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THE DEVELOPMENT OF GENERAL DIFFERENTIAL
AND GENERAL DIFFERENTIAL-BOUNDARY SYSTEMS

ALLAN M. KRALL

I. Aestract. The field of differential systems with general
boundary conditions, differential-boundary systems is surveyed
from 1900 to the present with special emphasis on the recent
past. Results concerning dual systems, Green’s matrices, eigen-
values and expansions, self-adjointness and applications (in
particular to splines) are presented in such a way as to give a
picture of the field as it has developed to the present. Finally
several unsolved problems are listed.

II. Introduction. From various scattered places throughout
the mathematical world certain problems, once thought of as side-
lights to the field of ordinary boundary value problems, have recently
coalesced into the small but vigorous new field of general boundary
value problems. Consisting primarily of the study of ordinary differen-
tial systems under general boundary conditions and differential-
boundary operators, the field has recently expanded to also include
their applications to areas such as the calculus of variations, spline
theory, hyperbolic dissipative systems and differential operators acting
on subspaces of various L? spaces. While the field moved extremely
slowly at the start (in fact it lay dormant for one 20 year period),
progress has been quite rapid during the last decade. With new appli-
cations being rapidly discovered, the field promises to be even more
impressive in the future.

The purpose of this article is to give a general picture of the field
as it developed, especially to describe in detail the interesting results
of the past few years. At the beginning results are somewhat dis-
jointed, due in part to the complexities involved. However as time
passes, the field settles down into a well defined related group of
problems. Before describing its evolution, however, let us consider
several instances in which differential boundary problems have arisen,
and what it is about them which interests the mathematician.

The 1952 Feller [22], while examining diffusion processes, en-
countered an interesting generalization of the Fokker-Planck equation:
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On the interval (r,,r;) where r, is a natural boundary, and r, is an
exit boundary (See Feller [22] for the appropriate definitions.), con-
sider the equation

U = a(X)ux + b(x)uy,

representing certain transition probabilities as functions of initial
positions. Then the adjoint equation, the Fokker-Planck equation,
representing probability densities, is given by

v = [(a(x)v); = b(x)v] x — (rp(x)Ips) lim,, , [(a(x)v); — b(x)v].

The last term represents mass on the boundary. If v = w(t)y(x), the
equation in y resulting from separation of variables is

[(a(x)y)" — blx)y] " — (vp(x)lp2)[(alre)y(rz))" — blra)y(ra)] = Ay,

which is a differential-boundary equation.

In 1959 Phillips [52], while considering maximal dissipative
operators, examined two methods of attack: Either begin with a
minimal operator and examine its dissipative extensions, or begin with
a maximal operator and examine its dissipative contractions. The first
can lead to operators which are no longer merely differential
operators (and frequently are differential-boundary operators), while
the second can lead to differential operators with domains restricted
by general boundary conditions.

Phillips gave an elegant example which illustrates both possibilities.
In the space £2(0, 1) let Ly, L,, L, be defined by the expression y' — y
on the domains

D(Lo) =
{y : y is absolutely continuous; y, y' € £*0, 1); y(0) = 0, y(1) = 0},

D(L,) =
{y :y is absolutely continuous; y, y" € £%(0, 1); y(1) = ay(0), |a| = 1},

D(L,) = {y :y is absolutely continuous; y,y' € £%0, 1)}.
Hence Ly C L, C L,. An easy calculation shows
(Loy, y) + (y Loy) = — 2y, y) = 0.

(The parentheses indicate the inner product in £2(0,1).) Hence L, is
dissipative. For the maximal operator L, the equation is

(L, y) + (y, Lyy) = —2(y, y) + [ly(1)]* — [y(0)]*].
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From this it follows that maximal dissipative contractions of L, must
have the form described by L,. For such a contraction L,,

(Ly. y) + (y. Liy) = —2(y, y) — [y(O)]*[1 — |ef?] = 0.

Let us now consider the operator L defined by Ly =y’ — y +
4y(0)h, where h € £%(0, 1), |h|*> = 2, on the domain

D(L) = {y : y is absolutely continuous; y, y' € £%0,1); y(1) = 0}.

Then L is a maximal dissipative extension of Ly, but is not a contraction
of L,: The equation

(Ly, y) + (y, Ly) = = |y(0) = (y, W)I> = [2(y,y) — [(y. B)P] =0

shows L is dissipative. To show L is maximal is equivalent to showing
R(I— L)= £*0,1) (see Goldberg [24]), which is easily accom-
plished by using the Green’s function.

Now since Ly, C L, we must have L* C Ly* which is well known:
Ly*z= —2z' — zon

D(Ly*) = {z: z is absolutely continuous; z, z’ € £%(0,1)}.
Since
(Ly, z) = (y, Lo*2) = —y(0)z(0)* + y(0) (z, h)
=0

for all y in D(L), and since y(0) is arbitrary, we must have z(0) =
(h, z). This completes the determination of D(L*): L*2 = —z’ — zon

(L*) = {z: zis absolutely continuous; z, 2" € £%0, 1); 2(0) = (h, z)}.

It is possible to show that L* is a maximal dissipative contraction of
Ly*. It is an ordinary differential operator restricted by a general
boundary condition.

The operator L represents a system in which energy is fed back
with density y(0)h.

Another example of feedback-like phenomena occurs if a vibrating
wire is affected by a magnetic field exerting a force per unit mass
represented by K(x) [cu(0, t) + du(l, t)], where c, d are constants and
u(x, t) represents the lateral displacement at x at time ¢ Under this
circumstance the wave equation takes the form

Uy = k%u,, + K(x) [cu(0, t) + du(l, 8)];
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separation of variables then yields the equation

y" + (K@)Ik?) (cy(0) + dy(1)) = (—Nk2)y

in x, which is a differential-boundary equation.

In nuclear reactor construction the passage of atomic particles
through laminated shields leads to ordinary differential operators
with domains determined by boundary conditions of the form
yla+)=yla—) or y'(a+)=y'(a—), etc, at the interfaces in the
shielding. Generalization of such conditions lead to general boundary
conditions

> Ay(t) = 0,

S Aye) + [ K@y dx=o,

or
b
[ avtxy) =0

at various levels of abstraction.

Quite recently a number of problems in spline theory have been
reformulated as differential systems with general boundary conditions.
These are described in detail in section V.

In conclusion let us note that Coddington [17] has been studying
self-adjoint differential operators on subspaces of various £2 spaces.
Certain differential-boundary operators provide some of his examples.
Still others [42] are more general than the operators considered by
Coddington. The most reasonable setting for these operators seems to
be as (multivalued) linear relations on £2 X £2. Linear relations have
their real beginning in a discussion by Arens [1] in 1961.

What is of interest concerning these problems? As indicated by
Feller [22] and Phillips [52], the operator and its adjoint fre-
quently have physical interpretations. In addition the adjoint is used
to calculate the eigenvalues A encountered in separation of variables.
Further one cannot examine self-adjoint situations, such as is done by
Coddington, unless the adjoint is known. Finally the solution to cer-
tain spline problems are best cast as the solutions of the adjoint prob-
lem. Hence the adjoint, the dual operator in the appropriate dual
space, is of primary importance.

In addition, the solution of partial differential equations, such as
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encountered by Feller [22] and Phillips [52], require the use of
eigenfunction expansions if separation of variables is contemplated.
The parameters A, introduced by separation of variables, constitute the
spectrum of the operator involved. The corresponding solutions are
the eigenfunctions associated with it. Hence a knowledge of the.
spectrum, eigenfunctions, and, in addition, the resolvent operator,
Green’s function — all those elements examined in spectral analysis —
are also important.

The tools required in the field have changed with time. At the be-
ginning the problems were classical in form, requiring the use of
solutions to ordinary differential equations, Green’s formula, the use of
Green’s functions and elementary spectral theory (primarily for
discrete spectra). Recently, however, more and more functional
analysis as well as more complex theories of integration have come
into play. In particular, the use of more general spectral theory, the
use of the resolvent operator, the density of domains satisfying certain
general boundary conditions, the formulation of problems in abstract
spaces with dual problems in the appropriate dual spaces, and in
addition the use of Stieltjes integrals have become essential in recent
years.

Let us now turn our attention to an examination of how the field

developed.

III. Early History, 1900-1962. The history of general boundary
value problems begins during the early part of this century with
several exploratory articles, which attempted to properly define what
reasonable problems were and to give some preliminary results. Be-
cause of their preliminary nature, the articles appear somewhat dis-
jointed, especially at the beginning. We examine several briefly.

1. The first contribution to the field is Picone’s consideration [53]
of the problem

ym =3 py"+f i Jb ai(r)y*~(r) dr = 0,
i=1 k=1"9

i=1, -, n, notable primarily because of the integral boundary
conditions. Picone first derived the Green’s function for the case
pi=0,i=1, -, n Then by writing the differential equation as a

Fredholm integral equation he discussed the general case.

2. A short time later Hilb [26] considered two systems which we
have transcribed into notation a bit more modern:
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Ly=Py'+ Qy, [ K&y(&) dt +yy(0) - Ty(1) = 0,
and

Ly = (p(x)y")" + qy,
kiy(l) = kay'(1) = 0,

[, K@) de + py(0) — ay'0)= 0,

which are again of interest because of the integrals in the boundary
conditions.

Hilb derived the Green’s functions for these systems, showed that
the spectrum is discrete (consists only of eigenvalues), and derived
two nonself-adjoint eigenfunction expansions. The first takes the form

©

fity="3 cyi(t), c; = f; Z(0)f(t) dt,
1

where y; satisfies Ly; = \;y; and also the boundary conditions. The
elements z; were not clearly described, but he did show that they
satisfy an adjoint type equation with the nonhomogeneous term K on
the right side. We now know that the elements z; satisfy an adjoint
equation L*z; = \;z; involving a differential-boundary operator as well
as standard end point adjoint boundary conditions. The expansion is
valid for all f in the domain of L.
The second expansion takes the form

fit)= i diz(t), d; = J; f(O)gi(t) dt.

It is valid for all f in the domain of L*.

3. Hilb’s work was later extended to the interval [0, ©] by his
student Betschler [2], and subsequently reworked by Krall [31] in
his 1963 dissertation. The results in this instance involve not only a
discrete sum, but also an integral due to a continuous spectrum on the
positive real axis. Specifically the expansions look like

fit) =Z egt) + [ et s)d.

o= [ fEBdLes = [ fozEsd
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where y;(t) and z(t), y(¢, s) and z(t, s) are solutions to the differential
equations generated by L and L* The expansion holds for all f in
the intersection of the domain of L and L![0, ®). A similar adjoint
expansion exists in the form

fity= 3 datt) + [ d)2(t.s) s

d= |, fogmdndes = | foysd

This expansion holds for all f in the intersection of the domain of
L*and L0, « ).

