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WEAKLY CLOSE-TO-CONVEX FUNCTIONS 

ALBERT E. LIVINGSTON 

ABSTRACT. We obtain coefficient bounds and integral 
means inequalities for the class of multivalent weakly close 
to convex functions. We also consider the integral means 
problem for the subclass of multivalent convex functions. 

Introduction. Let S(p) denote the class of functions / , analytic in 
A = { z : | 2 : | < l } , with p zeros, counting multiplicity, in A and such 
that there exists S > 0 so that Re[zff(z)/f(z)} > 0 for 6 < \z\ < 1. 
Functions in S(p) are called p-valent starlike functions. Hummel [11] 
extended S(p) to the class of weakly star like functions and this was 
further extended by Styer [21]. Following Styer, we say that a function 
is a member of Swc(p) if and only if there exists a sequence of functions 
fn in S(p) such that fn converges to / uniformly on compact subsets 
of A. Equivalent^ [21], / is in Swc(p) if and only if there exists h in 
S(l), with ft(0) = ft'(O) - 1 = 0, such that 

(Li) / ( ^ w n ( z " a , ) ( 1 " ¥ ) - N < ^ 

The fundamental difference between Styer's definition and Hummel's 
is that Hummel's requires \ctj\ < 1. 

The author [13] studied the class of close to convex functions K(p). 
A function F, analytic in A with F(0) = 0, is in K(p) if and only 
if there exists / in S(p) with /(0) = 0 and a 6 > 0 such that 
Re[zF'(z)/f(z)} > 0 for 6 < \z\ < 1. Styer [22] extended this class 
to the class of weakly close to convex functions Kw(p), giving several 
equivalent characterizations of Kw(p). A function F , not identically 
zero in A, is in Kw(p) if and only if there is a sequence of functions Fn 

in K(p) such that Fn converges to F uniformly on compact subsets of 
A. Equivalently F is in Kw(p) if and only if F(0) = 0 and there is a 
function / in Swc(p) with /(0) = 0, such that Re [zF'(z)/f{z)} > 0 in 
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A. Recently Lyzzaik [17] has proven the following striking result. If / 
is in Kw(p), then there exists a polynomial P of degree at most p and 
a function (fi in S, the class of functions analytic and univalent in A 
with / (0 ) = / ' ( 0 ) - 1 = 0 , such that f(z) = P((fi(z)). 

One of the main unsolved problems in the theory of multivalent 
functions is the problem of finding sharp estimates on the coefficients of 
the power series expansion in A. There are two conjectures concerning 
this problem. One conjecture gives an upper bound which depends 
on the magnitude of the first p coefficients and was first conjectured 
by Goodman [6], and the other, also conjectured by Goodman [8], 
gives a bound which is dependent on the magnitudes of the non-zeros 
of the function. Some progress has been made by the author on the 
first conjecture in K{p) [14, 16]. In §2 we will verify that the second 
conjecture holds in Kw(p). We also solve the integral means problem 
for / in Kw(p). 

2. Coefficient inequalit ies . In this section we will use the symbol 
f(z) << g(z) to mean that if f(z) — ^2anz

n and g(z) = Yl^nZ71 

in A, then \an\ < \bn\ for all n. Goodman [8] has conjectured 
that if f(z) = zq + qq+\zq+l + • • • is at most p-valent in A and if 
f(ßj) = 0 , 0 < \ßj\ < 1, j = l , 2 , . . . s , then f(z) « F(z) where 

(2-D nz)=(i^d+z)2{p-s-q)n i1+1^|)(i+i£i*) 
and when f(z) # 0 for 0 < \z\ < 1, that f(z) « F(z) where 

We note [8] that F(z) = Q(K(z)) where K(z) = z/(l - zf and 

Q(z) = z"{\ + 4z)^-s-") H (l + Ü ± M ! 2 ) . 

Also F(z) is given by (1.1), up to a constant factor, with h(z) = z/ 

(l-z)2,a3-. = -\ßj\ fo r j = 1 ,2 , . . . ,« , aj = - 1 for j = ( a+1) • • • (p-q) 
and Qj = 0 for j = (p - q + 1 ) , . . . ,p. 
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The conjecture is known to be true in S(p) [7] and hence in Swc(p). 
Until recently there was no device for handling the problem in Kw(p). 
One could obtain bounds which involved the zeros of the derivative 
but until the result of Lyzzaik [17] there was no representation of / in 
terms of its zeros. However, with Lyzzaik's result and with the recent 
proof of the Bieberbach conjecture by DeBranges [3], the problem is 
easily solved in Kw(p). 

