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SPECIAL EFFECT VARIETIES AND (-1)-CURVES

CRISTIANO BOCCI
To my mother for her 60th birthday

ABSTRACT. Here we introduce the concept of special
effect curve which permits to study, from a different point
of view, special linear systems in P2, i.e., linear system
with general multiple base points whose effective dimension
is strictly greater than the expected one. In particular we
study two different kinds of special effect: the a-special effect
is defined by requiring some numerical conditions, while the
definition of h!-special effect concerns cohomology groups. We
state two new conjectures for the characterization of special
linear systems and we prove they are equivalent to the Segre
and the Harbourne-Hirschowitz ones.

1. Introduction. Let X be a smooth, irreducible, complex
projective variety of dimension n. Let £ be a complete linear system
of divisors on X. Fix points Pj,...,P, on X in general position
and positive integers my,...,mp. We denote by L(— Z?Zl m; P;)
the subsystem of £ given by all divisors having multiplicity at least
m; at P;, i = 1,...,h. Since a point of multiplicity m imposes

(m+:71> conditions we can define the virtual dimension of the system

L(— 2?21 m;P;) as

o(e( - gf;mp» - viruim (£ - hl m)

— dim(L) — il <m:+n" - 1).

This virtual dimension can be negative: in this case we expect that
the system L(— 2?21 m; P;) is empty. We can then define the expected
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dimension of L(— Z?zl m; P;) as

(e e ()
e Eomn)) )

The conditions imposed by the multiple points m;P; can be depen-
dent, so, in general we have

am (e -Fomn)) oo $m)

and we can state the following

%

Definition 1.1. A system £(— 2?21 m; P;) is special if

am (e Foma) (e ).

otherwise £(— Z?zl m; P;) is said to be non-special.

By definition a system which is empty is nonspecial. For a nonempty
system nonspeciality means that the imposed conditions are indepen-
dent.

Since we expect that most systems are nonspecial, we can pose the
following classification problem: classify all special systems.

The dimensionality problem is quite hard if we consider a general
variety X, so we fix our attention on particular varieties and linear
systems. As a first choice we can take X = P" and £ = L, 4 :=
|Opn(d)], the system of hypersurfaces of degree d in P™. In this case
we have

(el -mn)) = () -5 (07
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Starting with the case X = P2, we have some precise conjectures
about the characterization of special linear systems and a rich series of
results on the conjectures. The main conjectures are the following.

Conjecture 1.2 [(SC), 14]. If a linear system of plane curves
with general multiple base points Lo q(— 2?21 m;P;) is special, then
its general member is nonreduced, i.e., the linear system has, according
to Bertini’s theorem, some multiple fized component.

Conjecture 1.3 [(HHC), 9, 10]. A linear system of plane curves
with general multiple base points L := Lo 4(— Z?:l m;P;) is special
if and only if is (—1)-special, i.e., its strict transform on the blow-up
along the points Py, ... , Py splits as L= Zle NiCi—i—M where the C;,
i=1,...,k, are (—1)-curves such that C; - L = —N; < 0, v(M) > 0
and there is at least one index j such that N; > 2.

In [7], Ciliberto and Miranda proved that the Harbourne-Hirschowitz
and Segre conjectures are equivalent. Although the Harbourne-
Hirschowitz conjecture is still unproved, it is important to notice that,
in more than a century of research, no special system has been discov-
ered except (—1)-special systems. For an overview on these results the
reader may consult [2, 4, 5, 12].

When we pass to P?, n > 3, very little is known about special linear
systems. One of the most important result is the classification of the
homogeneous special systems for double points:

Theorem 1.4 [2]. The system L, 4(2") is nonspecial unless:

n any 2 3 4 4
d 2 4 4 4 3.
h 2,...,m 5 9 14 7

Continuing with P", n > 3, we notice that there is not a precise
conjecture. Although the Segre conjecture can be generalized in every
ambient variety using the statement concerning H! # 0 (see, for
example, [2] or [7]) there is nothing that characterizes the special
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systems from a geometric point of view as, for example, in the case
of (—1)—curves in P2,

A worthy goal would be “find a conjecture (C) in P, [or in a generic
variety X| such that, when we read (C) in P2, (C) is equivalent to the
Segre (1.2) and Harbourne-Hirschowitz (1.3) conjectures.”

In Sections 3 and 4 we state two potential candidates for the above-
mentioned goal: the Numerical Special Effect Conjecture and the
Cohomological Special Effect Conjecture. In fact, in these sections, we
define the concepts of “a” and “h!” special effect curves which permit
the introduction of a different approach in the study of special linear
systems in P2. Moreover, in Section 5 we prove that these conjectures
are equivalent to the Segre and the Harbourne-Hirschowitz ones.

In Section 6 we present some examples of special effect varieties in
P", n > 3. Due to its complexity, the generalization of the “Numerical”
and “Cohomological” conjectures to the higher-dimensional case is
presented in [3] where we prove also that these conjectures hold for
every special system listed in Theorem 4.

