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The Schreier-Nielsen theorem states that every subgroup of a free
group is free. There are many proofs of this, but the most perspi-
cacious, in my opinion, is the “topological” proof of Baer and Levi [2],
which exploits the relationship between a topological space X and the
interplay between the subgroups of its fundamental group and certain
“covering spaces” X of X. It is well known (for example, see [6] or
[16]) that if we concentrate on the space X and its covering spaces
X, various properties enjoyed by X are inherited by each of its covering
spaces X. In particular, if X is a polyhedron, so is X. Since a poly-
hedron can be described without topology (as an abstract simplicial
complex), and since an analog of the fundamental group (the edge
path group) can be defined for abstract simplicial complexes, it has
long been known that the usual interplay between spaces and funda-
mental groups can be described abstractly, without topology. In
principle, then, there is nothing new in the exposition given here, so
it is a reasonable question why this article should be written.

Before answering this question, let us remark that the interplay
between covering spaces and fundamental groups is a Galois (rather
a “co-Galois”) correspondence; there thus appears to be a second
inroad of this theory into algebra. Finally, from the other side,
algebraists have been well aware of all these facts and, using certain
graph-theoretical constructions, “Cayley diagrams”, have given proofs
of the Nielsen-Schreier subgroup theorem and other more difficult
theorems of Kuro§ and Grusko [5; 14; 18; 19]. See also Serre’s
notes [15] on “tree products” of groups. However, the algebraists have
not been successful in abstracting the topological theory in such a
way that it simultaneously gives the subgroup theorems and Galois
theory. This is the program here. The only new idea appears to be
the definition of “covering complex” (see below) which is merely a
slavish imitation of the usual topological definition. There are three
sections: 1. Complexes and Edgepath Groups; 2. Covering Complexes
and Subgroup Theorems; 3. Galois Theory.
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1. Complexes and Edgepath Groups.

The material here is well known and is included for the reader’s
convenience.

DeFINITION. A complex K is a set V(K), called vertices, and a family
of finite, nonempty subsets of V(K), called simplexes, such that

(i) ifv € V(K), then the singleton {v} is a simplex;

(i) if s is a simplex, so is every nonempty subset of s.

A complex is usually called an “abstract simplicial complex” in the
literature. Spelling is inconsistent here: the singular forms of the words
just defined are: complex, vertex, simplex; the plural forms are:
complexes, vertices, and simplexes.

DerFiniTioN. If K and K’ are complexes, then a map f: K — K’
is a function f: V(K) — V(K') such that whenever

s = {vg, * * *, g} is a simplex in K,
then f(s) = {fvg, * * *, fog} is a simplex in K.

A map f is called an isomorphism if it has an inverse, i.e., there is a
map g such that fo g and ge f are identities. A map is an iso-
morphism if it is one-one and onto.

Maps are usually called “simplicial maps” in the literature.

Of course, a map f is allowed to identify distinct vertices of K.
It is easy to see that the composite of maps (when defined) is again a
map, and that all complexes and maps form a category X .

We should remark on the geometric background so that the reader
will understand complexes better and will not be shocked by the
barrage of easy and, from a geometric viewpoint, natural definitions
to come.

DeFiNiTION. A simplex s = {vo, * * *, v,} is called a g-simplex and is
said to have dimension g if all the displayed vertices are distinct; a
complex K has dimension n, denoted dim K = n, if

n = sup{dim s: s is a simplex of K}.

Of course, n may be infinite; for completeness, let us define dim Q =
—1 (note that @ is a complex: let V(K) = @). One also calls K an
n-complex; a 1-complex is also called a graph.

Here is the geometric picture: a O-simplex is a point; a 1-simplex is
a line segment (determined by its two endpoints v, v,); a 2-simplex is
a triangle (determined by its vertices v, v, vy); a 3-simplex is a tetra-
hedron, and so forth. A complex is a space that is built of simplexes
pasted together in a “nice” way.
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Many familiar constructions exist in the category .

(a) Subcomplex

A complex L is a subcomplex of a complex K if V(L) C V(K) and
every simplex of L is a simplex of K (of course, this merely says that
the hypothesized inclusion i : V(L) — V(K) is a map of complexes).

A subcomplex L of K is full if every simplex in K having each of its
vertices in L is also a simplex in L.

As an example, for each integer g = 0, the g-skeleton of K, denoted
K@, is defined as follows:

K@ = {simplexes s in K: dim s = q}.

