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MAXIMAL QHC-SPACES 
D. E. CAMERON 

1. Introduction and Background. In 1924, Alexandroff and Urysohn 
[ 1] investigated Hausdorff spaces which are closed in any Hausdorff 
space in which they may be embedded; such spaces are called H-
closed. In 1940, Katetov [6] proved that minimal Hausdorff spaces 
are precisely the Hausdorff spaces which are H-closed and semiregular. 
In 1941, Bourbaki [2] noted that the H-closed property is equivalent 
in a Hausdorff space to 

H(i): Every open filter base has a cluster point 
and that the minimal Hausdorff property is equivalent in a Haus­
dorff space to 

H(ii): Every open filter base with unique cluster point converges. 

Properties of H(i) spaces have been studied by Scarborough and 
Stone [10] and Porter and Thomas [9]. We shall adopt the terminol­
ogy of Porter and Thomas [9] and call an H(i) topological space a 
quasi-H-closed space which we shall denote by QHC in the remainder 
of this paper and note that Hausdorff QHC spaces are H-closed. 

Our investigation of QHC spaces was motivated in part by R. E. 
Larson [7] when he questioned the connection between minimal 
Hausdorff spaces and maximal H-compact spaces (a space is H-
compact if it is H(i) and H(ii)). We showed that maximal H-compact, 
maximal H(i) and maximal H(ii) spaces are not necessarily minimal 
Hausdorff [4] but left unanswered the questions concerning char­
acterizations and properties of these maximal spaces. Our purpose in 
this paper is to characterize maximal H(i) (that is, maximal QHC) 
spaces. 

For a given topological property R and any set X, we shall let R(X) 
denote the set of all topologies on X which have property R and note 
that R(X) is partially ordered by set inclusion. A topological space on 
a set X with topology r shall be denoted (X, T) and is maximal R (re­
spectively, minimal R) if r is a maximal (respectively, minimal) element 
in R(x). If r and r ' are two topologies on the same set, we say that r ' 
is an expansion of r if r C T '. If (X, r) is a topological space, A C X, 
and A (f r, then the topology with subbase T U {A} is called the 
simple expansion of r by A and is denoted T(A). 
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For a topological space (X, r) the relative topology on a subset A of 
X is T | A, the collection of open neighborhoods for a point x is Q/T(x), 
and the product of (Xa, r j for a G <D is (ir0 Xa, ir0 r j . We shall write cl A, 
int A and bd A for the closure, interior, and boundary respectively of a 
set A with respect to a topology T. We shall subscript these sets if 
several different topologies are being discussed; for example, if T and r ' 
are topologies on X and A Ç X, then cl,. A and cl^ A are the closures of 
A with respect to T and T ' respectively. 

2. QHC Spaces and Subspaces. It has been observed [9] that un­
like compactness and other covering axioms, a subset of a topological 
space (X, T) may be QHC with respect to the topology of the space but 
not QHC with respect to its relative topology. This difference in 
structure is the main reason for a difference in the properties of 
maximal QHC spaces and maximal compact, maximal countably com­
pact and maximal Lindelöf spaces [ 5] . 

The following characterization of QHC spaces is most useful in our 
discussion. 

DEFINITION 1. An open cover of the space (X, r) has a finite proxi­
mate subcover of it has a finite subfamily whose closures form a cover 
of the space. 

THEOREM 1. A topological space (X, r) is QHC if and only if every 
open cover has a finite proximate subcover [ 10]. 

DEFINITION 2. A subset A of a topological space (X, T) is QHC rela­
tive to (X, T) if every r-open cover of A has a finite subfamily whose 
T-closures cover A. 

DEFINITION 3. A subset A of a topological space (X, T) is QHC 
( T - Q H C if more than one topology on X is involved) if (A, T | A) is 
QHC. 

THEOREM 2. In a topological space (X, r), a QHC subset is QHC 
relative to (X, r) but not conversely [9]. 

To facilitate our discussion of maximal QHC spaces we need to 
determine the properties of another type of QHC subset. 

DEFINITION 4. A subset A of a topological space (X, T) is interiorly 
QHC if every open cover of A has a finite subfamily whose closures 
cover int A. 