Finally, in Section 7 we show some results on special effect varieties
when the ambient variety is a Hirzebruch surface or a K3 surface.

2. Preliminaries. We collect some facts about linear systems that
will be useful in the next sections.

Consider the blow-up 7 : P" — P" at points Py, ..., Py, and let E;,
t =1,...,h be the exceptional divisors corresponding to the blow-up
of the points P;, i = 1,... ,h. If we denote by H the pull-back of a
general hyperplane of P" via 7, then we can write the strict transform
of the system £ := En,d(Z?:l m;P;) as L = |dH — Z?:l m;E;|. In the
future, if confusion cannot arise, we will indicate both £ and L by L.

It is an easy application of the (generalized) Riemann-Roch theorem
to observe that

(2.1) (L) = X(L) — 1.

Consider now the case of P2, and let £ := ﬁg,d(Z?:]_ m;P;). By
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Riemann-Roch, remembering that h2(P2, £) = 0, we obtain

dim(£) = dim(£) = @ + (P2 L) — h*(P?, L)

= L% — g + 1+ 1 (P2, L) = v(L) + W' (P2, )

(2.2)

where g is the arithmetic genus p, of a curve in £ and K is the canonical
class on P2,

Hence, by the previous formula, we have

(2.3) L is nonspecial if and only if h0(1~32, Z) . h1(1~32, Z) =0.

Remark 2.1. The reducible curve C' = Zle N;C; in Conjecture 1.3
is called a (—1)-configuration on P2

Whenever not otherwise specified, we work over the field C.

3. o-special effect curves. Let Pi,..., P, be points in P? in
general position, and fix positive integers my,...,my. Consider the
system £ := L3 q4(— ZLI m;P;) of planar curves of degree d passing
through the points P; with multiplicity at least m;.

Definition 3.1. Let £ and P;,... P, be as above. An irreducible
curve Y, of degree e, has the a-special effect property for £ on P2
if there exist nonnegative integers «,c;j,,...cj,, with ae < d and
1<a<min{|2%]i=1,...,s}, such that

Cj,;

(i) Y contains the point P;, with multiplicity at least c;, for j =
1,...,s, where Pj, € {Py,... ,P,};

(ii) v(£ — aY) > v(L).

Moreover we require that « is the maximum admissible value for the
a-special effect property and, if 3 > « then v(£ — 8Y) < v(£ — aY).

In the following, we will mainly ask for a condition stronger than (i):
() v(IY]) = 0,

where |Y| represents the linear system |Y| = [eH — Y7, ¢;, P;,|. It is
clear that condition (i*) implies condition (i).



402 CRISTIANO BOCCI

Condition (ii) is surely the most interesting. As a matter of fact it
tells us that the number of conditions imposed on the system of curves
of degree d by imposing a multiple curve oY and the points P;, with
multiplicity m;, — acj, (such that the final multiplicity at the point P,

is at least m;,, ¢ = 1,...,s) plus eventually the other multiple points
miPy, t ¢ {j1,-..,Js} is less than the number of conditions imposed
to the same system |dH| only imposing each P; with multiplicity at
least m;, ¢ = 1,...,h. This sounds like a crazy requirement because,

in general, we expect that a positive dimensional variety imposes more
conditions than a zero-dimensional variety. It is important to notice
the similarity with the “strange” requirement in the case of (—1)-curves
in [5]: we asked there for a curve C whose double is not expected to
exist!

Example 3.2. Let £ be the system Lo 9(—6P; — 6P, — 6P3). This
system is special since v(£) = —9 but its effective dimension is 0
since it contains 3Y, with ¥ = L3 + L1z + Loz, where L;; is the
line through P; and P;. We claim that each of the lines L;; has the
3-special effect property. We prove this for Li3. Obviously one has
v(|L12|) > 0; indeed, it is a (—1)-curve. Moreover £ — Ly is the
system L' := Lo g(—5P; — 5P — 6P3) and its virtual dimension is

(L) 811 56 %

22 =44-30-21=-T.
5 5 30 7

Going further we can observe that
l/(,C - 2L12) == 1/([: - 3L12) =—6

while
l/(ﬁ - 4L12) =-T.

So the claim follows.

Example 3.3. Let £ := Lo 4(— Z?:l m;P;) and consider a (—1)-
curve E such that £L-F = —N < 0. Thus £L = NE + M, where
E - M = 0. Using Riemann-Roch it is easy to prove v(£L — NE) =
v(L) + (I;) and (L — (N +1)E) =v(L — NE) — 1. Hence E has the
N-special effect property if N > 2.
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Going back to the definition of a-special effect curves, we now see
how the conditions (i)—(ii) give some numerical information about the
intersection £ -Y. We will also work on the blow-up of P2 at the
points Pj,..., P, and, as in the case of (—1)-curves, we will consider
the strict transform Y of the a-special effect curve Y, but in general
we will denote both Y and Y by Y.

Lemma 3.4. LetY be an irreducible curve having the a-special effect
property for a system L. Then L-Y < [(a+1)/2]Y2.

