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SINGULARLY PERTURBED CONSERVATIVE SYSTEMS
RICHARD SCHAAR

1. Introduction. Singular perturbation theory has been applied to
a wide variety of physical problems, cf. [1], [2], [3]. In these applica-
tions, the problem is stated in the form of a system of ordinary differ-
ential equations.

dx/dt = f(x,y),x(0) = «
edy/dt = g(x,y),y(0) = B

where x is an m-vector and y is an n-vector. It is then assumed that
the algebraic equation 0 = g(x, y) has a solution y = ®(x). Another
assumption is that the m-dimensional system

2) dxoldt = f(xo, ®(x0)), %0(0) = &

has a unique solution over an interval [0, T]. The solution of system
(1) is then compared to (xo(t), ®(xo(t)) over the interval [0, T]. Most
theorems dealing with these singularly perturbed initial-value prob-
lems, cf. [4], [5], [6], and [7], assume that, over at least some portion
of an open interval containing [0, T], the real parts of the eigenvalues

of

1)

28 (ao(t), Dlwol1))
Yy

are negative and bounded away from zero.
To understand this condition physically, we convert time scales by
letting 7 = tfe; system (1) is transformed into

dildr = €f(%, i), X(0) = a
dijldr = g(%, §), §(0) = B.

System (3) is a regular perturbation problem and has a reduced prob-
lem,

©)

dioldr = 0, 7%(0) = a

dijoldr = g(a; o), §(0) = B.

The condition on the eigenvalues of dg/dy implies that (e, ®(a)) is
an asymptotically stable critical point of system (4).

The asymptotic behavior of (x, ®(x)) implies, in physical terms, that
the process described by the y-variables tends very rapidly to equi-

(4)
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librium. However, in some physical problems, cf. [8] and [9],
the process modeled by the singularly perturbed variables oscillates
rapidly about the equilibrium solution. The current paper deals with
this type of physical behavior.

Other authors have examined similar problems. Mitropolski [10]
considered a system of the form

€2d2x,/dt2 + o2, = €Fy(xy, * * ) x,, edx,/dt, edx,/dt)
2(0) = oy, €dxi/dt(0) = B k=1, - - -, n.

where each wy is a constant. The boundedness of {x;(¢)} and {edx,/d¢t}
over an interval [0, T] is determined by examining the functions Fj
when its arguments are replaced by the solutions of

€2d2fk/dt2 + (L)xZka =0
A%y
dt

In this paper, we examine a more general problem than system (5).
We will consider vector differential equations where w; is a function
of t. Scalar problems with w, a function of ¢, have previously been
examined (cf. [11] and [12]); the results of these works are also
expressed in terms of conditions on the function F(x, edx/dt). We
will state boundedness results in terms of conditions on the set
w(t; k=1, -, n

In the next section, we will state the problem to be examined and
the conditions on the set {w(t)| k=1, - - -, n}. §3 will contain cer-
tain preliminary lemmas needed to prove the main result. In § 4, the
main theorem will be proved.

()

6)

a'ck(O) = o, € (0) =Bk: k= l, ct,n.

2. Formulation. Consider the system of differential equations

o dx/dt = f(x,y, e3dyldt) + ezf(x, y, edyldt)

€2d?yldt® = g(x,y, €2 dyldt) + €28(x, y, edyldt)
where x is an m-vector, y is an n-vector, and € is a small positive param-
eter. Let the “reduced problem”

dxoldt = f(x9, Yo, 0)
(8) 0 = g(xo, Yo, 0)
%(0) = o,

where a is an arbitrary initial-vector, have a unique solution on the
interval [0, T].
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We suppose

H 1. If ®(xy) is the solution of 0= g(xo, P(xg), 0), then y,(t) =
D(x0(t)) is twice continuously differentiable on [0, T)] with bounded
second derivative.

