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SOME GEOMETRIC PROPERTIES OF 
LORENTZ SEQUENCE SPACES 

P. G. CASAZZA AND BOR-LUH LIN 

Leti ë p < °°. Foranya = {d\,a2i • • •) €E c0\Hi,l = ax è a2 = • • • 
è 0, let 

d(0, p) = {* = («l» «2, ' ' ') G c0 : ||x|| 

( °° \ 1/P -i 

S k(<WK) < » } 
where 7r is the set of all permutations of the natural numbers N. The 
Banach space d(a, p) is called a Lorentz sequence space. The Lorentz 
sequence spaces in some sense are "weighted" £p-spaces. They possess 
some common properties with £p-spaces, but not always. For recent 
results on Lorentz sequence spaces, see [ 1, 2, 3 ,4 ,5 ] . 

It is known [11] that d(a,p) is reflexive for every a €E c0\jll when 
1 < p < oo . However, in general, d(a, p), 1 < p < oo, is not uniformly 
convex. In fact, it is known [1] that in d(a,p), 1 < p < oo, uniform 
convexity, uniform convexifiability, and the condition infns2Jsn > 1 
where sn = 5)?-i aif n = 1, 2, • • -, are equivalent. In this paper, we 
show that if 1 < p < oo then for every a G c0\fily d(a, p) is locally 
uniformly convex. 

A Banach space X is said to have the property (H) if X is strictly 
convex and for any sequence {xn} in X and x in X, lim^l^H = ||oc|| 
and {xn} converges weakly to x imply that limn||xn — x|| = 0. The 
space X is said to have property (2R) if for any sequence {xn} in X 
such that ||ocn|| = 1, n = 1, 2, • • -, if limn>m||xn + xm\\ = 2 then {xn} is 
a Cauchy sequence in X. We show that every d(a, p), 1 ^ p < oo has 
property (H) and if 1 < p < oo 9 then every d(ay p) has property (2R). 
Hence there exist Lorentz sequence spaces with property (2R) but 
which are not uniformly convexifiable. It is known that Day's spaces 
[7] also possess these properties. We refer to [9, 10] for the 
detailed study of properties (H) and (2R). 

A Banach space X is said to be locally uniformly smooth if for any 
x in X with ||x|| = 1 and for any e > 0, there exists a 8 > 0 such that 

II* + yII + II* - yII = 2 + 4y\\ for a11 y with IMI = *• i * § 2> w e 
show that for all a G c0\jLi and 1 < p < oo ? d(a, p) is locally uniform-
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ly smooth. We also prove that if X is a Banach space such that X* is 
a locally uniformly smooth space with property (2R) then X is locally 
uniformly convex. Thus for all a G c(\jLl and 1 < p < <x>, d(a, p)* is 
also locally uniformly convex. 

For the terminology on basis theory, we refer to Singer's book 13]. 

1. Throughout the rest of the paper, we shall let {en} be the unit 
vector basis of d(a, p). It is easy to see that {en} is a symmetric basis 
of d(a, p). 

PROPOSITION 1. Let x = ^°ï=laiei be an element in d(a,p), 
1 < p < oo . Then for any n £ N , 

II n \\v II * \\v 
|*|" S 2 a* + 2 a* \\ . 

II i = l II M i=n + l H 

PROOF. Let {d*} be the nonincreasing rearrangement of the non­
zero terms of {|aj}. Let {ßi} (respectively, {y*}) be a nonincreasing 
rearrangement of {|a*|}?=i (respectively, {|of|}°i=n+1). Then for some 
7 = (kl9 k2, ' * *, kn} a n d / = N\Z we have: 

00 

t = l 

m 

t = l iGJ 

m °° 

= S ßip<*i+ E y M 
i=l i= l 

= É «^ + É °̂ < 
Il i = l H M t = n + l II 

THEOREM 2. Euert/ d(a, p), 1 < p < oo foas property (H). 

PROOF. It is easy to see [e.g., Remark 1; 1] that all d(a, p) are strictly 
convex. 