THEOREM 1. If f(z) = zq + aq^izq+1 + ••• is in Kw(p), then 
f(z) « F(z), where F is defined by (2.1) or (2.2). 

PROOF. According to the result of Lyzzaik [17], there exists a poly­
nomial P(z) = zq + bq+xz

q+l + • • • + btz\bt ± 0 and s + q < t < p and 
there exists 4> in S such that f(z) — P(<fi(z)). Since P(<j)(ßj)) = 0 for 
j — 1,2,... s, there exists a:j G C - 0(A), j = 1,2,..., (t - s - q), such 
that 

Thus, 

(t-s-q) 

(2.3) /WH*>rn(»-^) n ( - f ) ' 
where rijLiU ~~ ^(z)/^(ßj)) ls taken to be identically one and s = 0, 
if f(z) ^ 0 for 0 < \z\ < 1. According to DeBranges [3], </>(z) 
« z/{\ - z)2. Thus we obtain 

(2-4) [*(*)]' « ( Y ^ 

(i-M.\ « U + -1 *—) « fr+d + W * ) 

(z + ißMi + ißAz) 
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where in (2.5) we used the inequality \4>{z)\ > |z|/(l + \z\)2 and in (2.6) 
we used the 1/4 Theorem. Combining (2.3) through (2.6) gives 

/ W ^ (l-z)*>\l-z) f i |/3,|(1 -zY 
Z« (\^Z^(t-s-q) J L {z+\ßj\){z+\ßj\z) 

J = l 

Since t < p, this yields f(z) « F(z). 0 

COROLLARY l. if f(z) - zq + a , + 1 z 9 + 1 + ••• is m Kw(p) with 
f(ßj) = 0,0 < \ß3\ < 1, j = 1,2,..., s, then 

'f ln ' - ^ (p - ik)!(p + k)\(n - p - l)!(n2 - fc2) '6fc' 

/or n > p, where F(z) = zq + bq+\zq+x + bq+2Zq+2 + • • • is given by 
(2.1). 

PROOF. AS we have already noted, F(z) = Q(K(z)) where Q is a 
polynomial of degree p and K(z) = z/{\ — z)2. We therefore have by 
results of Lyzzaik and Styer [18] that, for n > p, 

p 

(2.7) bn = Y,E{K(z),p,k,n)bk 
k=q 

where E(K(z),p, k, n) is a certain determinant involving the coefficients 
of K(z) and its powers, which satisfies [18] 

\E(K(z),p,k,n)\ = 
(p - k)\{p + k)\(n -p- l)!(n2 - A:2) * 

Using the fact that \an\ < |òn|, the corollary follows. D 

Inequality (2.7) is similar to the inequality conjectured by Goodman 
[6]. The |òjfc| would be replaced by \a,k\ in Goodman's conjecture. A 
similar inequality involving the zeros of f'(z) is proven in [10]. 
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THEOREM 2. If f(z) = zq + aq+iz
q+1 + • • • zs in #«,(?), then 

\F(-r)\ < \f(z)\ < F(r) 

where F is defined by (2.1) or (2.2). 

PROOF. The inequality | / (z) | < F(r) follows from (2.3) and the 
inequalities \</>(z)\ < r / ( l - r ) 2 ; 10(^)1 > \ßj\/(l + \ßj\)2J = 1,2,...,*, 
and \ctj;| > 1/4, j = 1,2,..., (t — s — q). To obtain the lower bound from 
(2.3) we use \<j>{z)\ > r / ( l + r ) 2 and note the following facts. For each 
j , the function 1 — </>(z)/aj is a member of »So, the class of nonzero 
univalent functions in A. Thus, according to Düren and Schober [4], 
|1 - </>(z)/aj\ > |(1 - r ) / ( l + r) |2 . If we let h(z) = 1 - </>(z)/(ftßj) and 
6 — arg/3j, then l/h(elöz) is a member of XXIßjD? a c l a s s studied by 
the author [15]. According to Theorem 3 [15], we obtain 

l / I M e ' ^ l ^ a + r f / I I ^ H - K l - l ^ l r ) . 

