ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 41, Number 1, 2011

HARDY TYPE ESTIMATES FOR
COMMUTATORS OF FRACTIONAL INTEGRALS

YUESHAN WANG AND YUEXIANG HE

ABSTRACT. Let I, be the fractional integral, 0 < a <
n. In this paper we will consider commutator operators
[b, L) (£)(@) = b(@)La(£)(2) — La(bf)(2) for b € BMO(R™).
The boundedness of these operators from local Hardy spaces
hP(R™) to spaces hP(R"™) + L4(R"™) will be obtained.

1. Introduction and main theorem. Let 0 < a < n; the
fractional integral operator I, is defined by

)= [ e

Consider the commutator associated with the fractional integrals I,
and locally integrable function b,

(1.1) [0, I]f (z) = b(2)Iaf(z) — Ia(bf) ().

When b € BMO(R™), Chanillo proved in [2] that [b, I,] was bounded
from LP(R™) to LY(R™) with 1/¢ = 1/p —a/n, 1 < p < n/a.
Consider the case p = 1. It is natural to substitute L' (R") with Hardy
space H!(R™). We know that the fractional integral operator maps
H'(R") into L™ ("=®)(R"). However, it was observed in [5] that the
corresponding result for [b, I,] is false when b is a BMO(R™) function.

Definition 1.1. Let S(R™) be the Schwartz function space and
S'(R™) its dual, the tempered distribution. Suppose that ¢ € S(R"),
Je=1, f € S'(R"). Define

My f(z) = sup e f(z)|,  mef(z) = sup |p;* f(z)],
>0 0<t<1
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where @;(-) = t "p(-/t). For a fixed p, 0 < p < 1, Hardy space
HP(R"™) denotes the subspace of S’'(R™) such that M,f € L?(R"),
equipped with norm ||f||g»rr) = [[Myf||lLemny; local Hardy space
h?(R™) denotes the subspace of S'(R™) such that m,f € L?(R"),
equipped with norm || f[|p»rr) = [ f|lLr@n)-

Obviously, HP(R™) C h?(R™). The local Hardy space theory is more
suited to the problems associated with partial differential equations, it
was first introduced by Goldberg in [4].

Recently, Sun and Su in [11] considered the boundedness of commu-
tators on local Hardy spaces h'(R™). They proved that these com-
mutators associated with the Calderon-Zygmund singular integral and
LMO(R™), a subspace of BMO(R™) (see Definition 2.5), are bounded
from h'(R™) into spaces h)(R™) = h'(R™)+LI(R"), ¢ > 1. As an ap-
plication, they obtained interior h!-estimates for second order elliptic
equations with vanishing LM O coefficients.

Inspired by the work in [11], in this paper, we are interested
in the boundedness of [b,I,] from local Hardy spaces h?(R"™) into
spaces h?(R") = h?(R") + L4(R") when b belongs to BMO(R") or
LMO(R"). Our main result is stated as follows:

Theorem 1.1. Suppose 0 < a < n, ¢ > n/(n—a). Ifb €
BMO(R™), then [b,1,] is bounded from hP(R™) to hL(R™) for any
n/(n+a) < p < 1. Moreover, there exists a constant C independent
of f such that

(1.2) 11bs La] fllnz gy < CLOLI fllne(mr)-

If b € LMO(R"), then [b,1,] is bounded from h'(R") to h)(R™).
Moreover, there exists a constant C independent of f such that

(1.3) (6, Ia] flln1rn) < ClOlLaro®n) | fllnamn)-

The paper is organized as follows. In Section 2 we introduce some
notations and definitions, and recall some preliminary results. Our
theorem is proved in Section 3.

In what follows, we always omit the sign of the base space R" in the
notation of function spaces. For example, LP means LP(R™).
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2. Definitions and some preliminary results. In this section
we will give some basic definitions and results which are needed in this
paper. The most important property of Hardy type spaces is its atomic
decomposition. First we introduce the concept of an atom.

Definition 2.1. Suppose 0 < p < 1, s = [n((1/p) — 1)]. A
bounded measurable function a is called a (p, 0o, s)-atom provided that
it satisfies the following conditions:

(i) there exists a ball B such that suppa C B = B,(x);
(i) |a(z)| < |B|7*/P for almost every z € R™;
(iii) [a(z)(z — zo)?dz =10,0 < |v| < s.