(b) Union and Intersection
If {L; : i € I} is a family of subcomplexes of K, then

N L; = {simplexes sin K: s € L; for all i}
and

U L; = {simplexes sin K : s € L, for some i}.

One checks easily that M L; and U L; are subcomplexes of K. Note
that two subcomplexes L, and L, are disjoint, L, N Ly = @, if and
only if V(L,) N V(Ly) = @.

(c) Quotient Complex

Let K be a complex and let {X;:i €1} be a partition of V(K).
Alternatively, let R be an equivalence relation on V(K) with equiva-
lence classes {X;: i € I}. Define a new complex K= K/R as follows:

(i) VIK)= {X;:i E 1}

(i) {Xi,, - X }isa simplex in K if there exist vertices v; € Xi;
such that {v, - - -, v,} is a simplex in K.

It is eas; to see that K is a complex, the quotient complex modulo
R, and that the natural map V(K) — V(K) assigning to each v € V(K)
the unique X; containing it is a map of complexes.

(d) Image and Inverse Image
Assume f : K — K’ is a map of complexes. Then

im f= {s’" €K’ :s" = f(s) for some simplex s in K}.

Note that im f is a subcomplex of K'. Moreover, the first iso-
morphism theorem holds: if f: K — K’ is a map, then R= {X, =
f'({v'}): v’ € V(K')} is a partition of V(K), and K/R = im f.

If f: K— K’ is a map and L' is a subcomplex of K’, we define
f~U(L") to be the full subcomplex of K with vertices f~(V(L")).
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The most interesting complexes are the connected ones, whose
definition is best understood with the geometric picture in mind.
DEeFinITIONS. An edge e in a complex K is an ordered pair of (not
necessarily distinct) vertices, e = (u, v), where {u,v} is a simplex in
K (of course {u, v} is either a O-simplex or a 1-simplex). One calls u
the origin of e (and often writes orig e = u), and one calls v the end of
e.
A path ain K is a finite sequence of edges

a= ¢ e, ---0e,
where end ¢; = orig e;,, foralli =1, - - -, n — 1. Define
orig a = orig ¢,
and
end @ = end ¢,.

We say a is a path of length n from orig a to end a.

A path « is closed at u if origa=u= enda; a path a=
e, - - - Oe, is reduced if no edge (u, v) is adjacent to (v, u).

With these preliminary definitions, we may now give an important
one.

DeriniTION. A complex K is connected if, for every pair of vertices
u, v in K, there is a path in K from u to v.

TheoREM 1.1. Every complex K is the disjoint union of connected
subcomplexes.

Proor. Define a relation on V(K) by : u < v if there is a path in
K from u to v. It is easy to check that this defines an equivalence
relation on V(K), say, with equivalence classes {V;:i € I}. If we let
K; be the full subcomplex of K with vertices V;, then one can see that
each K; is connected and that K is their disjoint union.

DEeriniTiON. The subcomplexes K; in the above proof are called the
components of K.

It is easy to see that if f: K — K’ and K is connected, then im f
is connected. Moreover, a subcomplex L of K is connected if and only
if L N KW is connected, where KU is the 1-skeleton of K.

Paths may be multiplied if they match up: if @ = ¢, - - - Oe, and
a' = ¢, '0 ---0Oe,," are paths in K and if end & = orig a’, then

oo’ = ¢,0 -+ Oe,0e,'0O- - - ey,

Note that this multiplication of paths is associative, when defined,
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but that every other group axiom fails. We surmount many difficulties
by imposing an equivalence relation on the paths in K.

DeriniTioN. Two paths @ and B in K are equivalent, denoted
a~ B, if one can be obtained from the other by a finite number of
“elementary moves” consisting of replacing one side of an equation

(u,0) O (v, w) = (u, w)
by the other whenever {u, v, w} is a simplex of K.

[

u w

Thus, vre regard the two paths (u, v) O (v, w) and (u, w) as the same
if K contains the interior of the triangle above.

It is easy to check that a ~ b defines an equivalence relation on the
set of all paths in K; we denote the equivalence class of a path a by
[a], and we denote the family of all [a] by 7 (K).

The following properties are easily verified.

(1) Every path is equivalent to a reduced path.

(2) Equivalent paths have the same origin and the same end.

(3) Equivalence is compatible with multiplication of paths:

ifa~ a',B~ B’',and end a = origB,
thenaOB~ca’'OB".

It follows from this that we may multiply path classes:

ifend a = origB, then [o] [B] = [« B]

is independent of the choice of representative path.