The primary unsolved problem left by Hilb and Betschler was the
true nature of the adjoint system. (See Feller [22], page 470). This
was found by Cole [20] in 1964 and Krall [32] in 1964-1965. It
involves not only a differential operator, but a boundary value as well.
It is, in fact, a differential boundary operator (see [39] ).

4. In 1917 C. E. Wilder [69] discussed differential systems with
multipoint boundary conditions:

u® 4+ N put + (=0,

i-1
k

Wiu)= Y Wyu)=0,i=1,""",n,
i=1

where

n
Wi = S autia),
2 =0
anda=aq;<ay """ <ag=b.

Wilder derived the Green’s function for the system, and achieved
an eigenfunction expansion, which converges pointwise at places
where the expanded functions are sufficiently smooth.

Although Wilder did not derive or define an adjoint system, he did
comment that necessarily such a system would have to be dis-
continuous at the interior boundary points, a major departure from the
smoothness requirements of all other earlier systems.

5. A major extension of the work of Hilb, Wilder, and also G. D. Birk-
hoff and R. E. Langer during the early 1920’s, was made by ]. D.
Tamarkin [56], [57], [58]. In these papers covering a 13 year
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span Tamarkin discussed the integro-differential equation

() + 2 r(xuk () = r(x) + 2 [REGLYGE

r; continuous, R,(x,§) continuous except along certain lines £ =
constant and x = £, where discontinuities of the first kind were per-
mitted. Tamarkin quickly reduced this equation to the form

S p@une) = fo+ S b+ [ b u@ de,

i=0 i=1
the terms %;(u) being linear in u, - - -,u®~1. In addition, boundary
conditions

L(w = AW + B@) + | a@ux)di=0i=1,n,

where

A0 = 3 e, B =S mutt

k=1

were imposed. The solution to this system was exhibited in terms of
a Green’s function. Asymptotic results were derived in which the
eigenvalues were shown to approach that of a similar problem with no
integral part. An eigenfunction expansion was also derived. An
adjoint system was defined, but only in the case of no integral part
in the operator and end point boundary conditions (as did Birkhoff
and later Langer).

6. A similar attempt was made in the early 1930’s by K. Toyoda in
two papers [59], [60]. The first considered the n-th order prob-

lem
Ly =y™ + E a9, Uly) = 2 Uily(x)) = 0,
1 k=1
where

a§x1<x2' <xm=bUk Edky(ﬁxk)

The main result was the derivation of a Green’s function.
The second considered n first order equations
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n
yi'+ Y ajy;=0,i=1"-""n
j=1

with boundary conditions

)= $ vy =0, or U= [ swwrar

where

n

= 5 adylm) and iylo) = 3 6i(0)y0).
j=1

Here the Green’s functlon and adjoint Green’s function were found,
but the proper connection between the adjoint Green’s function and
the adjoint problem was not made.

7. From results arising in the calculus of variations, R. Mansfield
[47] in the late 1930’s recognized that if a problem was to be self-
adjoint under interior point conditions, it must be discontinuous at
those points. Consequently he considered the problem

y1= 2 Iﬁijyj’i= 17 e, n
j=1

under the boundary conditions

[Mieyi(aq) + Nygyilagii)] =0,

S M=<

2
(k 1)n,wherea=a,<ay, - - < a,=b.

This may be recast in terms of matrices as

k=1
y' = Ay,sly) = 3 [Mgyle,") + Noylag.,)] = 0.
q=1

Mansfield reduced this problem to one in terms of a new independent
variable in the form

u' = HAu, S(u) = Mu(0) + Nu(l) = 0.
In this setting he then applied earlier results of Bliss [3] to discuss

problems which were self-adjoint, self-adjoint under a transformation
T, as well as their related eigenfunction expansions.
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8. The major results of this period not yet mentioned are due to
W. M. Whyburn [66], [67], [68]. His primary result was the
reduction of the vector system

= b
Ly=y' +Py=Q % Ayis)+ | Flaylx)dx=C,
i=1 i=1 a
where the points {s;} 7 are a set of the first species in [a, b] (for some
m > 0 the m-th derived set of {s;} 7 is finite), to a system

b
Ly=y' + Py = Q, Ay(a) + By(b) + L G(x)y(x) dx = D.

The function G(x) depends upon the coefficients A; and P, while the
constant D depends upon C, the coefficients A;, and the function Q.
This means that if Q = Ay, then the parameter X is introduced into the
boundary condition, where it might not have been present earlier.

Whybum also discussed extensively the Green’s functions for the
homogeneous system

Ly=y'+Py=0,
Ay(a) + By(b) + | ” Glx)y(x) dx = 0,

exhibiting its various properties, and then, he attempted to define an
adjoint system in terms of the formal adjoint differential equation and
some contrived boundary conditions. Specifically Whybum’s adjoint
looks like

Mz = z' — zP = R,
—2(a) = 2(b)B A+ [ 2@L(W," )W (a) dx =0, -

when B~! exists, and when W is a nonsingular solution of MW = F,

W(b) = B. It looks like
Mz = z' — zP = R,
b
—2(a)A"1B — 2(b) + [ a(x)L(Wy~)Wy(b) dx =0,
when A~! exists, and when W, is a nonsingular solution of MW = F,

W(a) = A. Needless to say these conditions may not hold. Trouble
arose immediately. The Green’s function for these adjoints, when it
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exists, does not satisfy the usual symmetry formula G(x, §) + G*(§, x)
= 0, occurring in all other adjoint problems. It was, in fact, not the
true adjoint (see Feller [22] page 470), which is a differential-
boundary system, but a translate of it (see Jones [28] ).

As one can see, these articles are not interconnected in any real
sense. The results they contained are fragmentary and incomplete.
They did, however, serve to exhibit a collection of interesting appli-
cable problems, to provide the background for the more interesting,
more complete work to follow, and to establish the field. The tools
used in these articles were completely classical in nature. Systems,
defined adjoints, Green’s functions, eigenvalues, eigenfunction expan-
sions were the rule. All this changed rapidly during the next eight
year period.

IV. Recent History, 1963-1971. 1. After almost a twenty year gap,
interest in multipoint boundary value problems was rekindled with
the appearance of two papers by Cole [19], [20] in 1961 and 1964.
The first discussed the multipoint system

Y’ = (AR(@) + Q. S WO Y(a, ) = 0,
u=1

where a; < ay **+ < a,, and where the components of W® are
polynomials in A. After deriving the Green’s matrix and discussing its
properties, an eigenfunction expansion was derived under certain
regularity conditions.

The second considered the multipoint-integral system

m b
Y' = A MY, S WOR)Y(ap ) + f W(x, \)Y(x, A) dx = 0,
h=1 a
where a = a; < ay - - - < a,, = b, A(x, \) is continuous in both x and

A, and W®(\), W(x, \) are polynomials in A; W(x, ) is infinitely dif-
ferentiable in x. Again eigenvalues were found, the Green’s matrix
was discussed and an eigenfunction expansion was derived under
certain regularity conditions. But, more important, an adjoint system
was defined which preserved those properties most closely associated
with such systems: Its existence does not depend upon the existence
of an inverse matrix; Green’s formula always holds; its Green’s matrix
G* satisfies the formula

G(x, ) + G*¢&,x) = 0.
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It was, however, no longer a purely differential system, but instead,
took the form

Z' = —ZA(x,\) + KA)W(x,\), Z(ap*, A) — Z(ap=, ) = KA)WH(),

h=1, --,m, where Z(a,~,A) =0, Z(a,*,\) =0, later called a
differential-boundary system by Krall, since the parameter K(A) can
be shown to depend upon the boundary terms W®(x) and Z(a,*, A),
h=1, -, m. This was the first time an adjoint system was not a
purely differential system.

2. In a slightly different setting, Krall [31], [32], [33] derived
similar results. Attempting to modernize the work of Hilb’s student
Betschler and at the same time extend the 1954 article of Naimark
[49], Krall considered the following differential operator in
L2[0, o ): Let the differential expression 2 be given by

Ly = —y" + q(x)y

on [0, ), where g satisfies [§|g(x)|dx < . Let D, denote those
f defined on [0, « ) satisfying

1. fisin L2[0, ©).

2. f' exists and is absolutely continuous on every finite subinterval
of [0, ).

3. &fisin L2[0, «).

Let K(x) be in L2[0, ©); let @ and 8 be constants; let D denote those
fin Dy satisfying

[ Kwfw dx = Bfi0) + af (0) = 0.
Define the operator L by setting

Lf =sf
forall fin D.

Krall showed that, when |a| + |B] # 0, the domain D is dense in
L[0, o), and that the spectrum of L consists of a finite number of
isolated eigenvalues and a continuous spectrum on the positive
semiaxis A = 0.

As did Betschler, Krall derived, by expanding the Green’s function,
a spectral resolution involving both a discrete sum and integral, valid
for a subet of D. In addition a second expansion was derived. At first
the exact nature of this expansion was not recognized, largely because
the adjoint operator L* had not been successfully found. However in
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a second article [32], the adjoint operator was found (by using the
Green’s function). If we denote by E those g in D, satisfying
Bg0) — ag'(0) =0,

then L*g = —g" + g(x)g — pgK(x), where p (0)/aor ug = g'(0)/8 or
both, depending upon whether or not « or 8 are zero or not. The
second expansion was the spectral resolution of the adjoint operator.
This was the second appearance of a differential-boundary expres-
sion. In this instance, however, a new twist was introduced: The ad-
joint was derived, not defined. It was determined by the setting. The
technique of deriving such objects has proven to be very useful.

3. During the next few years articles began to appear at an in-
creasing rate. One natural question arising from the newly found
adjoints was: What kind of generalization was necessary to permit
self-adjointness? Krall [34] showed that if

LY=Y'+P&)Y,L*Z= —Z' + ZP(x)
U,(Y) = AY(a) + BY(b),
U,(Y) = CY(a) + DY(b),

satisfy Green’s formula

[ tzwn + (L2)Y) dr = Vi@)U,0) + vo@)Ux(Y)

for some appropriate boundary functionals V(Z), V,(Z), then the
system

MY =LY + Kg(x)Uz(Y),

H(Y) = Uy(Y) + jb Ky(x)Y(x) dx = 0

has as its adjoint (either as an appropriate definition or in the proper
setting by derivation) the system

M*Z = L*Z + V(Z)K,(x),

J(Z) = Vy(Z) + f” Z(x) Ky(x) dx = 0.

Further an extended Green’s formula holds:

[ 1z + 01+2M) dx = vi(2)HY) + [2DUL).



