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WEAKLY CLOSE-TO-CONVEX FUNCTIONS

ALBERT E. LIVINGSTON

ABSTRACT. We obtain coefficient bounds and integral
means inequalities for the class of multivalent weakly close
to convex functions. We also consider the integral means
problem for the subclass of multivalent convex functions.

Introduction. Let S(p) denote the class of functions f, analytic in
A = {z : |2| < 1}, with p zeros, counting multiplicity, in A and such
that there exists &6 > 0 so that Re[zf'(z)/f(z)] > 0 for § < |2| < 1.
Functions in S(p) are called p-valent starlike functions. Hummel [11]
extended S(p) to the class of weakly starlike functions and this was
further extended by Styer [21]. Following Styer, we say that a function
is a member of S,,.(p) if and only if there exists a sequence of functions
fa in S(p) such that f, converges to f uniformly on compact subsets
of A. Equivalently [21], f is in Sy.(p) if and only if there exists h in
S(1), with h(0) = h’'(0) — 1 = 0, such that

L — Q2
(1.1) £(2) = [h(2)] H —%3) o<1,

The fundamental difference between Styer’s definition and Hummel’s
is that Hummel’s requires |o;| < 1.

The author [13] studied the class of close to convex functions K (p).
A function F, analytic in A with F(0) = 0, is in K(p) if and only
if there exists f in S(p) with f(0) = 0 and a § > 0 such that
Re[2F'(2)/f(2)] > 0 for § < |z| < 1. Styer [22] extended this class
to the class of weakly close to convex functions K, (p), giving several
equivalent characterizations of K, (p). A function F', not identically
zero in A, is in K,,(p) if and only if there is a sequence of functions F,
in K(p) such that F,, converges to F' uniformly on compact subsets of
A. Equivalently F is in K, (p) if and only if F(0) = 0 and there is a
function f in Sy.(p) with f(0) = 0, such that Re[zF'(z)/f(z)] > 0 in
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A. Recently Lyzzaik [17] has proven the following striking result. If f
is in K, (p), then there exists a polynomial P of degree at most p and
a function ¢ in S, the class of functions analytic and univalent in A

with f(0) = f(0) — 1 =0, such that f(z) = P(¢(2)).

One of the main unsolved problems in the theory of multivalent
functions is the problem of finding sharp estimates on the coefficients of
the power series expansion in A. There are two conjectures concerning
this problem. One conjecture gives an upper bound which depends
on the magnitude of the first p coefficients and was first conjectured
by Goodman [6], and the other, also conjectured by Goodman [8],
gives a bound which is dependent on the magnitudes of the non-zeros
of the function. Some progress has been made by the author on the
first conjecture in K (p) [14, 16]. In §2 we will verify that the second
conjecture holds in K, (p). We also solve the integral means problem
for f in K, (p)-

2. Coeflicient inequalities. In this section we will use the symbol
f(z) << g(z) to mean that if f(z) = Y a,2" and g(z) = Y b,2"
in A, then |a,| < |b,| for all n. Goodman [8] has conjectured
that if f(2) = 294 gg4129"' + -+ is at most p-valent in A and if
f(B;)=0,0< 8] <1, j=1,2,...s, then f(z) << F(z) where

2 2p-s-0) T z .
TR qg(uw)(uwz)

and when f(z) 7 0 for 0 < |z| < 1, that f(z) << F(z) where

(2.1)  F(z) =

29(1 + z)2(P—9)
(1—2)%

We note [8] that F(z) = Q(K(z)) where K(z) = 2/(1 — z)? and

(22) F(z) =

— .9 p—s—q - (1+!/3j|)2
Q(z) = 29(1 + 42)( )jI;II(lele—z).

