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NICE BASES AND THICKNESS IN
PRIMARY ABELIAN GROUPS

PETER V. DANCHEV AND PATRICK W. KEEF

ABSTRACT. All groups considered will be abelian p-
groups. Several results pertaining to nice bases and Ulm
subgroups are established. For example, it is shown that a
separable group A is thick if and only if for all reduced groups
G with G/p¥G = A, if G has a nice basis, then p* G is a direct
sum of cyclics. We also consider the class of separable groups
A such that, for every group G with G/p*G = A, if p¥G has
a nice basis, then G has a nice basis. It is shown that if A
is a direct sum of cyclics then it has this latter property, and
that the converse of this statement is related to the continuum
hypothesis. Finally, it is shown that any group of length w - 2
is a summand of a group with a nice basis, and in particular,
that a summand of a group with a nice basis need not retain
that property.

0. Introduction. By the term group we will mean an abelian
p-group, where p is a prime fixed for the duration. Our terminology
and notation will generally follow [3]. We say a group G is X-cyclic if
it is isomorphic to a direct sum of cyclic groups. We will also utilize
the language of valuated vector spaces (see [4]).

A classical result of Hill (see [5]) states that if a group G is the
ascending union of a sequence of pure subgroups {B;,}n<. and each
B, is X-cyclic, then G will also be X-cyclic. Note that since p“B,, =
p*GN B, = {0}, B, will actually be an isotype subgroup of G (in other
words, p*B,, = p*G N B,, for all ordinals «). Since isotype and nice
subgroups are, in some sense, dual to one another (where a subgroup N
of G is nice if p*(G/N) = [p*G+N]/N for every ordinal ), it is natural
to consider the following definition from [1, 2]: G has a nice basis if it
is the union of an ascending sequence {N, } <, of nice subgroups such
that each IV, is X-cyclic. The class of groups having a nice basis is
quite extensive; for example, it contains the totally projective groups
and all separable groups. In addition, it is closed with respect to direct
sums (e.g., [1, 2]).
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A recurring theme in the study of abelian groups is the relationship
between a group G, its first Ulm subgroup p“G and its corresponding
Ulm factor G/p“G. In this direction, we begin with two statements
from [1, 2] that give, respectively, a sufficient and a necessary condition
for a group G to have a nice basis:

(1) If p¥G is Y-cyclic, then G has a nice basis.
(2) If G has a nice basis, then p“G has a nice basis.

Our first goal is to describe precisely for which separable groups A =
G/p“ @G, the converse of (1) always holds. We will say A has the nice
basis restriction property if for all reduced groups G with A = G/p*G,
if G has a nice basis, then p“G is X-cyclic. Note that in this definition,
it is only the groups G which are not separable which are of interest,
and in fact, only those for which p“G is unbounded, since a bounded
group is always ¥-cyclic. Our most significant result (Theorem 1.3)
is that the separable group A has the nice basis restriction property
if and only if it is thick. Recall that a group A is thick if and only
if whenever C' is ¥-cyclic and f : A — C' is a homomorphism, then
f must be small, i.e., the kernel of f contains a large subgroup of A.
This class of groups, originally identified by Pierce (see [7]), has been
studied by a number of authors. We will use the characterization that
a group G is thick if and only if for every homomorphism f: G — C
where C' is Y-cyclic, there is an n < w such that f((p"G)[p]) = {0}
(see, for instance, [6]).

We next consider the class of separable groups A for which the
converse of (2) always holds. We say A has the nice basis extension
property if for all groups G with A = G/p*G, if p*G has a nice basis,
then G has a nice basis. As above, in this definition, only those G
for which p“G is unbounded are of interest because it was proved in
[2] that each group of length < w - 2 possesses a nice basis. This
condition is intimately related to the behavior of the pure subgroups
and the closed subgroups of A (where all topological notions are with
respect to the p-adic topology). In particular, we will say that A is
countably-closed if whenever A is the ascending union of a sequence
of pure subgroups {B; }n<w, then A is also the ascending union of a
sequence of closed subgroups {C}, },<w, such that for all n, C,, C B,.
Observe that there is a corresponding notion for valuated vector spaces
V', which are separable in the sense that V(w) = {0} (in this context, the
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condition of purity is superfluous). We show (Theorem 2.3) that if A is
Y-cyclic, then it is countably-closed; if it is countably-closed, then it has
the nice basis extension property; and if it has the nice basis extension
property, then A[p] is a countably-closed valuated vector space. This
suggests the question of whether any countably-closed valuated vector
space is necessarily free. We are able to verify that the continuum
hypothesis (CH) guarantees that this is the case whenever V has a
countable basic subspace (Corollary 2.12). It follows that CH implies
that when A has a countable basic subgroup, A is X-cyclic if and only
if it has the nice basis extension property (Corollary 2.13).

We next turn to the question posed in [2] of whether the class of
groups with nice bases is closed with respect to direct summands.
We show that this fails in a surprisingly general way: If G is any
group with p*-2G = {0}, then there is a dsc group (i.e., a direct sum
of countable groups) H of length w - 2 such that G @ H has a nice
basis (Theorem 3.1). In particular, Theorem 1.3 implies that if A is
any unbounded, separable thick group, and G is a group such that
G/p“G = A and p“G is a separable group which is not X-cyclic, then
G is a group of length w - 2 that does not have a nice basis, but it is a
summand of a group that does have a nice basis.