In the case of interiorly QHC, the cover considered may be either a 
cover of r open or r | A open sets since in int A the two types of 
covers are essentially the same. 
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THEOREM 3. If a subset A of a space (X, T) is QHC relative to (X, T), 
then it is interiorly QHC. 

PROOF. If every open cover of A by T open sets has a finite subfamily 
whose closures cover A, then the closures ofthat subfamily cover int A. 

COROLLARY 1. If a subset of a space is QHC, then it is interiorly 
QHC. 

EXAMPLE 1. This is an example of a set which is interiorly QHC but 
is not QHC relative to (X, r) and therefore is not QHC. 

Let (X, r) be [0,1] with the usual topology; this space is H-closed 
since it is minimal Hausdorff. The set A = [1/2,1] U {1/n | n £ N } 
is not QHC relative to (X, T) but is interiorly QHC since every open 
cover of A covers [ 1/2,1] which is QHC and int A = (1/2,1]. 

THEOREM 4. If a subset A of a topological space (X, r) is interiorly 
QHC, then C = cl(int A) is QHC. 

PROOF. Let {Gß \ ß G B} be a r open cover of C. Then {Gß\ßG B} 
U {X — C} is a r open cover of A and so there is a finite subset Bx Ç 
B such that {Gß | ß G Bx} is a subfamily whose closures cover int A or 
equivalently {Gß \ ß G Bx} is dense in int A and so {Gß D C | ß G Bx} 
is a subfamily of {Gß fi C | ß G B} whose union is dense in int A. For 
oc G C, if x $ clT|c(G/S PI C) for all ß G Bl9 there is a neighborhood 
I7(x) G <VT(x) such that U(x) (1 (Gß D int A) = 0 for ail 0 G Bx. 
Therefore for y G C/(x) D int A, t/ (£ cl Gß for ß G Bx. This is a con­
tradiction and so for x G C, x G clT)C(G^ fi C) for some0 G B^ There­
fore C is QHC. 

COROLLARY 2. If a subset A of a topological space is interiorly QHC, 
then cl(int A) fl Ais QHC. 

COROLLARY 3. For a topological space (X,r) if A is interiorly QHC, 
then cl(int A) is QHC relative to (X, T). 

COROLLARY 4. In a regular space (X, r), if A is interiorly QHC, £/ien 
cl(int A) is compact. 

PROOF. A regular QHC space is compact. 

THEOREM 5. A subset A of a topological space (X, r) is interiorly 
QHC if and onZt/ if every collection of int A open sets with the finite 
intersection property has an adherent point in cl(int A) D A. 

PROOF. Let {Gß | ß G B} be a collection of int A open sets with the 
finite intersection property but no adherent point in cl(int A) fi A; 
that is, {Gß | ß G B} is an int A open filter base with no adherent 
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points in cl(int A) Pi A. Then {X — cl Gß \ ß G B} is an open cover of 
A. Let Bi C B be a finite subset and consider U{cl(X — cl Gß) \ 
ß G Bx}. This does not contain int A because 

i n t A - U { c l ( X - cl Gß) \ß G BX}D D{Gß \ß G B ^ 0 . 

If the condition holds then if {Gß \ ß G B} is an open cover of A for 
which no finite subfamily is dense in intA, then {(X — cl Gß) H 
int A I /3 G B} has the finite intersection property but 

A - n { c l ( X - c lG, ) \ß GB} = U { A - c l ( X - c l G ^ I / S G B } 

D U{Gß\ßGB}H A. 

Therefore (Pi {cl(X - cl G,) | ß G B}) Pi A = 0 and so {(X - cl Gp) 
PI int A | ß G B} has no r-adherent point in A and therefore not in 
cl(int A) Pi A. This is a contradiction and therefore every open cover 
of A has a finite subfamily whose closures are a cover of int A and so 
A is interiorly QHC. 

COROLLARY 5. If cl(int A) C A, then A is interiorly QHC if and only 
if cl(int A) is QHC. 

COROLLARY 6. In a Hausdorjf space, A is interiorly H-closed only if 
cl(int A) C A. 

We observe that in a Hausdorff space an open set which is not 
closed cannot be interiorly QHC; however in a Tx space, open sets 
which are not closed may be interiorly QHC. 