Here and in what follows, for any ¢t € R, [t] is the largest integer no
more than ¢t. We call B the supporting ball of atom a. For a (p, 00, s)-
atom, if there exists a supporting ball of a with radius less than 1, we
call a a type-(a) atom. A measurable function b is called a type-(b)
atom, if it satisfies (i) and (ii) and the radius of any supporting ball of
b is greater or equal to 1. Type-(a) and type-(b) atoms are both called
local (p, 0o, s)-atoms.

It is easy to see that a (p,o0,s)-atom belongs to HP and a local
(p, 00, s)-atom belongs to h?. The following classical results of Hardy
space theory can be found, for example, in [7, 8|].

Theorem 2.1. A distribution f is in HP if and only if there exists a
sequence {\;}72, € IP and (p, 00, s)-atoms {a;}32,, j = 1,2,..., such
that

N

+o0
flz) = Jlim D Njaj(z) = Ajas(a).
j=1 j=1

Moreover,
118 ~int § Sl
here the infimum is taken over all possible decompositions.

For the hP distribution, there is a similar atomic decomposition of f
(see [4]).
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Theorem 2.2. A distribution f is in h? if and only if there exists a
sequence {A\;}321, {p;}32, € 1P, type-(a) atoms {a;}32,, and type-(b)
atoms {b;}22, such that

:Ngrilooz)\aj + E)IEOOZ/J‘J

= Z Ajaj(z) + Z 135 ()

Moreover,
T { DS Imlp};

here the infimum is taken over all possible decompositions.

Definition 2.3. For ¢ € [1,00) we define
hiy =h? + L ={f| f =h+g, h€h¥, g€ L},
with the usual norm
» = inf (||k||xe a).
Il =t ([pllas +llglze)
Also we can define H} = H? + L7 with the norm || - [| 7.

The notation of h? was first introduced in [12]; it is a slightly larger
space than AP. By the atomic decomposition it is easy to show

Lemma 2.1. For any q € [1,+00), h? C HY, hence HY = h?.
Definition 2.4. A locally integrable function f € BMO, if
1
[fle =sup — [ [f(z) — fB|dz < oo,
B |Bl /B

where B runs over all balls in R", fp = 1/|B| [ f(z) dz and |B| is the
Lebesgue measure of B.
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The space of BMO was first introduced in [6] and there the following
result was obtained:

Lemma 2.2. For any q € [l,400), there exists a constant C
depending only on n, q such that

(2.1) <ﬁ/B|b(m) —bB|qd:v>1/q < ..

As a corollary, we have

Lemma 2.3. For any q > 1 and 8 > 0, there exists a constant C
depending only on n,q and B such that

@2 [ 15w~ faltle -y Py < O
R"\B
where B = B,.(x).

The proof of Lemma 2.3 can be found in [3].

Lemma 2.4. Suppose 0 < a < n, 1 < p < (n/a). Ifl/q =
1/p — a/n, then there exists a constant C such that

(2-3) o fllLa < Ol fllLe-

For the proof of this lemma , see Chapter 5 in [10].

Definition 2.5. LMO is a subspace of BM O, equipped with the
semi-norm

1+ |lnr
[flLmo = sup Lt |tnr]
r<l |Br‘ B

1

+sup — fs,|da.
up /B 1) = fo.lde

f(x) = f.|dx

r

(2.4)
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LMO is essentially a special case of a kind of function space intro-
duced by Spanne in [9]. For an LM O function, there are some proper-
ties similar to those of a BM O function. We introduce only a property
needed in the following contest. For g € [1, 00), define

1 1/q
Flomos = sup ““’”"”(W / If(w)—fBrl"dw> -

r<l/2

Lemma 2.5. Suppose f € LMO. Then for any q € [1,+00) we have

(2.5) [flemoe < Cflomo-

The proof of this lemma can be found in [1].

3. Proof of the Theorem. By the atomic decomposition of local
Hardy spaces, it is sufficient to show that there exists a constant C'
such that for each local (p, 00, s)-atom a with n/(n+ o) < p < 1,

(3.1) 116, La)(a)llz < Clb]+
and
(3:2) 116, La](a)l[py < Clblzaro

hold. To do this, let us fix a local (p, o0, s)-atom a with suppa C B =
BT(I()).