506 A. M. KRALL

The Green’s functions for these systems, when they exist, satisfy
G*(t,x) + G(x,t) = 0.

Since the adjoint system has the same form as the original, trivial
modifications easily yield self-adjoint systems (Krall [39] ).

4. Another question concermed the possible self-adjointness of
problems with interior boundary points. Neuberger [51] and Zettl
[71] showed that the system

Y' = FY, A Y(a) + B,Y(b) + C,Y(c)=0
could not ever be adjoint to a similar system.

5. Bryan [14] discussed the system

b
L=Y’—AY,J dFY = 0,

where the auxilliary condition is generated by a function of bounded
variation. Following Cole’s lead, he discussed the Green’s matrix,
defined a (differential-boundary) adjoint system, and derived Green’s
formula.

6. Jones [28] showed that although the system

y' — Alx)y = AB(x)y, My(a) + Ny(b) + [ F(xjy(x) dx = 0

cannot be classically self-adjoint, under certain conditions it will be
self-adjoint under a transformation T, an idea which originated with
Bliss [3] while studying the calculus of variations.
Jones’ adjoint by definition is
—z — A*(x)z = AB*z + F*(x)V,
z(a) = —M*V, z2(b) = N*V.
Here the boundary conditions are given in parametric form, and the

operator is a differential-boundary operator. Jones transformed these
systems into a new matrix form as follows: Let

= | K dx + My(a)and letp ={ ¥ ).
utx) = [} Floyeo) e+ My(a) andtetg = (¥ )
¢ satisfies

¢’ — Alx)p = AB(x)b, Mp(a) + Nep(b) = 0,
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where

w0= (g o)== (°3 %)

_ (M-I ) _ (0 0 >

’ (0 0/’ < N 1/°

This system is equivalent to the original. The adjoint of the new matrix
system is

—¢' = AW = ABHx)p, P*P(a) + L*Y(b) =

where @ = () 0), @ = ( _}), which is equivalent to the original
adjoint. It is to this pair that the results of Bliss [3] were applied.
Jones also showed that Whyburn’s adjoint is a translate of his.

7. By using an extension of the matrix representation by Jones,
Krall [35] showed that a differential-boundary system is also equiva-
lent to an ordinary differential system with end point boundary condi-
tions. Furthermore a system with a finite number of interior boundary
points may also be reduced to such a system. The system under con-
sideration has the form

2 m
LY=Y'+ PY+ EH,.[E +) + Dy;Y(g; )]

i+1 j=

where C;,, = 0, D;y = 0,

(=]

b m
MY = j K.Y dx + 20 AY(g+) + ByY(g—)],
=

where A;,, = 0,B;,=0.i=1, --- k.

The adjoint to this system had already been found in L,%[a,b] by
Krall [36]. Here, however, the following change in notation was
made: Let the interval I = [a,b] be divided into subintervals by
;= [a;_),a],j=1, - - -, m,and let U denote the nm X 1 vector

Y(I,)

Y(im) ,

where the first n components are evaluated in I} = [a, a,], etc. Then
by similarly redefining the various coefficients, a new equivalent
system
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L, Y= Y' + @ Y+ H[CY(A) + DY (B)]
AY(A) + BYB) + [ K (20U(Ex) dX =0

is found. The technique used is similar to and equivalent to the tech-
nique used by Mansfield [47]. The adjoint system has a similar
equivalent form.

Now let

UX) = AV + [ K va,
5= CYA) + DY)

then the transformed differential-boundary system is equivalent to

Y\ PO —

ul =1%o o

S 00
A —1 0 YA 00 0 YR
0 0 0 wuA |+ 31 o wB | =0
¢ 0 —Hl S(A) D 0 —%1/ \ S(B)

Again the adjoint is equivalent to the appropriate end point problem.

8. During the same period motivated by the work of Neuberger
[51] and Zettl [71] on the three point boundary value problem,
Loud [46] determined conditions under which a differential

operator ix' — A(t)x, whose domain is smooth except at a finite number
of points a = ¢y < ¢, * * - < ¢,, = b, where jumps occur, can be self-
adjoint.

9. Using the technique previously applied to differential- boundary
operators under similar conditions, Krall [37] showed that in a
Hilbert space the system

LY + AY' + AY, MY= Y [AY(g+)+ B,;Y(g—)] =

i=0

i=1, -, k, has as its adjoint the system
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L*Z = — (A*Z) + A*Z,

k
Al*(aj_)z(aj")= 2 B;'} i(Z),
i=1

k
_Al*(aj-1+)z(aj—l+) = 2 A*ij—ld’i(z),
i=1

i=1 - ,m
Al(xl)....o. \
fh=1 - -
0 A
Afe 0 )
“h = S
0 "'AO(xm)/ >

HA= (Aij—l)s B= (Bij)s
A= (00+’al+’ “ttamt), B=(a—,a3—, " ap—),

then the system is self-adjoint if and only if
A= —AF Ay = At — A, AA(A)* A = BA(B)* 1B,

a result which has the same form as the classical result in simpler
cases. (Locker [45] has recently extended these results to the n-th
order operators.)

10. Zettl [72] followed by discussing the possibility of systems
being adjoint under other than the usual weight functions. This was
followed by a generalization due to Wong [70] and further discus-
sion of Krall [38], who considered the possible adjoints for the
operator Ly = Ay’ + Ayy in the Hilbert space generated by the inner
product

(y,z); = f: z*Jy dt.

An adjoint exists for each nonsingular symmetric matrix J. Self-
adjointness occurs if and only if
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A+ JAL =0, A*] — JAo + (JA)' =

11. Interest in self-adjointness was continued by Kim [30] who
considered the system

Ly = y" — h(x)(a1y(0) + azy'(0)),

biy(0) — bay'(0) — | Kx)y(x) dx = 0

in the setting L*0, © ), extending the results of Betschler [2] and
Krall [31]. Kim showed that, except for a finite collection of iso-
lated eigenvalues and a continuous spectrum on the positive real axis,
a Green’s function exists, generating solutions to Ly — Ay = f which
also satisfy the boundary condition. By using the Green’s function he
was able to show that the adjoint operator is given by

L*z = 2" + R(x) [ <szi—la2'1§f)_z(0) + QTJW)_Z"‘”] ,

with its domain restricted by the boundary condition

(ﬁz‘%aj >—z(°> - <al—b;%1271 ); '(0) + f: R(x)2(x) dx = 0,

Hence the operator L is self-adjoint if and only if a b, + a;,b; = —1;
a;, as, by, by are all real; h(x) = K(x). The Green’s function was then
discussed in some detail, leading to a spectral resolution, similar to
results previously stated.

The results during this period still appear to be somewhat dis-
connected. Indeed they were coming at a frightful rate from a great
many mathematicians scattered throughout the world. Needless to
say many of their ideas and results substantially overlapped.

12. The period came to a close with the appearance of the article
by Krall [39] which gathered together and extended many of the
results concerning regular differential and differential-boundary sys-
tems with interior and integral boundary conditions. The article
begins by considering the system

LY=Y +PY+ S Hx) S [CyYg+) + DyY¥(—)] =0,

i=1 i=1

ﬁ [A;Y(g;_,+) + B;Y(g,—)] + f Ki(x)Y(x) dx = 0,

i=1
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i =1, - - -, k, and defining its adjoint in parametric form by

L*Z= —Z'+ P*x)Z — i K*(x)¢; = 0,

i=1

~Zg-)+ 3 Bigi— 3 DY j" Hi*(x)Z(x) dx = 0,
i=1 i=1

a

k 3
Zg )+ 3 A= 3 O [ HX@ZE dx =0,
i=1 @

i=1

j=1,+--,m. These are immediately reduced to systems without
interior boundary points, having the form

LY =Y’ + PY + H[CY(a) + DY(b)] =0,

AY(a) + BY(D) + | * Kx)Ya)dx =0,

a

and

L'Z= —Z' + P*Z — K*¢,
b
Z(a) + A% — C* [

H*(x)Z(x) dx =0,

—~Z(b) + B* — D* [ H*x)Z(x) dx = 0.

By using various formulas involving A, B, C and D the parameter ¢
is eliminated, so the adjoint has the form

L*Z= —Z' + P*Z — K*[AZ(a) + BZ(b)] = 0,

Cz(0) + DZ(b) + | " H*x)Z(x) dx = 0.

By using the matrix form of these systems, mentioned earlier, the
equation LY = 0 is shown to have n linearly independent solutions
(Y is an n-dimensional vector), and a fundamental matrix is produced
for the matrix form. Then it is shown that the adjoint L* (in L,2[a, b])
of the operator determined by L agrees with L*, and that the boun-
dary conditions are satisfied by elements in the domain of L*.

A discussion of self-adjoint systems follows. The operator

TY = (i)Y' + P(x)Y + H(x)[CY(a) + DY(b)]
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with domain restricted by the boundary condition

AY(@) + BY(D) + | Kx)Y(x)dx =0

is classically self-adjoint in L,>[a, b] if and only if

1. P= P*

2. All matrices are n X n matrices,
3. K(x) = —i[AC* — BD*] H*(x),
4. AA* = BB*,

5. H(x)[CC* — DD*] = 0.

Since through the matrix form, the spectrum of T is seen to consist only
of isolated eigenvalues, an eigenfunction expansion automatically fol-
lows by the technique exhibited in [18, chapter 7].

Systems self-adjoint under a transformation are also discussed.

Finally under the regularity assumptions that A and B are non-
singular an eigenfunction expansion is derived in the nonself-adjoint
case by expanding the Green’s matrix in a series of residues. The spec-
trum of L is shown to consist of only isolated eigenvalues; for each F
in the domain of L,

= 3 v [ z7oF© dt

1

where {Y;} and {Z;} are the corresponding eigenfunctions for L and
L* respectively.

This concluded the period in which a finite number of discontinu-
ities of the first kind were permitted. As it drew to a close, mathe-
maticians turned their attention to discontinuities of a more general
nature: Those generated by functions of bounded variation seemed
easiest to handle.

V. Current Problems, 1970-1973. 1. We mention first the article by
Nersesian [50] which appeared in 1961, but since it was in Russian
and was not translated, had little impact on the field. Nersesian studied
the system

m

Ly=(y = o) + 3 g — &) + [ Kyt de = ry,

i=1
L

yO) = o py®) + [ ylx) dblx) = Ao,
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and its adjoint

L+z= —(z + b(x))' + i qi(x)z(x + AX(x)) + K K(t, x)z(t) dt = Az,

i=

—

o

al0) + [ alx) dalx) = A, 20) = B,

where Ai(x) = 0,0=x=%,and AA)=L, A/(X)=60<1,0=x=
2, i=1, -, m, where g;(x) = 0 when x <0, [§|gi(x)|dx < o, i=
1, - - -,m, where [§J}|K(t, x)|dxdt < o, and where a(x) and b(x)
are continuous. He showed the existence of a countable collection of
isolated eigenvalues and derived an eigenfunction expansion which
converges in the classical sense:

Lfa+ 0+ fa—0) = 3 Yo [z b,

when f is of bounded variation on [0,2].