Proof. Let L be the system L q4(— 2?21 m;P;), and suppose Y
has degree e and passes through P;,’s with multiplicity at least cj,.
From conditions (i*) and (i¢) of the a-special effect property we have,
respectively,

. e“ + 3e > c: +c;. ) then — 3e+ ci. < e — cs
3.1) e +3 ? +cj,) th 3 i < €2 2
i=1 i=1 i=1
1 S S
(3.2) 3 ( —de + ijiCji + ae? — 3e — Z(aci_ + Cji)> > 0.
i=1 i=1

Since £-Y :=L-Y = de — > i, mj,cj,, we obtain (by using (3.2) and
(3.1)):

s 1 hd
LY =de— iji(:ji < 5 <Ol€2 —3e — Z(aci + cji))

i=1 i=1
s

< @(e2 - Zci)
sothat £-Y < [(a+1)/2]Y2. o

By the previous lemma we can also obtain some information about
Y2,

Lemma 3.5. Suppose Y has the a-special effect property for a system
L. IfR°(L—aY)>1, then Y2 < —1.
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Proof. By Lemma 3.4 we have

(3.3) (LoaV) Y=Y —ay?< (19

Y2
2

Consider first the case @ = 1; then Y splits from £ — Y and we can
compute

(L—-2Y)- Y=LV -2Y’=L-YV-Y?-YV?<-Y?

Hence, if Y2 > 0, then Y is a fixed component of £ — 2Y. But at this
point we can iterate the procedure and we would obtain

(L-NY)-Y=L-Y-Y>’-(N-1)Y? < —(N-1)Y2

Thus, if Y2 > 0, Y appears with multiplicity co in £ —Y’; but this is a
contradiction, hence Y2 < —1.

Consider now the case a > 2 in (3.3). If Y2 > 0, then Y is a fixed
component of £ — aY. Moreover, for N > «, we have

Y2 <.

(E—NY)-Y:E-Y—NY2<M

Thus we can conclude again that if Y2 > 0, then we obtain a contra-
diction. Hence, Y2 < —1. u]

Definition 3.6. Let £ and Pi,..., P, be as above. An irreducible
curve Y, of degree e, is an a-special effect curve for £ on P? if Y has
the a-special effect property for £, and moreover, v(£ — oY) > 0.

We recall that the existence of a (—1)-configuration C' = Z:zl N,;C;
such that £ := 22:1 N;C; + M leads us to the inequality

(3.4) dim(£) = dim(M) > v(M) = v(L) + Z <J\2f>

which, under the assumption of (—1)-speciality of £, i.e., v(M) > 0
and N; > 2 for at least one index 7, implies that £ is special. Observe
that the existence of an a-special effect curve Y for a system L forces
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the system itself to be special. In fact we have the following chain of
inequalities

dim(£) > dim(L — oY) > v(L — oY) > v(L)

and, together with condition v(£ — @Y’) > 0, one has dim(£) > ¢(£).

Example 3.7. Let £ := L22(—2P; — 2P;) be the linear system of
conics with two double points. Let Y be a line through P; and P, i.e,
Y = H — P; — P,. Obviously condition (¢) is satisfied. Since

v(L-Y)=v(L—-2Y)=0

while v(£) = —1, one has that condition (ii) is satisfied. From the
positivity of v(£ — 2Y") we conclude that the line through P; and P; is
a 2-special effect curve for £ and so L is special.

Example 3.8. We want to show how the problem of the existence
of an a-special effect curve can turn into a pure combinatorial problem
and its solution is more or less difficult according to the initial data.

For example, we can look for an irreducible smooth a-special effect
curve Y of degree e for a generic homogeneous system L := L 4(m").
Moreover, we require that Y passes through all points P, ..., P,. The
smoothness of Y means ¢; =---=¢, = 1.

The conditions for the existence of Y are:
(i) PbeY fori=1,...,h,
.. h n
(i) v(|(d —ae)H = 3, (m — a)P;[) > v(|dH — 35, mPy]).
(iii) v(|(d — ae)H = 3} (m = a) Bi]) > 0,
with the extra conditions 1 < o« < m and ae < d. Using Riemann-Roch

we can write the previous conditions as

e(e+3)
2

(3.5) >h

(3.6)

(d—ae)(d+ae+3) (m—a)(m—-a+1) dd+3)  mim+1)
2 h 2 T
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(d — ae)(d+ ae+3) >h(m—a)(m—a+1)
2 - 2 '

(3.7)

In particular, if we expand condition (3.6), we obtain

1 3 1 1
(3.8) —dae + §a262 - jae + hmo — Ehoz2 + §hoz > 0.

Observe that (3.7) is increasing monotone in d and for d = ae, we
have
O_h<m—2oz+1> >0

which is satisfied only for &« = m. Then d = me.

We claim that d > me. The proof of this fact is a long and very
tedious study of the equations

m2e? — 2met — 2me?a + 3me + t2 + 2tae — 3t + oe? — 3ae — hm?