1. Nice bases and thick groups. To begin, recall that if G is
a group and S is a subgroup of G[p] which is dense in G[p] in the
p-adic topology, then any subgroup M of G which is maximal with
respect to the property that M[p] = S will be pure and dense in G
(see, for example, Theorem 66.3 of [3]). Since we will be concerned
with the relationship between subgroups and factor-groups of G, p“G
and G, = G/p“G, we include the following list of essentially well-
known results:

Lemma 1.1. Suppose G is a group, X is a subgroup of G, A= G/X
and Y 1is a subgroup of G that is maximal with respect to the property
YNX={0}. Then

(a) m(g + X) = pg + pX gives a well-defined homomorphism Ap] —
X/pX with kernel [G[p] + X]/X =2 Y[p];

(b) X C p¥G if and only if for every n < w, w((p"A)[p]) = X/pX;
(¢) X = p*G if and only if A is separable and for every n < w,
m((p"A)lp]) = X/pX.
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Supposing now that X = p*G, we have:

(d) If X' is a pure subgroup of X, then there is a pure and dense
subgroup G' of G containing Y such that X' = p*G' = G' N X (note
that A’ = G'/ X' maps to a pure and dense subgroup of A = G/X under
the usual homomorphism);

(e) If X' is pure and dense in X and G' is as in (d), then we have
A=G/X"=2G/X =4

(f) If X is a pure and dense subgroup of X" and G" = [G &
X" /{(x,—z) : © € X}, then we can view X" and G as subgroups
of G", and we have " =G+ X", X =GnNnX",G"/X"=2G/X, G is
pure in G’ and p*G" = X";

(g) If N is a subgroup of G, then N is nice in G if and only if
N(w) =NnNX is nice in X and N' = [N + X]/X is a closed subgroup
of A = G/X. This latter condition is equivalent to requiring that
G/IN + X]| =2 A/N' is separable.

Proof. As to (a), it can be directly verified, but a more conceptual
approach is to note that 7 is the connecting homomorphism A[p] =
Tor (A,Z,) - X ® Z, = X/pX. The last isomorphism follows easily
from the maximality of Y with respect to X N'Y = {0}.

Regarding (b), if X C p*G, then for all x € X and n < w, there
is a z € p"G such that pz = x; therefore, z + X € (p"A4)[p] with
m(z + X) =+ pX gives one direction. Conversely, a simple induction
using the given condition shows that X C p"G for all n < w, so that
X Cp*G.

As to (c), since A is separable, we must have p*G C X; the other
inclusion follows from (b).

Turning to (d), note that Y [p] ® X'[p] is a dense subgroup of G[p], so
if we choose G’ C G containing Y @ X' which is maximal with respect
to the condition that G'[p] = Y[p] @ X'[p], then G’ is pure in G. This
implies that X’ C G’ N X = p“G’. On the other hand, the conditions
(i) X' is pure in X; (ii) X’ C p*G’ C X; and (iii)) X'[p] = (p*G")[p]
can readily be seen to imply that X' = p*G’.

Regarding (e), note that we have injections Y[p] — A'[p] — Alp]. In
addition, since X’ is pure and dense in X, we can conclude X' /pX’ —
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X/pX is an isomorphism. Considering the commutative diagram

0 Y [p] A'lp] X'/pX' ——0
0 Y(p] Alp] X/pX ———0

we can conclude that A'[p] = A[p] (where we have identified A’ with
its image under the above embedding). But since A’ is pure in A, it
follows that A’ = A.

Turning to (f), the statements G = G+ X", X = GN X" and
G"/X" = G/X are elementary. To verify the last two as well, note
that X = p*G C p*G", so the map G" - G"/X = (G/X) ® (X" /X)
necessarily preserves all finite heights. Since X”/X is divisible, it
follows that X" C p“G"”. On the other hand, since G"/X" = G/X
is separable, we have p*G” C X"; hence X" = p*G". This also means
that G/p*G = G/X 2 G"/X" = G"/p*G" is an isomorphism, which
certainly implies that G C G” preserves all finite heights, and so in
particular, G is pure in G".

Finally, as to (g), if ¢ € G and we consider the coset g + N, then
either there is an element € N such that g 4+ z has infinite height, or
not. In the first case, the niceness of N(w) in X implies the existence
of an g + x¢p € g + N of maximal height, and in the second case, the
closure of N’ in A implies the existence of such an g + g € g + N of
maximal height. o

The following is also well known (see [4]):

Lemma 1.2. Suppose V and W are valuated vector spaces, W is
free and separable (i.e., W(w) = {0}) and f : V — W is a valuated
homomorphism with kernel K. Then there is an isometry V =< K W',
where W' is free and separable.

Proof. Since W is separable and free, it is the ascending union of a
sequence of subspaces W,,, such that W,,(n) = {0}. If W’ = V/K is the
quotient valuated vector space, then W' is the ascending union of the



1132 PETER V. DANCHEV AND PATRICK W. KEEF

subspaces W/, = f~1(W,)/K, and W/ (n) = {0}. It follows that W’ is
also free and separable, so that the required isometry must exist. O

Theorem 1.3. If A is a separable group, then A has the nice basis
restriction property if and only if it is thick.

Proof. It is easy to check that a bounded group has both the
nice basis restriction property and is thick, so we may assume A is
unbounded. Suppose first that A is thick, that G is a reduced group
with G/p*G = A, and that G is the ascending union of the nice
subgroups N, which are Y-cyclic; we need to show that p¥“G is X-
cyclic. Note N,, = [N, + p*G]/p*G is closed in A and A = U, N},.

Claim 1. There is an n < w such that (p™A)[p] C N;,.

Supposing that this fails, we will show that A is actually not thick.
Now, for each n < w, let =, € (p"A)[p] — N,,. Observe that A/N],
is a separable group and z, + N] is a non-zero element of it. It
follows that there is a cyclic group C),, and a composite homomorphism
¢n : A— A/N] — C,, such that ¢, (z,) # 0.