Because we are examining systems without asymptotic stability, the
initial-vectors for equations (7) must be restricted. We will consider
two possible scalings and suppose

H2. x(0) = q,
9) y(0) = yo(0) + B
%%(0) = dyo/dt(0) + e~ 'y,v=1or2

where B and vy are arbitrary n-vectors.
We assume

H3. fand g are of class C? and C?, respectively, in an open set
EC R™** containing (xo(t), yo(t), dyoldt(t)) for t € [0, T]. f and
g are of class C® and C', respectively, in E.

To insure that we obtain oscillatory behavior, we may suppose

H 4. The eigenvalues of
d
By (5009600 0)

are negative. Denote them by — w>(t) where wi(t)>0 for tE
[0, T].

To avoid problems of internal resonance, we assume

H5. If, forany t € [0, T], wi(t) = o)(t), theni = j.

A technical assumption that is needed when v = 1is

H6. Let w;, w;, o, be any three elements of {w| k=1, - -+, n}.
Then there exists no t € [0, T] where w;(t) = w;(t) + ,(t).

The principal theorem is:

TueoREM 1. Given systems (7) and (8), suppose H1-H6 hold.
Then there exists C > 0 and €* > 0 such that the solution of system
(7) with initial conditions satisfying equations (9) exists on [0, T] and
satisfies
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d
Jx(t, €) = xa(t) + ly(t,€) = yo(t)] + €| T (t€) =
dyoldt(t) | = Ce,

there, provided 0 < € = e*.

(10)

This theorem will be proved in § 4.

3. Preliminaries. The proof of Theorem 1 will crucially use a
theorem on averaging proved by Sethna and Balachandra [13].
Their result examines problems involving multiple time scales ¢, et,
€’t, etc. For example, consider

dzldr = €F(z,7,€7)
2(0) = 2o,

where z is an n-vector. If we define the “average” of F(z, 7, €7) to be

(11)

(12) F(z,7)= lim 1M fM F(z,s,7,)ds
M- 0

and we define the “averaged problem” to be
dzldr = €F(z, er)

13

( ) Z(O) = %o,
the theorem of Sethna and Balachandra gives the relationship between
the solutions of systems (11) and (13) over an interval of the form
[0, Tle] .

We will state a modified version of their result without proof. Their
proof of Theorem 1 [13] with minor modifications will prove the
theorem stated below.

Consider the system of differential equations
14) dzldr = ef(r,e1, ay(€)r, * * *, o(€)7, %, €)

. tefrenafe)r, L alenze)
where z, f, and f are n-vectors and € is a small positive parameter.

A 1. The scalar functions o;(t) are such that
a;(€) = 0, monotone increasing ine,
ae) > 0ase—0,
o (€)oy(€)>0ase—0,i=1,---,r— 1,and

€lay(€) is bounded as e — 0.
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Denote the interval [0, T] by L
A 2. The functions f and f are mappings into R" from
L= {(t,e1, 7}, " *,7,,%,€) |0
SErner€EL,€ELi=1,---,1r2€EQG,

a bounded domainin R, 0 =€ = €,}.

The function f is continuously differentiable in 7, i=1, ---

and z; and there exists a positive constant M, such that

|_f|§ Ml’

|f] = M, on .
The function f is continuous in 7 and et in 2.
A 3. The limit

d
| = m,, | % |§M1,and

ﬁ)(fl, TS T Z’E>E

lim 1/M J f(s,es, 1, * -, 7,,€)ds

Mo

exists uniformly forr, ELi=1, -, r,zEG and0=e =¢,.
A 4. The limits

hij(Tlv T .’Tr; zZ, 6)
= lim 1/M I (s €S, Ty, " "> Ty, 2,€)ds
M—
i=1,mj=1-"r
gii(Ty, T 7€)
= lim 1M f T %, €)ds
M—x»
i,j=1,-""n
exist uniformly forr, ELi=1, - r,zE€E G and0=e =,.
A 5. The differential equation
(15) dzldr = efolay(€)r, - - -, a(€)T, 7, €)

has a unique solution for 0 = 1.

