,(0) for odd n. We return to (30) and observe that the
equation also admits an asymptotic solution of the form

ﬁn(y) ~ (_l)n eﬁna (ya TL) ; oo

where, analogously to (34), we find that

0
—efg ,N) = —qyly,n),
q0(y,n) aqu(y )

so that another asymptotic solution to (30) is

(38) Po(y) ~ (=1)" ¢ exp (e”y) T(n).

We argue that any linear combination of (31) and (38) is also a solution,
and that the combination which vanishes at y = 0 for odd n has g = «
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FIGURE 5. A plot of the rays z(t, s), n(t,s) with s = —-0.9,—0.8,...,0.8,0.9.

and q(n) = q(n), as in (37). We have thus obtained, for y = O(1) and
n — oo, that

Py (x) ~ %m)e)m lexp (y@) +(—=1)"exp (— y %)]

This agrees with (19), obtained by singularity analysis in Section 2.

To summarize, we have shown how to infer the asymptotics of P, (z)
using only recursion (6) and the large = behavior (7). Our analysis does
need to make some assumptions about the forms of various expansions
and the asymptotic matching between different scales.

4. The discrete ray method. We shall now find a uniform
asymptotic approximation for P, (x) using a discrete form of the ray
method [12]. This approximation will apply for z and/or n large. We
seek an approximate solution for (6) of the form

(39) Po(x) = exp [f(z,n) + g(z,n)],

where g = o(f) as n — oco. Since P,(z) = 2™, n = 0,1, we see that we
must have

(40) flx,n) ~nln(x) and g(z,n) =0
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as n — 0. Using (39) in (6), we have

of 10%f Og af  Og
(41) exp(%*iw+% 9z Tas ) Tn e

for n — oo, where we have used

a 2
f(x,n—l—l):f(x,n)—i—a—fl( )+§8—nf(x n)+--

From (41) we obtain, to leading order, the eikonal equation

(42) %—k(n—kl)x—exp (%) =0,

and the transport equation

102f 99 0y ar\
(43) 5%*%‘%6’“’(‘%) 0.

To solve (42), we use the method of characteristics, which we briefly
review. Given the first order partial differential equation
of of
F(z,n, f,p,q) =0, ith == = =
(z,n, f,p,q) with p=2-, ¢=5-
we search for a solution f(x,n) by solving the system of “characteristic

equations”
dv  OF dn _ OF

dt — dp’  dt g’
dp _9F OF

dt Oz pa_f’
dq oF OF
@~ on Yop
df oF oF

p :pé)_p +q8_q’

with initial conditions

(44) Fx(0,),n(0,5), (0, 5),p(0,5),4(0,5)] =0,
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and

(45) A 7(0,9) = p(0,) 5 (0,5) + a(0,5) 5o n(0,9),

where we now consider {z,n, f, p, ¢} all to be functions of the variables
s and t.

For the eikonal equation (42), we have
(46) F(xanvapaq):p_eq+(n+1)x,

and therefore the characteristic equations are

dz dn dp dq
_— = = —e4 _ = — _— = —
(47) 7 =L I e?, o (n+1), 7 x,
and
df
4 oy — gel.
(48) = P—ae

Solving (47) subject to the initial conditions
2(0,5) = s, n(0,5) =0, p(0,5) =A(s), ¢(0,s)=B(s),

we obtain
(49)

r=t+s, n:—\/gexp <§—|—B> [erf(%) —erf(%)],
e (5 0 () ()]
+exp(—%t2—5t+B> —t—eB + A,
qz—%tQ—st—FB.
From (40) we have

(50) A(s) =0 and B(s)=In(s),
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which is consistent with (44). Therefore,

(51)

(52)
N S CORICS)
+sexp<—%t2—st> —(t+s),
q= —%tQ —st+1n(s).

In Figure 5 we sketch some of the rays z(t,s), n(t,s) for s =
~0.9,-0.8,...,0.8,0.9.

Using (52) in (48) we have

o Ee e (S () ()
+5{1+ %tQ—l—st—ln(s)} exp (— %tQ —st) —(t+s).

Using (50) in (45), we get

(54) f(0,8) = fo,

and solving (53) subject to (54), we obtain

e fEen(3)e(57) ()
X s[l—i— %tQ—i—st—ln(s)} - <1t2+st) + fo

2

or, using (51),

(56) fz[ln(s)—l]n—!—%(s?—x?) (n+1)+ fo.
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To solve the transport equation (43), we need to compute (9%f)/
(0n?), (8g/0n) and (dg/dx) as functions of ¢t and s. Use of the chain
rule gives

oo el [5ae aan] =16 Y]

and hence,

[at/ax at/an} _ 1 [ on/0s —8x/8s}
0s/0x 0s/on J(t,s) | —On/Ot Ox/0t |’

where the Jacobian J(t, s) is defined by

_Oxdn Oxdn On On

T 9tds dsot  ds Ot

Using (51), we can show after some algebra that

(57)
(58) J(t, s)

(59) J:(s—k%)n—ks.

