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GLOBAL PROPERTIES OF SPACES OF AR's 

LAURENCE BOXER 

ABSTRACT. We study the hyperspace (denoted AR%) of compact 
absolute retract subsets of certain finite-dimensional compacta 
X. The topology of AR* is induced by Borsuk's homotopy metric. 
We show A RH is contractible if A'is pseudoisotopically contractible. 
We show AR* is simply-connected if X is a sphere of dimension 
greater than 1. 

1. Introduction. Let I b e a finite-dimensional compactum and let 2% 
be the space of nonempty compact ANR subsets of X introduced by 
Borsuk [2]. If d is a metric for X, the topology of 2f is induced by the 
homotopy metric dh, which may be described as follows: dh(Ai9 A) -> 0 
if and only if 

a) ds(At-, A) -+ 0, where ds is the well-known Hausdorff metric, and 
b) for every e > 0 there is a ô > 0 such that every Arsubset of 

diameter less than ô contracts to a point in an ^ rsubset of diameter less 
than e. 

We let AR% be the subspace of 2f consisting of the members of 2f that 
are absolute retracts (AR's). Since AR% is open and closed in 2f ([2], p. 
200), AR% is a union of components of 2f. 

Let I denote the interval [0, 1]. We will use the following lemmas. 

LEMMA 1.1. ([1], 4.2, p. 43). If A e 2% andf: A x / -• X is an isotopy, 
then the function g : I ^ 2% defined by g(t) = f(A) is continuous. 

LEMMA 1.2. ([4], 2.1). Let U be open in X. Then [A e 2%\A cz U} is open 
in 2$. 

2. We will denote by s(A, <5, e) the words "every A-subset of diameter 
less than ö contracts to a point in an A-subset of diameter less than <s." 
We prove the following lemma. 

LEMMA 2.1. Let X and Y be finite-dimensional compacta with X a Y. 
Letf: X x I -> Y be an isotopy. Then the induced function /* : 2/f x / -* 2\ 
definedby f*(A, t) = f(A) is continuous. 
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PROOF. Let d be a metric for Y and let e > 0. Since X x I is compact 
there is a ô > 0 such that 

(1) d(x0, xx) < ô and \t0 - tx\ < ö implies d(f(x0, tQ),f(xh tx)) < e/2. 

Let (Ai9 tt) -• (^0, r0) in 2f x /. There is a positive integer k such thai 
/ > k implies ds{Ai9 A0) < ö and \t{ — t0\ < d. Let Bt = f*(Ai9 r,-), i?o = 
/^(^o, r0). It follows from (1) that / > k implies ds(Bi9 B0) < e/2. W( 
conclude ds(Bi9 B0) -> 0. 

There exists r > 0 such that for all /, 

(2) s(Ai9 r9 Ô). 

There exists u > 0 such that 

(3) if y, z ef(X x {t0}) and d(y9 z) < 1u9 then 

d(U(y)9fi?(z)) < r/2. 
There exists a positive integer m such that 

(4) / > m implies d(f(x9 t{)9 f(x, t0)) < u for all x e X. 

Let j ^ , ^ - ef(X x {t{}) be such that d(yi9yt) < u. There exist xi9 x'( e X. 
zi9 z^efiX x {t0}) such that y{ = f(xi9 t{\ y\ =/(*•, tt)9 z,- = f(xi9 t0). 
z'i = f(xi9t0). Using (4), for / > m we have 

d(zi9 zt) ^ d{zi9 yi) + </(;;,, J-) + d(yi9 zt) < u + u + w = 3w. 

It follows from (3) that d(xi9 xt) < r/2. 
Let C{ c i?, satisfy diam Q < w. The above implies 

d i a m / ^ C , ) < 2r/2 = r. 

By (2), there is a deformation /*,•: fj}(Ct) x I ^> At oîfj^(Ct) to a point 
such that the image of h{ has diameter less than <?. The map g{ : Q x / -> 
Bi defined by &0> 0 = ftßiifüKyX 0) contracts Q to a point in Bi9 

and by (1) follows that diam gt(Ct x I) < 2el2 = e. Thus s(Bi9 u, e) for 
all i > m. It follows that dh(Bi9 B0) -> 0. 