EXAMPLE 3. This is an example of an open subset of a Tx space 
which is interiorly QHC. 

Let X be infinite; xu x2 G X. The topology on X is generated by the 
following sets: 

{x} is open if x ^ xx and x ^ x2; 
Xi G U is open if X — U is finite, i = 1, 2. 
X — {Xi} is open and is interiorly QHC since it is compact and 

Hausdorff in its relative topology. 

THEOREM 6. In a compact space (X, r) if cl(int A) G A, then A is 
interiorly QHC. 

PROOF. If cl(int A) Ç A, then cl(int A) is QHC since it is compact 
and so A is interiorly QHC by Corollary 5. 

COROLLARY 7. In a compact Hausdorff space, A is interiorly H-
closed if and only ifcl(int A) Ç A. 
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PROOF. This follows from the preceding theorem and Corollary 6. 

The following properties of QHC spaces are well known and so the 
proofs are omitted. 

(QHC-1) The closure of a QHC subspace is QHC. 
(QHC-2) In a QHC space, regular closed sets are QHC(A closed set 

C is regular closed if C = cl(int C) or equivalently C is the closure of 
an open set). 

(QHC-3) If A and B are QHC, so is A U B. 
(QHC-4) QHC is preserved by continuous maps and therefore is 

contractive. 

(A topological property is contractive if r ' has property R whenever r 
has property R and r is finer than r ' ). 

The following result characterizes QHC spaces in terms of QHC 
subspaces. 

THEOREM 7. A topological space is QHC if and only if every proper 
regular closed space is QHC. 

PROOF. We already know that QHC is regular closed hereditary. 
If every proper regular closed subset is QHC then let {Ua | a GO} 

be an open cover of X and choose 17^, OQ G O. Let B = cl(int(X — 
Uao)). B is regular closed and {Ua | a GO} covers B and thus has a 
finite proximate subcover {Ua | a GS, | S | <9(0}. Then {U.J U 
{Ua | a G !B } is a finite proximate subcover of X. 

An alternate characterization is given by the following. 

THEOREM 8. (X, T) is QHC if and only if every closed subset is 
interiorly QHC. 

PROOF. If every closed set is interiorly QHC, the result follows from 
Theorems 4 and 7. If (X, T) is QHC, the result follows from QHC-2 
and Corollary 5. 

3. Maximal QHC Spaces. 

DEFINITION 5. An open subset U of a topological space (X, T) is 
regular open if a(U) = int(cl U) = U. 

Since the collection of regular open sets in a topological space 
(X, T) is closed under finite intersections and covers X, it is a base for 
a coarser topology r s . A topological space (X, r) is semiregular if 
T = Ts. 

THEOREM 9. IfU G r, then cl, U = clT U and a, U = avs U [9]. 
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DEFINITION 6. Two topologies r and T ' o n X are ro-equivalent if 
TS = T S ' . 

THEOREM 10. An expansion r ' ofris ro-equivalent to r if and only 
ifc^XJ = drVjbraÜV ŒT'[S\. 

THEOREM 11. A topological space (X, r) is QHC if and only if (X, TS) 

is QHC. 

PROOF. If (X,r) is QHC then (X,r s) is QHC since QHC is con­
tractive. 

If (X, r s) is QHC and {Ga\ a G £>} is a r-open cover, then 
{otrGa | a G £>} is a rs-open cover since o,.Ga D Ga and is regular open. 
Thus there is a finite proximate subcover {a,.Ga | i = 1, • • -, n}. Since 
clyrsorGa = c l ^ , {Ga | i = 1, * *, n} is a finite proximate subcover of 
{Ga | a e <D}. 

DEFINITION 7. For a given semiregular topology T0, the set E(T0) of 
all topologies T on X such that r s = r0 is partially ordered by set 
containment. A maximal element r ' of E(T 0 ) is called a submaximal 
topology and (X, r ' ) is a submaximal space. 

The following properties of submaximal topologies are well-known 
[3]. 

S-l: Every topology of E(r0) is coarser than some submaximal 
topology. 

S-2: A topology T on X is submaximal if and only if every subset of 
X which is T-dense is open. 

S-3: Every subspace of a submaximal space is submaximal. 
S-4: Every subspace of a submaximal space is locally closed (that 

is it is the intersection of an open set and a closed set). 
S-5: If A is a subset of a submaximal space X, then bd A = cl A — 

int A is discrete. 