+ 2hma — hm — ha®> + ha >0
and
—2me’a + 2tae + o?e? — 3ae + 2hma — ha® + ha > 0

given by (3.7) and (3.8) in which we substitute d = me —t, with t > 0.
Anyway, the previous equations together with e? +3e > 2h are verified
only if at least one between m, e, t, h and « is equal to zero, but this is
not acceptable for our purposes (we can check it by a computer algebra
system, e.g., Maple).

Now we show that e < 3: using 3.8) we compute

do< Loz, 3, ho 1.1
(6% 2ae 2a e m 20{ 9

and from d > me and (3.5) we obtain

1 3 1 1 3
maegda<§a26—5a+a<m—§a+§>(e; )
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Then,

1 1 1
me<Eae—§+§me—1ae+ze+3m—1a+—,

> w

and simplifying, we obtain
1 1 1 <3 1 1 1
2" 1% 2 1771

If we analyze the cases e = 1 and e = 2, we see that the only
possibilities are

ee=1hr=2,m<d<2m—(1/2) - (1/2)c

ee=2 h=52m<d< (5/2)m—(1/4) — (1/4)a.
If we substitute o := L -Y = de — hm, we obtain

ee=1,hAh=2,m<d<2m-—2,

ee=2 h=52m<d< (bm—2)/2.

Then we conclude that the systems

that is e < 3.

Czyd(mQ) m<d<2m—2
bm — 2

Egyzd(ms) 2m < d <

are special. The careful reader can observe that these families of
special systems are exactly the first two cases in the classification of
the homogeneous (—1)-special systems described in Theorem 2.4 in [6].

Remark 3.9. Let £ again be the system Lo 9(—6P; — 6P, — 6P3). As
already seen in Example 3.2, we know that each of the lines L;; has
the 3-special effect property for £. As we can see, a single line is not a
3-special effect curve for £, since v(£ — 3L;;) < 0.

Remark 3.9 shows that a-special effect curves are not sufficient to
describe all known special systems. However it is clear, now, in which
way we proceed. If Y has the a-special effect property for a system
L and v(£ — aY) < 0, we substitute system £ with £ — oY and we
investigate this new system.
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Definition 3.10. Let £ be a system as above. Fix a sequence of
(not necessarily distinct) irreducible curves Y7y, ...Y;, Suppose further
that

(1) Y; has the aj-special effect property for £ — Zf;ll a;Y;, for

j=1,....t,
(2) v(£ =i, aiY;) > 0.

Then we call both X := ZZZI ;Y; and {Yq,...,Y:} an (ai,...,q)-
special effect configuration for L.

Example 3.11. Consider again the system £ := Lo 9(—6P; — 6P, —
6.P;). We prove now that X = 3L13 + 3L13 + 3L23 is a (3, 3, 3)-special
effect configuration. Recall that v(£) = —9. In Example 3.2 we proved
that L2 has the 3-special effect property for £. We can go ahead and
check if Lq3 has the 3-special effect property for £ — 3L15. We obtain:

V(;C — 3L12 — L13)
I/(E - 3L12 - 2L13)
I/(L — 3L12 — 3L13)

v(|5H — 2P, — 3P, — 5P3|) = —4
V(‘4H*P173P274P3|):*3
V(‘SH— 3P2 - 3P3|) =-3

Finally we check if Loz has the 3-special effect property for £ —3L1o —
3L13:
V(E - 3L12 - 3L13 - L23) = l/(|2H - 2P2 — 2P3|) =-1
I/(,C — 3L12 — 3L13 — 2L23) = I/(|H — P2 — Pg‘) = 0
I/(ﬁ — 3L12 — 3L13 — 3L23) = 0

Thus X is a (3,3, 3)-special effect configuration for Ly 9(—6P, — 6P, —
6P;).

As in the case of a-special effect curves also a special effect configu-
ration X forces a system to be special. In fact, one has again

dim(£) > dim(£ — X) > v(£ — X) > v(L)

and, together with condition (2) in Definition 3.10, one has dim(L£) >
e(L).

These facts permit us to define a particular kind of speciality.



SPECIAL EFFECT VARIETIES AND (—1)-CURVES 409

Definition 3.12. A special system arising from the existence of an
a-special effect curve (or an (aq,...,a,)-special effect configuration)
is called Numerically Special.

Finally, we can state the following

Conjecture 3.13. [(NSEC), “Numerical Special Effect” conjecture].

A linear system of plane curves Lo q(— ZLI m; P;) with general multi-
ple base points is special if and only if it is numerically special.

4. h'-special effect curves. The second class of curves we intro-
duce are defined via some particular conditions on certain cohomology
groups. The original idea for these curves comes from a detailed anal-
ysis of the base locus in the special systems listed in Theorem 1.4, that
is, linear systems with imposed double points in P™, n > 2. In fact, as
shown in [3], this kind of speciality can be more easily generalized to
higher dimensions than the numerical one.