Since ¢ > n/(n— ), we can choose ¢ > 1 such that 1/¢ =
1/¢1 — a/n. If r > 1/8, then by the (L%, L?) boundedness of [b, I,]
(see [2]),

(33) NI Lal(@)]ze < CPlilallpan < ClOJ B4 =W/P) < Clo],

holds for n/(n + a) < p < 1. Especially, by Definition 2.5 we have

(3.4) I[b, In](a)l| e < C[b]« < ClblLrmo

for p =1.
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Assume r < 1/8. Decompose [b, I,](a) as follows:

Here By = Bj(zp). We will prove that K;, Ky € h?, K3 € L9 while
Jz(x) € hs

Step 1: Estimate of ||Ki||n». Let ¢, > g1 > 1 be such that
g3 = q192/(¢2 — 1) > n/(n —«a). Using the Holder inequality and
L% boundedness of the maximal operator, we obtain

/83 ‘mtpKl(x)‘pdx < |SB‘17(p/q1)||man1||IlJ,ql

p/a1
< ¢|B- @/ ( /4 [b(0) bl |Ia<a)|f“dy) .

Again, by Hdélder’s inequality, the above expression is majorized by

p/q2 p/as
C|B|1_(p/q1)</43|b(y)—b3qzdy) </43 |Ia(a)‘13dy> ]

By Lemma 2.2 and Lemma 2.4 we can observe
(3.5)

[ (@) P < CIBIZ| B/ s < O

forn/(n+a) <p <1
If x ¢ 8B and y € 4B, since t < 1, then

lpe(z —y)| < Cmin{\x — x| ™, |z — 2o 7nfs—1}‘
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For n/(n+ a) < p < 1, notice p(n + s + 1) > n, the following holds

/ sup|<,at*K1(a:)|pd:c§/ sup |p; * K1 (z)|? dz
Rn\8B t<1 Bo\8B t<1

+/ sup |p; * K1 (z)|? dx
B

s t<1

SC(/ | — zo| "Pdx
Bo\8B

+/ |z — x0|(”+s+1)pdac>
B§

([ 10w - bB>Ia<a><y>|dy)p
<o [ 16w - bta(@)id)

By Holder inequality with the index I > n/(n — a) and (2.1),

(3.6) / sup |p; * K1 (z)? dz
R7\8B t<1

<o([ Ia(axy)vdy)p/l ([ 1) - bB”dy)p/l'

, 1 O\
< CIBP fall oo (7 [ 0000 = 0"y
B Jis

< Crimtorn e < Clefe.
Combining (3.5) and (3.6), we obtain
(3.7) 1Ko < C[B.

forn/(n+a) <p <L
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For p = 1, by Hélder inequality and (2.5), it follows that

(3.8) / sup |¢¢ * K1(z)| dz
R"\8B t<1

§/ sup |¢¢ * K1(z)| dz
Bo\8B t<1

—l—/ sup |¢¢ * K1(z)| dz
B

s t<1
§C’</ |z — xo| "dx
Bo\8B

+/ |z — x0|”1dac>
BC

0

« / 106) ~ bo) (@) dy

, 1 , A\
<l o) (e [ 1000) ~ vl
4

([ |Ia<a)<y>|ldy)l/l

< Clblaol B Nlall 110y < CT[blro
< Clblrmo-
Combining (3.5) and (3.8), we have

(3.9) 1 K1llnr < ClblLao-

Step 2: Estimate of ||Ka||pe- We introduce the following pointwise
estimates

(3.10) |La(a) ()] < Crlts (/P D _ g -nos-The

for any |z—zo| > 2r and n/(n + «) < p < 1. It is an easy consequence of
properties (iii) and (ii) of the local (p, 0o, s)-atom and Taylor’s formula.
In fact, let g(z) = |z|~(~%), then

g(z —y) = P(z,y) + R(z,y).
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Here,

If ye B and z € (2B)¢, then

|y 7$0|s+1
B y)l < ep o

Hence,
1
z)| = m — P(z,y) |a(y) dy
Y)lly — zo|*
<O/ ‘I*l‘0|n+s+1 ady
< CT‘1+S n((1/p) 1)‘33 _ x0|7nfsfl+a'
By (3.10),