2. The serious consideration of more general boundary value sys-
tems opened with the appearance of Bryan’s article [15], which dis-
cussed differential-boundary systems suitably generalized to permit
boundary operators and boundary conditions to be generated by func-
tions of bounded variation. Bryan specifically considered the system

LY = (Y — H*[CY(a) + DY(b)])' — PY,

AY(a) + BY(b) + f” dK(x)Y(x) = 0,

where H and K are of bounded variation, and an adjoint system de-
fined by

L*Z = —(Z — K*[CZ(a) + DZ(b)])’ — P*Z,
AZ(a) + BZ(b) + j” dH(x)Z(x) = 0,
where
B SNPRIN

In this setting Green’s formula takes the form
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j” [ZXLY) — (L*Z)*Ydx =
— [CZ(a) + DZb)]* [ AY(@) + BY®) + | dKY |

[AZ(a) + BZ(b j dHZ | *CY(a) + DY(b).

The article concluded by deriving and discussing the Green’s mat-
tices for these systems, showing that

G(x, t) + G*(t,x) = 0.

3. The results of Bryan were generalized considerably by Vejvoda
and Tvrdy [63], [64]. In the first by calling upon techniques
exhibited by Hildebrandt [27] and Krall [35], and appealing to
Stieltjes-integral equations, they reduced the system

X' = A+ K'(O)[Mx(a) + Bxb)] + ¢ [ [ dHsn ] + 1)

b b
Mx(a) + Nx(b) + f dLy(@)x(r) = 0, [ dLy(w)n(r) = 0,

and its adjoint

y' = = yTAW) — (T@P + YOOI’ (1)
- [ ywdem] #w - prrao,

yT(@P + y"(b)Q — [ yTir) dK(r) =

(The coefficients satisfy
S TEANEY

G, H, K L,, L, are of bounded variation, and hence differentiable a.e.)
to

£0) = t@) + [ dADEE) + 9() — $la).HE(@) + NEDB) =0,

and
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7(6) = n7a) = [ n(r) dA(r)n*(@) P+ 97(B) €= 0.

If the operators L and L+ are defined by

L&(t) = &(t) — &(a) — [ dAmE)

Lont(e) = —n(t) +n%(a) = [ 07(r) dA(r),

then Green’s formula is given by

[0 ) aeo) - armro) =

[n7(a) 2+ 77(b)Q] [M&(a) + NED)]

)
+ [77(a) P+ nT(b) Q] [ME(a) + NED)].

In the original setting, if
Lx = x' — Ax — K'(Mx(a) + Nx(b)),
L'y" = —yT = yTA = (@P + yTB)QIL" = pTLy’,

it is given by
Ib [yTLx — L*yTx] dt =
[yT(a>P +y"(b)Q — jb yT dK][Mx(a) + Nx(b)]

+[yr@P + yr®)0] [Mxt@) + Nsv) + [ L]+ p7 [ dLox

The Green’s matrix is derived and shown to have the usual properties.
The second [64] discusses in a similar manner the system

x' = Ax + C(x(a) + D(x j d,G(t, $)x(s) + f(2),
Mx(a) + Nx(b) + j " dL(s)x(s) = 0

(where C, D are in L2 and G is in L2[ BV] ), and its adjoint
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g7t = y*a) = [ yT(6)A(s) ds = yT(L(®) — La)

- [0 y76)(G6.0) — Gls,a)) ds,

yT(a) + yTM + j (s)C(s) ds = 0,

—y™B) +y™N + [ yr(s)D(s) ds = 0.

Of particular interest, however, is section 5 in which the first system is
set in L1(a, b) and the second is derived in L*(a, b) by a technique due
to Wexler [65] .

4. We are now at a turning point in the field. The tools of func-
tional analysis, of course, were not used during the early development
of the field. Furthermore, they were used at best sparingly during the
period ending in 1971. The trend, however, is significant. They
appear more and more often, and during the last few years have be-
come to be used almost exclusively. Almost all of the most recent
results have been found by considering an appropriate linear operator
in a suitable space, or by considering an appropriate linear relation
when the operator, which would normally be considered, does not
possess a dense domain (see [1] and [10]).

The first consideration to operators generated by Stieltjes boundary
conditions was given by Green and Krall [23], [40], [41], where
the Stieltjes measure varied only by discrete jumps. Specifically, let

= £,%[0,1], and denote by D, those elements y in H satisfying

1. yis absolutely continuous,
2. 2y = y' + Pyisin H, where P is a continuous n X n matrix.

Denote by D the collection of all elements y in D, satisfying the con-
dition

S Ay(t) =
i=0

where {t;}§ forms a (possibly somewhere) dense subset of [0, 1],
to=0, t;, =1, and where {A;}§ is a collection of n X n matrices

satisfying

||M3

Al <=

for some convenient norm.
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The operator L is then defined by setting Ly = 2y for all y in D.

Assuming 0 is not an eigenvalue of L, Green and Krall [23]
derived the Green’s matrix, discussed its properties, and used it to
show that D is dense in H. Another application of the Green’s matrix
yielded the adjoint operator: Let D* denote those elements z in H
satisfying

1. for some parametric vector ¢,

z— Y A*¢ X(t;, 1] is absolutely continuous (X(t;, 1] is
i=0

the characteristic function of the interval (t;, 1]),
2. L*z= —2z' + P*z existsa.e.in H,
3. 2(0—)=0,z(1+)=0.

L* is then defined by L*z = 2*z for all z in D*.

Finally the spectrum of L was shown to consist of isolated eigen-
values, which, when A, and A, are nonsingular, lie in a vertical strip
in the complex plane.

Subsequent articles [40] and [41] derive both self-adjoint
(under a transformation) and nonself-adjoint eigenfunction expansions,
which are similar to those previously presented.

Of additional interest is the brief discussion of a one dimensional
problem in which an infinite number of the coefficients A; are bounded
away from 0, and for which the corresponding #;’s are dense in a subset
I of [0,1]. In this situation the domain D is not dense in H and an
adjoint does not exist.

5. Substantial improvements to the preceeding were made by Brown,
Green and Krall [5], [12], [11]. First the setting was enlarged
to be any of the Banach spaces £,°[0,1],1 < p < ®. Second the
boundary condition was altered so the coefficients involved were
m X n matrices satisfying

S aye)+ [0 Koo de=o.
i=0

By extensive use of various theorems from functional analysis (see
Kelley and Namioka [29] ), Brown was able to show that when

M ker AT C ker K(t) a.e.
i=0
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the domain of L is dense in £,7[0,1], 1 < p < ®. The dual operator
in £,9[0,1], 1< g<®, l/p+ 1/g=1, was shown in [12] to
have the form

Ltz = —z' + P*z + K*¢,

a differential boundary operator. Finally in [11] both self-adjoint
(under a transformation) and nonself-adjoint eigenfunction expansions
were derived, having the same form as previously derived expansions.

6. A second improvement was made by Brown and Krall in [13]
and Brown in [6]. Since it forms a basis for several other articles and
also is closely related to the earlier work of Bryan [14], Vejvoda and
Tvrdy [63] and Tucker [B81], we present it in some detail.

Let X= £,7[0,1], 1 = p < »; let P be continuous n X n matrix;
let » be an m X n matrix valued measure of bounded variation. In X
let D,, denote those elements satisfying

1. yis absolutely continuous,

2. ky =y’ + Pyexists a.e. and is in X,

3. Uly) = f; dv(t)y(t) = 0.

The operator L, is then defined by setting L,y = &y for all y in D,

The boundary condition U(y) = 0 is more general than the one pre-
viously mentioned, since if v is decomposed, it will consist of a singular
atomic part, generating a discrete sum, a singular continuous part, and

an absolutely continuous part, generating an ordinary integral. Hence
U(y) = 0 would look like

1 1 dv
[ sty + [ avowo + [ Seynde=o.

where sa denotes singular-atomic, sc denotes singular-continuous, c
denotes absolutely continuous. The first integral can be written as
¥.Zo Ay(t:) if necessary.

Now let T be a dense subset of [0,1], and let K, denote [,cr
ker v[0, t]. The article shows that, when 1 € T, D,, is dense in X if
and only if

KT, « C K%+,

where s denotes the singular portion of v, and ¢ denotes the portion of
v which is continuous with respect to Lebesgue measure.
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Assuming that D, is dense in X, the dual operator in X* =
£,7[0,1], 1/p + 1/g = 1, is then shown to have the following form:
Let D,* denote the collection of all elements z in X* for which there
is a parameter ¢ in C"/K7, such that

1. e(t) = z(t) + v,*[0, t] ¢ is absolutely continuous,
%*

d
2. *z= —z+ P*z + ;; ¢ exists a.e. and is in X,

3. 2(0+) = —v*[0]4,
z(1=-) = v*[1] ¢.

Then L,*z = 2*z forall zin D;*, 1 = p < . Brown has showed [6]
that both L, and L,* are normally solvable Fredholm operators
which, when n = m, have a spectrum of discrete eigenvalues, accu-
mulating only at . Further ([13]) when Ay = »,[0] and A, =
v,[1] are nonsingular, spectral resolutions in the form of eigenfunction
expansions exist.

An appeal to the theory of almost periodic functions [44] shows
that the eigenvalues of L, given by

det U(Y(t)er) = 0,

where Y(t) is a fundamental matrix for y’ + Py = 0, lie in a vertical
strip |Re(A)|] < h, and that the number of eigenvalues in a region
bounded by k < Im(A) < k + 1 is bounded by a number M inde-
pendent of k. Further for any § > 0, there is a number m(§) > 0 such
that

|det U(Y(t)er)| > m(8)

for all A outside circles of radius § centered at the eigenvalues. This
implies that outside these circles the Green’s matrix for L, exists and
remains bounded. By using additional asymptotic estimates the
Green’s matrix is shown to be expandable in the form

© m—1 m-l-j m-1—j—k

Chost)=3 2 X X w®)Usoo = A I,

n=0 j=0 k=0 2=0

where each term is the residue of G(A, ¢, s)/(A\ — Ao) at an eigenvalue
An. The elements u;(t), vi(s) satisfy

(Lp - Aﬂ)u'O = 0’

(Ly = Mwy=w_p,j=1,- - m—1,
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dv *
dt ’

(Lq+ - )\n)Uk = Dk—17k= 1, - m—1

(Lq+ - 7\n)DO =

Using this expansion it then follows that for each y in D,

m—1 m—1—j

yo=-3 WO 1k [ 06)ylo) ds;

for each z in D, *,

(== S S U1 [ weae) dt
n=1 j=0 k=0

Expansions for operators which are self-adjoint (under a transforma-
tion) were also discussed. The hypotheses required to achieve such
situations, however, are so strong that the existence of such operators

is highly dubious.