From the properties of submaximal spaces and Theorem 11, we have 

M-l: Every maximal QHC is submaximal. 

THEOREM 12. Every maximal QHC space is Tx. 

PROOF. Let (X, r) be QHC such that {x0} is not closed for some 
x 0 £ X and y0 G cl{x0}, y0 ^ *o- Define T* on X by 

G G r * f o r G G r , y o $ G , 

G G T* if G U {x0} £ T , J 0 E G, and G - {y0} G T. 
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Let g? = {Ga | a EcD} be a T* open cover of X. Define 

<3* = {Ga* | Ga* = Ga, if Ga G T; Ga* = Ga U {X0} if Q, $ r} . 

^ * is a r-open cover and thus has a finite proximate subcover 
{GÌ* | i = 1,2, • • -, n}. For x ^ y0 if x G X — c^fxo}, then for 
x G dL, Gi*, x G cl,.* Q. Now there is GXo G <g? such that x0 G Gx and 
for x G eliaco}, x ^ y0,x G cl,* G*0, and there is Gyo G é? such that 
t/o G Gy0. Therefore {Q | i = 1, 2, • • -, n} U {G*0, G y J is a T* finite 
proximate subcover of <g?and so (X, r*) is QHC. 

COROLLARY 8. A QHC «pace (X, r) is strongly QHC onZt/ ifrVQ 
is QHC where D is the topology of finite complements. 

The following example of a submaximal QHC space for which 
T V Q is not QHC shows that every QHC space is riot strongly QHC; 
however every Hausdorff QHC space (that is, every H-closed space) 
is strongly QHC and every submaximal Hausdorff QHC space is 
maximal QHC [8]. 

EXAMPLE 4. Let X be infinite; x 0 E X . r is the topology on X such 
that if U E T , then x0 G U. This space is QHC since cl{x0} = X; 
also every set is either open or closed, and r V ^ is the discrete 
topology. 

THEOREM 13. A QHC space (X, T) is maximal QHC if and only if 
(X, T) is submaximal and if for any Ad X, both X-int A and A are 
QHC subspaces then A is closed. 

PROOF. If (X, r) is submaximal and not maximal QHC, then by 
Theorem 12, there is finer QHC topology r ' such that TS ' ^ TS. By 
Theorem 11, there is an U G r ' such that cl, U D Q\, U; SO, C\, U is not 
T-closed. However, by QHC-2 and QHC-4, both cl^ U and 
c l^X - Q\,U) are r-QHC subspaces. By QHC-1, c l ^ c ^ X - cl,, U)) 
= clT(X — clrt U) = X-intT(clTf U) is T - Q H C subspace. Conversely, 
suppose (X, T) is maximal QHC. Assume there is a nonclosed subset 
A C X such that both A and X-int, A are T - Q H C subspaces. It suffices 
to show that r ' = T(X — A) is QHC. Since (X, T) is submaximal by 
M-l, then X — A U int, A is T-open implying T | B = r ' \ B where B = 
clT(X - A). Also, T | A = T ' I A; so, both A and B are T ' - Q H C sub-
spaces. Since X = A U B, then by QHC-3, (X, T ') is QHC. 

COROLLARY 9. A submaximal QHC space in which every QHC 
subspace is closed is maximal QHC. 

DEFINITION. A QHC space is strongly QHC if it has a finer maximal 
QHC topology. 
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COROLLARY 10. A QHC space ( X , T ) is maximal QHC if and only if 
(X, T) is submaximal and if for any AG X, A is interiorly QHC and 
X — int A is a QHC subspace, then A is closed. 

PROOF. Most of the proof of Theorem 13 works here. Modify the 
conclusion of the "converse" part of the proof as follows: Since 
T | A = T ' | A and for any T | A-open set U, cl, U Pi A = cl,, U H A , it 
follows that A is r ' -interiorly QHC. Hence, by Theorem 4, clT/(inty A) 
is a n r ' -QHC subspace. Since in^ A = int. A, then X = B U cl^int,, A). 
ByQHC-3,(X,T') isQHC. 