Let x = ]£ 1=i otiti and xn = J ) 1 = 1 a * ^ , n = 1, 2, • • • be such that 
limn||jcn|| = ||x|| and {xn} converges weakly to x. Since {en} is sym­
metric, without loss of generality, we may assume that ax = a2 = 
• • • ^ 0 and ||s|| = 1. 

Given e > 0, choose klE.N such that || ^ %^+i a^ | | < €. Since 
linVjII^II = 1 and limnOi(n) = <%, i = 1, 2, • • •, there exists fc ̂  fcx such 
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that for all n ^ k, 

(1) | | | * n | | » - l | < e , 

II "' II 
(2) 2 (at - aj<-% < e, 

t = l 

(3) 

and 

I 2 (of - k<-)|")a, I <€ , 
1 t = l ' 

(4) I 1 - S <*Pai I < € 

By Proposition 1, for all n è k, we have 

°=iwip- il s « ^ i r - 2k(n)ipoi 
II t=fc1 + l II »=1 

II kl II p kl 

s 2«* (nH - ' 2 W n ) K 
ii t=i H t=i 

I n fci MP M ki 
2 °nMei - S ^ 

II i = i II II i = i 

I
fci * i I 

2 <*"«* - 2 k (n )Ni < 2e-
i= l i=l ' 

Hence for all n i / c , 

i=fc! + l H ' II i=fcj + l 

+ ik'i^-lwH+llKII" 
1 = 1 

k I *l I 

+ 1 - 2 ^ 

+ 11 2 W - W0!")* 
• »=i 

<5e. 
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Thus if n ^ It, then 

IK - 4 = || S (<*(n) - <*te || 

+ II 2 *<»>«, 11+11 i « ^ || 
II *=fc1+i II II i=fc1-hl " 

< e + (5e)^ + €. 

This completes the proof that limn||xn — x|| = 0. 

REMARK. Let {en} be the unit vector basis of d(a, 1) and let {fn} 
be the sequence of coefficient functionals of {en}. Then {fn} is a 
shrinking basic sequence [cf. 3] and hence d(a, 1) can be identified 
as the dual space of the closed linear subspace [fn] spanned by {fn}. 
By the same argument used in Theorem 2, it can be proved that every 
d(a, 1) possesses property (H*). That is, for any elements x and xn, 
n = 1, 2, • • • in d(a, 1), if limn||xn|| = ||x|| and limr]/(xn) = f(x) for all 
/ G [ / n ] , t h e n l i m n | | x n - x | | = 0. 

A Banach space X is called point locally uniformly convex [e.g., 
6] if for any sequence {xn} and any element x in X such that 
limn||xn|| = 1, ||x|| = 1, and such that {xn} does not have a weak 
cluster point of norm strictly less than one, then limJIx + xn|| = 2 
implies that limn||xn — x|| = 0. Since for 1 < p < oo? every d(a,p) is 
strictly convex [e.g., 1] and reflexive, by a result of Fan and Glicks-
berg [ Theorem 3; 10], we have the following result. 

COROLLARY 3. For 1 < p < <*>, all d(a, p) are point locally uni­
formly convex. 

THEOREM 4. Let x = ^ °°i=1 a ^ and xn = 5) °5-i <*i{n)ei> n = 1, 2, 
• • • be elements in d(a, p), 1 < p < » such that \\xn\\ ^ 1, n = 1,2, • • • 
and limnm||xn + xm|| = 2. If x is a weak limit point of {xn} then 

11*11 = i- ' 
PROOF. It is clear that ||x|| ^ 1. Suppose that ||x|| < 1. 
(Case 1): x = 0. Choose € > 0 such that 21/"(1 + *) < 2. For any 

K E N , let n^K and choose k such that || £ %k+l a ^ H < €. 
Since {xn} converges weakly to 0, choose m ^ K such that 
|| S^=i <Xi{m)ei\\ < €- Then, by Proposition 1, 
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||xn + *m||»=i | | i («,<*> + a»o»>)e, 

*(III, HI+ III, HI)' 
+( II i , HI+ II i , «"* 

< 2(1 + c)". 