We almost have a group (indeed, we have a “groupoid”). First, a
little notation. If v € V(K), let i, = (v, v); if e = (u,v) is an edge,
lete-!= (v,u); ifa=¢e 0O --0Oe,isapath, leta!=¢,~10:--
O e, ~L. The proof of the next theorem is mechanical.

Tueorem 1.2. If K is a complex, then n(K) satisfies the following

properties:
(i) each [a] € w(K) has an origin u and an end v; moreover,

li] [ = [a] = [&] [ic];

(ii) the associative law holds when defined,
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(iii) iforig[a] = uand end[a] = v, then
lo] [a7'] = [i] and [a”'] [of = [i\].

The only obstacle preventing #(K) from being a group is that multi-
plication is not always defined (some authors do not regard this as a
drawback, however, and are quite content with groupoids, e.g.,
Higgins [5]). We force #(K) to be a group in the most naive way
possible. Arbitrarily choose a vertex v, € V(K), which we call a
basepoint. With each such choice, we define

7(K,vg) = {[a] E7(K): aisaclosed path atv,}.
TreoreM 1.3. w(K, vy) is a group (for each choice of basepoint vy,).

Proor. Immediate from Theorem 1.2, for we have restricted atten-
tion to a subset of #(K) in which multiplication is always defined.

DEerFiniTION. (K, vy) is called the edgepath group of the complex K
with basepoint v,.

TueoreM 1.4. If K is a connected complex and u,, vy, € V(K), then
7(K, uy)= 7(K, vy).

Proor. Since K is connected, there is a path 8 in K from u, to v,.
Define f : n(K, uy) — m(K, vy) by

[o] = [B~'Da0lp]

(note that the multiplication inside the second bracket occurs in 7(K),
but that [B~!'OaldB] € 7(K,vy)). Using Theorem 12, it is easy
to see that f is a homomorphism with inverse [a'] —[80a’'00B"].

Thus, the isomorphism class of 7(K, vy) is independent of the base
point when K is connected. In order to construct groups, we have
been forced to modify our original subject; instead of considering only
complexes K, we must also consider pointed complexes (K, vy), i.e., a
complex K with some vertex v, chosen as basepoint. (Often, we shall
not be so pedantic and let K denote a pointed complex). All other
definitions must be modified accordingly: e.g., a map f: K — K’ is a
map of pointed complexes only if it preserves the basepoint. In short,
we have a second category X 4, the category of pointed complexes and
their maps.

TueoreM 1.5. 7 : K, — Groups is a covariant functor.

Proor. It is enough to define 7 on a map f: (K, vy) = (L, uy).
If [a] €E7(K,vy), then a = (vy, v)) O (v}, v)0 - - - O(v,, vy); define
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ﬂ(f) . 7(K7 U*) - ”(La u*)
by
[a] > [(uy for)O(for, fo2)0 - - - O(fo,, uy)]-

The check of the axioms is easy.

We shall usually write f_ instead of 7 (f).

ReMark. Let a= (v, v))0(v, v2)0 - - - U(v,_;, v,) be a path in
K of length n. Define a 1-complex I, by setting V(I,) = {to, t;, " - -, ,,}
and by decreeing that the only 1-simplexes have the form {t;, ¢},
where 0 = i < n. (Picture I, as the unit interval chopped into n inter-
vals). Regard I, as a pointed complex by choosing t, as basepoint.
Now we may identify a path a in K with the map a: I, — K defined
by oft;) = v;, where 0 = i = n. Under this identification, the homo-
morphism #(f) : w(K,vy) = (L, uy) is succinctly described by
[a] = [f° o]

In a pointed complex (K, v,), every (pointed) subcomplex (L, vy)
must have the same basepoint (for the inclusion map, as every map,
is now required to preserve basepoints). Thus, pointed subcomplexes
can not be disjoint. If a family of pointed complexes {L;: i € I} is as
disjoint as possible, i.e.,

L; N L; = basepoint, i 7'{ 7>

then one writes V L; instead of UL;, and calls V L; the wedge of the
L.

For example, let L; be a “circle” the 1-complex having vertices
v, a;, b;, and 1-simplexes {a;, b;}, {a;, v}, and {b;, v}.

v

a; b,‘

Then the wedge V L is often called a bouquet of circles; its picture is:

b,
a,
v (42}
b,
as

by
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Let us compute edgepath groups of low dimensional connected
complexes. If dim K = 0, then (K, vy) = ({v4}, v4) and 7 (K, vy) = {1}.
If dim K = 1, then K is, by definition, a connected graph; we shall see
that 7(K, vy) is free. Two-dimensional complexes are as bad as pos-
sible, for if (K, v,) is any connected complex, then there is a 2-complex
L with 7(K, vy) = m(L, uy).