This example was first used by H. Tong [11] as an example of a 
maximal compact space which is not Hausdorff and has recently been 
shown to be maximal QHC [4]. 

EXAMPLE 5. Let X = {a, b}(J N X N where N is the set of natural 
numbers, E be the set of even natural numbers and O = N — E. The 
topology T on X consists of those sets U such that one of the following 
is true: 

(1) a $ U and b $ U, 
(2) a E U implies there is a family of finite subsets A™ C N for 

m EL E such that U {{m} X (N - Am) : m G E} C U, 
and 

(3) fo G U implies there is a family of finite subsets BmÇ. N for 
m G O such that U {{m} X (N - Bm) : m G 0} C U and there is a 
finite subset B C N such that ( N - ß ) X N C U . 

The following space first introduced by P. Urysohn [ 12] is maximal 
H-closed and, being minimal Hausdorff, is minimal H-closed. 

EXAMPLE 6. Let X = {a, b} U N X I where / is the set of integers. 
The neighborhood bases for r consist of the following sets: 

{(m, n)} for m G N, n G 1 x {0}; 

C7r((m, 0)) = {(m, 0)} fi {(m, n) \n\ > r} for r G N; 

Ur(a) = {a} U {(m, n) | m ^ r, n > 0} for r G N; 

l/r(b) = {b} U {(m, n) | m ^ r, n < 0} for r G N. 

The following is an example of a minimal Hausdorff space which is 
not maximal H-closed. 

EXAMPLE 7. Let Y = { a } U N X Z + where I + is the set of non-
negative integers and r* the relative topology on Y as a subspace of 
(X, T). (Y,T*) is H-closed since Y is regularly closed (cf. QHC-2) in 
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the topology of (X, r), and since Y is submaximal it is maximal In­
closed. 

The space (Y, (r*)s) where (Y, r*) is the subspace in Example 6 is 
HausdorfF, compact, and strictly weaker than (Y, r*). Since it is com­
pact and HausdorfF, it is minimal HausdorfF and since r* D rs*, it is 
not maximal H-closed. We may also observe that this example shows 
that regular, normal, or completely regular HausdorfF spaces are not 
necessarily maximal H-closed. 

THEOREM 14. Jf (O^X^JT T J is maximal QHC, then (Xa, ra) is 
maximal QHC for each a GcD. 

PROOF. C. T. Scarborough and A. H. Stone [10] have shown that the 
product oF QHC spaces is QHC. ThereFore iF (X^, rß) is not maximal 
QHC For some/3 G A, then there is rß ' D rß such that (X^, Tß ') is QHC 

and <n0**ILO i s Q H C w h e r e < = T« for a ^ ) 3 and ta' = r / 
For a = )3. This is a contradiction since Y[ ra ' D J\ Ta

 a n d therefore 
(Xa, ra) is maximal QHC. 

Infinite products oF non-trivial maximal QHC spaces are never 
maximal QHC. Foreach(Xa, ra)selectGa G Ta,Ga f Xa, cl, G = Xa; then 
n ^ G « is dense in Y[0 Xa but is not open. Thus (f^ Xa, Ho r j is not 
submaximal. 

Also iF there exists a maximal QHC space (X, T) which is not 
HausdorfF and which has no isolated points, then (XX X,r X r) is 
not submaximal since A = {(x, x) | x G X} is not closed but X X X — A 
is dense. 

We have not been able to answer some questions which are im­
portant enough to merit consideration. One oF these is stated in the 
preceding discussion: 

Does there exist a maximal QHC space which is not HausdorfF and 
which has no isolated points? [IF (X, r) is an H-closed space without 
isolated points (e.g., the unit interval with the usual topology) and r ' 
is a finer submaximal topology on X (cF. S-l), then (X, r ' ) is maximal 
H-closed and has no isolated points.] 

For R G {compact, countably compact, LindelöF} an R-space is 
maximal R if and only iF the R subsets are precisely the closed ones 
[5]. Is it true in maximal QHC spaces that the interiorly QHC sub-
spaces are precisely the closed subsets? [One might ask, "In a maxi­
mal QHC space, are the QHC subspaces precisely the regular closed 
ones?" However, iF that was the case, then singleton points (being 
QHC) would be open and the space discrete and would be QHC only 
iF it was finite.] 
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