7. The results of the preceding article have been extended in two
ways. First Krall [42], [43] has considered Stieltjes differential-
boundary operators with, surprisingly, a new kind of condition arising:
an adjusting operator, inserted to permit differentiability, but free of
boundary conditions, was found to be advantageous. In many respects
it is similar to a condition introduced by Moyer [48] in a distribu-
tionally oriented study. The articles proceed as follows: Let A, B, C,
D be m X n, m X n, (2n — m) X n, (2n — m) X n matrices, m = 2n,
such that (& p)is nonsingular, and let

—A* —(Cx
("5 b+)
be its inverse, where A, B, C, D are respectively m X n, m X n, (2n —
m) X n, (2n — m) X n matrices.

Let K be an m X n matrix valued measure of bounded variation,
satisfying dK(0) = A, dK(1) = B. Let K, be an r X n matrix valued
measure of bounded variation, satisfying dK,(0) = 0, dK,(1) = 0.
Hence the boundary form fol'(j,’gl)y represents the most general type
of bounded variation. The “mass” at 0 and 1 is concentrated in the
first m rows.

Finally let H and H, be n X (2n — m) and n X s matrices of

bounded variation, and let P be a continuous n X n matrix.
Now in £,7[0,1],1 = p < o, denote by D those elements y satisty-

ing
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1. For each y there is an s X 1 matrix valued constant ¢ such that
y + H[Cy(0) + Dy(1)] + Hy¥
is absolutely continuous,

2. 2y = (y + H[Cy(0) + Dy(1)] + H,¥)' + Py exists a.e. and is in
£,°[0,1],

3. Ay(0) + By(1) + j;: dK(2)y(t) = 0, j;dKl(t)y(t) = 0.

Define the operator L by setting Ly = %y for all y in D.

The boundary conditions in 3 are assumed to satisfy the condition
mentioned earlier guaranteeing the density of D in £,7[0, 1].

The dual operator L+ in £,7[0, 1] was found to have the following
description: Denote by D+ those elements z satisfying

1. For each z there exists an r X 1 matrix valued constant ¢ such
that z + K*[Az(0) + Bz(1) + K,*¢ is absolutely continuous,

2. Ltz= —(z + K*¥[Az(0) + Bz(1) + K,*¢)' + P*z exists a.e.
andisin £,9[0, 1],

3. Cz(0) + Dz(1) + j(: dH*(#)a(t) = 0, j;_ dH, *($)2(t) = 0.

The operator L+ is given by L*z = g *zforall zin D*.

Note that while D is assumed to be dense in £,7[0, 1], D* may not
be dense in £,7[0, 1] unless the measure generated by (;}l) satisfies
the same sort of acceptability condition as (,fl). Further £ will not
be uniquely defined, nor will D be dense, unless H, and K, possess
a part which is singular with respect to Lebesgue measure. Such terms
as Hi¢y and K;¢ are called free, implying they are not dependent
directly on a boundary form such as the other adjusting terms. These
were alluded to by Moyer [48] and explicitly exhibited by Vejvoda
and Tvrdy [63] in simpler situations.

Green’s formula takes on the rather complicated form:

[, 12y = (oo de=

[Cz(O) + Dz(1) + j (‘) dH*z]*[Cy(O) + Dy(1)]

+[Az(0)+ Bz(l)]* [Ay(0)+ By(1) + f; de]

+ ¢* [ j; dKly] + [J; dHl*z] 0.
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If, instead of considering L and L+, the operators T = (1/i)L and
T* = —(1/i))L+* are examined in £,2[0,1], it is found that T = T*
if and only if

P= —P*
m=n,r=s,
K= [BD* — AC*| H*a.e.,
AA* = BB*,

H[CC* — DD*] = 0 ae.,

I A

K, = MH,* where m is a nonsingular r X r matrix.

The second article [43] continues by deriving equivalent integral
equation-boundary value systems, similar to those of [39] and [63],
which are a bit too cumbersome to exhibit here. Fundamental mat-
rices are exhibited, which, when inserted in the boundary conditions,
show that the spectrum of L (and T) consists only of discrete eigen-
values, accumulating at . This immediately implies that T has a
standard eigenfunction expansion similar to that derived in [18] for
ordinary differential operators.

A nonself-adjoint expansion was also derived while assuming that
H, = 0, K; = 0, either H or K is continuous. In this case the results
of [39] are easily adaptable. The general situation is still obscure.

8. The second extension, Brown [8], is to higher order ordinary
operators under the assumption that the boundary measure has no
part which is absolutely continuous with respect to Lebesgue measure.
Specifically on [a, b] let D,,” denote those elements y in 2,7 [a, b],
1 = p < =, satisfying

1. y»-D exists and is absolutely continuous,

2. y™isin £,”[a, b].

Hence the expression
N .
y= X Ay",
i=0

where the m X m matrices A; are in C®"~, and A, nonsingular on
[a, b],is also in £,,”[a, b].
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If v; are £ X m matrix valued measures of bounded variation with
no absolutely continuous part, let D,”"[U] denote those elements y
in £,7[a, b] satisfying

1. yisin D,

= 3 dultyn) = 0.

The operator L is then defined by setting Ly = &y for all y in D,,»"[U].
By using an equivalent first order vector form, Brown showed that the
dual operator can be described in the following way: Define the ex-
pressions £;+ by

2.0+.(Z) = AO*z:

i — 1yi(A*2)9Y,

1n+(2-' i n—t A*z)(n 1)

Let D, *[U] denote those elements z in £,9(a,b], l/p + 1lg =1,
satisfying
1. There exists a parameter ¢ such that 2;*(z) + v*,,[0, t] ¢ is
absolutely continuous,

2. %%(z)[a] = —v;,1[a]d,%;%(z)[b] = v;,,[b].

The dual operator is then given by L*z = £, *z for all z in D,,9"*+[U].
Green’s formula has the form

[ t24(Ly) = (L2 ds = g*Uy).

In conclusion Brown showed that both L and L+ are normally solvable,
and that the systems discussed by Wilder [69] and Loud [46] are
special cases.

9. Almost immediately thereafter Brown [9] made a major ad-
vance by applying his results for the n-th order problem to the theory
of Lg splines. The spline problem is to minimize the differential ex-
pression
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Ly = EO Ayn—o

in £,,2[a, b] subject to the constraints

)t(f) = i Jf de(t)y("‘j)(t) =r,

where r is a £ X 1 vector. Such a minimizing function, if it exists, is
an Lg-spline interpolating the data r with respect to the functionals A.

The collection of elements y over which the minimizing takes place
is the Sobolev class W, 2"[r], consisting of elements y satisfying

1. yisin 2,*[a, b],
2. y,y' + -y Dare absolutely continuous,
3. tyisin £,*"[a,b].

The nonlinear operator L,, defined by L,y = &y for all y in W, 2"[1],
is an “r translate” of the operator L discussed earlier.

Brown showed an Lg spline f exists for &(y) in W,,2*[r]. Further-
more f in W,?" is an Lg spline if and only if 2(f) is in the null
space of L*. This implies that an Lg spline f possesses the following
degrees of smoothness:

1. fisinCr-![a, b].
2. fisin C"~!%[aq, b] ifand only if v;, - - -, v; are continuous.
3. fisin C?"in every open set Q in the compliment of v, - - -, v,..

The proof of these results relies heavily on the theoretical studies
concerning the operators generated by multipoint-integral boundary
systems and certain facts from functional analysis. Not only are old
results improved, but the hypotheses required are also substantially
reduced.

10. Most recently Brown has written an article [10] which not
only extends the results mentioned earlier concerning adjoints but
also ties these together with the concepts of splines and generalized
Green’s matrices. Following [1] the article first considers abstract
linear relations and adjoint relations. Next these concepts are applied
in £,"[a, b] to the operator L given by the expressions Ly = %y, 2y =
;',-":0 Ay™-9, where {A;} are measurable and in £,,[a, b], and det A,

0 on [a, b], with the domain of L restricted by the boundary condi-
tion
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v =S [} dniteyro =o

When compared to [8], however, here the measures {v;} are per-
mitted to have an absolutely continuous part. By using a generalized
Green’s matrix (see the next section) an adjoint relation L* is found.
Asin [8], let

Lotz = Ap*z,

j

2+(Z 2 1);—1 (A;*z)U G=i),

i=0

2,1(2) = 3 (—1p-i(Aka) ),

i=0

Now rewrite the boundary condition U(y) as follows: If U(y) is decom-
posed into a singular part Uy(y) and an absolutely continuous part
U.(y), and the measures generating the absolutely continuous part are
sufficiently differentiable, then

Uy = S [} (15 e

n—2 n—1
+ 55 ey |-
j=0 i=j+1 b
upon integration by parts. Let
n—1
> () ) — b)),
i=j+1

where u(a) = 1 when ¢t = a, pu(a) = 0 when ¢ # a and u(b) = 1 when
t = b, uw(b) = Owhent # b, and let

Wy, —; = Vn—j + f,,_j.
If

n—1 rp .
=y J' dw,_jy?,
j=0 7 ¢
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and
= [° 4o
)= | Syt
where
d“’é= S —1yi NG+1)
D ACIC R
then

Uly) = U,"(y) + U.'(y).

The domain of L* is then the set of all elements z in £,,9[a, b], 1/p +
1/g = 1, satisfying

1. There exists a parameter ¢ such that £,%(z) + v7[0,t]¢ is
absolutely continuous,

2. 4%z)[a] = —w*[a] @,
%(z)[b] = o*[D] ¢,

c \ ¥
3. 2+(z) + <dd—“;) $isin £,9[a, b].
To actually describe L*z is a bit more complicated than before: Let
Y1, * * *, Yk be a fundamental set of solutions of 2y = 0, and let
Y1 Yn .
Y =
yl(n"l) ynm—l)

If; = (Vm Y Vl)’ let

U(Y) = jb vy,

and let A be the first m components of

U(Y)*+ f’ Y(s)* ds,

a

where the symbol + denotes the (Moore-Penrose) generalized inverse
(see the next section). Finally let
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w)

e
I

w’l
and let ¢’ be in K25} (see [13] ). Then
L*z = 2,*(z) + i;’ti@ —A+¢)

The expression is unique (L* is an operator) if and only if Klzb1C
N(dw°*/dt) a.e., where N denotes null space. If L*z is not unique,
then it can be interpreted as a linear relation (Arens [1]).