Define ¢ : A — [],,.,, Cn by the equation ¢(z) = (¢n(*))n<w. Note
that if z € N], and n > m, then x € N,, C N, and it follows that
én(z) =0 € Cy. Since every z is in N], for some m, it follows that the
image of ¢ is actually contained in @,,<,C,, which is X-cyclic. Since
for each n < w, ¢(z,) # 0, it follows by [6] that A is not thick, as
required.

By the last Claim, fix some n < w such that (p"A)[p] C N},.

Claim 2. p*G/N, (w) = p*G/(N, Np*Q) is divisible.

Let € p“G, and choose y € G such that py = x and htg(y) > n.
So y +p¥G € (p"A)[p] C N,,. It follows that there is a z € N,, such
that y + p*G = z + p¥G. Therefore, y = z + w, where w € p“G,

so that z = py = pz + pw € Np(w) + p(p*G). Therefore, we have
p“G = N,(w) + p(p*G), which establishes the claim.

Since G is reduced and N, (w) is nice in p“G, it follows that p*G =
N, (w) € N,, and in particular, p*G must be Y-cyclic. So, A has the
nice basis restriction property, as required.
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As for the converse, suppose A is not thick. To complete the
argument, we need to construct a group G with a nice basis such that
G/p“G = A and p¥G is not X-cyclic (in fact, in our example, p*G will
be an unbounded torsion complete group).

Since A is not thick, we can find a subgroup U of A such that
A/JU = @;c;C; where each C; is a cyclic group and, for every n < w,
(p™A)[p] is not contained in U. By Lemma 1.2, there is a valuated
decomposition A[p] = U[p]®F, where F is a separable and free valuated
vector space with F(n) # {0} for every n < w. Fix some valuated
decomposition F' = @pcp(b).

We claim that we can find a sequence of subgroups, U,,U, C A,
satisfying the following:

(a) Un<wUn = A4;

(¢) Upn/U 2 ®jcg, C; for some subset I, C I, so in particular, U, is
closed in A;

(d) U}, is an unbounded X-cyclic group such that U}, N U,, = {0} and
Uy’L g Un+1-

Let b; be some element of B with ht (b)) > 1; let 2; € A satisfy
pzy = by and ht (z1) + 1 = ht (by), and let J; be the support of z; + U
in the decomposition ®;c;C;. For j > 1, we continue this construction,
inductively defining basis elements b; € B, elements z; € A and finite
subsets J; of I such that

1) ht (b;) > exp(C;)+j for all i € J;_1 (where if C' is a cyclic group
] j
of order p*, then exp(C) = k);
(2) Pz = bj;
(3) ht (z;) = ht (b;) — j;
4) J; is the support of z; + U in the decomposition ®;c;C;.
J J

It is clear that this can be done. Note that if we select any sequence
of i; € J;, then these facts imply that

- <ht(bj1) = (G —1) =ht(z1) <htay(zj-1+U) <exp(Ci,_,)
< ht (bJ) —j7=ht (ZJ) < htA/U(Zj + U) < exp(Cij)
<ht (bj11) — (G +1) =ht (z41) <--- .
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In particular, since j < k always implies exp(C;.) < exp(C;, ), it follows

;
that all the J;’s are pairwise disjoint. Finally, we let Jo = I — U;<;J;.

Next, for all j < w, z; + U € ®ics,C; and pi(z; +U) =z; + U is a
non-zero element of (A/U)[p], we can conclude that z;+U is a non-zero
element of ®;c s, C;. Since the J; are pairwise disjoint, we can conclude
that the composition ¢ : @< (z;) = A = A/U C ®;¢1C; is injective.

Now, for each n < w, we let I, = Jo U [U{J; : 2" does not divide
j}], and define U, by the isomorphism in (c). Since I = Upculn
and I, C I,11, (a) and (b) are clear. Regarding (d), if we let
Ul = (z; : j = 2"¢ where £ is odd ), then since o(z;) = p/*! and
the collection of j of the form j = 2"¢ with ¢ odd is unbounded, we
can conclude that U/, is unbounded; and since ¢ is injective, we can
conclude U], is Y-cyclic. Also, for such a j = 2"¢, 2"|j and 2"*! }j;
from this we can conclude J; NI, = @ and J; C I,41. Therefore,
U/ NU, = {0} and U, C U1, so that (d) follows.

Let Z,, be a group such that Z,/p“Z, = U,, and p*Z,, & Zn+1, and
let Wy = {0}, and for n > 1, W,, = ®nenZm. We now inductively
construct an ascending chain of groups Hy C Hy C Hy C H3 C -- -,
such that W,, C H,,, p*W,, = p*H,, and H,,/p*W,, = U,,. We begin by
letting Hy = Uy; if H,, has been constructed, then to construct H,1,
we begin by letting H), , | = H,®Zy, so that W11 = W,,®Z, C H,
and Hy, o /p*Whi1 = (Hp [p*Wh) @ (Zn/p* Zy) = Uy © Uy,

Using the surjectivity of the map

Ext (Un+1aprn+1) — Ext (Un (o2 UylL;prnJrl)a

we can define H,,;1 so that it fits into a commutative diagram:

0———p*Wans H,,, U & Uj ———0
0 4>pr71+1 HnJrl Un+1 0

It follows that (interpreting injective maps as inclusions) H,, C H}, ,; C
Hpy1, Wayr € Hpyy € Hpyp and that there is a commutative
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diagram:
00— p“W, H, U, 0
JQ JC JC
0 —)prn—l—l Hn+1 Un+1 0

Since W41 C Hpy1, we have p*W,41 C p*YH,;1, and since
Hy11/p*Wyt1 =2 Uy is separable, it follows that p“ Hy, 11 = p“ W, 41.
If H=Up<wH, and W = Up<«(uW,, = ®m<wZm, then it follows that
p*H =p*W and H/p*H = A.