715
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TueorREM 2. Let A1-A 5 hold. Then given any & > 0, there exists
€, > 0 such that if ¥ and ¢ are respectively the solutions of equations
(14) and (15) with ¥ (0, qo, €) = ¢(0, qo, €) = qo, and if¢ with its Q-
neighborhood for Q >0 lies inside G for 0 =17 = Tla)(e) and
0<e=e€), then for all 0<e=¢€;, and 0= 1= Tloy(e), V(1) —

d(r)| < 8.

To show how this theorem is applied, we prove the following
lemma.

LemMma 1. Let A and B be n-vectors where A= col(A;, ' - -, A,)
and B= col(B,, - - -, B,). Let B be the sum of some subset of {B;}.
Let 6(s) be a scalar function continuous in s. Let & be an m-vector and
F(t\, € A) be a p-vector. Let

flr,er, 71, € A, B, €)

= F(1,, & A) 0(eT) cos< J:) O(eu) du + B)

where F satisfies A2 of Theorem 2 for 0=71, =T and (§, A) in a
bounded domain GC R™+". Then

(a) lim l/MJ' f(s,€5,71, & A Be)ds = 0

M- x
(b) lim 1M f“ af (s,€s,7, £ A, B,€) ds = 0

M-ox 0

t—l,' 3p
M aﬁ

li 1/M s,€$,7,¢ A Be)ds= 0

(c) Mle Jl) 6§j< €s, 7T, ¢ €)

(d) lim 1M f: "f (s,€5,7, & A B €) ds = 0

M-

i=l,"',p;j=l,"',n

af,
(e) lim 1M f: Ji (s s, A Be)ds=0

i=1, cpsj= 1, - n
uniformly for 0 = 7, = T and (§, A) € G and for arbitrary B.

Proor. Integrating, we find
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Jm 0(es) cos < ﬁ) O(eu) du + I§> ds

0

=sin<f:4 B(eu)du+1§>,

| i sin ([ ofeu) du + B )l = UM,

0

lim I 1/Msm<Jm 0(eu) du+B>| =0

Mo x 0

uniformly in B. Hence

lim | um [ 6

M-

) cos (J':) O(eu) du + B)ds | =0

717

uniformly in B. Since F(7, §, A) along with all of its partial deriva-
tives are uniformly bounded for 0= 17, = T and (§, A) € G, conclu-
sions (a), (b), (c), and (d) are proved. Conclusion (e) is proved by
noting that the argument used in part (a) is equally true if f is de-
fined in terms of sin(f; 6(es) ds + B). This proves lemma 1.

Theorem 2 implies that the solution of the origin problem is close
to the solution of the “averaged problem.” Lemma 1 simplifies the
“averaged problem” by implying that terms of a particular form, i.e.,

the function f of Lemma 1,

be used in the next section to prove Theorem 1.

4. Proof of Theorem 1.

— yo(?),

transform into

(16)

déldt = fi()E + folt) 51+ €F(& 31 g2 t€),
Ed }I/dt = 39
ed 3oldt = g\(t)€ + go(t) 3, + €[g®(t, & 31)

+ 8(x0, Y0, 0)
+ g3(t)( 32 + dyoldt — d%y,ldt?]
+ €3G,y 1 30 be),

£0) =0, 3,(0)=e€"'B, ;2(0)=e€"l,

Let e&(t) = x(t) — xo(t), € 3(t) =
and  3,(¢) = dy/dt — dyo/dt. Differential equations

“average” to zero. This procedure will

y(t)
(7
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where f(t) = 9f/9x(xo(t), yo(t), 0), etc.; where
EQF(g’ o 32 A E) = f(x’ Y, €2 dy/dt> - f(xO(t)’ yO(t>’ O)
— efi(t) — efo(t) | + €2f (x, y, € dyldt);

where g?(t, €&, 3,) consists of all quadratic terms in ¢ and ;; and
where

e3G(€ 31, 32t €)= gx,y, €2 dyldt) —
€gi(t)f — ega(t) 35, — €[g? +
g3( 32 —dPyoldt?)]+ €2g(x, y, € dyldt),
— €2g(xo, Yo, 0).