Thus for any K, there exist n, m è K such that ||ocn + xm\\ < 2^(1 + e) 
< 2, which is a contradiction. 

(Case 2): 0 < ||x|| < 1. Let e = 1 - ||x|| > 0. We may assume 
that \ax\ ^ \a2\ ̂  • • •. For any given 8 > 0 with 1 - pò < (1 - 8)p 

and for any K G N, choose n, m ̂  K such that 

(1) ||*„ + *m|| a 2 - 8. 
Choose ^ G N such that 

<2) ii,.iw'ir<s 

Since {xn} converges weakly to x, by choosing n sufficiently large, we 
may in addition assume that 

I kl i 

(3) I Si(klp-k(iphi| |<8. 
Next, choose k2 > fci such that 

<4) iLiHr<s-
Finally, let m = K satisfy (1) and 

(5) I 2 (|oft|p - k ^ l ^ I < 8. 
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Choose a G IT such that 

UP 

Wn) + <Vm)lX(i) ) 
i = l 

UP 

=i ||*n|| + ||xm|| =ê 2, 

By (1), 

(
00 v ] 

2 k<»> + o»(->|^0 ) 
i = l ' 

S k l ^ o ) + ( S k(m)K(i))
1/p 

(6) (1 - 8)" ̂  S k^lX(i) ^ 1, j « «» m. 
i = l 

Also, by (3) and (5), we have 2*- i (k<n)lp ~ k(m,lpHr<i) < 28. 
Hence by (4) and (6), 

I 2 k<B,IX<«>- 2 k (m)lpa.(i)| 
i=fci+l i = f c 2 + l 

g S (k (n )lp-k (m)lpK(i) 
t = l 

+ 2 (k<n)lp - k<m,lp)<w> 
1 i = l * 

+ S k<n>IX«+ 2 k{m>IX(i) 

. * 2 

g [1 - (1 - 8T] + 26 + 8 + S (k ( w )lp - klpK(i) 
1 i=fc1-hl 

(7) 

k2 

+ S kK« 
i=fc1+l 

g p8 + 38 + 8 + 8 = (5 + p)8. 
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1/p 

+ ( S k(m)IX(i))1/P] 

Let 

Then 

UP -| P 

+ r ( s k(n)ix(i))
1/p 

1/P 1 P ( ** \ 1/P 1 

2 h(m)Ki> ) I 
t=fc1+l ' J 

+ [ ( J L k<«>Kw)
J 

/ * \ l/p 1 p 

+ ( S k(m,Ki)) ] • 
i=fc2 +1 

(8) r = S |o>>K(i, 

E k(n)Ki) = S k(n)IX(i) 

i=k!+l 

Hence, by (3) and (5), 

* 2 
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kl ki 

2 k<»"K(o ̂  2 k ( n , K w 
t = l t' = l 

2 (k<»'|" - Wm>\»)aa(i) 
i = l 

S (1 - T) + 28. 

By (2) and (5), we have 

X k"»>K«> = I 2 (k,m,l" - kl")<w, 

*=*i+i 

< 28. From (4), 

and from (7), 

2 |a>>K<i>=^1"' 
t=fc2 +1 

2 WmYaa(i) ̂  T + (5 + p)8. 
i=k2+ 1 

Hence, 

||xn + x m | | ^ [ ( 1 - T ) " + ( 1 - T + 2«)P]P 

+ [r1^ + (28)""J " + [81/p + (T + 58 + p8)1/p] " 

S 2 P ( 1 - T + 28)4- [r1^ 

+ (28)1/p] p + [8llp + (r + 58 4- p8)1/p] p. 

Now, by (5), 

*i i ** I 

2 k(n)IX(i) = S (k(n)l" - kl")«*, 
. = i • t = i 

+ S klX(0 < 8 + (1 - €). 
t = l 
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Hence, from (6) and (4), we have 

T = 2 h<B,K(o- 2 k (n,lx (i)- 2 h(B,K« 
(10) 

^ (1 - 8)* - (1 + 8 - €) - S. 
On the other hand. 