Also F(z) is given by (1.1), up to a constant factor, with h(z) = z/

(1-2)%,a; = —|B;|forj =1,2,...,s, aj = —1for j = (s+1)--- (p—q)
andoj=0forj=(p—-q+1),...,p.
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The conjecture is known to be true in S(p) [7] and hence in Sy.(p)-
Until recently there was no device for handling the problem in K, (p).
One could obtain bounds which involved the zeros of the derivative
but until the result of Lyzzaik [17] there was no representation of f in
terms of its zeros. However, with Lyzzaik’s result and with the recent
proof of the Bieberbach conjecture by DeBranges [3], the problem is
easily solved in K,,(p).

THEOREM 1. If f(2) = 27 + ag4129t + --- is in K, (p), then
f(2) << F(z), where F is defined by (2.1) or (2.2).

PROOF. According to the result of Lyzzaik [17], there exists a poly-
nomial P(2) = 29+ by41291 + -+ b2" by # 0 and s+ ¢ < t < p and
there exists ¢ in S such that f(z) = P(¢(z)). Since P(¢(3;)) = 0 for
j=1,2,...s, there exists a; € C —¢(A), j=1,2,...,(t—s—q), such

that . eeq
P(z) = JJI:II (1 - a(,}—])) ]1;[1 (1 - aij)
Thus,
s (t—s—q)
ey =l 1 (1-225) T (1-42),

where [T;_, (1 — ¢(2)/#(8;)) is taken to be identically one and s = 0,
if f(z) # 0 for 0 < |2|] < 1. According to DeBranges [3], &(z)
<< z/(1 = z)2. Thus we obtain

(2.4) B <<

2.5

((1—)-&) << (1+——-——1 — ) << (1+(1+'ﬂj|)2 ")
53, 605, (1~ 22 Bl a-ep

_ BN +1812)
Bil(1=22)
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(2.6) (1—%)) << (H@(T—Z_ZF

where in (2.5) we used the inequality |¢(z)| > |z|/(1+|z])? and in (2.6)
we used the 1/4 Theorem. Combining (2.3) through (2.6) gives

><<1+(1i)2 = (i:)z

. 54 14 2\ 2(t—s—q) (z +|8;1)(z + |84]2)
f(~)<<_(1 2)24 ( ) H |ﬂjjl_z)2] :

Since t < p, this yields f(z) << F(z). O

COROLLARY 1. If f(2) = 29 4 ag41297t + --- 1s in K, (p) with
f(8;)=0,0<|8j] <1,j=1,2,...,s, then

P 2k
ol <X GG T R —p = i

for n > p, where F(z) = 29 + bq+1zq+1 + bq+gz"+2 + .-+ is given by
(2.1).

PROOF. As we have already noted, F(z) = Q(K(z)) where Q is a
polynomial of degree p and K(z) = z/(1 — z)%. We therefore have by
results of Lyzzaik and Styer [18] that, for n > p,

(2.7) zp: ), p, k,n)bg
k=q

where F(K (z),p, k,n) is a certain determinant involving the coeflicients
of K(z) and its powers, which satisfies [18]

2k
(P =K p+k)(n—p-1)n* - k)

Using the fact that |a,,| < |b,|, the corollary follows. O

|E(K(2),p,k,n)| =

Inequality (2.7) is similar to the inequality conjectured by Goodman
[6]. The |bx| would be replaced by |ax| in Goodman’s conjecture. A
similar inequality involving the zeros of f'(z) is proven in [10].
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THEOREM 2. If f(z) = 29 + ag41291 + -+ is in K, (p), then
|F(=r)| < [f(2)] < F(r)

where F is defined by (2.1) or (2.2).

PROOF. The inequality |f(z)|] < F(r) follows from (2.3) and the
inequalities |¢(2)| < 7/(1-7)%|9(6;)| > 18;1/(1+18;1)%5 = 1,2,...,5,
and |o;| > 1/4,5=1,2,...,(t—s—¢q). To obtain the lower bound from
(2.3) we use |¢(z)| > /(1 +r)? and note the following facts. For each
J, the function 1 — ¢(z)/c; is a member of Sy, the class of nonzero
univalent functions in A. Thus, according to Duren and Schober [4],
11— 6(2)/a] = (1 - r)/(1+ ). Tf we let h(2) = 1 - 6(2)/(3;) and
8 = arg f3;, then 1/h(e'’z) is a member of 3 (|3;|), a class studied by
the author [15]. According to Theorem 3 [15], we obtain

1/|h(e®2)] < (L+7)*/11B]| = r(1 = |Bsr).
Thus

1= 6(2)/0(B:)] > 116;] — rI(1 = 18;1r) /181 (1 + ).