Because g(x, y, €2dy/dt) is C* and (xo(t), yo(t)) is C! on [0, T],
gx(t) is C' on [0,T]. From HS5 and a theorem of Gingold [14],
there exists a non-singular matrix S(t) € C! such that

(17) S-1(t)go(t) S(t) = D(t)
where
D(t) = diagonal (— w;*(t)).

Equation (17) implies that w(t) € C! on [0, T] for k=1, - -
Using the matrix S(t), we apply the transformation

§€=¢& 3,=S50 — g 'gifand 3, = S,
to system (16) and obtain
déldt = (f, — faga~ )€ + 250,
+ €F<f, gl’ €27 t, é),

-1
edy/dt = §, — €S™! %ﬁ {, +eS! 4‘1@2(& 1)

-, n.

>

(18) ediy/dt = D(t)¢, — €S~ 'dS/dt,
+ eSTHE(L £,.0)) + g5 ()(SLy + dyoldt)
— d2yoldt> + Z(xo, Yo, 0)] + €2G(£ {1, Lo, 1 €),
£(0) = 0,£,(0) = €7'S71(0)B, £2(0) = €"~'S~!(O)y,
where F(&,¢,, L5, t,€) =
F(& S8 — g27'g1€ SEs, t, €), ete.
Let (V); denote the ith component of the vector V. We now apply the
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additional transformation,

0.(t) = 1/e f ; wx(s) ds + By(t)
(19) (&) = Ax(t) sin(6(t))
Ifwe let (L2 = wi(t)Ax(t) cos(6i(t)).

€ _C'/)I(t’ §> Cla CZ’ 6) = ed{l/dt - ;2
€ Go(t, &, 81, 8a, €) = edloldt — D(t)L,,

system (18) is transformed into the following system of differential
equations.

déldt = (f, — fag2"'g)é +
+ £>S col(Ay sin 6,(t)) + €F

d
dA/dt = — 2% . —Aik—cos2 o +
dt (0N
. 1
(20) + (G )k sin 6, + Tk( S )k €OS O
k=1, ---,n,
dwk
dBk/dt = (Akwk)‘l <—d_t—Ak cos 6, sin O +
+ (G sin O + ( Gy )rwy cos )
k=1 --,n,

£(0) = 0, A(0) = e~ ' [(S7'(0)B)?
+ @ 20)(S 1Oy )] 12,
and 0 = By(0) = 2a.

To apply Theorem 2 to system (20), we need to change time scales
by letting e = ¢. In an expression of the form f1(t) — fo(t)g2~(t)g:(t),
we let t = a;(e)r where ay(€) = €. In terms containing 6(t), we con-
verttor,

Ox(e) = lle J" wi(s) ds + By(e7)
0

= J:) wyles) ds + Bk(7)= ék(")v



720 R. SCHAAR

where
Bi() = By(er), etc.
To define the domain G of Theorem 2, we examine the linear dif-

ferential equations

dzddt = 112 [— fl—‘t‘”iuk—l + [s~l (— 2 $+

@1) o 0hS + gda]e | %
z(0) = Ax(0), k=1, -,n,

where ¢ is the n-vector with 1 in the kth component and zeros else-
where. Let

(22) o= sup 2zt k=1, --n
t€[0,T]

and

(23) p= inf z(t), k=1, "n,
t€[0,T]

where we note that u > 0.
Define
G = {(€ A B) € R"*| |§] < pl2,
12 < (A) <o + w2,|(B) — B(0)] < w2}
To determine the “averaged problem” associated with system (2),
we first note that because ({;)2 + (o)l (t) = A2, F and G are
uniformly bounded for (£, A, B) € G. Hence, the terms arising from