Finally, as in Lemma 1.1 (f), let G be the sum of p*H and H
along p“H, where p“H is the torsion-completion of p“H, so that
G = p*H + H and p*H = HNpH. It follows that p*G = p*H
is torsion-complete and G/p*G = H/p*H = A. Our aim, then, is to
construct a nice basis for this G.

Now, given n < w, let M,, C H,, be the subgroup containing p“W,,
such that M, /p“W,, = U,[p"], and define N,, = M,, + (p*G)[p"]. Note
that U, [p"] and p*W,, are bounded by p", so M,, is bounded by p?",
and (p“G)[p"] is trivially bounded, so N, is bounded and hence X-
cyclic. Next, observe that p“G is contained in U, <, NV, and

[N, + p*G]

Un<rilL = Un<uw pr

= Un<wUn[pn] = A,

and these two facts imply U, <, N, = G.

Finally, we will be done if we can show [V, is nice in G. To
that end, observe that M, N p*G = p*W,, C (p*G)[p"], so that
Nn(w) = NoNp“G = (Mn+ (p*G)[p"]) N (p*G)[p"] = (p*G)[p"] which
is certainly closed in p“G, and N}, = [N,, + p*G|/p*G = M,, /p*W,, =
U.[p"] = A[p"] N U, is the intersection of two closed subgroups of A,
and hence is closed in A, as well. It follows, therefore, by Lemma 1.1 (g)
that N, is nice in G, as required. O

In [2], a group G of length w - 2 is constructed that does not have
a nice basis. In fact, that group has the property that both p*G and
A = G/p”G are unbounded torsion-complete groups; in particular, A
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is thick and p“G is not X-cyclic, so the fact that G fails to have a nice
basis is also a consequence of Theorem 1.3.

Recall that (imitating [2]) a group G has a bounded nice basis if it is
the ascending union of nice subgroups { N, },<, such that each N, is
bounded (and hence X-cyclic). Note also that a group G is thick if and
only if its Ulm factor G/p“G is thick (see [6]). The following, then,
answers Conjectures 1 and 2 from [2].

Corollary 1.4. Let G be a reduced thick group. Then

(a) G has a nice basis if and only if p*G is B-cyclic;

(b) G has a bounded nice basis if and only if p*G is bounded.
Proof. (a) follows immediately from Theorem 1.3.

Regarding (b), suppose A = G/p“G. If p*G is bounded, then if we
define NV,, to be the subgroup containing p“G such that N, /p*G =
A[p™], then N,, is bounded and nice, and G is their ascending union
(this argument does not require G to be thick). Conversely, if G (and
hence A) is thick, and N,, is a bounded nice basis for G, then by the
proof of Theorem 1.3, for some n < w, p*G C N, so p*G is bounded. O

2. Nice bases and Y-cyclic groups. Recall, the separable group
A has the nice basis extension property if for every group G such that
G/p*G = A, if p*G has a nice basis, then G has a nice basis. We
will also say A has the strong nice basis extension property if for every
such G, if {M,,}, <, is a nice basis for p*G, then there is a nice basis
{Nn}n<w for G such that M, = N, Np“G.

Again, recall the separable group A is countably-closed if whenever A
is the ascending union of a sequence of pure subgroups B,,, then it is
also the ascending union of a sequence of closed subgroups C,,, where
forall n < w, C,, C B,,. Correspondingly, the separable valuated vector
space V is countably-closed if whenever V is the ascending union of a
sequence of the subspaces T},, then it is also the ascending union of
a sequence of closed subspaces S,, where for all n < w, S, C Ty;
and so the separable group A has a countably-closed socle if Alp] is
countably-closed as a valuated vector space.

We pause for the following observation:

Lemma 2.1. The separable group A is countably-closed if and only
if it satisfies the following condition: whenever A is the ascending
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union of a sequence of pure and dense subgroups D,, then it is also
the ascending union of a sequence of closed subgroups C,,, where for
alln < w, C,, C D,,. In other words, we may restrict our attention to
ascending chains of pure subgroups which are also dense.

Proof. Necessity being trivial, suppose A satisfies this condition for
all ascending sequences of pure and dense subgroups, and A is the
ascending union of the pure subgroups B,. For each n, let Y,, be a
basic subgroup of B,i1/B,. Since Y, is ¥-cyclic and B, is a pure
subgroup of A, and hence of B,1, it follows easily that there is a
subgroup X,, of B, ;1 which maps isomorphically onto Y,, under the
natural map By, +1 — Byt1/Bn, and that B,, ® X,, is a pure and dense
subgroup of B,;;. Note that € X,, will be a basic subgroup of
A, and if we let

m<w

Dn:Bnea<@Xm>,

m>n

then D, will be a pure and dense subgroup of A. It also follows that
D,, C D, 11, and since A is the union of the B,,, it is also the union of
the D,,.