The inequality |f(z)| > |F(—r)| now follows.
We note that Theorem 2 is known for S(p) [7] and hence for S,.(p).

3. Integral means. In this section we use a technique of Baernstein
(1] as employed by Leung [12], to obtain bounds on the integral means
of functions in K,,(p). For this purpose we review some known facts.
Let g(z) be a real valued integrable function on [—, 7] and define for
0<6<m, '

" (6) = sup / g
E

|E|=260

where |E| denotes the Lebesgue measure of F in [—m, 7].

LEMMA 1. [1]. For g and h in L'[—m, ] the following statements are
equivalent:



724 A.E. LIVINGSTON

(a) for every conver non decreasing function ® on (—oo, 00),

/7T ®(g(x))dx < /" ®(h(x))dx;

-7 -

(b) for every t in (—o0,0),

[t —arar< [ o) -

_T -

(c) g7(6) < h*(6) for 0 <6 <.

LEMMA 2. [1]. If f is in S, then for each r in (0,1)
(F1log |f(re)])* < (xlog |K (re”)))"

where K(z) = z/(1 — r2)?,|z| = 1.

i0

LEMMA 3. If ¢ is in S and |3| < 1, then, for r in (0,1),r 7 |0,
L+ 550 ) (1+ [Blre®®)

)*g(ﬂ,g;( )Ly

PROOF. Let h(z) =1 — ¢(z)/¢(8) and let 6 = arg(3). The function
1/h(e"®z) is a member of > (|3|) which was studied by the author in
[15]. By a result proven in [15] we have for any non decreasing convex
function ® on (—oo, 00),

)de.

/7r @(ilogi;lz}al)dﬂ 5/

—T -

o(re'?)
o(3)

(:tlog'l—

™

(1 —re'?)?

(1+ %51 ) (1 + [BIre®)

P (:i:log

Thus

. (1+550) (1 +18Ire)

)da

/7r ®(+ log |h(re')|)df < /

i/ —-T
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The Lemma now follows from the equivalence of (a) and (c) in Lemma
1.o

LEMMA 4. If ¢ is in S and «a 1s in C — ¢(A), then, for each r in
(0,1),

(1081 - LX) < (s10g 21

2\ *
1—re ) ’
PROOF. The function 1 — ¢(z)/a is a member of Sy, the class of

univalent and nonzero functions in A. The result for S; is stated in
[4]. o

LEMMA 5. [12]. For g and h in L'[—m, 7],

[9(0) + h(6)]" < g"(0) + h*(0).
Equality holds if g and h are both symmetric on [—m, 7] and non
increasing on [0, 7].

THEOREM 3. Let f(2) = 29+ ag+1297 + -+ be a member of Ky (p).
If ® is any non decreasing convex function on (—o0o,00), then, for any
rin (0,1), 7 #|6;], 5=1,2,...,s,

™

/ i ®(+log|f(re')|)do < / ®(+ log |F(re'®)|)do

—7 -

where F is defined by (2.1)or (2.2).

PROOF. Using Lemmas 2 through 5 and the representation (2.3) we
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have

(log | f(re'")])* < (log o(re')|4)*

T 3 el
(1+ 557) A+ [3lre™)

(1 _ ,,eib‘)Q

Y

:

1+ re'?

1—ret?