THEOREM 2.2. Let X be apseudoisotopically contractible finite dimensional 
compactum. Then AR* is contractible. 

PROOF. Let f: X x I -> X be a pseudoisotopy such that f(X x {1}) = 
{/?} for some pe X. Let /*: ^i?f x / -> ^ f be defined by /*04> 0 = 

/ , ( /0 . By 2.1, /* is continuous for 0 ^ / < 1. 
Let e > 0. There is a /0

 G A0} s u c n t n a t 

(1) / > t0 implies d(f(x9 t)9p) < e/2 for all x e X. 
Let (Ai9 tt) be a sequence in ^/?f x / with/, -> 1. There is an in­

teger n such that / > n implies t{ > t0. For such /, it follows from (1) that 
ds(f*(Ai9 a {p}) < e. We conclude that ds(f*(Ai9 tt)9 {p}) - 0. Fur-
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ther, since f*(At, tt)eAR%, it follows from (1) that for /•> n we have 
s(f*(Ai9 tt), e, e). Thus dh(f*(Ah tt), {/?}) -• 0, so/* is continuous. 

Let S — Sn denote the unit sphere in Euclidean (n + l)-space, n > 0. 

THEOREM 2.3. ARs
h is a path-component of 2%. 

PROOF. Let At- e ARI, i — 0, 1. There is a closed neighborhood Bt of 
,4, in S such that i?, is homeomorphic to the cube In. It follows from 2.2 
that there are points p{ G S and paths in v4i?f from A{ to {/?,}. Let/ : I -+ S 
be a map such that /(0) = A h / 0 ) = Pi- It follows from 1.1 that there is 
a path in ARs

h from {/?0} to {p\}. Hence there is a path in ARs
h from v40 

tO /*!• 

We remark that (depending on the Poincaré conjecture) a fake cube 
contains an AR that is a subset of no ball in the fake cube. Thus the 
proof of 2.3 would not work if we were to replace S by a fake cube. 

LEMMA 2.4. Let f: I -> ARs
h be a map. Let u G S\f(0), v G S\f(l). Then 

there is a map g: (I, 0, 1) -• (S, u, v) such that for all tel, g(t) if(t). 

PROOF. From 1.2 it follows that there exist 0 = t0 < tx < ••• < tm — 1, 
points uj and open sets Bj a S\f(tj) such that wy G BJ (U0 = u, um = v), 
and connected neighborhoods Uj oft, in /with Uj fi Uj+i # 0 for y < m 
such that t e Uj implies Bj a S\f(t). Let Sj e Uj fi UJ+1 and Yj = f(sj). 

Since S\Yj is a connected open set ([3], 2.21, p. 103), there is an arc 
Aj c S\Yj from Uj to wy+1. Since y4y is compact, 1.2 implies there is a 
neighborhood y y of yy in ARs

h such that F G i^j implies Aj c ,S\y. There 
exist ry, Rj such that tj < TJ < Sj < Rj < tJ+i and /([ry, Rj]) c iry fi 
/(£/y H t/y+i). _ _ 

Let pj G ̂ 4y f| Bj, qj G ̂ y f] Bj+i be such that the subarcs UjPj and 
<7yWy+i of Aj lie in i?; and BJ+1, respectively. We define the map g as follows: 

g\[tj, rj] maps ([*,-, ry], fy, ry) onto (UjPj,Uj,pj); 
g\[rj, Rj\ maps ([ry, /?y], ry, i?y) onto (/?y^y, phqj)\ 
g\[Rj, tj+1] maps ([fly, tj+1], Rj, fy+1) onto (<7/W/+i> <7/> w/+i)-
Since t/y is connected, our choices of ry and pj imply that if tj ^ t ^ rj, 

then g(0 <£/(/). Similarly, g(t) $f(t) if Rj ^ t <. tJ+1. Our choices of f y, 
rj, and fly imply g(/) tf{t) if ry ^ f £ fly. Thus g: (I, 0, 1) - (S, u, v) 
satisfies for all t e I, g(t) $f(t). 

COROLLARY 2.5. Let (P, p) be a pointed one-dimensional compact poly­
hedron. Let XQ G S and letf: (P, p) -» {ARI, {x0}) be a map. Then there is a 
map g : (P, p) -» (S, - x0) such that for all yeP, g(y) $f(y). 