By hypothesis, then, we can express A as the ascending sequence of
closed subgroups C,, such that C,, C D,, for all n. Let C}, = C,,NB,, C
B,,; since the B,, and C,, are ascending sequences whose union is A,
the same can be said of the C/. The important point to verify is that
C! is actually closed in A. Note that if z; is a sequence in C!, which
converges (in the p-adic topology) to y € A, then since C), is closed,
we must have y € C,, € D,, = B,, ® (D,,,>,, Xm). Since D,, is a pure
subgroup of A, we have that x,, converges to ¥ in the p-adic topology on
D,,. However, C/, is a closed subgroup of D,,, since it is the intersection
of two closed subgroups, so that y € C/,, as required. O

An analogous argument shows the following;:

Lemma 2.2. The separable valuated vector space V 1is countably-
closed if and only if it satisfies the following condition: whenever V is
the ascending union of a sequence dense subspaces Uy, then it is also
the ascending union of a sequence of closed subspaces S, where for all
n < w, S, C U,. In other words, we may restrict our attention to
ascending chains of dense subspaces.
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Theorem 2.3. Suppose A is a separable group.

(a) If A is T-cyclic, then it is countably-closed;

(b) If A is countably-closed, then it has the strong nice basis extension
property;

(c) If A has the strong nice basis extension property, then it has the
nice basis extension property,

(d) If A has the nice basis extension property, then it has a countably-
closed socle.

Proof. For the implication in (a), note that if A = ®;c(x;), and
{Bn}n<w is an ascending chain of pure subgroups whose union is A,
then let C,, = (z; : &; € B,). Since C,, is a summand of A, it is clearly
closed, C;, C C),+1 and their union is all of A.

For the implication in (b), suppose A is countably-closed and G is a
group with G/p*G = A and p“G has a nice basis { M}, },<,; without
loss of generality, assume My = {0}. We need to construct a nice basis
{N;}n<w for G such that M,, = N, Np*G.

Let B be a basic subgroup of p“G, and assume B = @;cr(b;).
Suppose Y is a high subgroup of G (i.e., maximal with respect the
property that Y N p“G = {0}); so Y is pure and dense in G, and
BnY = {0}.

Given n < w, let I, = {i € I : b; € M, } and B,, = Dy, (b;); since
B C Up<wM,, we can conclude I = Up<ply, so that B = Uy« By
Using the proof of Lemma 1.1 (d), construct pure and dense subgroups
H=EFEyCFE, CFE,C-.--CGd{ such that p*E,, = B,,. If welet G’ =
Un<wFn, then G’ is also pure and dense in G, H C G’ and B = p*G’,
and by Lemma 1.1 (e) the natural map G'/p“G’ — G/p*G = A is an
isomorphism. Therefore, if we let D,, = [E, +p“G]/p*G C A, then D,
is pure and dense in A, D,, C Dy,+1 and A = U<, Dy,. Now, since A is
countably-closed, there is an ascending sequence C, of closed subgroups
such that A = U,<,C,, and C,, C D,,. Replacing C,, by C,[p"] does
not affect these observations, so we may assume p"C,, = {0}.

Next, note that E, /B, = E,/[E, Np*G] = [E, + p*G]/p“G = D,,
and we let L, C E, be defined by the equation L, /B, = C,. Since
E, C E,41 and B,, C B,41, and C,, C ()41, it readily follows that
L, C L,41, and in addition, since p"C,, = {0}, we have p"L,, C B,.
Let N,, = M,, + L,,; note that p"N,, = p"M,,+p"L,, C M,,+ B,, = M,
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which is ¥-cyclic, so that IV, is ¥-cyclic. In addition, since M,, C My 1
and L, C L,41, it follows that NV,, C Ny, 41.

Next, note that M,, C p*G implies that N,(w) = M, + L,(w) =
M,, + B,, = M,,; and this implies that (1) N,,(w) is nice in p*G, (2) the
N,, extend the M, and (3) pYG = U<, N, (w). Also, observe that

N! =[N, +p“G]/p“G = [L,, + p*G]/p*G = C,,

and since C), is closed in A, in view of Lemma 1.1 (g) we have that IV,
is nice in G. Finally, since A = U, <,C,, it follows that G = U, <, Ny,
which shows that the NV,,’s form a nice basis for G, as required.

Clearly, the implication (c) is trivial.

Finally, to prove (d), assume A has the nice basis extension property,
and A[p] is the ascending union of dense socles T,,. Let E, be an
ascending sequence of pure and dense subgroups of A such that E,[p] =
T, (such a sequence clearly exists) and let Y = Ey. Since Uy <, F;, will
be a pure subgroup containing A[p], it follows that A = U, <, E,,. For
0 < i < w, let k; be the rank of T; /T;_1, and let U; be a direct sum of «;
copies of Z,:; next, let By = {0} and for 0 < n < w, let By, = ®o<i<nU;
and B = @o<;<,U;. Let D, be an ascending chain of divisible groups
containing the B,, as essential subgroups, and let D = U, ., D,,. Fix
an isomorphism D/B — A/Y which takes D,,/B,, = [D,, + B]/B to
E,/Y. We define G’ by the pull-back diagram:

B _ — B
0 % el D 0
0 Y A AlY 0,

and we identify B and Y with subgroups of G'. We next claim that
B = p“G’, or in light of Lemma 1.1 (¢) and the separability of A, that
m((p"A)[p]) = B/pB for all n < w: The purity of Y in A together with
the fact that B C p* D (and Lemma 1.1 (b)) implies that we can factor
7|(pn 4)[p] INtO two surjective homomorphisms
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(" A)lp] — (0" (A/Y))lp] — B/pB,
so that B = p*G’, as desired.

It can be seen that in the construction in the last paragraph, 7(7},) =
m(Enlp]) = [Bn + p* 1G] /p* TG

Let G be the sum of G’ and B along B (see Lemma 1.1 (f)). In
particular, p*G = B and A = G/p“G. Since B is separable, it has
a nice basis, and since A has the nice basis extension property, it
follows that G has a nice basis, which we denote by N,, where we
will assume Ny = {0}. Note next that M,, = N,(w) will be a nice
basis for p*G = B. It follows that M,, is closed in B, so that it is
also torsion-complete (see, for example, Exercise 6 of Section 70 of [3]).
Since, in addition, it is X-cyclic, if follows that M,, must be bounded.
If we add terms to the nice basis by simply repeating them if necessary,
we may assume that for all n < w, p"M,, = {0}.