+(t—s—q)<log

Since t < p. this yields
(log |f(re'™)])" < (log |[F(re®)|)",

where in the next to last step we have used the fact that (log|(1 +
re'?)/(1 —re’”)|* > 0 and in the last step we have used the statement
on equality in Lemma 5. Using the equivalence of (a) and (c¢) in Lemma
1. gives

/ " @ (log |f(re)|)d0 < | etiogiFeyas

To obtain the other inequality, we note that replacing x by —1 in
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Lemma 2 and replacing § by 6 + 7 in Lemmas 3 and 4 we obtain

o
)

Telﬂ

(1 + rei?)2
+ Z ( —log
i=1

+@—s—®(—bg

= (log
(1 + re'?)? (1 + re'? )2(P—S-q)
rei i _ pretb
(1 _ |/3j7>(1 — |B;re?®) 1-re

(~log |f(re'®)))" < (— log

(1-557) = 18re®)
(1+rei?)?

Y

1— ret

1+ rei®

(14 rei?)2d Is-_[

(retf)q

i=1

where again we have used the equality statement in Lemma 5. We thus
obtain from Lemma 1

™

/_7r <I>(—log|f(7'ew)|)d0 < / @(—log[F(—rew)DdO

—T

_ / " ®(— log | F(re®)|)db.

-
]

We immediately obtain

COROLLARY 2. If f is in K, (p), then, for —oo < A < 00 and r in
(07 1)1T # lﬂjla

/ F(rei®)|Mdo < / |F(rei®) M6
where F is defined by (2.1) or (2.2).

We also note that letting A — £oo in the corollary gives another
proof of Theorem 2.
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COROLLARY 3. Let f(z) = z9+--- be in K, (p) with f'(;) =0, 0 <
laj| <1, j =1,2,...,t, and ¢+t < p. If ® is any non decreasing
convez function on (—oc,00), then for r € (0,1),r # |ajl,

™

/ " (log | f(rei®))db < | 2o e pa

- -

where G in K (p) is defined by
142
zG'(z)zq( )F(z)

1—2

and F is given by (2.1) with 8; = o and s =t and F' is given by (2.2)
if f'(2)5£0 for 0 < |z < 1.

PROOF. There exists g in Sy..(p) and a § such that, for z in A,

Re [e”%} > 0.

Let P(z) = ez f'(2)/g(z) = ge'” + - --. Tt follows from Corollary 1 of
Leung [12] that

Also we must have g(a;) = 0,5 = 1,2,...,¢. Since g € Syc(p) C
K,.(p), it follows by Theorem 2 that

(log |g(re’®))* < (log [F(re®)])*.

Writing '’ f'(z) = P(z)g(z) and proceeding as in Theorem 2 gives the
corollary. O

1+ re

(log |P(re')|)* < (log q‘ e

If we single out the case ¢ = p we obtain

COROLLARY 4. If f(z) = 2P+ -+ s in K,(p) and ® is a nonde-
creasing conver function on (—oo,00) then, for r in (0,1),

™

/7r (log |f'(re'®)|)db < / ®(log | F'(re'?)])do

- -7
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where F(z) =z /(1 — ).

4. Convex functions. Hallenbeck and the author [9] considered
integral means problems for several classes of multivalent functions.
In particular we considered the class of multivalent convex functions
C(p), consisting of functions f, analytic in A, for which there exists p
so that Re (1 + zf"(z)/f'(z)) > 0 for p < |z| < 1. Functions in C(p)
are at most p-valent in A and f’(z) has (p — 1) zeros in A. There is a
connection with « starlike functions first considered by Mocanu [19],
namely f(z) = s +--- is in C(p) if and only if [f(2)]'/? is « starlike
with o = 1/p. In what follows we will use the symbol f < g to mean
that f is subordinate to g. That is, there exists w(z), analytic in A
with w(0) = 0 and |w(z)| < 1in A, so that f(z) = g(w(z)).

LEMMA 6. If f(z) ==V 4+ --- is in C'(p). then
£(z) =< F'(z)

a) =T -1

~ ) — 1
where F(z) =p [} (—l’gi—gg—pdf.

PROOF. To obtain (a) we note that (1/p)zf'(z) =z’ +--- is in S(p).
It is well known that such a function is the p-th power of a univalent
starlike function. Thus (1/p)=f'(z) = h(z)” where h(z) =z +--- isa
member of S(1). Using the fact that h(z)/z < 1/(1 — z)? [20], gives
part (a).