Thus 

|1 - 4>(z)/m)\ >\\ßi\- r\(l - \Pj\r)/mi + rf. 

The inequality \f(z)\ > \F(—r)\ now follows. 

We note that Theorem 2 is known for S(p) [7] and hence for Swc(p). 

3. Integral means. In this section we use a technique of Baernstein 
[1] as employed by Leung [12], to obtain bounds on the integral means 
of functions in Kw(p). For this purpose we review some known facts. 
Let g(x) be a real valued integrable function on [—7r, 7r] and define for 
0 < 0 < TT, 

g*{0) = sup / g, 
\E\=20JE 

where \E\ denotes the Lebesgue measure of E in [—7T,7T]. 

LEMMA 1. [1]. For g and h in Ll[—7r, IT] the following statements are 
equivalent: 
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(a) for every convex non decreasing function 3> on (—oo,oo)? 

/

7T / > 7 T 

&(g(x))dx< / ${h(x))dx; 
-7T J — 7T 

(b) /or et/en/ £ in (—oc, oc), 

/

TT / » 7 T 

[ff(i) - t]+dx < / [/i(x) - t]+dx-
-7T • / — 7T 

(c) g*(0) <h*(0)forQ<O<w. 

LEMMA 2. [1]. If f is in 5 , Wien /or eacA r m (0,1) 

( ± l o g | / ( r e ^ ) | r < ( ± l o g | A > e ^ ) | r 

where K(z) = z/{\ — xz)2, \x\ = \. 

LEMMA 3. If 0 is in S and \ß\ < 1, then, for r in (0,1), r ^ |/?|, 

(-4-^s?H±iog ( i + ^ f ) ( i + i ^ 
(1 - re ' : e)2 

PROOF. Let h(z) = 1 - <j>(z)/<j>(ß) and let 6 = arg(/3). The function 
l/h(e'6z) is a member of XXI/^I) which was studied by the author in 
[15]. By a result proven in [15] we have for any non decreasing convex 
function <É> on (—00,00). 

/'.•(^lïpnjD'^r.*^ 
(1 - ré6)2 

Thus 

f $(±log\h{reie)\)d0 < f * ( ± l o g 

(l + ff)( l + |/3|re^) 

(l + ^f)(l + |/3|re^) 
(l-rei0)2 
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The Lemma now follows from the equivalence of (a) and (c) in Lemma 
1. D 

LEMMA 4. If 4> is in S and a is in C — </>(A), then, for each r in 
(0,1), 

(±,o4-^|)*<(±,og|i±5;f)-

PROOF. The function 1 — <p(z)/a is a member of 5o, the class of 
univalent and nonzero functions in A. The result for 50 is stated in 
[4].D 

LEMMA 5. [12]. For g and h in ^[-ir,*], 

lg(6) + h(0)}*<g*(9) + h*(6). 

Equality holds if g and h are both symmetric on [—7r, IT] and non 
increasing on [0,7r]. 

THEOREM 3. Let f(z) = zq + aq+ïz
q+1 H be a member ofKw(p). 

If $ is any non decreasing convex function on (—00,00), then, for any 
r m (0,1), r^\ßjl j = l , 2 , . . . , s , 

/

7T /»7T 

$(±log|/(re /e)|)rf6»< / *(±log|F(rew) | )d9 
-7T J— 7T 

lyftere F is defined by (2.1) or (2.2). 

PROOF. Using Lemmas 2 through 5 and the representation (2.3) we 
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have 

( l o g | / ( r e / ö ) | r < ( l o g | o ( r e ''0\|<n 

+ E (log 
.7 = 1 V 

t-.s-q , 

+ E (^ 

0{re">) 

a(3j) 

é(re'$) 

< log 
[I -re 

+ E ( l o g 

0Y2 

(l + ^ ) (1 + |^ |re'fl) 

+ (f - s - g) log-

fi - re''*)2 

l + re"M 2 x * 

1 - re" 