For each n < w, let S,, = N}, [p] = ([IV,, + p*G]/p*“G)[p] C Alp]. Note
first that since N,, is nice, N}, is closed in A, so that S, is closed in
Alp]. Since Up<,N), = A and N;, € N, we have Ap| = Un<wSn
and S, C Sp41-

Finally, we need to show that S,, C T,,. Note that
m: Alpl — p*G/p* G = [B +p TG /p* G
has kernel Ty = Ey[p] = Y[p] and
7(T) = (B, + PG p*H1G 2 [B, + 710 p .

Suppose z+p“G € S,, where z € N,,. Observe first that pz € p*G = B,
so using the standard representation of torsion complete groups in
terms of their basic subgroups, we can express pr = (u;)o<icw €
[lo<ico Ui- Note further that pr € N, N\p*G = M,,, and p"M,, = {0},
so that p™u; = 0 for all 0 < i < w. Therefore, for all i > n, u; € pUs;.
If y is the image of pr under the projection B — B, (i.e., y has
coordinates u; for @ < n and O for i > n), then pzr — y € p**1G.
If 2+ p“G € T, is chosen such that 7(z + p“G) = y + p**1G, then
m(x +p*G) = pz + p*1G = y + p* TG = 7(2 + p*G). Consequently,
(x 4+ p¥G) — (2 +p“QG) € Ty C Ty, so that z + p“G € T,,. This shows
that S,, C T,,, and completes the proof. O
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Corollary 2.4. If A is an unbounded separable group with the nice
basis extension property, then A is not thick.

Proof. Let G be some group such that p“G is separable, but not
Y-cyclic and G/p¥G = A. Then p*G has a nice basis, so by our
hypothesis on A, G also has a nice basis. Therefore, by Theorem 1.3,
A is not thick. O

Corollary 2.5. If A is an unbounded separable group which is
countably-closed, then A is not thick.

We now show that the various properties listed in Theorem 2.3 are
preserved under arbitrary subgroups.

Proposition 2.6. If A is a separable countably-closed group and B
is an arbitrary subgroup of A, then B is countably-closed.

Proof. Suppose B = U, <, FE,, where E, is a pure dense subgroup
of B. Let S be a subgroup of A[p] such that there is a vector space
decomposition A[p] = B[p]®S (we do not assume this preserves values).
Note that for all n < w, Alp] = B[p]+S C E,[p] + S, so that E,[p|+ S
is dense in A[p]. We will inductively choose pure and dense subgroups
D,, of A such that the following are satisfied:

(a) Dp—1 C Dy;
(c) Dulp] = Enlp] @ S.

Set D_; = {0}; assume D,, has been constructed and we want to define
D,,+1. Our objective is to choose it to be maximal with respect to the
following:

(]-) Dn + En+1 g Dn+1;
(2) Dusalp] = Enialp] ® 5.

Once this has been accomplished, the n + 1-st case of (a) and (c) follow
immediately. In addition, (1) implies F,, ;1 C Dp4+1NB and (2) implies
E,+1[p] = (Dp41 N B)[p], and since E,, ;1 is a maximal subgroup of B
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supported by E,11[p], we can conclude that condition (b) holds for
n + 1 as well. To make this definition work, it will suffice to show
that (Dy, + Eny1)[p] = Ent1[p] + S. Note that the containment D is
straightforward, so we need to show the reverse. Let x € D,,, y € Ep, 41
and 0 = p(x+y). Now, py = —pz € E,y1ND,, € BN D, = E,, which
is pure in B. Therefore, there is a z € E, such that py = pz. Note
that y — z € E,11[p] and = + z € D,[p], which by induction equals
E,[p]+ S. It follows that

z+y=(z+2)+(y—2) € (Bulp] + 5) + Enia[p] = Enialp] + 5,

as required.

Since A is countably-closed, it follows that A = U, -, C,, where C,, is
closed in A, C,, € Cpy1 and C,, C D,,. If we let C], = BN C,, then
since A/C,, is separable and B/C], embeds in A/C,,, C], is closed in B.
Finally, B = Un<,C;,, C}, € C},,, and C}, € BN D, = E,, so B is
countably-closed, as required. ]

A nearly identical proof to the above, which will therefore be omitted,
can be used to show the following:

Proposition 2.7. Suppose V is a separable valuated vector space
which is countably-closed and Z C V 1is a subspace with a valuation
vz such that for all z € Z, vz(z) < vy (2). Then Z is also countably-
closed.

Corollary 2.8. Suppose A is a separable group with a countably-
closed socle and B is an arbitrary subgroup of A. Then B also has a
countably-closed socle.

Proposition 2.9. If A is a separable group with the (strong) nice
basis extension property and B is an arbitrary subgroup of A, then B
also has the (strong) nice basis extension property.