(11) T S i k<»)|X(o - 2 k(n)IX(n, == i - l«i(n,K(i,-
i = l i = l 

By (3), if S ê laJ/2, then |ai<">| ^ jcrj - 8 ^ laJ/2. Choose j £ N 
such that K l ^ > 2" where s, = £ L i <*<• N o * e that ki ( n ) + V " ! 
^ 2I0J - la,«"' - a j - |o1<

m> - a j ^ ^ a j - 28 ^ |a j . Hence if 
a(l)^j then 2 " ^ ||xn + *m | |"^ 2<=i l«i<n> + « i < m , K = l«i(B) + 
ai(m)|pSj. g \ai\pSj > 2P, which is a contradiction. Thus a„.(1) ^ as and 
by (10) and (11), we conclude that 

(1 - 8)" - 1 - 28 + € < T < 1 - l a ^ X u ) 

<'-(W* 
Since lim6_>0[(l — 8)p — 1 — 28 + e] = €, we have proved that there 
exist €0 > 0 and constants a,b with 0 < a < b < 1 such that if 0 < 8 
< €0 then for any r defined as in (8) we have a< r < b. We may 
also choose 8 sufficiently small so that a < T — (5 + p)8 < r + 
(5 + p)8 < b and let c = max(a, 1 - b). The from (1) and (9), we get 

(2 - 8)" g \\xn + xm\\p^ 2P(1 - c) 

(12) + [c1/p + (28)1'"] " + [*1/p + c1/p] p. 

That is, for any 8 > 0 sufficiently small and for any integer K there 
exist n,m^ K such that (12) holds. But 

lim {2»(1 - c) + [c1/p + (28)1/p]p 

+ [81/p + e1/"] "} = 2"(1 - c) + c + c < 2* 

and limô_>0(2 — 8)p = 2p, which is a contradiction. 

From Corollary 3 and Theorem 4, we get immediately, 

COROLLARY 5. For 1 < p < oo 9 all d(a, p) are locally uniformly 
convex. That is, for each 0 < e â 2 and \\x\\ = 1 in d(a, p), tfiere existe 
8 > 0 sucft tfia* ||* + y|| ^ 2 - 8 for all \\y\\ ^ 1 with \\x - y\\ è €. 
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THEOREM 6. If 1 < p < » , then every d(a, p) possesses property 
(2R). That is, for any sequence {xn} in d(a, p) with ||xn|| = 1, n = 1, 2, 
• • -, if limnm | |xn + xm|| = 2 then {xn} is a Cauchy sequence in d(a, p). 

PROOF. Since d(a,p) is reflexive when \<p< <*>, there exist 
x G d(a, p) and a subsequence {xn.} of {xn} such that {xn<} converges 
weakly to x. By Theorem 10, ||x|| = 1. Since d(a, p) has property (H), 
we conclude that lim^x,,. — x|| = 0. 

Suppose {xn} does not converge to x in norm. Then there exists an 
e > 0 and a subsequence {x^} of {xn} such that ||xjt — x|| ^ €, j = 1, 
2, • • •. Since d(a,p) is locally uniformly convex, there exists a 8 > 0 
suchthat ||x + xkj \\ < 2 - ô,j = 1,2, • • \ Since limf||x„. - x|| = Oand 
limnm | |xn + xm|| = 2, choose n„ fc, such that ||x — xni|| < 8/2 and 
| | x n . ' + x f c . | | ^ 2 - 8/2. Then 

2-ô>\\x + xkj\\^\\xhj+xni\\-\\xni-x\\ 

which is a contradiction. 

2. DEFINITION. A Banach space X is said to be locally uniformly 
smooth if for any element x in X with ||x|| = 1 and for any e > 0, 
there exists a 8 > 0 such that ||x + y\\ + ||x - y\\ ^ 2 4- e\\y\\ for all y 
with ||y|| ^ 8. 

It is clear that every uniformly smooth space is locally uniformly 
smooth. 