[ )~ baltala)w)l dy
Bo\4B

< CT1+sfn((1/P)*1)/ |b(y) lbfl_ .
dr<ly—wo|<1 |y — To|P s

Assume k is a nonnegative integer such that ¥ < a < k+ 1. If
n/(n+k+1) <n/(n+a) <p<n/(n+k), then s +1 = [n((1/p) —
1)]+1=Ek+1 > a. Taking notice of & > n((1/p) —1), and using (2.2),
we see

/B O AOIE

< Crl—i—s—n((l/P)—l)/ b(y) _bBl| a
y—xo|>T |y - xo‘n+s+ e

< Cro G0 b,
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Ifn/(n+1+1) <p <n/(n+1), where [ is a nonnegative integer less
than k, then s = [n((1/p) — 1)] = . Choosing [ < 8 < [+ 1 such that
0<B8—n((1/p) —1) <1, then

/ 1by) — bsllla(a)(y)| dy
Bo\4B
< optH-n((1/p-1) / b(y) — ?Bl\ i
4r<|y—=zo|<1 |y - m0|n+ oo

< plH-n((1/p)-1) / |b(y) — bplly — o>
N ar<ly—zo|<1 |y — To|FIHI=R

_ - b(y) — ba|
< plH=n((1/p)-D) / | dy
ly—zo|>r |y - m0|n+l+1—ﬂ

dy

< orf=m@/P)=Djp|,.

Then for all 0 < a < n, there exists 0 < § < 1 such that

(3.11) /B 1y PO~ D8l @@)] < O o

If |y — 29| > 4r and |z — 2| < 27, then |z —y| > |y — zo| — |z — 20| >
ly — @o|/2. Thus, by (3.11),

ot * Ka(w)] < c/ @y bly) — bsllLa(a) ()| dy
dr<]y—wmo|<1

<C ly — ol "[b(y) — bsl|La(a)(y)] dy

dr<|y—=zo|<1

< Crm / 1b(y) — bs|1a(a)(y)| dy
dr<|y—=z0|<1

< Cr~"Hop),.

Hence

(3.12) / sup g1 % Ka(2)|Pdz < Crn=m+0p [} < C[b]?.
2B t<1
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Denote B;(x) = Bai,(z); then

\sot*f@(wn:/ o0(x — 1)b(y) — b Tu(a)(w)] dy

Bo\4B

<

/ il = Ibly) — bl (o)) dy
(30\43)03171(1)

T / oe(z — 9)|b(y) — bplLa(a) ()| dy
(Bg\4B)r'1BiC_1(z)
= Mtyl(x) + Mtyg(a:).

Observe that if x € B;y1 \ By, ¥y € B;_1(x), then y € B;;o and
|z — @o| ~ |y — zo|. Hence, for x € B;1 \ B;,

M (x) < /

(Bg\4B)ﬂB,;,1(z)
< Cpl—n((/p)-1)

oi(x —y)|b(y) — bal|1a(a)(y) dy

X / - ly — ol " (@ — y)|b(y) — bpIXB,,.dY
Bi71 xr

< C,r_1+sfn((1/p)71)|l, - x0|7nfsfl+a

<[ e ) b) - belXdy
Bi,l(z)
< CT1+S_n((1/p)_1)|£E _ x0|—n—s—1+am
X (|b - bB|XBi+2)($)'
Thus, for n/(n +a) <p <1,
(3.13)

/ M, ()P
2B, \2B
[logy 2/7]+1

< Cpptisn(/p=1) Y

i=1

—n—s—1+a P
X r—x my(lb—bpl|X,. T dx
[, ., (z=a o= bslxs,,, (@)

flogs 2/r]-+1
< orpttsn/p=1) Y

=1

)
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(2i7‘)a »
X (2ir)(n+s+1)p Biit (mw(‘b - bB|XBi+2)(.’13)) dx
<o [10g2§]+1 (2ir)ap 1
> P 2i((n+s+1)p—n) |Bi+1|

p/2
x </B (m¢(|b_bB|XBi+2)($))2dw> |Big |2 P)/2
it1

[log, 2/7]+1 .
(@)
<C Zl 9i((nts+1)p—n)

1 p/2
x (— / (m¢<|b—b3|x3,.+2><w>>2dm)
|Bj+1| Bit1

log, 2/7]+1 .
(2'r)P
S ¢ z_; 2i((n+s+1)p—n)

1 p/2
(i, b
|Bi+2| Bii2
[log, 2/r]+1 , ,
(2'r)erir
=¢ Zl Si(nrs D=y % < CIBLS.