Definition 4.1. Let £ := L3 q(— ZLI m;P;) be a linear system of
plane curves with general multiple base points. An irreducible curve
Y C P2, with Op2(Y) % L, is an h'—special effect curve for system L
if the following conditions are satisfied:

(a) ho(ﬁ|y) = 0;

(b) KL -Y) > 0;

(c) RY(Ly) > 0.

Remark 4.2. Condition (c) is slightly different in the definition in the
higher dimension case, in [3], where we ask for h'(Ly) > h*(L - Y).
Instead, in the planar case, we can just ask for hl(ﬁ‘y) > 0 because
R*(L —Y) = 0. In fact, by definition of Y and condition (b), we can
suppose L —Y = |aH — 2?21 s;P;|, with a, s1, ... , s, positive integers.
Now define Z as the union of the fat points s;P;. Then we have the
following exact sequence

0—Zz ®0p2(a) = Op2(a) - Oz — 0.
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When we consider the cohomology groups, we have

o= WY (Oz) = h%(ZTz7 ® Op:2(a)) — h2*(Op:2(a)) — ---

|
h2(L—Y)

Since Z is a zero-dimensional scheme one has h*(Oz) = 0 for i > 1.
Moreover, by the Serre duality, h?(Opz(a)) = h%(Op2(—3 — a)) =
Thus h*(L-Y) = 0.

Example 4.3. Let £ := L;5(—2P; — 2P,) be the linear system of
conics with two double points. Let Y be a line through P; and Ps,
ie,Y = H— P, — P,. Since £L-Y = —2 the restricted system Ly
has no effective divisors and h%(L|y) is empty. By Riemann-Roch we
easily compute h'(Ljy) = gy —1—deg(Ljy) =1> 0. Finally £L - Y
is |[H — P; — Py|, so that h%(£ — Y)) = 1. Hence the line Y through P,
and P, is an h'-special effect curve for L.

Let £ := Lo4(— ZLI m;P;) and consider, on the blow-up of P? at
the points P;’s, the exact sequence

0=>L-Y L= Ly —0,
which gives the following long exact sequence in cohomology:

0 H(L-Y)— H(L)— H(Liy) > HY(L-Y) = HY(L)
— H'(Ly) = 0.

Conditions (a) and (b) assure us that H°(L) # 0, while condition (c)
implies H!(L) # 0. Thus the existence of such Y forces the system £
to have h%(L) - k(L) # 0 so that, by (2.3), £ is special. Again, we can
give a particular name to this kind of system:

Definition 4.4. A special system arising from the existence of an
hl-special effect curve is called Cohomologically Special.

And again we can state a conjecture:
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Conjecture 4.5 [(CSEC), “Cohomological Special Effect” conjec-
ture]. A linear system of plane curves £ := Lg 4(— ZLI m; P;) with
general multiple base points is special if and only if it is cohomologically
special.

Lemma 4.6. Suppose that the Cohomological Special Effect conjec-
ture holds. Let C C P2 be an irreducible curve passing through the
general points Py, ..., Py with multiplicity at least my,... ,mp. Then
02 Z ga - 1.

Proof. Suppose v(|C|) < 0. Then the system |C| is special. Thus
there is an h'-special effect curve Y for |C| and Y is a fixed part of C.
This is a contradiction since C' is irreducible. Hence, v(|C|) > 0 and,
by formula (2.2), one has c? > 95— L O

5. The four conjectures. In the previous sections we introduced
two new conjectures for the characterization of special linear systems in
the planar case. At this point it is natural to ask if these conjectures are
equivalent to the Segre and Harbourne-Hirschowitz ones. The answer
is given in the following

Theorem 5.1. Conjectures (SC), (HHC), (NSEC) and (CSEC) are
equivalent.

Proof. First of all, we recall that the equivalence between (SC) and
(HHC) is proved in [7]. Then we just need to prove the following
implications:

(HHC) = (NSEC) = (SC)
(HHC) = (CSEC) = (SC).

[(HHC) = (NSEC)]. Suppose that the Harbourne-Hirschowitz con-
jecture holds. Let £ be a special system. Then it splits as £ =
S NiC; + M, where v(M) > 0 and there is at least one index j
such that N; > 1. After a permutation in the indexes we can sup-
pose that N; > 1 for ¢ = 1,...,s, s < t. Thus, we can write the
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(—1)—configuration C' = 2;1 N, C; appearing in L as

s t
C=> NCi+ > Ci
i=1

1=s+1

At this point it is enough to show that >.;_, N;C; is an (Ny,..., Ny)-
special effect configuration for £. By formula (3.4) each (—1)-curve C}
with N; > 1 increases the virtual dimension of the residual system by

y<c— iz:j;Nici> = u(z: —gNic,) + <A2[>

Thus, if N; > 1, then C; has the Nj—special effect property for
L— Zf;ll N;C;. Finally, we can observe that M = £ — Z:=1 N,C;.
By hypothesis on the (—1)-special system, we know that v(M) > 0.
Moreover the C;’s are fixed for i = s + 1,... ,t; hence, one has

u<£ - 2N0> = u<£ - iNC) = (M) >0,

and we can conclude that C = Zle N;C; is an (Ny,..., Ng)-special
effect configuration for £. Then £ is numerically special.