THEOREM 7. If X is a Banach space and if X* is a locally uniformly 
smooth space with property (2R) then X is locally uniformly convex. 

PROOF. Assume not. Then there exists an € > 0 and elements 
11*11 = IWI = 1, n = 1,2, • • • in X such that ||x - xn|| ^ €, n = 1,2, • • • 
and limn||x + xn|| = 2. Let fn, gn be elements in X* such that | |^| | = 
||gB|| = 1, ||* + x„|| = fn(x + xn) and ||x - xn|| = gn(x - xn), n = 1, 2, 
• • •. Then 2 = limn||x + xn|| = limnjTn(x + xn) and so 1 = limn/n(x) 
= limn/n(xn). Now since limn>mj|/n + /m | | ^ limn>TO|/n(s) + fjx)\ 
= 2 and X* possesses property (2R), there exists f in X* such that 
limn||/n - / | | = 0. Hence limnjT(xn) = limn/n(xn) = 1 and f(x) = 
limnj^(x) = 1 . By switching to a subsequence if necessary, we may 
assume that/(xn) è 1 — e/2n, n = 1, 2, • • •. Now for n = 1,2, • • -, 
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= / ( * + x») + ^-g„(x - *„) 

\ In/ n 2 H n H 

This shows that X* is not locally uniformly smooth, which is a contra­
diction. 

We now prove three technical lemmas for our next main result. 

LEMMA 8. For any given 1 < p < <», a > 0 and e > 0, there exist 
positive real numbers b and c such that [a + (ß + y)p]l,p ^ (a + 
ßpyiP + eyforalla^ a, b ^ 0 ^ 0 and c ^ y è 0. 

PROOF. Since l im^.^ (0 + y)p"V[a + Q3 + y)p] l~llp = 0, there 
exist b > 0, c > 0 such that (0 + y)p~l ^ e/2[a + (ß + y)p] l~Vp for 
all ß and y with 6 ê j 3 ^ 0 , c § y ^ 0 . Fix a and 0 where a= a 
and b ^ ß ^ 0 and define for each y with c â y ^ O , 

/(y) = (« + 0p)1/p + ey - [a + (ß + y)p] llp. 

Then /(0) = 0 and for all y with c ^ y ^ 0, / ' (y ) = e - (/B + y)p"V 
[a + (ß + y)p] i-i/P ^ e/2 > 0. Hence/(y) ^ 0. 

LEMMA 9. Let x = ^ £=1 a„en be an element in d(a, p), 1 ê p < a> 
such tfiaf k | è |a2| = • * • and letk G N such that \ak\ > \ak+i\. Then 
for any 0 < 8 < ( k | — k + 1 | ) / 3 and for any element y = ^ °°i:=lßnen 

in d(a, p) such that ||t/|| = 8 there exists a G 7r such Ê W ||x H- y\\p = 
S n-i k + AilXdo, *(!*) = 4 «nd a(/fc) = /* where Ih = {1, 2, • • -, 
fc}and/fc=N\Zfc. 

PROOF. For any i G lk, h + ft| è k | - |ft| ^ k l - \\y\\ ^ k | 

- S ̂  k | - ( k | - k + 1 | ) / 3 > ( k | + k + 1 | ) / 2 . On the other hand, 
if j G h then ( k l + k+i l ) /2 > k + 1 | + 8 è k + 1 | + ||y|| ^ |q| + 
I/Hjj § \a, + ßj\. Hence k + ß{\ > \aji + 1/3,1 for all i G Jfc and 
j G / f c . Since the norm ||x + y\\p is assumed when both sequence 
{ k + ßn\}n=iX ' ' and {an} are in non-decreasing order. Hence there 
exists a G TT such that ||x + y\\p = ^ n=i k + Ajp<t(„), cr(Ifc) = Ik 

and a(Jk) = /*. 
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LEMMA 10. Let x = ^ni=ì ct^ei be an element in d(a, p), l a p 
< oo. If <xx ^ a2 = * ' = On> 0 then there exists 8 > 0 such that 

(S*"=l a*Pfllr(0)1/P— 11*11 ~ 8 f0r a^ a ^ ^ ^ C ^ ̂ a ^ a<r(i) / ai f°r 

somei = 1, 2, • • -,n. 

