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n-CONVEXITY AND MAJORIZATION
J.E. PECARIC AND D. ZWICK

ABSTRACT. The fact that the nt! order divided difference
of an (n + 2)-convex function is a symmetric, convex function
of its arguments, and is therefore Schur convex, allows us to
apply the theory of Majorization in order to derive inequalities
for such functions. Several consequences of this result are
presented. In a separate section the theory of majorization is
used to compute bounds on the derivatives of polynomials.

1. n-Convexity and Schur convexity. The first two definitions
are given in [2].

DEFINITION 1. Let x,y € R"*! be given. We say that y is majorized
by z(y < z) if and only if S, z: = >, ¥i and

k k
(1) =) yw, k=0,...,n-1,
=0 i=0

where Ty > --- > &, denotes a decreasing rearrangement of
Zoy.. ., Tp.

Numerous example of majorization are given in [2].

DEFINITION 2. Let =,y € R"*! be given. A function p : R"*! - R
is called Schur conver if and only if z < y = p(x) < p(y).

The next definition can be found in [4].

DEFINITION 3. A function f is (n + 2)-convex on (a, b) if and only if,
for all a < 29 < --- < T, 42 < b, the divided differences [zo, . .., T,12]f
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are nonnegative. In particular, a 2-convex function is convex in the
classical sense.

We note that f is (n + 2)-convex on (a,b) if and only if (™ is
continuous and convex there.

Let f be (n + 2)+ convex on (a,b), and, for a <¢< --- < z, < b,
define

(2) o(z) == [zo,y---,Zalf, = (z0,...,Zn)-

Since the divided difference is symmetric, i.e., independent of the order
of its arguments, and f(") is continuous in (a,b), ¢ may be extended
to all of (a,b)"*!.

LEMMA 1. Let f be (n+ 2)+ convez on (a,b) and let p be defined as
in (2). Then p is Schur convez on (a,b)"*!.

PROOF. The proof in [5] shows that ¢ is a convex function of z for
z € (a,b)"*!. Since it also symmetric, Proposition C.2 in Chapter 3 of
(2] implies that it is Schur convex.

A more direct proof can be constructed with the aid of Schur’s
condition [2, p. 57]:

dp Oy )
~ N (2 —z;)>0.
(a:l,‘i 61‘]' ( ]) -

Since, as is well known,

0

5% = [-th' oy Li—1y T35 Loy Tigly--- vz‘n]f)

?

and, for an (n + 2)-convex functionf, [2o,..., 2n+1]f is an increasing

function of its arguments, ¢ satisfies Schur’s condition, and is therefore
Schur convex.

We thus get
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THEOREM 1. Let f be (n + 2)-convez on (a,b). If z,y € (a,b)"*!
and r <y, then [zo,...,za|f < [Yo,---,Yn]f-

A sufficient condition on z and y for (1) to be satisfied is given in
Lemma, 2.

LEMMA 2. Let z,y € R"*! be given. Then y < z if the following
conditions hold:

(3) ZIi =Zyi

i=0 1=
k k
(4) Z@‘Szyn k=0,---,n-1
i= =0
(5) Ti-1 Syis 1= 1‘ , .

Lemma 2 (and the variations discussed below) may be demonstrated
by applying the results of [3] and certain characterizations of majoriza-
tion presented in [2]. We give here a more direct proof.

PROOF OF LEMMA 2. Note first that (3) and (4) are equivalent to
(3) and

(6) Yozm2 ) o k=0,...n-L
i=k+1 i=k+1
Thus, with (5), we get

n n n n-1
Doz Y w> Z zi-1=zxi,
i=k

i=k+1 i=k+1 i=k+1
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and hence x,, > x4, k=0,...,n — 1. From (6) we also get =, > y,
and
n
(7) Ty — Yk > (yi —xi—1) >0, k=1,...,n—-1,
i=h+1

which holds for k& = 0 as well. In particular, x, = g > yjg- In
order to show that the remainder of the conditions (1) are satisfied, fix
1<k <n-1landletzj,...,Tx) = Tn,Tj;,---,Tjy and yo), - -, Yk =
Ylos- - - Y1~ Further, set | := ming<;<x{l;}. We then have

.
Z(x[i] ~ ) = (Tn — y1) Z T[) — Z yI,
1=0

11;‘1

(Tn —w1) (Zl[]—zfz —1)

L7

k

(Zit.—l - Zyli)-

=0

x,—rtz z,-r‘z

From the definition of z[;, it follows that

k k
Zf[i] - Zl'l,-—l >0,
i=1

1;#1
and (7) yields
— Y > Z —Ti- 1
i=l+1
hence it only remains to show that

n k
Z (¥i —zi1) 2 Z(yzi - Zii-1)

i=l+1
151
But this is true since, for each 7 in the sum, [; > | + [ and hence the
right-hand side is a partial sum of the left-hand side, all of whose terms
are nonnegative.
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REMARK 1. If the reverse inequalities hold in (4) and (5) then the
conclusion of Lemma 2 is still valid. If one of (4) and (5) is replaced by
the reverse inequality, then £ < y. The proofs of these assertions are
similar to that of Lemma 2.

We note that Theorem (2.2) of [1] is a consequence of Lemma 2
and the Schur convexity of [zg,...,z,]f when f is an (n + 2)-convex
function.