PROOF. We may assume P is connected and that p is a vertex of P. Let 
g(p) = — XQ. We proceed inductively on the one-simplexes of P. Let s be 
a one-simplex of P with endpoints a and b such that w = g(d) has been 
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defined. If g(b) = v has already been defined, we apply 2.4 to obtain g\s; 
otherwise, choose v = g(b) e S\f(b) and apply 2.4 to obtain g|.s. Thus we 
obtain g: (P9 p) -> (5, — x0) such that for all y e P, g(y) $f(y). 

It is clear that the map À: S -> ARI defined by X(x) = {x} is an embedd­
ing. We prove the following theorem. 

THEOREM 2.6. Let f: (P, p) -» (ARs
h9 {x0}) be a map, where P is a one-

dimensional compact polyhedron. Then fis homotopic rei p to a map whose 
image lies in X(S). 

PROOF. Let g: (P9 p) - • (S9 -x0) be as in 2.5. We define H: (P9 p) x / -> 
(ARl{xQ})by 

H(v t) = { ( 1 ~ t)x " tg(y) I xef(v)\ H ^ t } \ ||(1 - t)x - tg(y)\\ \xeJW)' 

By choice of g, the denominator is never 0. Hence H is well-defined. We 
observe H{y9 0) =/(>>), H(y, 1) = {-g(y)}eX(S)9 and H(p, t) = {x0} 
for all tel. Since for each fixed yeP the collection {Ht(y)\t e 1} traces a 
pseudoisotopy of f(y) in S, H(P x I) cz ARs

h as claimed. The continuity 
of H follows from that of f g, and vector operations, by an argument 
similar to those of 2.1 and 2.2. 

For pointed topological spaces (A9 a) and (B, b), let [(A, a), (B9 b)] denote 
the collection of pointed homotopy classes of maps from (A, a) to (B9 b). 
We have the following corollary. 

COROLLARY 2.7. If(P, p) and X are as above 9 then the function X* : [(P9 p)9 

(S9 xQ)] - [(/>, p), (ARs
h9 {x0})] given by Ulf]) = U °f] is surjective. 

PROOF. This is an immediate consequence of 2.6. 

THEOREM 2.8. 1*: IIi(S9 x0) -> IIi(ARl9 {x0}) is a surjection. Hence for 
S — Sn

9n > 1, ARs
his simply-connected. 

PROOF. Take P = S1 in 2.7. 

Indeed, for n = 1 or 2, stronger results may be obtained. It is known 
([4], 4.7) that for n = 2, the map X is a homotopy equivalence. For n = 1, 
we have the following theorem. 

THEOREM 2.9. Let S = S1 be the unit circle in the complex plane. Then 
ARs

h is homeomorphic to the Cartesian product ofS1 and a half-open interval. 

PROOF. Let A e ARs
h have endpoints x andy. (If A = {z} for some ze S 

then x = y = z.) If x ^ y9 let z be the unique point of A lying on the 
perpendicular bisector of the line segment from x to y. There is a unique 0 
such that 0 ^ d < % and {x9 y) = {ze*'0, ze"^}. It is easily seen that the 
map sending A to (z, d) is a homeomorphism of ARs

h onto S1 x [0, it). 
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3. Questions. Several questions arise concerning possible improvements 
of the results in the previous section. We pose them in descending order 
relative to the degree of improvement that would result from affirmative 
answers. 

It is known (2.2; also, [4], 4.7) that there are some finite-dimensional 
compacta X for which X and AR% have the same homotopy type. An 
example of Ball and Ford ([1], 4.8, p. 45) shows that it is possible for Xto 
be an AR while AR% is disconnected. Thus we ask the following questions. 

QUESTION 3.1. Let dim X > 2. Is it true that X and AR% have the same 
homotopy type if X is a manifold! If X = Sn,n > 2? 

QUESTION 3.2. Is it true that X and AR% have the same homotopy groups 
if X is a sphere! 

QUESTION 3.3. Let S = Sn, n > 2, and let À be as above. Does I induce 
surjections of all homotopy groups! 
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