PROOF. L e t / n = {1,2, • • -,n} and let7rn be the set of all permutations 
<T of ln such that aa{i) ̂  a{ for some i G Zn. Then ^"=1 a*p4r(«) < ||*||p 

for all a G7Tn. Since 7rn is finite, there exists ôx > 0 such that 
s u p C S l L x a ^ i , ) 1 ' ^ | | * | | - « ! . 

Let m be the smallest integer such that m^ n and am > am+l. Let 
€ = min{am — am+1, a{ — an:i E. In and arf ̂  an}. It is clear that 
e > 0. Choose 0 < ô2 < ôi such that ô2 =

 €<*nP' Then for any a G 7r 
such that aa(j) ^ a^{k) for some j > n, k^ n, a (J) ̂  n and a(k) > n, 
it is easy to see that aa{j) — ajjt) ^ e. Finally, let 0 < 8 = 82 

satisfy | | x | | " - 8 2 ^ ( | |* | | - 8)". 
Now for any a G n such that aCT(i) ̂  a* for some i G Jn, let an be 

the restriction of a to 7n. If a n ELTTU then (]Tt
n

=1 Oip4r(i))1/p = ||*|| 
— 81 ê ||x|| — 8. Otherwise, there exist k G In and j > n such that 
a(/) G In anda(fc) > n. Then 

n n 

S «tX<0 = 2 «*X(i) + «feX(i) + «fcP(öc(fc) ~ 4r(j)) 

i¥=k 

n 

S B X | P - « , S ( | X | - 8 ) P . 

THEOREM 11. Every d(a, p), 1 < p < oo is locally uniformly smooth. 

PROOF. Given any e > 0 and x = ^ n=i <*,»£„ *n d(a, p) with ||x|| = 1, 
we may assume that \cti\ = |a2|| = ' ' "• Le* ex = 6/2 + 21/p and a = 
1I2P. By Lemma 8, there exist numbers b > 0 and c > 0 such that for 
all a ^ a, b è j3 è 0 and c ̂  y è 0, 

(1) [a + (j8 + y)p] llp ̂  (a + £p)1/p + € # . 

Choose an integer k such that |afc| > |a*+il> 

<2) II I H K - HiHISi" 
Let Ik = {1, 2, •*•,&} and /*. = N\/fc. By Lemma 10, there exists 
ox > 0 such that for all cr G ir with aa(n) ̂  an for some n G I*. Then 



S O M E GEOMETRIC PROPERTIES 695 

(3) £ kU„<„)< || S <^n|| "Si-

Since ip, 1 < p < » is uniformly smooth, there exists 82 > 0 such 
that 

(4) \\x + y\\p+\\x-y\\p^2 + e1\\y\\p 
for all ||JC||P = 1 and \\y\\p â 82 where || • ||p is the usual norm in Jtp. 

Finally, let 83 > 0 and 1 - 81 < (1 - 83)
p and let 

= < 

min 
h 8 3 lofcl - l<*fc+il 7 e f Q2 Ô3 iQfcl - Ofc + 1 C i « 

{I^'~2~~' 3 ' h> Y } lf
 n = ? + 1 ^ n = ° 

min 
/81 82 tel - hn-il , c il ^ Il 1 1 
12' 21"- ' 3 ' '2 'HJ^i H' 4 J 

if £ o^O. 
n=fc + l 

We shall show that for any y = ^,n=ißnen m d(a>p) with ||t/|| ^ 8 
then|x + y|| + | | x - y | | S 2 + c||y||. 

Choose «r, S ir, i = 1, 2 such that ||x + y\\*> = £ ~=i k + j8nK l (n) 

and ||x - yll" = J) n-i K " Ä J ^ w By Lemma 9, we may assume 
that «7,(1*) = h und<Ti(Jk) = Jk, i = 1,2. 