The final part of the article ties these results to the theory of
splines.

VI. Generalized Inverses and Green’s Matrices. While it is beyond
the scope of this article to broadly discuss the results concerning the
application of generalized inverses to boundary value problems (see
Reid [54] for such a survey), certain of the results do concern multi-
point problems, and we would be negligent if we failed to mention
them.

1. An excellent beginning for our purposes is the article by Bradley
(4], which discussed the following:

Consider the formal differential expression 2y = Ay’ + Agy; and
define the operator T by setting Ty = Ly for all absolutely continuous
n-dimensional vectors y satisfying My(a) + Ny(b) = 0, where M and
N are k X n matrices. The adjoint to T is determined by the formula
T*z = —(A;*z2)' + Ao*z, with the domain of T* those absolutely
continuous n-dimensional vectors satisfying the boundary condition
Rz(a) + Sz(b) = 0, where R and S are (2n — k) X n matrices satisfying

MAY~"(a)R* = NA,*"'(b)S*.

The nullity of T is the dimension of the null space of T.

A generalized Green’s matrix for T is an essentially bounded, mea-
surable n X n matrix G, defined on {(x,¢):¢a=x=b, a=t=b}
with the property that if f is in the range of T then

b
y= | Ganfwa

is in the domain of T and Ty = f.
If B denotes the k-dimensional subspace of 2n dimensional complex
space of end values (y(a) : y(b)) of elements in the domain of T; if
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Y, Z are fundamental matrices for Ajy’' + Agy = 0, —(A,*2)’ + Ap*z
= O satisfying Z*A,Y = I, the identity; if

s(Y) = MY(a) + NY(b),
s=(Y) = MY(a) — NY(b);

and r is the nullity of T, then S(Y) has rank n — 7. If Bisann X r
matrix satisfying s(Y)B=0, B¥B=1,, and C is a k X (k—n+ 1)
matrix satisfying C*s(Y) = 0 and C*C = I;_,,,, then the (k + r) X

(k + r) matrix
s(Y) C
( B* 0)

R B
(e o)
where R is the E. H. Moore generalized inverse of s(Y). If Gy(x, t) is
defined by

has an inverse of the form

Golx ["" Uy 4 Re~( 1] 7.

lOI)—-

whenx # t;x,t € [a, b],
Golx, x) = § Y(x)Rs=(Y)Z*,
when x € [a, b],
when dim B < 2n, or if

I — ¢
x—t

Golx, t) =3 Y*(x)Z*(t),

whenx # t;x,t € [a, b],
GO(x’ x) =0
when x € [aq, b],

when dim B = 2n, then Gy(x, t) is a generalized Green’s matrix for T.
Bradley showed further that a generalized Green’s matrix is not
unique. If the r columns of U form a basis for the null space of T, the
p columns of the matrix V form a basis for the null space of T*, and
G, is a generalized Green’s matrix, then the matrix G is also a gen-
eralized Green’s matrix for T if and only if there exist r X n and
n X p matrix functions I" and A such that
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G(x, t) = Gy(x, t) + Ux)C(t) + A(x)V¥(¢).
Bradley also determined a unique principal generalized Green’s
matrix: If 6 and Q are integrable n X r and n X p matrices satisfying
b b
J' 6*Udx and f V*Qdt

are nonsingular (= I, and = I,,), then

@)= = [ Golx,5)s) ds,

I(x) = j j 8(s5)Gols, ) Ut)V*(x) dsdt — j 0%(s)Gofs, x) ds

determine a unique generalized Green’s matrix G, satisfying

[ * Gyalx, Q) dt = 0, [ " OMx)Gyalx, t) dx = 0.

G uniquely satisfies the following five conditions.

1. G,q is continuous except on x = t. G,q is differentiable in x on

[a,t) U (¢, D].
2. Ift € (a, b), then
lim Gyq(x, t), lim Gyo(x, t)
xtt x|t
exist, and
Goa(tt, t) — Goa(t—,t) = A, Y2).
3. Ift € [a,b], then

A Goals, 1) + AgGaalx, ) = = QVX(®).

4. Ift € (a, b), then
Mm(a, t) + NG,,n(b, t) = O,

and

[ 0*w)Coale, ) dx =0

The article concludes by showing that the unique principal gen-
eralized Green’s matrix for T*, Hy,, satisfies

Hﬂﬂ(x’ t) = G,Sﬂ(t’ x)'
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2. Conti [21] considered the more abstract problem of solving
Dx=x"—A{t)x=1y
subject to the constraint
Lx =4,

where L is a linear operator mapping continuous n-dimensional vec-
tors into C*. If Y is a fundamental matrix of D, = 0, U(t, s) is the
evolution operator U(t, s) = Y(t)Y(s)~!, then every solution of Dx = 0
has the form x = U(t,7)¢ for some £ € C", and every solution of
Dx = y is of the form

x=Ut,né+ D"y,
where

D, "ty = J‘t U(t, s)y(s) ds.

T

If L, denotes L(U) with s fixed at 7, and L2 is a generalized inverse
of L, i.e., it satisfies

LuLugLu = Lw

then a necessary and sufficient condition that the problem Dx = y,
Lx = £ have solutions is that

(I— L*L#][2 — LD,*y] =0
for any generalized inverse L,2. Solutions are given by

UL + Ué + [D,* — ULEALD, ]y,

£, in the null space of L,.

If L, has a right inverse L,*, then the expression above with L,*
replacing L,# holds as a solution for all locally integrable y.

If L, has an inverse L, ~ ! then the expression

UL,~% + [D,* — UL,~'D,*]y

is the unique solution to Dx = y, Lx = %.

These results were then applied to end point boundary conditions,
duplicating in part the results of Bradley [4], to k-point boundary
conditions, to conditions involving a countable set of points, and
finally to conditions also involving integrals, either Stieltjes or
Lebesgue.



GENERAL DIFFERENTIAL-BOUNDARY SYSTEMS 531

3. Halanay and Moro [25] continued Conti’s work in more depth,
discussing the problem

Dx=x"— A(t)x=f
subject to the constraint

b
Lx = Mx(a) + Na(b) + | dF(t)x(t) = 2,
where M, N are m X n matrix constants and F is an m X n matrix

valued function of bounded variation continuous at a and b. Hence,
letting 7 = q,

L.= M+ NU(b,a)+ [ dFO)U,a)
First defining an adjoint problem by
z' + zA(s) = —oF’, z(a) = —oM, z(b) = vN,
v a parameter, and noting that solutions have the form
2(s) = —oMU(a,5) = v [ dF(O)U(1,5)

and satisfy vL, = 0, they then showed that the problem Dx = f,
Lx = £ has solutions if and only if

(- LLAL= [ 2(s)f(s) ds
where
)= — 1= LL# [ MU@s) + [ dF@UGs) |
is a solution matrix for the adjoint problem.

When solutions exist, Halanay and Moro also showed that they
have the form

x(t) = Ult,a)éo = L) + [ Gt s)fts) ds,

a

where

Glt,s) = Ult, s) — U(t, )L, [(L., — M)U(a, s) + j dF(a)U(a, s)],
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a=s<t,

= —Ult,a)L# [ (L, - M)Ula,s) + j dF(@)U(o,5)]

t<s=b,
and that G(%, s) satisfies
dG _
1L SI- ABG =0,
2. %G+ GA(s) = U(s, a)L,¢F ",

3. G(t,a) = U(t,a)[1 — LEL, — M)], G(t, b) = U(t, a) LN,
4 Gt t+) — G(t,t—) = U(t, a)LF(t+) — F(t—) — L.

4. Tucker [61] has substantially overlapped the results of Hal-
anay and Moro. Due to notational difficulties, however, their articles
are difficult to compare. At the risk of some duplication we present
Tucker’s main ideas also. Tucker considered the problem

Y' — AY = R U(Y) = f " dFx)Y(x) = K.

He defined the (Moore-Penrose) generalized inverse of a matrix
X as a matrix X+ satisfying
i XX+X =X,
ii. X*XX*= X+,
i, (XX*)* = XX*,
iv. (X*X)* = X*X,

and adopted the following notation: If ¢ is a fundamental matrix for
Y' — AY = 0, let

D= [ dFx(),

y(x, t) = % d(x)p(t) "Lt < x,
= —3(x)}(t)Lx <t

Uyl = | dFyix, o)
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Tucker then showed that the complete solution to Y’ — AY = R, U(Y)
= Kis given by

Y(x) =
f b [y(x, t) — ¢(x)D*+U,[y]] R(t) dt + ¢(x)[D*K + N — D*DN],

where N is an arbitrary matrix, provided K — [5 U,[y] R(t) dt is of
the form DM for some matrix M.
He defined the same adjoint system as did Halanay and Moro, and

also derived Green’s formula
(LY, Z) = (Y, L*Z) = — MU(Y),
which has already been discussed.

5. More recently the discussion of generalized Green’s matrices has
been considerably tightened by Brown [7], who not only put the
results known previously in a more logical order, but also extended
the older idea of a principal generalized Green’s matrix to the more
general boundary value problems. (See also Chitwood [16].)

The system studied is generated by

Ly=y'+ Py,
with the constraint
Uly) = [ oy =0
Y o yir) =,
where v is an m X n matrix valued function of bounded variation; the

setting is £,”[0,1], 1= p < . The adjoint system in £,9[0,1] is
represented by the system

L*Z= —z' + P*z + ( ‘Z’; >*¢

subject to the conditions
1. z + v.*[0, t] ¢ is absolutely continuous,
2. L*zexists a.e.andisin £,9[0,1],
3. z(0+) = —y*[0]¢,2(1—) = v, *[1] ¢.

A quasi-inverse of an operator T: X— Y is an operator T:Y— X
such that for any y in R(T), the range of T, Ty is defined and is in
D(T), the domain of T, and TTy = y.
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It is easy to show that

L TTT=T,TTT=T,

2. R:T) C D(T) and (I — TT) maps D(T) into N(T), the null
space of T,

3. Tisl—1onR(T).

A standard generalized Green’s matrix (for L) is an n X n matrix
valued function G(t, s), defined on {(¢, s) : 0 = ¢, s = 1} satisfying

1. G(t,s) — Y(t)K(s) is continuous in the regions ¢t = s and
s = t except where v[s] # 0,

2. G(t, s) is differentiable in ¢ except when t = s, and is £9-
summable in s,

3. aité(t, 5) + P()C(t, s) = 0in [0, s) and (s, 1],

4. G(t+,t)— G(t—,t) = Iae,

o

j; du(t)Ci(t, s) = CN(s)Y(s)~' + U(Y)K(s),

where Y is a fundamental matrix fory’ + Py = 0, Cis anm X m matrix
with rows in N(U(Y)*),

N(s) = j Y a)Y(),

s

and K(s) is an n X n matrix £9-summable kernel of a functional with
range in N(U(Y)).

