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A NOTE ON SPECIAL CLASSES
OF p-VALENT FUNCTIONS

E. M. SILVIA

ABSTRACT. Let V,Mp) (k = 2, |]\] < 7/2, p 2 1) denote the class
of functions f analytic in 7" : {z/|z] < 1} having (p — 1) critical
points there and satisfying

. 2m re'd '(re*®
llrrr_l.lsllp .I; Be{e')\ <1+ _f'_](c;‘e"T) )}l df = kpm cos .

From V,Mp), we can obtain many interesting known subclasses in-
cluding the class of functions of bounded boundary rotation and the
class of p-valent functions f(z) for which zf(z) is A-spiral-like. In the
present paper, the results obtained for f € V,*(p) include a domain
of values for (1 + (zf”(z)/f(z)), a distortion theorem for
Re ¢'* log[f (z)/2*~1], and the Hardy classes to which f and f belong.

1. Introduction. Let A, (g= 1) denote the class of functions
fle) =22+ Z*_ . a,2" which are analytic in 7 :{z/|z] <1}. For

fEA, we say f belongs to the class Vi p, q) (k=2, A|<u/2,
p = g, p an integer) if there exists § > 0 such that

(1) J Re { 1+ ’e;?; 'e(,.'f)w) }dl) =2pr(l-8<r<l)

and

(2) lim sup jo'zw

1"

. i6.077 (158
Re{e”(l-{-%—) )}l df = kpwcosA.

Condition (1) implies that f has (p — 1) critical points in 77", Further,
V,Mp, q) is the class of p-valent functions f for which zf" is A-spiral-like
in7".

The class V,Mp, q) was recently introduced by the author [11]. For
special parametrizations, V,Mp, q) coincides with several interesting
classes. For instance, from condition (2), V,%1, 1) is the class of func-
tions of bounded boundary rotation introduced by Lowner [5] and Paat-
ero [7], [8]. The class V,*(1, 1) was investigated by Moulis [6] and Sil-
via [10], while V,%(p, q) was recently studied by Leach [3].
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In the following, we restrict ourselves to the case where p = q. For
the class V,A(p, p) = V,Mp), the transformation satisfying

Pap—lzﬂ—lf'((z + a)/(1 + Zz))
Fla)z + aP~Y1 + Ez)pe-zu_,_l

for |a| <1, p = 1 is shown to be V,Mp)-preserving. This result enables
us to obtain a domain of values for 1 + (zf'(2)/f(z)) whenever
f € V,Mp) (]2| = r) and a disc where f is convex. Additional results are
obtained concerning the Hardy classes for V,*(1).

F,(z) =

2. A V,Np)-preserving Transformation. In order to obtain the desired
transformation we need the following lemmas which are proved in [6]
and [11], respectively.

Lemva A. If h €V,Ml) then H defined by H'(z)=
Wiz + @)/(1 + @)/K(@) (L + ™™, (] <1, | <1 and H(©) = 0)
is in V,N1).

Lemma B. The function fe€ V,Mp), p=1, if and only if
f'(z) = pzP~Y[K(2)]P for some h € V,}(1).

From Lemmas A and B we easily obtain

TueoreM 1. If f € V,Np) then the transformation F, satisfying

e = PPz + @)/(1 + az))
O FE = Rl v ap T+ agpe

isin V,Np) for all a, |a] < 1.

(z €7, F,(0) = 0)

Proor. By Lemma B, there exists h € V, (1) such that
4) f@) = pz" W @)P.
For such an h € V,X(1), we define H € V, (1) by
(5) H(z) = K((z + a)/(1 + az))/K(a)(1 + az)™+1,
where H(0) = 0. Using Lemma B, and (5) we see that an F, such that
(6) F/(z) = p2~'[H@)P
is in V,X(p). Finally, from (4) we obtain
pe- 1K (@)]P = ()
(152) " ()=o)

and (3) follows from (6) and (7).

(7
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ReMARk. For p =1, Theorem 1 reduces to Lemma A. For p =1,
and k = 2, we have the result obtained by Libera and Ziegler [4]. If
p >0, k =2, Theorem 1 gives us a transformation that preserves the
class of p-valent functions f for which zf’ is a A-spiral-like function.

It is known [11] that for fz) = 2# + 3., a,z" € V,\(p),
®) (® + Dia,,l = p?k cosA
with equality for f satisfying f'(z) = pz*~![F'(2)]? where

, (1 + €z)k/Z—l e—*\cos \
F(z) = { —m“—l > |€| = 1.
We now use this coefficient bound and Theorem 1 to obtain

THEOREM 2. For |z| = r and f ranging over V,Np) the domain of val-
ues of 1 + (zf"(2)/f(2)) is the disc with center (p(1 + r2cos 2A)/(1 — 12),
—pr?sin 20/(1 — 12) and radius pkr cos\/(1 — 72).