Proof. We prove this for the nice basis extension property, and
essentially the same proof will work for the other statement, as well.
Suppose G is a group such that G/p“G = B, and p“G has a nice
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basis. By the surjectivity of the homomorphism Ext (A,p“G) —
Ext (B, p“G), there is a group H containing G such that H/p*G = A.
Now, since A is separable, it follows that p* H = p*G. Since A has the
nice basis extension property, there is a nice basis NV,, of H such that
M, = p“H N N, is a nice basis for p* H. We claim that P, = N, NG
forms a nice basis for G: Certainly, since N, is ¥-cyclic, so is P,,, and
since H is the ascending union of the N,,, G is the ascending union of
the P,. Next, P, Np“G = N, Np*H = M, is nice in p*H = p“G.
Finally, since N;, = [N,, +p*H|/p* H is closed in A, A/N], is separable.
Since P, = [P, + p“G]/p*G = N} N B, B/P), embeds in A/N}], so it
is separable, as well. It follows that P, is closed in B, so that the P,’s
form a nice basis for G, as required. u]

Clearly, Theorem 2.3 suggests the following:

Problem 1. Suppose V is a separable valuated vector space. If V is
countably-closed, is V' free?

Since a separable group A is 3-cyclic if and only if its socle A[p] is free
as a valuated vector space, an affirmative answer to this problem would
imply the equivalence of all the conditions stated in Theorem 2.3. We
turn to a consideration of some partial results in this direction:

Proposition 2.10. Suppose V is an unbounded separable valuated
vector space. If V' 1is countably-closed, then V is not essentially finitely
indecomposable (efi), i.e., V' has a valuated direct summand W which
1s free and unbounded.

Proof. Let V = U, <, T}, where each T}, is dense in V', T, C T}, 1 and
V/T, is unbounded. By hypothesis, V = U,<,S,, where each S, is
closed in V and S,, C T}, so that V/S,, is not bounded. As in the proof
of Theorem 1.3, for each n < w, let z,, € V(n) — S,,. Note that V/S,
is a separable valuated vector space and z,, + S,, is non-zero element
of it. It follows that there is a valuated isomorphism C,, = Z, and a
composite homomorphism ¢,, : V. — V/S,, — C,, such that ¢, (z,) # 0;
and we define ¢ : A — P, .,C, as before. It follows from Lemma 1.2
that V is not efi. mi
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Theorem 2.11. Suppose V is a separable valuated vector space of
final rank k and the generalized continuum hypothesis (GCH) holds for
all cardinals v < K (i.e., 27 =~71). If V is countably-closed, then V is
a Q-space (i.e., for all infinite subspaces W C V, [W| = |W]).

Proof. By Proposition 2.7, any subspace of V (with the induced
valuation) is countably-closed. We will be done then if we can show
that whenever V is a separable valuated vector space of final rank
A < k with a basic subspace B of final rank v < A, then V cannot be
countably-closed. In fact, splitting off summands of bounded value, we
may assume ranks and final ranks agree. Since we are assuming GCH
works up to A < k, A = |[V| < |B|®o = 4™ implies that v has countable
cofinality and A\ = ™0 = 4T =27,

Let C be the collection of all closed subspaces of V' of final rank A.
We claim |C| < A: Note that if C € C, and Bg is a basic subspace of
C, then C = B¢ and |Bg| = . It follows that C is determined by B¢,

and so:
IC] < AT =(27)Y =27 =,

proving the claim.

Let C = {C; : i < A} be an enumeration of C. We will inductively
define subspaces W;, for ¢ < A satisfying the following:

(a) Wi C Cy;
(b) W; is countably infinite;
(c) Wi N [@®r<iWk] = {0} (i.e., the W;’s are linearly independent).

To make this work, suppose W}, has been constructed for all k < i < A.
Note that ®p«;W}, has cardinality at most v + |¢§| < A, and C; has
final rank A, so we can find a countable subspace W; of C; such that
W; N [@®r<;Wi] = {0}, completing the construction.

Note that (b) implies that W; = @< (x; ;) for some z; ; € W; (here
we do not care about valuations). Let U be a subspace of V such that
there is a vector space decomposition

V = U ) (®i<)\Wi)-

For n < w, let
Th=U® (®icr Bj<n (Tij))-
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It is easily seen that T}, C T},41 and Up<,T, = V. If V were, in fact,
countably-closed then it would be the ascending union of a sequence
of closed subspaces S, with S,, C T,. Since the cofinality of A is
uncountable (in fact, A = 471 is clearly regular), it follows that for
some n < w, S, must have final rank ), i.e., S,, € C. Suppose i < X is
the value for which S,, = Cj;, so that z; , € W; C C; = S, C T},. Since
by construction, z; ,, ¢ T, this contradiction implies the result. a

Corollary 2.12. Suppose V is a separable valuated vector space with
a countable basic subspace. Assuming the continuum hypothesis, if V.
s countably-closed, then it is free.

Proof. Assuming B is a countable basic subspace of V, then |V| <
2% = 8. If |V| = Ry, then by Theorem 2.11, V' is not countably-closed.
It follows that V must be countable, and hence free. a

Corollary 2.13. Assuming the continuum hypothesis, if A is a
separable group with a countable basic subgroup, then the following are
equivalent:

(a) A is Z-cyclic;

(b) A is countably-closed;

(c) A has the strong nice basis extension property;
(d) A has the nice basis extension property;
(

e) A has a countably-closed socle.

3. Summands of groups with nice bases. In [2], it was proved
that if G @ H has a nice basis and H is separable, then G also has a
nice basis. The next result demonstrates that the separability of H is
necessary. Moreover, in [2] it was established that any group of length
strictly less than w-2 possesses a nice basis. Nevertheless, as was noted
in the introduction, the following result, together with Theorem 1.3,
shows that there are many groups of length w -2 which have nice bases,
but which have summands that fail to have that property.