(Case I). aCTl(n)^an (resp., aai{n)^an) for some n G / k . Since 
8 < ( k | - k+1 | )/3,by(3), 

l/p 

+ llvfl ( 00 v 

2 kK*o) ' 
n = l ' 

( k °° \ 1/p 2 telpo»-*i+ 2 teK) +s 
1 L.J_ 1 ' 

n = l 

S k K - 8 1 + 2 " 
n = l n=fc + l 

= (1 - S^1'" + 8. 

Hence ||x + y|| + ||x - y\\ g (1 - o^1'" + 5 + l + 8 < ( l - 8 3 ) + l 
+ 2 * S 2 g 2 + e||y||. 

(Case II). ^,l(n) — a„%(n) = an, n = 1, 2, ••-,&. We consider two 
subcases. 

(i) 2 <Vn=0. 
n=fc + l 
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Let *x = (axa^'P, a^i'P, • • -, a^k11", 0 , 0 , • • •) and yx = (/Mi1*, 
/ W p > • • '.fco*1*, ||y||,0, • • •)• Then by (4), 

( S k " + j8n|"an + ||y||" ) 1/P + ( S k " - ßn\
pan + ||t/||" ) 

n = l n = l 

= IK + yi| |p+IK-î/il |P^2 + 6l||yi||p 

x n = l ' 

^ 2 + e1(2||j,||")Vp^2 + e| 

Thus 

II* + 2/11 + II* - »Il = ( E k + ßn\Pan + 2 lA,Kl(„> ) 
\ n = 1 — t L , / 

+ ( 2 k-j8„|x 

N n = l 

2 lft.K,<.>) ^ll*i + »il |p+l*i-yil lp^2 + €|| 

(ii) 2 «Ä ? °- The11 

n=fc+l 

II* + Î/II + II* - y\\ 

[ k r / °° \ ! /P 

S k + AJx + {( S kKl(») ) 
n = l L Vn=fc+1 ' 

( " \ 1/P ì P i 1/P 

2 IA.KI(»>) } J 
n=fc+l ' J J 

+ r S k - /s»lpfln + { ( S klx,(») ) 
L n = l L Xn=fc+1 ' 

/ °° \ 1/P -| P T 1/P 

+ ( 2 lA.K,<»>) } I 
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^ [ Ì k . + A.K + (|| 2 ^» | | + IMl)TP 
L n = l N \\n=k + l H J 

+ f i k - i s . K + (Il 2 <vd| + \\y\\)P] 

By (2), 

( t k-AJ-a-)^ ( È k K )1/P- ( i IÄ.K)1* 

_ 4 2 

Also from (2), we have fc^ || 2 -=fc+1a„en|| - ||t/|| è || 2«=*+i 
a„en|| - 8 ̂  0 and c ^ 28 ̂  2||t/|| ̂  0. Hence by (1), we conclude that 

[ £ k - Ak + ( ||n | + i a*> || + IMI ) "] 

^ [ 2 k-/8.K+ (|| 2 a„en 

p- | 1/p 

n = l N •• n=fc + l 

) P i 1/P 

] + 2eil 

Now let *a = (a^1'", • • -, a*«!*1"», || 2 »=*+i «->e»ll> °> ' ' ") and t/2 = 
(iMi1/p, • • -, / W p > IM|, 0, • • •)• Then ||*2||„ = 1, ||ya|| =i (2||y||")i* 
S 8V Hence by (4), 

p i l/p 

[ 2 k + 0nK + ( || 2 <*.«» 11 +IMl) P] 

+ [ n2 k - A.K + ( \\t^n || - IMI) P] 

= 11*2 + «/2||P + 1*2 - ftlU 

^ 2 + «1||y2||pS 2 + ^(2^11) . 

Thus 

II* + y|| + II* - yll ̂  11*2 + fell, + 11*2 - fell, + aejiji 
^ 2 + ( 2 + 2i^)e1|M| = 2 + €|M|. 



698 P. G. CASAZZA AND BOR-LUH LIN 

COROLLARY 12. For 1 < p < <», all d(a,p)* are locally uniformly 
convex and so are strictly convex. 
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