Proor. Whenever flz) = 2% + 2_  ;a,z" € V,Np), lim, (f"(z) —
pp =22 = plp + Bl For [ € Vilp) e

Fyz) =2° + 2,_,,1A,2" € V,Np) be given by (3) for 0 < |a|31. By
direct calculation we have

'’ —2i 2 _
© PP+ DA, =p(l - |a|z)ff,(<:)> _ plpe™ + 1>|Z| +pp 1)

Combining (8) and (9), we obtain
@) (pe + Djal + (p — 1) pkcosh
f'a) a(l — |af?) 1 — |af?

From (10), it follows that, for |z| = r <1,

( 1o AR ) p(l + 722 pk r cos A
Y )T 1- 2 1-2

I

(10)

IA

()

the desired result.
CoroLLARY 1. If f € V,Np) then

(12) log{ “(1__‘”—)—} = Re{e™Nog[f'(2)/p=~1])

|z|)k+2
1 + |z|)k -2 p/2cos\
= log { _ k T2 s

and these bounds are sharp.
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Proor. From (11), for |z| = r < 1, we have

FE) _ _(pet + )P+ (p - 1) ’ < phreosh
CH I B

It follows that
. " k
r { 2f"'(2) —(p—l)}— 2p 1% cos A I ~ pkrcosA

f(z) 1—# T 1-
and
2p rcos A — pk cos A < Re [ or e“’f”(r.e"o) _p-1 } ]
T Foew
< 2prcosA + pkcosA .

= 1— 7

We obtain (12) by integrating with respect to r. The upper and lower
bounds in (12) are obtained for f satisfying f'(z) = pz"~[F'(z)]?, where

, 1 — k—2 e/2-cos \
F(z) = { —El : 2k+2 }

with 2 = r and z = —r, respectively.

CoroLLarY 2. If f € V,Np) then f is convex for |z| < 2/(kcosA +
(k? cos®A — 4 cos 2A)1/2),

Proor. From (11), we have

0" (retd 1 + 7®cos 2N — krcos )
Red 1 rel0f"(re*’) } > _ P
e{ T T ) 1-7
Thus, f will be convex if
(1 — krcosA + r2cos2)) > 0

and the result follows.

3. Hardy classes for V,A(1). For real y, p > 0, we say that a function
h analytic in U belongs to the class H* if

{7 hreitye do < M

for 0 = r <1, M a constant determined by h and .
In order to obtain the H* classes for V, (1), we will use the following
well known lemmas.
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Lemma C. A necessary and sufficient condition for f € V,N1) is that
there exist an h € V,%(1) such that

@) = B,
LemMA D. Let f € V,N1). Then, for |z| = r,
|arg f'(re'®)| = k cos A arc sin .

Lemma E. If f' € HH, o < p =1 then f € H*1~# where, for p =1,
H®> is the class of bounded functions.

LemMmA F. Let h € V,%1). Then b’ € H* for all p < 2/(k + 2) and
h € H? for w < 2/k. Furthermore, if h' is not of the form

(13) K(z) = (1 — ze~ito)=*/2+D) exp{ j:: — log(1 — ze~i*) dm(t) }

(m(t) a probability measure on [—m, ), then f € H* for some
p>2/(k + 2) and f € H" for some n > 2/k.

Lemmas C and D were proved in [10]. Lemma E can be found in [2,
p- 88] and Lemma F is due to Pinchuk [9].

THeoREM 3. If f € V,N1) then f €HF for all p < 2sec?A/(k + 2)
and f € H" for 1 <2/((k + 2)cos?X — 2), 2/(k + 2) < cos?\. Further-
more, if f’ is not of the form f/(z) = [h'(2)]°”"*°* where h is given by
(13) then there exists 86 = 6(f) > 0 and e = ¢(f) > 0 such that
f’ € H@+dsec?N/(k+2) gn ] f € H2+e/(k+2)cos?A—2) for 2/(k+2) < cos2\.

Proor. For f € VA1), let h be given by Lemma C. Thus [f'(z)] =
[R(z)]cos™—isinAcosh and |f(z)|* = |h/(z)|°5™exp{usin A cosA argh'(z)}.
By Lemma D, the exponential factor is bounded. Thus the result fol-
lows from Lemmas E and F.

Note that for A = 0, Theorem 3 reduces to Lemma F. When k = 0,
we have the result obtained by Basgoze and Keogh [1] for the class of
A-spiral-like functions.

For f(z2) =z + 2, _,a,z" € V,X1) the sharp upper bounds for |a,|
and |a,| are known [10] and [11]. From Theorem 3 and the well known
result [2, p 98] that f(z) = 2 a,z" € H* (0 < p < 1) implies
a, = o(n/*~1), we obtain a growth estimate for the Taylor coefficients
of f € V().

CoroLLary. If flz) =z + 2, ,a,2" € V,X1) and (k + 2)cos?A > 2
then
a, = o(n[(k+2)cos2)\—4]/2).
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