[(HHC) = (CSEC)]. Suppose that the Harbourne-Hirschowitz con-
jecture holds. As in the previous case, we prove that a (—1)-curve
appearing in a (—1)-special system and splitting off with at least mul-
tiplicity two is an h'-special effect curve. Let £ be a special system.
Then there is at least a (—1)-curve C such that £L-C < =N, N > L.
Then h°(Lc) = 0 and, by Riemann-Roch, h'(£;c) = N —1 > 0 so
that conditions (a) and (c) of Definition 4.1 are satisfied. At this point
it is important to observe that £ — C could be special. However the
speciality of £ — C has no effect on h°(L — C). In fact if L — C is
nonspecial, then £ — C contains the residual system M and, by defini-
tion of the (—1)-special system, v(M) > 0 so that h%(L — C) # 0. If
L — C is special, then, by (2.3) we surely have h°(£ — C) # 0. Hence
condition (b) is satisfied.

[(NSEC) = (SC)]. Suppose that the Numerical Special Effect con-
jecture holds. Let £ be a special system. Then there is an (aq,. .. ,q:)-
special effect configuration or an a-special effect curve for L. We prove
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only the case in which there is a special effect configuration for £, since
the other one is similar.

Let X = 2221 «;Y; be the special effect configuration. It is enough
to fix our attention on ;. Since, by hypothesis, v(£ — Y _, a;Y;) > 0,
one has h%(£L—a;Y7) > 1 and we can apply Lemma 3.5. Thus Y2 < —1
and, by Lemma 3.4, we have

1)~2
Myl < —1.

L-Y7<
Thus Y7 is a fixed multiple component of £ and Segre’s conjecture
holds.

[(CSEC) = (SC)]. Suppose that the Cohomological Special Effect
conjecture holds. Let £ be a special system. Then there exists an
h'-special effect curve Y for £. By condition (b) of Definition 4.1 we
know that Y splits from £, and it is enough to show that Y splits off
at least with multiplicity 2. Since Y is irreducible, we have Y2 > g —1
where g is the genus of Y. By Riemann-Roch and h°(L}y) = 0 we have
LY =g—1—h'(Lyy). Then we compute

(L=Y)Y=LY-Y’<g-1-h'(Ly)—(9—1)=—h'(Ly) <0,

and the claim follows. u]

6. First examples of special effect varieties in higher dimen-
sion. Since a curve in P2 is also a divisor, when we pass to analyze the
case of special linear systems in P™, n > 3, we can pose the question
if it is natural to consider special effect varieties of every codimension
(i.e., not only curves or not only divisors). This more general situation
is justified in [3] where we prove, for example, that P*, 1 < s<n—1
can be a special effect varieties for a given system L.

The definition of a special effect variety Y such that codim(Y,P™) <
n — 2 is more difficult than the codimension one case. Thus, here,

we consider only when Y is a divisor. Obviously, in this situation,
Definitions 3.1, 3.6, 3.10 and 4.1 remain the same.

Example 6.1. Let £ be the system £34(2°) in Theorem 1.4.
Consider a quadric Q C P? through the nine points of £. Obviously
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v(|Q3|) = 0. Moreover, one has
V(L-Q)=v(£-2Q)=0

while

v(L) = -2.
Thus @ is a 2-special effect variety (hypersurface) for L3 4(2%).

Example 6.2. In the same way we can prove that the quadric
Q C P* is a 2-special effect variety for £y 4(2).

Example 6.3. Consider again the situation of Example 6.1. We

~

prove that @ is an h!-special effect variety for £. Since £(—Q) =
Op3(Q) one has

H°(L-Q)=1 and HY(L-Q)=0, i>1
and condition (b) is satisfied. Since we know that
H°(L)=1, HYL)=2 and H'(L)=0, i>2,
we can conclude that
H°(Lig) =0 and H'(L)g) =2

Thus, conditions (a) and (c) hold and the claim follows.

Example 6.4. In the same way we can prove that the quadric
Q C P* is an h'-special effect variety for £y 4(2).

Remark 6.5. In the previous examples we shows that the quadrics
are both a-and hl-special effect varieties for the same system. This is
not true in general. In fact, in [2] we show that a plane 7 C P3 is
a 1-special effect variety for £ := L3 (43), but it is not an h'-special
effect variety for the same system.

7. Special effect curves on surfaces. It could be interesting to
extend the concept of special effect curves to surfaces different from
P2



SPECIAL EFFECT VARIETIES AND (—1)-CURVES 415

We just give here some examples which show some important evi-
dence.