Using ¢ = 9f/0n in (43), we have

19q 09 99 _,
—— + = - e 1=0
20n  On O

or
g(1, dg 9g ,
—(ze?) = 2L - ¢
on \ 2 or On

and, using (47), we obtain

9 (LN _ogox agon oy
on dr Ot  On ot ot

26

Since —e? = On/0t, we have

O (1N _ 10 () _ 1(Pnot 0 ds

an\2° )~ "2an\at) T "2\ 8 an " 9tds on

1 _@@ 9%n Ox __i _@_i_éﬁn
o 2J ot2  Otds

92 95 | 0105 ot
Lo fon on\  10J
0s ot

2] ot 20t
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where we have used (57) and (58). Thus,
dg _ 19J

ot 2J 0t
and therefore

g(t,s) = —% In(J) + C(s)

for some function C(s). Since from (40) we have ¢(0, s) = 0, while (59)
gives J(0,s) = s, we conclude that C(s) = (1/2)In(s) and hence

(60) glt,s) = %m {ﬁ]
Using (59) we can write (60) as

1 52
(61) 9=5Mh [m]

Replacing f and g in (39) by (56) and (61), we obtain P, (x) ~ ®(z,n; s)
as n — 0o, with

Sn

(62) @ (x,n;5) = Kexp [% (52_m2) (n+1)—n:|\/ﬁa

where k = efo is still to be determined.

Eliminating ¢ from (51) we get

09 e fGeo () () e ()] -0

which defines s(z,n) implicitly. For every n > 0 there exist only two
solutions Sp,(z,n) < 0 and Sp(z,n) > 0 of (63) (see Figure 5). Since
erf (z) is an odd function, it follows that

(64) S (x,n) = =Sp(—x,n).

Although we have P,(x) ~ ®[z,n; Sy (z,n)] for ¢ < —1 and P, (z) ~
®[z,n; Sp(z,n)] for x > 1, the two approximations are comparable
when z is small and therefore we must add their contributions.
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We shall now find the constant s in (62) by using (7). We rewrite
(63) as

(65) s”exp (s%) = nQ[erexp (-— %;) de}Q,

and for a fixed value of n, consider the limit x — oco. It follows from
(65) that Sp(x,n) ~ x, and therefore we consider an expansion of the
form

(66) Sy(w,n) ~x + s+ s107 "+ $ox 2 4 83273, = — 0.
Using (66) in (65), we obtain
sp = s9 =0, slzln(n—i—l),

2
53:1—ln(n—|—1)—ln (n+1) L

2 a4l
and therefore
(67) s?exp (s) ~ (n+ 1)° 22" 1= oo
Solving (67), we have
(68) Sp(x,n) ~ \/W {(n +1)% 22|, 2 — oo,

where W(z) denotes the Lambert W function, defined by [3]
W(z)exp[W (z)] =2, forallzeC

and having the asymptotic behavior

(69) W (2) = In(2) — Inln (2) + 1?11?2)2) +O<ﬁf(l$) r) 2 = oo,

Using (68) and (69) in (62), we obtain

O (z,n;8) ~k(n+ 1)"+(1/2) e "z" x— oo.
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From Stirling’s formula,
(70) nl = [\/27m +0 (n*1/2)} n"e” ", n— oo,

and
(n+1)"T/2 = [e\/ﬁ +0 (n*1/2)} n", n— oo,

we conclude that

/€:€_1\/27T,
and thus
. 1,y 2ms?
(71) @ (z,n;5) = 5" exp [5 (5" —= —2)<”+1)} m+D2+n

Using (64), we have P, (z) ~ Uy(x,n) as n — oo, with
(712) Wy(x,n) =@ [z,n;Sp(z,n)] + @ [z,n; —Sp(—x,n)], n— oco.

In Figure 6 we compare In[Py(x)/4!] and In[¥y(x,4)/4!] for —1 <z < 1
and in Figure 7 for 0 < x < 10. We note that the asymptotic
approximation (72) is more uniform than (15), (19) and (21), but it
is less explicit since Sp(z,n) must be obtained numerically.

Next, we compare the results of this section with those in the previous
two sections. We first consider z > 0, with 2 = O(1) and n — co. From
(63), we have

+1)?
where ((z) was defined in (16). Using (73) and (69) in (71), we get
nm [e—IQ/Q]"H

In(n) | ¢(z)
which agrees with (15) after taking (70) into account.

P,(z) ~n"e™™

Now we consider the limit n — oo, with z = y/n and y = O(1). From
(63), we have

(74) Sp<%,n> ~ w(?) + <1+ @y)ﬁ
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FIGURE 6. A plot of In[P4(x)/4!] (solid line) and In[¥4(z,4)/4!] (000).

Using (74), (64) and (69) in (71), we find that

® (y/n,n; Sp) ~n"e™" 1n2(—TTLl) <\/§> exp <\/§y>,
O (y/n,n; Spm) ~ (1) n"e ™" 1112(—2) <\/§> exp <_ %;,)

and therefore

Po(z) ~ e lj(’;) (@) [exp (@y>+<—1>"exp (— %M

agreeing with (19).

Finally, we consider the limit n — oo with z = u+/In(n), v = O(1),
u > 0. From (63), we have

(75) Sp (u\/m, n) ~ \/W [(n +1)% u2ne? ln(n)}.

Using (75) and (69) in (71), we have
unJrl

vu2 42

P, (u In (n)) ~n"e "V2mn ( In (n))n, n — 0o,

which agrees with (21).
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FIGURE 7. A plot of In[P4(x)/4!] (solid line) and In[¥4(z,4)/4!] (000).
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