To prove part (b) we apply Theorem 1 in [2] to [f(z)]'/? with
«a = 1/p,d = 0,M = oo to obtain the existence of G(z) = =¥ + ---
in C'(p) such that f(z)/zP < G(z)/z? for all f in C(p). Let f(z) =
Pt ap Pt 4+ F(z) = 2P 4+ App Pt 4D and G(z) = 2P+
byt12PT1 + - It is known [7] that, for all f in C(p).]ays1] < [Aps1l.
with equality if and only if f(z) = (1/x?)F(xz) for some r with |r| = 1.
Since G is in C(p), we have |b,11| < [A,41]. But F(2)/s" < G(3)/s"
implies |Ap+1| < |bp41]. Thus |byi1| = |A,+1]. Therefore, there exists
x,|z| = 1, such that G(z) = 1/xPF(xz). Part (b) now follows.
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For p = 1, part (b) is a result of Strohhacker [20]. It was proven for
p=2and p=3in[9].0

LEMMA 7. [12]. If g and h are subharmonic in A and g < h, then,
for each r in (0.1) and 0 < 0 < 7,
g*(re'?) < h*(re'?).

THEOREM 4. If f(z) = P+ --- is in C(p) and 1f ® is any non-
decreasing convex function on (—oo,00). then, for any r in (0,1):

a) J7, @( +1og |tz )do < |7, @ & log| it ) ao,
b) 7, @( % log | Ll |)do < |7, @( £ log | Ftisk ) do,

o) J7, @ +log| Lk |)do < 7, @( +log| £

where S
F(3)=P/(; (1—_6—)2‘;(15-

PROOF. It follows from Lemma 6 that log|f(z)/z"| < log|F(z)/z"|
and log |f'(z)/27Y < log|F'(z)/z"~!|. An application of Lemma 7
and Lemma 1 gives (a) and (b). To prove part (c), we note that from
Lemma 6. there exists ¢(z) with ¢(0) = 0 and |¢(z)| < 1 such that

)do.

p:p 1
fl(z) = T

(1= o)™
Also, since P(z) =1+ zf"(z)/f'(z) = p+--- has positive real part in
A, there exists w(z). analytic in A with w(0) = 0 and |w(z)| < 1, such

that ) )
+ w(z
PG)= p(l - w(:)>'
Making use of a result of Feng and MacGregor [5, Lemma 5], we can
write
_p =D+ (4 Duw)]
(1=0(2))*(1 = w(z))
(
)

_p Mp =D+ (p+ Dw(2)]
N (1= v(2))2rH
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where ¢ is analytic in A, with ¢(0) = 0 and |y(z)| < 1. Using Lemmas
5 and 7 we obtain

(10 \ f/l(v,.pi(%) *

(7,(,1'(7‘ )p—2

) < [logpl(p— 1)+ (p+ Dre”|)* + [log W]

] *
Thus, from Lemina 1, we obtain

/W @(l()g‘—-——f”(r()m) )de < /T <I>(10g‘p[(p (—11) + (p+ Dre’] Dd@

(7.(,1'0)11—2 _ ,.€i0)2p+1

)da.

r ) _ i
— |1og pp=1) + (p+ Dre”)
i (1 _ r(>:0)2p+l

-7 -

T . Fn(rei())
- ./ q)(log ‘ (,.(,iﬁ)[)—2

—Tm

The other inequality is obtained in a similar way.

COROLLARY. If f(z) =z +--- is in C(p). then. for r in (0.1) and
—00 < A < 00,

a) [T 1fre'™)rdo < [T _|F(re'?)|Mdo.
by [T 1f'(re’®)Adf < [T |F'(re'®)Ad8.
o) [T f"(re®)Ado < [T |F"(rei?)|*df.

where

p—1
F‘(i)—-—'[)‘/() (—15_—6-):;1—’(15
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