Brown showed that if G(t, 5) is a standard generalized Green’s matrix,
then

)= [, GEo)fs ds

defined on £,7[0, 1], is a quasi-inverse for L. Further every bounded
quasi-inverse of L has this representation.
In addition if U(Y)* denotes the Moore-Penrose generalized inverse

for U(Y), then
Gy(t, 5) = Y(t) [Ao,a(s)] — U(Y)*N(s)] Y(s) 7,

(Aro4(s) is the characteristic function of [0, ¢]) is a standard Green’s
matrix for L. Further every standard generalized Green’s matrix of L
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has the representation
Y(t)[Aro,a(s)I — U(Y)*N(s) + K(s)Y(s)] Y(s)~ %,

where K(s) is an n X n matrix £9-summable kernel of a functional with
range in N(U(Y)).

When K(s) is of bounded variation, a standard generalized Green’s
matrix G(¢, s) satisfies

1. G(s,s+)— G(s,s—) = —(I + Y(s)UXY)*v[s]),

2. - ?"S—c*(T, 5) + P*s)C*(s, )

dv,*
+ [ S5 U+ Y@ oK¥s) + K*(9)] YHE =0,

Now suppose that G'(t,s) and G(¢, s) are equivalent in the sense
that the operators they generate agree on R(L), and let

G'(t,s) — G(t,s) = W(t,s),
the kernel of an operator annihilating R(L). Then
G'(t,s) = Gy(t, s) + Y()K(s) + W(2, s).

In particular, if W(¢, s) = Q(¢)V*(s) and K(s) = Y(¢)~'U(t)F(s), where
Q(t) and F(s) are n X (m — r) and (n — r) X n essentially bounded
matrices, U(t) and V(s) are n X (n — r) and n X (m — r) matrices
whose columns span N(L) and N(L)*, then the resulting generalized
Green’s matrices include those studied by Bradley in the end point case.

Brown went on to show that if G*(t, s) is defined to be an adjoint
generalized Green’s matrix, then it induces a quasi-inverse for L*.

Brown concluded by extending the notion of a principal generalized
Green’s matrix:

If T: X— Y is an operator with closed range and closed null space
and P, Q are projection operators onto R(T), N(T), respectively, and T
is abounded quasi-inverse for T, then by a generalized inverse TPQ of T'is
meant the operator (I — Q)TP. If X and Y are Hilbert spaces and P, Q
are orthogonal projections, Tpo is denoted by T and satisfies

1. T* = (T%),

2. (TT)* = TT, the projection onto R(T),
3. (TT)* = TT, the projection onto R(T*),
4. T= (T*1)T*

5. T = T*(1TT*),
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o2

. Ifyisin R(T), Ty is the solution to Tx = y with minimum norm,
7. TTy is the unique best approximation in R(T) to y,
8. xin D(T) minimizes ||y — Tx|| if and only if T*Tx = T*y.

Now let U be an n X (n — r) matrix whose columns span N(L), and
let V be an n X (m — r) matrix whose columns span N(L*). Let
W,Z be n X (n—r), n X (m — r) integrable matrices such that the
integrals

A= j; W*$)U(t)dt and V = j(‘) VH(8)Z(t) dt

are nonsingular. By a principal generalized Green’s matrix Gy(t, s)
with respect to W and Z is meant a generalized Green’s matrix satisfy-

ng

f ; Gwlt, $)Z(s) ds = O ace.,

j ; WH(6)Gy(t, 5) dt = O ace.

Then the generalized inverse Lpy is an integral operator with a
unique kernel

M(t,s) = H(t, s) — U{t)A-! j ; W*r)H(r, ) dr,

where

H(ts) = C(t,s) — j ; Clt,0)Z(0) daV ~1V¥(s),

and G(t,s) is an arbitrary standard generalized Green’s matrix.
Further, a generalized Green’s matrix is a Principal generalized Green’s
matrix with respect to W, Z if and only if it is the kernel of Lp.

In addition to the properties listed previously, Gwz(t, s) also satisfies

1. Gwz(t, s) is continuous in the regions ¢t = s and s = t except
where v[s] # 0,

2. Gwz(t, s) is differentiable in ¢ except when t = s,

3. Gwz(t+,t) — Gwz(t—,t) = La.e,

4. g—tGWZ(t’ ) + P(t)Gwz(t, s) = —Z(t)V ~'V*(s) in [0, s) and (s, 1],
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1
5. jo d(8)Guwg(t, s) = 0 ae.

Finally when Gy exists, there exists a principal generalized Green’s
matrix for L*, Hzw(t, ), given by

Hzw(t, s) = Glyz(s, t),
satisfying

f(l) Z*sz(t, S) dt=0 a.e.,

f ; Hyw(t, s)W(s) ds = O a.e.

6. Finally Brown [10] has extended some of these ideas to n-th
order systems.

VII. Problems Yet Unsolved. Trying to predict the future is a
dubious business at best. Who would have thought, prior to 1960,
that the area would explode so? Nonetheless, certain problems do
suggest themselves in a natural way. Let us list these quickly.

1. Generalized Green’s matrices for differential-boundary operators
have not been discussed in any of the situations they have been en-
countered. Surely this obvious omission can be quickly filled in.

2. Little work seems to have been done with Stieltjes integral
operators and their associated boundary value problems. For example,
the system

Lé() = £0) — £a) — | da(rt(n)
ME(a) + NEb) = 0,

discussed by Vejvoda and Tvrdy [63], has not been seriously
examined. Problems concerning dual systems, Green’s matrices,
generalized Green’s matrices, eigenfunction expansions, self-adjoint-
ness are all open.

3. Stieltjes differential-boundary operators which are self-adjoint
under a transformation have not been examined. Although if the
operator or its adjoint is purely differential, self-adjointness is unlikely;
if both are differential-boundary, the probability of the existence of

such transformations seems much greater.



538 A. M. KRALL

4. The nature of general higher order differential-boundary oper-
ators has not been explored, except in one instance [30]. Here
again questions concerning dual systems, Green’s matrices, gen-
eralized Green’s matrices, eigenfunction expansions, self-adjointness
should be easily answered.

5. Additional application of the results of all these boundary value
systems to the theory of splines should yield bountiful improvements
and new results. Brown has indicated the way. Much more must
surely follow.

6. The extension of differential-boundary operators in any form
to systems involving more than one independent variable (partial
differential-boundary operators) has been largely neglected. Only
Feller [22] and Phillips [52] have considered them at all. Their
true nature, dual systems, etc., all need to be worked out. The idea
of generalized Green’s matrices seems especially interesting. Further-
more, the application of such results to develop the theory of spline
surfaces (see Varga [62]) seems to have tremendous possibilities.
At this point in time, no one can even guess what will occur.

7. The application of Aren’s work [1] on linear relations to sys-
tems with non-dense domains, similarly results concerning operators
on quotient spaces, has only been touched by Brown [10]. Certainly,
the whole theory of differential and differential-boundary systems
when examined from this point of view will take on a radically dif-
ferent look. One can only surmise what that would be.

In conclusion let us apologize to those whose articles we have
missed or misread. We are sure there are some. We hope that this
brief survey proves useful. It is our firm conviction that the field, so
long merely an off-shoot, is now coming into its own, and in fact, is
really in its infancy with a very bright future before it.

VII. Added in Proof. Since this article was written several articles,
which may be of interest to the reader, have either appeared or have
been called to the author’s attention.

First Brown [A], [C] has continued the work on the applications to
splines. Both he and Krall [B], [D], [P] have further extended the
results under Stieltjes boundary conditions. In addition Bruhns [E],
[F], [G] has considered an n-th order problem and has derived an
eigenfunction expansion for functions in the domain of the operator in
question.

Coddington [H], [1I], []J], [K], [L] with Dijksma [M] and de Snoo
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[N], [O] have rapidly expanded their results on self-adjoint exten-
sions of symmetric problems in a Hilbert space.
It is clear that the field is moving rapidly.

REFERENCES

1. R. Arens, Operational calculus of linear relations, Pac. J. Math. 11 (1961),
9-23.

2. F. Betschler, Uber Integraldarstellung welche aus speziellen Randwert-
problemen bei gewohnlichen linearen inhomogenen Differentialgleichungen ent-
springen, diss. Jul.- Maximilians Univ., Wurzburg, 1912.

3. G. A. Bliss, A boundary value problem for a system of ordinary differen-
tial equations of the first order, Trans. Amer. Math. Soc. 28 (1926), 561-584.

4. J. S. Bradley, Generalized Green’s matrices for compatible differential
systems, Mich. Math. J. 13 (1966), 97-108.

5. R. C. Brown, The existence of the adjoint in linear differential systems
with discontinuous boundary conditions, Ann. Mat. Pura Appl. 94 (1972), 269-274.

6. , The adjoint and Fredholm index of a linear system with general
boundary conditions, MRC Tech. Summ. Rept. #1287, Sept. 1972.

7. , Generalized Green’s functions and generalized inverses for linear
differential systems with Stieltjes boundary conditions, MRC Tech. Summ. Rept.
#1312, April 1973.

8. , Duality theory for n-th order of differential operators under Stieltjes
boundary conditions, MRC Tech. Summ. Rept. #1329, June 1973.

9. , Adjoint domains and Lg splines, MRC Tech. Summ. Rept. #1349,
April 1973.
10. , Duality theory for n-th order differential operators under Stieltjes

boundary conditions 1I: Nonsmooth coefficients and nonsingular measures, MRC
Tech. Summ. Rept. #1389, September 1973. Ann. Mat. Pura Appl
(to appear).

11. R. C. Brown, G. B. Green and A. M. Krall, Eigenfunction expansions under
multipoint-integral boundary conditions, Ann. Mat. Pura Appl. 95 (1973), 231-243.

12. R. C. Brown and A. M. Krall, Adjoints of multipoint-integral boundary
value problems, Proc. Amer. Math. Soc. 37 (1973), 213-216.

13. , Ordinary differential operators under Stieltjes boundary conditions,
Trans. Amer. Math. Soc. 198 (1974), 73-92.

14. R. N. Bryan, A linear differential system with general linear boundary
conditions, J. Diff. Eq. 5 (1969), 38-48.

15. , A nonhomogeneous linear differential system with interface condi-
tions, Proc. Amer. Math. Soc. 22 (1969), 270-276.

16. H. Chitwood, Generalized Green’s matrices for linear differential systems,
S.I.A.M. J. Math. 4 (1973), 104-109.

17. E. A. Coddington, Eigenfunction expansions for nondensely defined
operators generated by symmetric ordinary differential expression, Bull. Amer.
Math Soc. 79 (1973), 964-968.