DerFINITION. A circuit is a reduced, closed path in K; a tree in K
is a connected subcomplex of K of dimension = 1 that contains no
circuits; a maximal tree is a tree contained in no larger tree.

For example, a maximal tree in the bouquet of circles pictured
above is obtained by deleting all edges of the form (a;, b;). The fol-
lowing fact is easy to prove. If K is a finite complex, let ny(K) =
[V(K)| and n,(K) equal the number of 1-simplexes in K; if K is a tree,
then

no(K) — ny(K) = 1.

(If dim K = 1, this last number is called the Euler-Poincaré character-
istic of K).

Let us note two simple facts about maximal trees. First of all, they
exist; indeed, every tree is contained in a maximal tree (use Zorn’s
lemma, for an ascending union of trees is a tree); second, if T is a tree
in K and u, v € V(T), then there is a unique reduced path in T from
u to v (a path exists, since T is connected; we may assume it is re-
duced by cancelling all adjacent edges (if any) of the form e (0 e~; it
is unique lest one followed by the inverse of the second produces a
circuit in T.)

The following criterion is so well-known, we omit its proof (it is
a straightforward exercise; see [12] or [16], for example).

Tueorem 1.6. If K is a connected complex, then a tree T in K is a
maximal tree if and only if V(T) = V(K).

The next result enables one to give a presentation of 7(K, v); for an
elementary proof, we refer the reader to [12] or [16].

If K is a connected complex and T is a maximal tree in K, define a
group Gg r having the following presentation:

generators:  all edges (u, v) in K;

relations: (a) (u,v)(v,w) = (u,w)if {u,v,w}isa
simplex of K;

(b) (u,v) = 1if (u, v) is an edge of T.
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TueoreM 1.7. If K is a connected complex with maximal tree T,
then

7T(K, U*> = GK,T‘

It follows from Theorem 1.7 that, as far as edgepath groups are con-
cerned, 2-complexes are arbitrarily bad. If K is a connected complex,
then Theorem 1.7 shows that 7(K, vy) = 7(K®, v,), where K@ is the
2-skeleton of K. A more striking corollary is the next result.

Tueorem 1.8. If K is a connected graph, then n(K,v,) is a free
group. Moreover, if T is a maximal tree in K, then

rank 7(K, v,) = card{l-simplexess:sin K — T}.

Proor. Theorem 1.7 allows us to examine Ggp. Surely Ggr is
generated by all edges (u,v) not in T. If e = (u,v), the type (a)
relation ee~! = 1 allows us to discard one of the two edges (u,v)
and (v, u) determined by the 1-simplex {u,v} in K— T. We claim
the remaining edges freely generate Gk r. If {u, v, w} is a simplex of
K, then two of the vertices must be the same, for dim K = 1. Thus,
the relations of type (a) have the form:

(u: u)(u’ U) = (u3 D);
(u, v)(v,0) = (u,v);

(u, v)(v, u) = (u, u).

All of these are trivial; since (v,v) = 1 and (u, v) = (v, u)"!, the sub-
group of relations is {1}. Thus, Gk r is free.

TueoREM 1.9. Given a set I, there exists a connected com-
plex Kwith (K, vy) free of rank = card L.

Proor. Let K be a bouquet of circles (K= V L; in the notation of
our example); the complement of the maximal tree exhibited there
consists of the simplexes {{a;, b;}: i € I}.

In particular, 7(K,v,) = Z if K is a “circle” and #(K, vy) is free of
rank 2 if K is a “figure 8”.,

We end this section with a useful technical lemma.

Tueorem 1.10. Let K be a connected complex containing a sub-
complex L that is a disjoint union of trees. Then L is contained in a
maximal tree of K.