Example 7.1. Hirzebruch surfaces. Let F., ¢ > 0, be the
Hirzebruch surface with invariant e, i.e., such that —e is the minimal
self-intersection of a section of the ruling of F.. We have Pic(F.) =
Z & Z and we take, as a basis of Pic(F.), a section h of the ruling
f :F. = P! with h2 = —e and a class, F, of f. Thus h- F =1 and
F? = 0. The dimension of H’(Fe, Op_(ah + bF)) is given by

0 ifa>0and b <0,
STo(b—de+1) if 0<b< te for some t € Z, with 0 < t < a
w ifa>0and b>ae—1

and h!(F., Op, (ah+bF)) =0if a > 0 and b > ae — 1.
We denote a system on F. by L(a,b) := |ah + bF|.

Laface, in [11], gives a different definition of the (—1)-special system.
For that, we need the following procedure.

Given a linear system L := |ah + bF — Z?:l m;P;| on F,

1) if a (—1)-curve E does exist such that —t := £ - E < 0, then
substitute £ with £ — tE and go to step 1), else go to step 2).

2) if £L-h < 0, then substitute £ with £ — h and go to step 1), else
finish.

After a finite number of steps, we have a new linear system M, i.e.,
the residual linear system.

Definition 7.2. Let £ := |ah + bF — ZLI m;P;| and M on F, be
as above. Then £ is (—1)-special if v(M) > v(L).

Then we can state again a modified Harbourne-Hirschowitz conjec-
ture:

Conjecture 7.3 [11]. A system L(— Z?zl m;P;) on an F. is special
if and only if is (—1)-special.

This time, for the speciality of a linear system L such that £ =
S¢_, NiC; + M, it is not enough to have v(M) > 0 and N; > 2 for at
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least one index i. Following the argument of the main theorem in [11],
it is easy to construct several examples of special system in F., e > 4,
such that the Harbourne-Hirschowitz does not hold (see [2, Example
3.4.4]).

The interested reader can look at Laface’s article for a deep under-
standing. We just recall the main results contained in it.

Proposition 7.4. Denote by L.(a,b,m") the system L.(a, b)(— Z?:l

mP;). All homogeneous (—1)-special systems with multiplicity m < 3
on F. are listed in the following table:

system virt dim (L) dim (L)
£1(4,4,25) -1 0
£1(6,6,3%) -3 0

Ls5(4,21,3'9) -1 0
L6(4,24,311) -1 0
Lo(2,2d + 2, 223+e+1) -1 0
L.(0,d,27) d—3r d—2r
L(2,4d + 3e + 1, 32d+etl) -1 0
L(3,3d + 3e + 1, 32dtetl) 1 2
Lo(3,3d + 3e, 324+e+1) -3 0
Le(1,d+¢e,3") 2d+e—6r+1 2d+e—5r+1
L.(0,d,3") d— 6r d—3r

Theorem 7.5. FEvery special homogeneous system of multiplicity < 3
on an F. surface is a (—1)-special system.

After we modify the condition for « by respect to the degree of £
and Y, we can give again the definition of a-special effect property and
arrive again to state the Numerical Special Effect conjecture. One has
the following

Theorem 7.6. The Numerical Special Effect conjecture on the
Hirzebruch surface holds for all special systems listed in Proposition 7.4.
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Proof. It is enough to check by hand every single case on the previous
table. As an example we prove the case £ := L£.(0,d,2"), d > 2r.
Consider the curve Y7 of bidegree (0,1) passing through one of the r
points in £, i.e., Y] corresponds to the system L.(0,1,1) Thue one has
v(£)=d-3rand v(L-Y1) =v(L—-2Y1) =d—3r+1. ifd—3r+1 >0
we conclude that Y7 is a 2-special effect curve for £. In the other case
we pass to study the system £’ := £.(0,d — 2,2"~!) and we consider
a new curve Y passing through one of the r — 1 points of £'. As
in the case of Y7 we conclude that Y5 is a 2-special effect curve for
L' = L —2Y;. Going further we will obtain a (2,... ,2)-special effect
configuration X = Y7 2Y; for L. O

Consider now the Cohomological Special Effect conjecture. Unluckily
it does not hold for all special systems listed in Proposition 7.4.

In fact, let £ be the special system Lg(4,24, 3'1). We know, by [11],
that £ splits as 3E + h, where E is the (—1)—curve corresponding to
the system L(1,8,1'!). By condition h’(Ly) = 0, we know that an
h'-special effect variety must split from £. Thus only £ and h are the
candidates to be hl-special for £. Since £+ E = —1 (in fact h “hides”
the effective multiplicity of E, see [2] or [11]) one has h'(L|g) = 0.
Similarly, since £ - h = 0, we have again hl(ﬁ‘ r) = 0. Thus condition
(c) is never satisfied and both E and h are not h'-special effect curves
for L. m|

Example 7.7 (K3 surfaces). Let X be a K3 surface withn = H? €
2Z. Let L := L™(d, mq,...,mp) be the system of curves |dH| passing
through points Py, ..., P, in general position on X with multiplicities
at least myq,... ,my. The virtual dimension of £ is given by

In [8], De Volder and Laface state a conjecture for linear systems
on a K3 surface and, moreover, they proved it is equivalent to the
Segre Conjecture, i.e., if £ is special on X then £ has a multiple fixed
component.
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Conjecture 7.8 ([8]). Let £ and X be as above.
(i) £ is special if and only if L = L*(d,2d) or L = L2(d,d?) with
d>2;
(ii) of L is nonempty then its general divisor has exactly the imposed
multiplicities at the points P;;

(iil) if £ is nonspecial and has a fized irreducible component C' then
a) L:=L*(m+1,m+ 1,m) =mC + L%(1,1) with C = L2*(1,12) or
b) £L=2C, C € {£4(1,1%),£5(1,1,2),£1°(1,3)} or

c) L=C.