F and G can be set equal to zero in the “averaged problem”. This
simplifies &, and &, in system (20) to

g, = 8! <— %f— - col (Ay sin ;)

d(gz_ 'gy)
+ ———dt &+

+ g '@ (i — fage '8+ oS-

24
@ col (Ay sin ;)] >

Gy = S™![— dSldt - col (wAx cos 6y)
+ 2@ + g3(S - col (wrAx cos by)
+ dyo/dt> - d2y0/dt2 + g(xo, Yo, 0)] .
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To use integral averaging, we note that terms involving only one
trigonometric function like sin(fqwy(es) ds + By) average to zero
after multiplying by wi(e7)/wi(a;(€)r) and applying Lemma 1. Terms
mvolvmg products of sin @, (t r) and cos 6;(1) can be written as a sum of
sm(Ok( )+ 8(r)) and sin(f(r) — 0(7)) Multiplying by (wx(er)

w,(e‘r))(wk(alq-) + w(ey7))"! and, if k#j by (wler) — wjer)).
((ay7) — @j(ey7))~!, respectively, we find by Lemma 1 that the
average is zero. Products of sin 8(r) and sin 8;(r) in the same manner
average to zero if k # j. If k = j, sin; = 1/2(1 — cos(2 8;)), which
averages to 1/2. The same procedure works for products of cos 8(r)
.and cos §;(t) with the average of cos? 6(t) being 1/2. Using this infor-
mation, we note that from System (24)

( Gk sin B, averages to

[ S-1! (- %f—ek ‘;k + g2 faSex % >]k
( G)k cos By, averages to zero,
(Gh — S~ 'g@); sin 6, averages to zero,
and

( g_]‘)z — S— 1g(2)>k COS bk aVerageS to

[s7( -G et res o)),

At this point, the value of ¥ becomes important. If v = 2, the terms
quadratic in {A;} are multiplied by €2 and can be set equal to zero in
the “averaged problem”. If v = 1, these terms are only multiplied by
€; and H 6 must be applied. Terms quadratic in {A;} are multiplied by
products of three trigonometric functions; such products can be
written as sums of either sines or cosines with arguments that are
either 8;(r) + 6;(t) + B(t) or 8(r) + 8,(t) — 6x(t) for some i, j, k = 1,
-

The first type averages to zero after multiplying by

wi(€T) + w;leT) + wy(eT)
w;(ayT) + wj(al“') + (7).

By H6, wer)+ wjer) — wi(er) # 0; hence, with the same pro-
cedure we can average the other terms to zero. Therefore, the quad-
ratic terms in {A; } are not present in the “averaged problem”.
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The “averaged problem” for £, therefore, is
déoldr = €[(filer) — foler)gs™ Y(er)
(25) gilen)1€
£(0)=0.

System (25) has &,(r) = 0 as its solution; this information further
simplifies the “averaged problem” for A and B.

_do

dAyldr = €/2 diagonal ( dtk(ef)mk(ef)—l

+ [ S—1er) (— 2%(67) +

(26) + g%‘lngZS(e‘r) + gSS(ﬂ-)) ek ] ) ) - A,
(Ao = AK0), k=1, ,n,
dBy/dt = 0,

(BO)k = Bk(O)’ k = l, cr,n.

Comparing the solution of system (26), with that of system (21); if
Q = w/4, the solution of system (25) and (26) and a Q-neighborhood
of the solution is contained in G for all 0 < e =1 for 0= 17 = Tle.
Hence, Theorem 2 applies.

In Theorem 2, if we set 8 = w/4, we find that

|E()| = wia
|Ak(7)— z(er)| = w4,
(27) k=1 n,
|Bi(r)— Bi(0)| = wi4,
k=1 n

for all 0 <e=e* for 0 =7 = Tle where €* is sufficiently small.
The middle n inequalities imply that

(28) |A(E)] = |zi(t)] + WA = o + p/d.

When we convert back to the origin time scale ¢ and back to the
(€, 31, 32) System, we see that inequalities (27) and (28) prove
Theorem 1.
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