18. E. A. Coddington and N. Levinson, Theory of Ordinary Differential Equa-
tions, McGraw Hill, New York, 1955.

19. R. H. Cole, The expansion problem with boundary conditions at a finite
set of points, Can. J. Math. 13 (1961), 462-479.




540 A. M. KRALL

20. , General boundary conditions for an ordinary linear differential
system, Trans. Amer. Math, Soc. 111 (1964), 521-550.

21. R. Conti, Recent trends in the theory of boundary value problems for
ordinary differential equations, Boll. Un. Mat. Ital. 22 (1967), 135-178.

22. W. Feller, The parabolic differential equations and the associated semi-
groups of transformations, Ann. Math. 55 (1952), 468-519.

23. G. B. Green and A. M. Krall, Linear differential systems with infinitely
many boundary points, Ann. Mat. Pura Appl. 91 (1972), 53-67.

24. S. Goldberg, Unbounded Linear Operators, McGraw Hill, New York,
1966.

25. A. Halanay and A. Moro, A boundary value problem and its adjoint, Ann.
Mat. Pura Appl. 79 (1968), 399-411.

26. E. Hilb, Uber Reihenentwicklungen, welche ans speziellen Randwert-
problemen bei gewohnlichen linearen inhomogenen Differential-gleichungen
entspringen, J. Reine Angew. Math. 140 (1911), 205-229.

27. T. H. Hildebrandt, On systems of linear differentio-Stieltjes-integral equa-
tions, Ill. J. Math. 3 (1959), 352-373.

28. W. R. Jones, Differential systems with integral boundary conditions, J.
Diff. Eq. 3 (1967), 191-202.

29. J. L. Kelley and I. Namioka, Linear Topological Spaces, Van Nostrand,
Princeton, 1963.

30. T. Kim, The adjoint of a differential-boundary operator with an integral
boundary condition on a semi-axis, ]. Math. Anal. Appl. 44 (1973), 434-446.

31. A. M. Krall, A nonhomogeneous eigenfunction expansion, Trans. Amer.
Math. Soc. 117 (1965), 352-361.

32. , The adjoint of a differential operator with integral boundary condi-
tions, Proc. Amer. Math. Soc. 16 (1965), 738-742.

33. , Second order ordinary differential operators with general boun-
dary conditions, Duke Math. J. 32 (1965), 617-626.

34. , Nonhomogeneous differential operators, Mich. Math. J. 12 (1965),
247-255.

35. , Differential-boundary equations and associated boundary value

problems, Proc. U.S.-Jap. Sem. Diff. Func. Eq., Univ. Minn. 1967, W. A. Harris
and Y. Sibuya, eds., W. A. Benjamin, Inc., New York, 463-471.

36. , Differential operators and their adjoints under integral and
multiple point boundary conditions, J. Diff. Eq. 4 (1968), 327-336.

37. , Boundary value problems with interior point boundary conditions,
Pac. J. Math. 29 (1969), 161-166.

38. , Adjoint differential systems in inner product spaces, SIAM ]. Appl.
Math. 20 (1971), 40-43.

39. ——, Differential-boundary operators, Trans. Amer. Math. Soc. 154 (1971),
429-458.

40. , Self-adjoint boundary value problems with infinitely many boundary
points, Ann, Mat. Pura App. 91 (1972), 69-77.

41. , An eigenfunction expansion for a nonself-adoint, interior point
boundary value problem, Trans. Amer. Math. Soc. 170 (1972), 137-147.

42, , Stieltjes differential-boundary operators, Proc. Amer. Math. Soc. 41
(1973), 80-86.

43. , Stieltjes differential-boundary operators, 11, 55 (1974), 207-218.

44. B. Ja. Levin, Distribution of Zeros of Entire Functions, Amer. Math. Soc.
Providence, 1964.



GENERAL DIFFERENTIAL-BOUNDARY SYSTEMS 541

45. ]. Locker, Self-adjointness for multipoint differential operators, Pac. J. Math.
45 (1973), 561-570.

46. W. S. Loud, Self-adjoint multipoint differential operators, Pac. J. Math. 24
(1968), 303-317.

47. R. Mansfield, Differential systems involving k-point boundary conditions,
Cont. Calc. Var. 1938-1941, Univ. of Chicago Press, Chicago, 413-452.

48. R. D. Moyer, The adjoints of ordinary differential operators, ]J. Diff. Eq. 4
(1968), 337-349.

49. M. A. Naimark, Investigation of the spectrum and expansion in eigen-
functions of a nonself-adjoint differential operator of second order on a semi-
axis, Trudy Moskov. Mat. Obsc. 3 (1954), 181-270; Amer. Math. Soc. Transl. 16
(1960), 103-194.

50. A. B. Nersesian, Razlojenie po sobstvennim fonktsiyam nekotorikh nesa-
mosopryajennikh kraevikh zadach, Sib. Mat. Zh. 2 (1961), 428-453.

51. J. W. Neuberger, The lack of self-adjointness in three-point boundary
value problems, Pac. ]. Math. 18 (1966), 165-168.

52. R. S. Phillips, Dissipative operators and hyperbolic systems of partial dif-
ferential equations, Trans. Amer. Math. Soc. 90 (1959), 193-254.

53. M. Picone, I teoremi d’esistenza per glintegrale di una equazione dif-
ferenziale lineare ordinaria soddisfacenti ad una nuova classe di condizioni, Rend.
Acc. Lincei 17 (1908), 340-347.

54. W. T. Reid, Generalized inverses of differential and integral operators,
Symp. Prov. Texas, Tech. Coll. Math. Ser. 4 (1968), 1-25.

55. A. Smorgorshewsky, Les functions de Green des systems differentials
lineares dans un domaine & une seule dimension, Recueil Math. T. 7 [49] (1940),
179-196.

56. ]. D. Tamarkin, The notion of the Green’s function in the theory of
integro-differential equations, Trans. Amer. Math. Soc. 29 (1927), 755-800.

57. , The notion of the Green’s function in the theory of integro-differen-
tial equations, 11, Trans. Amer. Math. Soc. 32 (1930), 860-868.
58. , Some general problems of the theory of ordinary differential equa-

tions and expansion of an arbitrary function in series of fundamental functions,
Math. Zeit. 27 (1928), 1-54 (also Petrograd 1917).

59. K. Toyoda, Green’s functions in space of one dimension, Tohoku Math. J.
38 (1933), 343-355.

60. ——, Green’s function in space of one dimension, II, Tohoku Math. J. 39
(1934), 387-398.

61. D. H. Tucker, Boundary value problems for linear differential systems,
SIAM J. Appl. Math. 17 (1969), 769-783.

62. R. S. Varga, Functional Analysis and Approximation Theory in Numerical
Analysis, Reg. Conf. Ser. Appl. Math., Siam, Philadelphia 1971.

63. O. Vejvoda and M. Tvrdy, Existence of solutions to a linear integro-
boundary-differential equation with additional conditions, Ann. Mat. Pura Appl.
89 (1971), 169-216.

64. , General boundary value problem for an integro-differential system
and its adjoint, Casop. Pest. Mat. 97 (1972), 399-419, 98 (1973), 26-42.

685. W. Wexler, On boundary value problems for an ordinary linear differen-
tial system, Ann. Mat. Pura Appl. 80 (1968), 123-134.

66. W. M. Whyburn, Differential equations with general boundary conditions,
Bull. Amer. Math. Soc. 48 (1942), 692-704.




542 A. M. KRALL

67. , Differential systems with general boundary conditions, Sem. Repts.
Math., Univ. Cal. Publ. Math., Univ. Cal. Press, Los Angeles, 1944, 45-81.

68. , Differential systems with boundary conditions at more than two
points, Proc. Conf. Diff. Eq., Univ. Md., College Park, Md., 1956, 1-21.

69. C. E. Wilder, Expansion problems of ordinary differential equations with
auxiliary conditions at more than two points, Trans. Amer. Math. Soc. 18 (1917),
415-442.

70. J. S. W. Wong, Some remarks on hermitian and antihermitian properties
of Green’s matrices, SIAM J. Appl. Math. 17 (1969), 615-623.

71. A. Zettl, The lack of self-adjointness in three point boundary value prob-
lems, Proc. Amer. Math. Soc. 17 (1966), 368-371.

72. , Adjoint and self-adjoint boundary value problems with interface
conditions, SIAM J. Appl. Math. 16 (1968), 851-859.

Added in Proof

A. R. C. Brown, Generalized boundary value problems and spline analysis 1,
M.R.C. Tech. Summ. Rept. #1418.

B. , The operator theory of generalized boundary value problems, M.R.C.
Tech. Summ. Rept. #1446.

C. , Generalized boundary value problems and B-splines.

D. R. C. Brown and A. M. Krall, n-th order differential systems under Stieltjes
boundary conditions.

E. W. Bruhns, Spectral analysis of a differential operator with general boundary
conditions Dissertation, Harkov State Univ. U.S.S.R.

F. , On proper and adjoint functions of a one dimensional linear dif-
ferential operator of order n, Izv. Vyss. Ucebn. Zav. Mat., 10(125), (1972), 7-12.

G. , A generalized boundary value problem for an ordinary linear dif-
ferential operator, Dokl. Akad. Nauk SSSR, 198(1971), translated as Sov. Math.
Dokl., 12(1971), 956-959.

H. E. A. Coddington, Multi-valued operators and boundary value problems,
Lecture Notes in Math., No. 183, Springer-Verlag, Berlin 1973.

L , Self-adjoint subspace extensions of nondensely defined symmetric
operators, Bull. Amer. Math. Soc. 79(1973), 712-715.

J. , Extension Theory of Formally normal and symmetric subspaces, Mem.
Amer. Math. Soc. 134(1973).

K. , Self-adjoint subspace extensions of nondensely defined symmetric
operators, Advances in Math. 14(1974), 309-332.

L. , Self-adjoint problems for nondensely defined ordinary differential
operators and their eigenfunction expansions, Advances in Math. 14(1974).

M. E. A. Coddington and A. Dijksma, Self-adjoint subspaces and eigenfunc-
tion expansions for ordinary differential subspaces.

N. A. Dijksma and H. S. V. de Snoo, Eigenfunction expansions for nondensely
defined differential operators, J. Diff. Eq. 17 (1975), 198-219.

0. , Self-adjoint extensions of symmetric subspaces, Pacific J. Math. 54,
(1974), 71-100.

P. A.M.Krall, Stieltjes differential-boundary operators 111, Pacific J. Math.

PeENNsYLVANIA STATE UNivemsiTy, UNIVERsITY PARK, PENNSYLvVANIA 16802