(iv) #f L has no fized component then either its general element is

irreducible or £ = L£2(2,2).
Consider the system £ = £2(d,d?). Its virtual dimensions are
v(L)=d®—dd+1)+1=1-d.

Let C; be the curve £2(1,1?); then C; is a d-special effect curve
for £ since v(£ — dCy) = 0. In a similar way we can prove that
Cy := L£*(1,2) is a d-special effect curve £*(d,2d). Moreover, we can
see that v(L£L — C) = v(L£) when C is one of the curve in cases (iii) a)—c)
of the conjecture and L is the relative system to C.

Passing to the h'-special effect curves, we can observe that C; :=
£2(1,1%) and Cy := £*(1,2) are genus two curves with self-intersection
equal to zero. Applying Riemann-Roch we discover that ho(ﬂ‘ct) =0
and h'(Lic,) = 1, where £ is the relative system to Cy in case (i) in
Conjecture 7.8 (¢ = 1,2). Since h°(L — C;) > 0, we conclude that
systems in (i) are cohomologically special. Finally we can see that no
curve C in cases (iii) a)—c) is an h'-special effect curve. In fact, in all
cases in (iii) a)-b) one has h’(£|c) = 0, i = 0,1, while the curve in (iii)
c) does not fit the hypothesis in Definition 4.1, since £ = Ox (C).

Thus we can state the following

Theorem 7.9. Conjecture 7.8 implies both Numerical and Cohomo-
logical comjectures.

Acknowledgments. The main ideas of this article were born during
a pleasant stay in Fort Collins. I'm very grateful to Professor Rick



SPECIAL EFFECT VARIETIES AND (—1)-CURVES 419

Miranda for guidance and support during my research at the Colorado
State University and to all the people that I met there, especially the
staff and all Professors at the Department of Mathematics.

I also thank Professors Luca Chiantini and Ciro Ciliberto for dis-
cussing topics about special effect varieties and giving me several in-
teresting suggestions.

REFERENCES

1. Alexander and A. Hirschowitz, Polynomial interpolation in several variables,
J. Algebraic Geometry 4 (1995), 201-222.

2. C. Bocci, Special linear systems and special effect varieties, Ph.D. Thesis,
University of Torino, 2004.

3. , Special effect varieties in higher dimension, Collect. Math. 56 (2005),
299-326.

4. C. Bocci and R. Miranda, Topics on interpolation problems in algebraic
geometry, Rend. Sem. Mat. Univ. Pol. Torino 62 (2004), 279-334.

5. C. Ciliberto, Geometric aspects of polynomial interpolation in more variables
and of Waring’s problem, Proc. Third European Congress Math. Vol I Prog. Math.
201 (2001), 289-316.

6. C. Ciliberto and R. Miranda, Linear systems of plane curves with base points
of egual multiplicity, Trans. Amer. Math. Soc. 352 (2000), 4037—4050.

7. , The Segre and Harbourne-Hirschowitz conjectures, in Applications
of algebraic geometry to coding theory, physics and computation,NATO Sci. Ser. II
Math. Phys. Chem. 36, Kluwer Acad. Publ., Dordrecht, 2001.

8. C. De Volder and A. Laface, Linear systems on generic K3 surfaces, Bull.
Belgian Math. Soc. 12 (2005), 481-489.

9. B. Harbourne, The geometri of rational surfaces and Hilbert functions of points
in the plane, Proc. 1984 Vancouver Conference Algebraic Geometry, CMS Conf.
Proc. 6 (1986), 95-111.

10. A. Hirschowitz, Une conjecture pour la cohomologie des diviseurs sur les
sufaces rationelles geometriques, J. reine Angew. Math. 397 (1989), 208—-213.

11. A. Laface, On linear systems of curves on rational scrolls, Geom. Dedicata
90 (2002), 127-144.

12. R. Miranda, Linear systems of plane curves, Notice Amer. Math. Soc. 46
(1999), 192-202.

13. B. Segre, The postulation of a multiple curve, Proc. Cambridge Philos. Soc.
38 (1942), 368-377.

14. , Alcune questioni su insiems finiti di punti di punti in geometria
algebrica, Convegno Intern. di Geom. Alg. di Torino (1961), 15-33.

DIPARTIMENTO DI SCIENZE MATEMATICHE E INFORMATICHE “R. MAGARI,” UNI-
VERSITA DI SIENA, PIAN DEI MANTELLINI 44, 53100 SIENA, ITALY
Email address: bocci24@unisi.it




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /CreateJDFFile false
  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