Since t < p. this yields 

( l o g | / ( r e " ) | r <( log |F(re ' ' f l ) | )* 

where in the next to last step we have used the fact that (log |(1 + 
re'°)/(\ — re'°)\* > 0 and in the last step we have used the statement 
on equality in Lemma 5. Using the equivalence of (a) and (c) in Lemma 
1, gives 

r <î>(\og\f(re>0)\)de< r *(log\F(rew)\)dO. 
J — TT J — TX 

To obtain the other inequality, wre note that replacing x by — 1 in 
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Lemma 2 and replacing 0 by 6 -f TT in Lemmas 3 and 4 we obtain 

( - l o g | / ( r O | ) * < - l o g 

+ £ -log 

(1 + re'6*)2 

(l-^d-l/yre") 

+ (P - s - q) I - log 

\{\ + rëê)2" 

(l + re';ö)2 

1 ?'# | 2 \ * 

1 - rew 

1 + re':ö 

log 
(rei0Y n 

j = i 

(1 + re*0) •0\2 l + r e * ô x 2 ( p - 5 - ç ) 

( I - ^ T ) ( I - I ^ I ^ 1 T T ^ J 

where again we have used the equality statement in Lemma 5. We thus 
obtain from Lemma 1 

r *(-log|/(re") |)d0< r ^(-\og\F(-reie)\)dO 
J—TT J—It 

= f $(-log\F(rew)\)d6. 
J — -K 

We immediately obtain 

COROLLARY 2. If f is in Kw(p), then, for — oo < A < oo and r in 
(0,l),r ^ \ßj\, 

r \f(rei6)\xd0 < r \F(rei0)\xd6 
J — 7T J — 7T 

w/iere F is defined by (2.1) or (2.2). 

We also note that letting A —» ±oo in the corollary gives another 
proof of Theorem 2. 
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COROLLARY 3. Let f(z) = zq + • • • be in Kw(p) with f'(aj) = 0, 0 < 
|QJ | < 1, j — 1, 2 , . . . ,t, and q + t < p. If $ is any non decreasing 
convex function on (—oc, oo), then for r G (0,1), r ^ | Q J | , 

f *(log|/ '(re i t f) |)de< f $(log\G'(reie)\)de 
J— TT J— TT 

where G in Kw(p) is defined by 

zG'(z) = q(j^)F(z) 

and F is given by (2.1) with ßj = aj and s — t and F is given by (2.2) 

t / / ' ( * ) 7 ^ 0 / o r 0 < |*| < 1 . 

PROOF. There exists g in Swc(p) and a ß such that , for z in A, 

Re 
s(*) J 

> 0 . 

Let P(*) = eißzf'(z)/g(z) = qeiß -h • • •. It follows from Corollary 1 of 
Leung [12] that 

( l o g | P ( r e " ) | ) * < logç 
1 + re ?;# 

1 - re** 

Also we must have g{otj) = 0 , j = 1,2, . . . , £ . Since g e Swc(p) C 
Kw(p), it follows by Theorem 2 that 

t l o g | 5 ( r e ' e ) | ) * < ( l o g t F ( r e l ö ) | ) * . 

Writing e1fjff(z) = P(z)g(z) and proceeding as in Theorem 2 gives the 
corollary. D 

If we single out the case q = p we obtain 

COROLLARY 4. i / f(z) = zp + • • • is m Kw(p) and $ z's a nonde-
creasing convex function on (—00,00) then, for r in (0,1), 

r *( log | / ' ( re") l )*»< r $(log\F'(reie)\)de 
J— TT J— 7T 
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where F(z) = zp/{l - z)2p. 

4. Convex functions. Hallenbeck and the author [9] considered 
integral means problems for several classes of multivalent functions. 
In particular we considered the class of multivalent convex functions 
C(p), consisting of functions / , analytic in A, for which there exists p 
so that Re(l + zf"{z)/f{z)) > 0 for p < \z\ < 1. Functions in C(p) 
are at most p-valent in A and f'(z) has (p — 1) zeros in A. There is a 
connection with a starlike functions first considered by Mocanu [19], 
namely f(z) = zp + • • • is in C(p) if and only if [f(z)]1^p is a starlike 
with a = I/p. In what follows we will use the symbol / -< g to mean 
that / is subordinate to g. That is, there exists w(z), analytic in A 
with w(0) = 0 and \w(z)\ < 1 in A, so that f(z) = g{w(z)). 