Theorem 3.1. If G is any group with p*-2G = {0}, then there is a
totally projective group H with p*?H = {0} such that K = G ® H has
a nice basis.
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Proof. For each n, let U, be the subgroup of G containing p“G
such that U,/p*G = (G/p“G)[p"], and let U, = {xn;}icr, be an
enumeration of U,. Note G[p"] C U,. Next, let H be a dsc group such
that

pwH = Bn<w Dicr, <yn,i>

where (y,,i) = (). Let M,, be the subgroup of K = G & H defined
by

Mn = G[pn] + <(_wm,i7ym,i) -m S n,i S Im>
Claim 1. M,, C M, 41.
Proof of Claim 1. This is fairly obvious.

Claim 2. U, ,M, =G&p“H.

Proof of Claim 2. The inclusion C is clear, so consider the reverse
inclusion. Note first that G = Up<wG[p"] C Un<wM,. In addition, if
a € p*H, then suppose a = k1Ym, i, + -+ + kj¥m;,i;, where each k and
m is an integer and each ¢ € Ip,,. If g = K2y iy + - + k;jTm, i, then
choose an n such that n > m for all these ms and such that g € G[p"];
it follows that (0,a) = (g,0) + (—g,a) € M, as required.

Claim 3. M, is X-cyclic.

Proof of Claim 3. In fact, it can be checked that the terms in the
definition of M,, are linearly independent, i.e.,

M, = G[p"] @ [Bm<n Dict, ((—Tm,is Ym,i))]-

The right terms in the sum are explicitly written as cyclic groups, and
G[p™] is bounded, and hence ¥-cyclic, as well.

Claim 4. K/[M, +p*K]| = p"(G/p*G) ® (H/p*H), and in partic-
ular, it is separable.



NICE BASES AND THICKNESS 1147

Proof of Claim 4. Note that M, + p*K = U, ® p* H, and it follows
that

K/[M, +p“K] = (G/U,) ® (H/p*H)
(G/p*G)/(Un/p*“G)| ® (H/p” H)
(G/p*@)/(G/p”G)p"]) © (H/p“H)
p"(G/p“G) ® (H/p*H).

1R

1%

We now let L = ®pm<n ®icr,, ((0,Ym,i)), L' = Bmsn Picr,, ((0,Ym.))
and L" = ®m<n ®ict,, ((—Tm,i» Ym,i))-

Claim 5. [M, + p*K]|/M,, = p*G @ L', and in particular, it is
separable.

Proof of Claim 5. If ¢ : GOp*H =GDLOL — G L is the
identity on G @ L' and ¢(ym,i) = @m,; for ym,; € L, then it is fairly
clear that L' C M,, is the kernel of ¢, and that ¢(M,) = G[p"] and
d(M,, +p*K) =U, ® L. Tt follows that

(M, + p“ K] /My = (M, + p*K]|/L") /(M /L")
= (Un o L)/Gp"] = (Un/Gp"])) & L.

Finally, note that multiplication by p™ gives a surjective homomorphism
U, — p“G whose kernel is G[p"], giving the required isomorphism.

Suppose {z;};cs is a collection of elements of H such that H/p*H =
®jcs(z; + p*H), and let z; + p*H have order p%. For n < w, let
Jo={j€J:e;j <nandpz € M,} and

Np=M,+(zj:j€Jy).
We now verify that these subgroups form a nice basis for K = G & H.
Claim 1'. N, C N,41.
Proof of Claim 1'. Since J,, C J,1, this easily follows from Claim 1.

Claim 2'. U,.,N, = K.
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Proof of Claim 2'. First Up<, M, = G&p*H C Up<y Nyp. Further, if
j € J and we choose n < w such that e; < n and p®z; € M, we find
that each z; € Up<y Ny, so that K = U<, Np.

Claim 3'. N, is X-cyclic.

Proof of Claim 3'. Note that for all j € Jp, e; < n and pz; € M,
implies p"z; € M,,. Therefore, p"N,, C M,. Since M, is X-cyclic, so
is N,,.

Claim 4'. K/[N, + (p*K)] = p™(G/p“G) ® [®;¢,, (2; + p* H)], and
in particular, it is separable.

Proof of Claim 4'. In the isomorphism in Claim 4, <zj . j € J,) maps
to ®jes, (2; + p*H), and since

H/p“H = [®jes, (2 + p“H)| ® [®j¢s, (2 + P H)],

we have the isomorphism.

Claim 5. p“K/(N, Np*K) = p*G @ L' is separable, and in
particular, N, (w) = N, Np“K is nice in p* K.

Proof of Claim 5. We claim that N, N p*K = M, Np*K: The
inclusion O being obvious, suppose a € My, j1,..- ,Jk € In, 1, -+ , Lk
are integers and b = a + {125, + ---lrz;, € N, Np*K. It follows
that iz, + - lrzj, = b—a € HN (N, Np*K) + M,) € HN
(pWK+M,)=HNU,®p“H) = p“H. Therefore, pi|ly,... ,p%r|lg,
and so l12j,... ,pekzjk € M,, which implies that b € M,, i.e.,
N, Np“K C M, Np“K.

By Claim 5 and the last paragraph, p* K/(N, Np*K) = p*K/(M, N
P K) = [M, +p*K]/M, =2 p“G @ L', as required.

It follows from Claims 1'-5" and Lemma 1.1 (g) that the N,,’s form
a nice basis for K, as required. u]

Certainly, there are many questions left unanswered by the above
discussion. For example:
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Problem 2. If G is an arbitrary reduced group, does there exist a
totally projective group H such that G ® H has a nice basis?

Problem 3. If G ® H has a nice basts, does it follow that either G
or H has a nice basis?

Problem 4. Suppose G1 and G2 are groups such that p*G; = p*Ge
and G1/p“Gy = Go/p“Gy. If Gy has a nice basis, does it follow that
G4 has a nice basis?
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