The last inequality comes from 2ir < 4,i =1,2,... ,[logy 2/7] + 1
Taking note of

Meato) = | [ oo = 0)(6(0) b o 0) 4)
(Bo\4B)NB:_, (2)
gc/ oyl b(y) - bsllLa(a) ()] dy
(Bo\4B)N{|ly—=|>2i-1r}
< By / by) — bsllLa(a) ()l dy < C|B;| "+ [b].,
Bo\4B

then for p < 1,

(3.14)
[log, 2/7]+1

[ s < > [ el
2Bo\2B J+1\B
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[logs 2/7]+1

<opR Y IBIMT

j=1
[logy 2/7]+1
o > @y
j=1
< Ol
For p =1, since 0 < r < 1/8 and 0 < § < 1, then

1

2—(1/In2)
6ln22 /]

4
B15) [ |Mia(o)lde < log 5] < Lo
2Bo\2B r

If x ¢ 2By, then

(3.16) / |my x Ko(z)|F do
R™\2B,

= / (sup
Rn\2B, \ t<1

<C |z — o~ PEg
R™\2B,

</Bo\43 b(y) = il [La(a) ()] dy),,
as C</Bo\43 1b(y) — bB|1a(a)(y)] dy)p < CblP.

p
)dac

/ orle— )(b(y) — be)a(a)(y) dy
Bo\4B

Combining (3.12)—(3.14) and (3.16), we obtain
(3.17) [Ka2|[ne < C[bls
for n/(n+ a) < p < 1. By (3.12), (3.13), (3.15) and (3.16), we have

(3.18) |K2||n: < Clblrymo-

Step 3: Estimate of | K3|/L«. By (3.10), for any « € B§ we have

|K3(z)| < Crits=n(W/P=D|b(z) — byllz — zo| "5~ 1Fe.



COMMUTATORS OF FRACTIONAL INTEGRALS 333

Since ¢ > n/(n — a) > n/((n/p) — a), then (¢ — 1)n + ¢s + ¢ — qa >
¢(1+s—n((1/p) —1)). Hence by Lemma 2.3,

HK3||Z < C’I‘q(1+‘97”((1/p)—1))
— q
X / |b(z) — bp] .
|[z—wo|>1 |$ — l‘0|‘1(n+s+17a)
< Cra(i+s—n((1/p)=1))

|b—bpl|?
(3.19) X /|z—zo>1 |z — @o|nHa(i+s—n((1/p)-1)) dz

< Cpa+s—n((1/p)-1)

X |b _ bB‘q dx
|z—zo|>r ‘33 - -’L‘0|”+q(1+57”((1/1’)*1))
< C[b]z.

Step 4: Estimate of [|J2[|pz. In fact, by the above steps we have
proved the result

(3.20) 1o (f)llnz < ClIf llne
for n/(n + a) < p < 1. Then to prove

(3.21) a6 b5)a)lln < L
for p < 1 and
(3.22) e ((b = bp)a)llny < ClblLmo,

it is enough to prove

(3.23) 1(b—bs)allnr < C[0].
(3.24) for p < 1 and||(b — bg)alln < CblLmo-
We write

1(6 = bp)alln < /23(m“0((b —bp)a)(z))’dz

o GRS

=G+ Ga.
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In view of the L? boundedness of maximal function,
(3.25)
G1 < O|BIP?|lmy (b —bp)a) 7. < CIBI?(|(b = bp)a)|}. < C[b]%.

Similar to Step 1, if n/(n+ a) < p < 1, then

Go= [, mal0— br)a) @)

- /RH\ZB <§1<111) /B%(m —y)(b(y) — bp)a(y) dy

SC(/ |xfx0\7”pda:+/
Bo\2B B¢

x(ﬁgdw—@mww@pgmm.

p
>dm

(3.26)
|z — x0|("+s+1)pd:v>

By (3.25) and (3.26) we obtain (3.23).

Ifp=1,
G2 < C(/ | — zo| "dz + / |z — x0|("+1)pd:v>
Bo\2B Bg
2 < [ 166) ~ bs)atn)

1

<+l (g7 [ 160) = val )
|B| /i

< Cblrmo.

By (3.25) and (3.27) we proved (3.24). Then the proof of Step 4 is
accomplished.

Summing up the above steps, the proof of the Theorem is completed.
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