2. Weak majorization. A useful form of majorization is given in
DEFINITION 4.
a) y is weakly majorized from above by z(y < z) if
k k
Z:L'(,-)SZy(,-), k=0,...,n,
i=0 i=0

where z ) < --- < z(,) is an increasing rearrangement of ro, ..., x,.

b) y is weakly majorized from below by z(y <, x), if

k k
Zy[i] < ZI[,-], k=0,...,n,
i=0 i=0

with zg,...,z, a decreasing rearrangement of zy,...,x,.

LEMMA 3. If ZLoIi < Zfzo yi, k=0,...,n, and either z;_; <
Yi, t=1,...,n,0oryi-y <z, =1,...,n, theny < r. If the
reverse inequalities hold then y <, T.

PROOF. The proof of these assertions may be carried out in much the
same manner as in the proof of Lemma 2.

The importance of weak majorization is given in
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PROPOSITION 3. [2]. y <, = ¢(y) < ¢
convez functions, and y < x = o(y) < o
convex functions.

() for all increasing, Schur
x) for all decreasing, Schur

The following theorem generalizes Theorem (2.2) of [1].

THEOREM 2. Let f be (n + 2)-convez in (a,b) and let x,y € (a,b)"*+!
be given. Then

[0y .- xn)f < [yos---ynlf
if any of the following conditions are satisfied:
a) r <y;
b) r <, y and f is (n + 1)-convex;

c)x <Yy and —f is (n + 1)-convez.

PROOF. As noted above, the function ¢(z) := [zo,...,z,]f is Schur
convex. If f is (n + 1)-convex then ¢ is increasing, hence if —f is
(n+1)-convex then ¢ is decreasing. The theorem now follows from the
definition of Schur convexity and from Proposition 3.

REMARK 2. We note that the results of Theorem 2 are valid for the
closed interval [a, b], provided f(") is continuous on [a, b].

3. Some applications. The results of §1 can be used to demon-
strate that certain functions are Schur convex. We give a few examples:

EXAMPLE 1. The complete symmetric functions

Cr(z):= ) my...mi,, k=1...,n, Colx)=1,
0<y < <ip<n
can be generated by taking divided differences of monomials:
Cr(z) = [z, ...,z Jt"**, k>0.

Since t"** is (n 4 2)-convex for t > 0 and k > 0, the functions C}, are
Schur convex, provided that z; >0, :=0,...,n.
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EXAMPLE 2. Let 1

1) = 1—at’

Then

a"

#x) = lwo, -zl f = g
Since
(1 _ at)n+3 ’

it follows that ¢ is Schur convex, provided n is even and ar; <
1(: =0,...,n), or n is odd and either ax; > 1 (i = 0,...,n), or
ar; <1 (i=0,...,n) with a > 0.

FrrR() =

Theorem 2 can be used to derive divided difference inequalities for
(n + 2)-convex functions (see [1]).

EXAMPLE 3. For a given = € (a,b)"*!, denote by ( the average
nl? Yo oZisandlet z := ((,...,¢). Then z < z, hence p(z) < p(z) for
all Schur convex functions . In particular, for p(x) := [zg,...,z,]f,
with f an (n + 2)-convex function, we get

F™)
n!

2 <[z, --- Tl f-

In (1] several applications of this inequality are given.

4. Derivatives of polynomials. In this section we apply the theory
of Majorization to the problem of computing bounds on the derivatives
of polynomials. These results are independent of the results of the
previous sections.

We recall that the elementary symmetric functions are defined as
Si(@)= Y. Ti.sTiy, Solr) =1
0<y < <ir<n

As easily follows from Schur’s condition, the functions Si(r) are in-
creasing and Schur concave for z; > 0. Since —Sj, is thus decreasing
and Schur convex it follows that, for r,y € R"*+!,

r <" Yy = —Sk(.'l') < _S‘(y)v
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i.e.,
Si(y) < Si(z).
Let p(t) := [Iio(t — &), where & < n;, ¢ = 0,...,n. We have

pt) =Y, J7_7(t €;), hence p(b) = S, (x) and p'(b) = Sn-1(x),
where ; := b &, 1= O ..,n. In general,

G (p
p .
j!(): n—j(x), 7=0,...,n

Now suppose that ¢(t) := [T'_o(t = m),m < b ¢ =0,...,n, and define
yi:=b—-mn;, 1=0,...,n
As observed above, if £ <“ y then Si(y) < Sk(z), that is,
¢M(b) <pM(b), k=0.....n

A simple calculation shows that r <“ y if

k k
(8) Z&SZ% k=0,...,n,
i=0 i=0

provided that b > & > --- > £, and b > 79 > --- > 7, or,
by Lemma 3, if (8) holds and either £ < m;_;, @ = l,...,n, or
i <&_1, i=1,...,n

We now give an application of this result.

EXAMPLE 4. Let p(t) := [[i=, (¢t —m) with 1 >y > --- >, > —1
and let T;,(t) be the monic Chebyshev polynomial of degree n on [—1, 1]:

T(t) : H(t -

with & = cos#=lm, i = 1,...,n, the zeros of T, arranged in
decreasing order in (—1,1).

Now

ul sin &
k=1,...,n,
23m
i=1 2n
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as readily follows from the identity

.o 2t -1 LT 1 —1
2sin — cos T = sin — — sin .
2n 2n n
Thus we get the following result:
If
sm—
1 k= 17”'7 L)
Z'I = 2sin X 2n n
then
p(1) < T\(1) = on—1
and
2(n2-1)...(n% = (k—1)2
k)(l)S A)(l) n*(n ) (n ( )%) k=1,....n.

27-1.1-3...(2k—1)
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