LEMMA 6. If f(z) = zp H is in C(p), then 

») Liu ^ EM 

b) ~ig. < ^ , 

PROOF. TO obtain (a) we note that {l/p)zf'{z) = ^ + • • • is in S(p). 
It is well known that such a function is the p-th power of a univalent 
starlike function. Thus (l/p)zf'(z) = h(z)p where h(z) — z + • • • is a 
member of 5(1). Using the fact that h(z)/z -< 1/(1 - z)2 [20], gives 
part (a). 

To prove part (b) we apply Theorem 1 in [2] to [f{z))l/p with 
a = l/p,d = 0, M = oo to obtain the existence of G(z) = zp + • • • 
in C(p)'such that f(z)/zp -< G(z)/zp for all / in C(p). Let f(z) = 
zp + ap+lz

p+l + -.. , F{z) = zp + Ap+1z'>+1 + • • •, and G(z) = zp + 
bp+1z

p+l + • • •. It is known [7] that, for all / in C(p), \ap+l\ < |A;,+ i|, 
with equality if and only if f(z) = (l/xp)F(xz) for some x with | j ' | = 1. 
Since G is in C(p), we have |6 ;,+1 | < |A„+1 |. But F(c) /s" -< G(z)/zp 

implies \Ap+i\ < \bp+\\. Thus \bp+i\ — \Av+\\. Therefore, there exists 
jr, |jr) = 1, such that G(z) = l/xpF(xz). Part (b) now follows. 
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For p = 1, part (b) is a result of Strohhäcker [20]. It was proven for 
p — 2 and p — 3 in [9]. D 

LEMMA 7. [12]. If g and h are subharmonic in A and g -< h, then, 
for each r in (0,1) and 0 < 9 < 7r, 

9*(reie) <h*(rei0). 

THEOREM 4. If f(z) = zp + • • • is in C(p) and if $ is any non-
decreasing convex function on (—oo,oc), then, for any r in (0,1): 

b) /_^ *( ± log | T 0 ^ p r | ) ^ < J_̂  *( ± log l ^ ^ ^ l ) ^ . 

c) / : ,*(±iog | t9^ | )d9</ ; w *(±iog |p^ | )dö, 
where 

F( 
= ,--r<r :/'-! • 0 2 " 

dÇ. 

PROOF. It follows from Lemma 6 that l o g | / ( c ) / ^ | -< log \F(z)/zp\ 
and log\f'(z)/zl'-l\ -< \og\F,{z)/z1i-1\. An application of Lemma 7 
and Lemma 1 gives (a) and (b). To prove part (c), we note that from 
Lemma 6, there exists 0{z) with 0(0) = 0 and |0(~)| < 1 such that 

/'(=) 
w - i 

( i - 0 ( ; ) ) 2 " -

Also, since P(z) = 1 + zf,f(z)/'f'(z) = p H has positive real part in 
A, there exists tr(c), analytic in A with w(0) = 0 and \w(z)\ < 1, such 
that 

"'Mi» 
Making use of a result of Feng and MacGregor [5, Lemma 5], we can 
write 

=/"(=) = / ' ( = ) ( P ( c ) - l ) 
P ^ - ' K P - U + CP + IMC)] 

(i - 0(=))Mi - *•(=)) 
p ^ - l [ ( p - l ) + (p+l)M,(3)] 

( i - V ( c ) ) 2 " + 1 
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where 0 is analytie in A, with 0(0) = 0 and |0(c) | < 1. Using Lemmas 

5 and 7 we obtain 

| p ( ( p - l ) + ( p + l ) r e ' ' " 

log-
1 _ rei0\2p+l 

log-

Thus, from Lemma 1, we obtain 

( l _ r f ^ ) 2 p + l 

J_7r V 6 l ( r r ' # ) / ' - 2 l / " . / - T T ^ » (1 - r e ' ö ) 2 ' ' + 1 

r / I F"(reiff) \\ 

The other inequality is obtained in a similar way. 

(W 

COROLLARY. If / ( . : ) = zp -\ is in C(p). then, for r in (0,1) and 

- o c < À < oc, 

a) / : j / ( r r ' " ) | \ / 0 < / _ \ |F(/r'")|*</0, 

h).lZjf'(rc'(f)\\ì0<f:jF'(re't>)\\W. 

e) i l \f"{re>»)\*d0 < / I |F"(re'*)|ArfO. 

where 
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