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ON THE SUPPORT OF THE RADON TRANSFORM
STEPHEN ANDREA

A basic tool in the study of hyperbolic equations is the Radon trans-
form: if f(x) is a function defined in R", then one takes
Rf(s, w) = [ pfix)do, where s € R, w € R" has norm one, P is the hy-
perplane in R™ given by {x € R/x - w = s}, and do is the element of
(n — 1)-dimensional measure.

The domain of the Radon transform can be taken to be .”(R"), the
space of smooth functions which, together with all derivatives, vanish
rapidly at infinity. For this case, it turns out that the Radon transform
is in. (R X §"~1).

Now, one sees directly that if f were in C;® (R™) and had support in
|| = M, then Rf(s, w) would vanish for all |s| = M, that is,
J pf(x)do = 0 for all hyperplanes P in R™ whose distance to the origin
is at least M.

It is an interesting result that the converse statement is true.

TreOREM. Let f € #(R"), and suppose that  pfdo = 0 for all hy-
perplanes P in R™ whose distance to the origin is greater than some
M > 0. Then in fact f € C,®(R"), with support in |x] = M.

This fact appears in Ludwig [1] and Lax-Phillips [2], where its proof
depends on spherical harmonic expansions and the Paley-Wiener theo-
rem. The present note will give a direct proof.

STEP ONE. If the theorem holds in R™*! then it holds in R™.

To prove this, take f €.7(R"). Then pass to g €.7(R"*1) where
glx, t) = flx)p(t), with x € R", t €R, and ¢ € C,®(R). Suppose ¢ has
support in —e =t =

Suppose fp  fdo, ; =0 for all hyperplanes P, ; in R* whose dis-
tance to the origin is at least M = 0. Then consider f , gdo,, where
P, is a hyperplane in R"*! whose distance to the origin is at least

+e€“

If supp (g) N P, = ¢ then f, gdo, = 0. If not, then for each t € R
let P,_,(t) C R™ denote the hyperplane {x € R"/(x, t) € P, C R**!}. If
|t} < € the geometry of the situation shows that P, , (¢) will have a dis-
tance at least M to the origin of R".
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—J{t€ER
t=c¢€ P,
x € R*
x| = x| =M
t= —¢

Now fp gdo, = (constant) X [*¢¢(t) f p_,f(x)do,_, di. Since the
integrand "vanishes by the hypothesm on f, we see that f, gdo, =0
for all hyperplanes in R™*! sufficiently distanct from the origin.

Thus the theorem «can be applied in R™*!, showing that f(x)¢(t) has
support in |x|? 4+ 2 = M? + €2 Letting € pass to zero, one gets the re-
sult for f €. 7(R").

From now one can assume that n = 3, and is odd.
STEP TWo. The theorem holds when f(x) is radial.

For, taking f(x) = ¢(|x|) where ¢ : R — R, one can use the particular hy-
perplane

= {x € R"/x, = s}, for s > 0.

Then one gets

j;’(s) f(x) do = const. j;w & (VT F 2 )rm2dr

= const. F(s),

where F(s) = [2¢(t)(t2 — s?)®~3/2tdt, via the change of variables
52 + 2 = 2. Moreover, F(s) = 0 in s > M.

Now the exponent (n — 3)/2 = m is a nonnegative integer; for the
case n = 3 and m = 0 we have F'(s) = —s¢(s), proving that ¢(s) = 0 in
s > M as desired.

For m = 1 we have

_L_F fq; — s?ym-1¢de.

2ms

Thus ¢ (s) can always be obtained from F(s) by successively dividing by
s and differentiating. Hence F(s) = 0 in s > M implies that ¢(s) = 0 in
s> M.

Step THREE. Given f € #(R") with [ ,fdo = 0 for all hyperplanes
P C R* whose distance to the origin is at least M. Then
J zi=-fix)do = 0 for all r = M.
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To prove this, consider the functions f{Vx) where V ranges over the
orthogonal linear transformations of R™ to itself.

Take g(x) = f yeom f(Vx), with integration by Haar measure in the
compact group 0(n). Evidently g(x) = g(V,x), showing that g is constant
over the spheres |x| = r. To identify g, note that [ ,_ fiVx)do =
J 2= fx) do for all V € O(n); then, changing the order of integration
in

S oa f fve
lzi=r VEO(n)
one sees that [ _ g(x)do is equal to C, [, f(x)do, where C, is the
total measure of O(n). Since g is radial, we have that g(x) is a nonzero
multiple of the integral of f over the sphere of radius |x|.

But the transformations V preserve hyperplanes and their distances.
Thus each function x — f{Vx) satisfies the hypothesis, as does their aver-
age g(x). Now, g(x) €.7: since g is radial we must have g =0 for
|x| > M, according to Step Two. This gives the result.

Step Four Given f €.7(R"), with [ pfdo =0 for hyperplanes
P CR™ whose distance to the origin is greater than M > 0. Then
flx) = 0 for |x| > M.

Take € > 0. Then, for a € R* with |g| <¢ the displaced function

flx + a) will continue to satisfy the hypothesis, but with the slightly
larger constant M + e. From the preceding step we have

jl;—m:r fix)do = 0,

valid when |a| <eand r > M + e

Put a = a, + tE; where E; is the unit coordinate vector in the jth di-
rection. We differentiate the equation with respect to ¢t at ¢t = 0, recall-
ing that the finite difference quotients of f converge uniformly to
0f/0x;. The result is that

ST wydo=o0

—al=r axl

in the same range of r and a.
Now take the vector field V = f(x)E;, whose divergence is df/dx;.
From the preceding formula we have

S s diVVdR® =0,
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valid for |a| <e¢ M + € < r < R. Gauss’ theorem gives

L_a.:, V.Ndo = j,;_a,:R V.N do.

The second integral tends to zero with large R because f and its de-
rivatives decrease rapidly and uniformly. Hence

X, — a;
jl;—aizr V.Ndo = -J:t—al:r f(x) T;__a'i_ do = 0’

whenr > M + e

The foregoing has established that if f satisfies [ ,_,_,flx)do = 0
for all > M + € and |a| < then xf(x) will have the same property.
By repeated application, one sees that every polynomial multiple
P(x) f(x) will have a zero integral over the relevant spheres.

But then f(x) = 0 in |x| > M + € by Weierstrass approximation.

This completes the proof of the theorem.
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