Proor. Assume L = UT; exhibits L as a disjoint union of trees.
There is no loss in generality in assuming V(L) = V(K); should there
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be a vertex v € V(L), call the singleton {v} a tree as well. In the
quotient complex K of K modulo UT;, the vertices are T;, each original
tree identified to a point. Now K is a connected complex, being the
image of the connected complex K under the natural map v. If M is a
maximal tree in K, then V(M) = V(K), by Theorem 1.6.
Consider now the subcomplex v~!(M) of K. First of all, L=
UT Cv-YM), for »(T;) = T; € V(K), all i. Second, we claim that
l(M) is connected. Let u,v EV( “(M)) so that v(u) =T, v(v)
=T in MCK Assume E,00 ---0OE, is a path in M from T to T".
If E; = (T;, T;;,), say, then by definition of quotient complex, there
are vertlces v €T, v €Ty with {v;,v;,,} a simplex of K. In
particular, E, = (T T,) provides vertices v}, v, € V(K) with {v}, vy}
a simplex in K. Now both u and v, lie in T which is, by hypothesis,
connected. There is thus a path in T from u to v, in K, hence a
path in »=(M) from u to v,. This argument can be completed by
induction on n, using the connectedness of each T; at each step. _
Finally, let KV be the 1-skeleton of K, and set M = K" M v=1(M).
Since dim T; = 1, all 4, we have L C M, and clearly dimM =1. M
is connected since v~!(M) is. Thus, M is a tree with all desiderata
with the possible exception of M being maximal. But observe that M
contains every vertex of K, so it is indeed a maximal tree, by Theorem
1.6 (an alternative to using Theorem 1.6 is an application of Zorn’s
lemma, which allows us to imbed any tree in a maximal tree).

2. Covering Complexes and the Subgroup Theorems.

If the reader has seen the usual definition of a covering space of a
topological space, he will not be astounded by the next definition.

DerinitioN. Let K be a complex. A pair (K, p) is a covering com-
plex of Kif

(i) p: K - Kisamap;

(ii) Kis connected,;

(iii) for every simplex s in K, p~!(s) is a union of pairwise disjoint
simplexes,

p~l(s) = Us;,
with p | §;: §; — s a one-one correspondence for each i.

The map p is called the projection and the simplexes §; are called
the sheets over s. The picture to keep in mind is
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=
o
[S< o~

-1}
—

=

_— 8

A trivial example of a covering complex is provided by (K, p),
where K = K is a connected complex and p = Ik, the identity map.
A more interesting example is provided by a “circle” K: V(K) =
{vg, v}, v}, and the l-simplexes are {vg,v;}, {v),vs} and {vy, vy}
Define K as the 1-complex having vertices {t; : i € Z} and 1-simplexes
{ti tis1}, all § € Z. If we define p: K — K by p(t;) = v;, where i = j
(mod 3), then (K, p) is a covering complex of K.

There are some very elementary observations about covering com-
plexes. If (K, p) is a covering complex, then K = im p; it follows that
K is connected (because K is). Also, if s is a g-simplex in K, each sheet
§; over s is also a g-simplex, for p |§; is a one-one correspondence.
Since K= p-YK)= Ugp~Xs), it follows that dim K= dim K In
particular, a covering complex of a graph is itself a graph, as is illus-
trated in our example.

We shall eventually need the following result, whose straight-
forward proof is left to the reader. Let p: K — K be a covering com-
plex and let L be a connected subcomplex of K. If L is a component
of p~!(L), thenp | L: L — L is a covering complex.

Theorem 2.1. (Lifting Lemma) Let p: K - K be a covering
complex. Assume vy is a basepoint in K and p(t4) = v,. Given a path
a in K with origin vy, there exists a unique path & in K with origin
a= O andpa= a

ReMARK. One calls & a lifting of a because of the picture
K
a
P
a

\ K

Proor. Let a have length n and origin v,. We prove by induction
on n that there exists a unique & with origin ¢, and pa = a.

I

If n = 1, then a = (v, v), where {v,, v} is a simplex s of K. We may
assume vy 7 v, so that s is a 1-simplex. If §; is the sheet over s con-
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tammg Oy, then §; is a 1- 51mplex as we remarked earlier. Hence
= (B, B} for some vertex © in K. Thus &= (B, §) is an edge in K,
lt has origin ¥, and pa = a. To prove uniqueness of &, suppose that
(B4 @) is a second lifting of . If s = {v,, v}, then ¥y, ¥, and @ all lie
in p~I(s). Since p~I(s) is the full subcomplex of K on p~!({vy, v}),
both edges (¥, ¥) and (D4, #%) lie in p~!(s). Visibly the sheet con-
taining © and the sheet containing % are not disjoint. It follows that
© = 4. The inductive step is routine and is left to the reader.
Henceforth, we shall write the first two sentences in the statement
of Theorem 2.1 as “Let p : (K, 54) = (K, vy) bea covering complex”.

Lemma 22. Let p: (K 84) — (K, vy) be a covering complex. If
a and B are equivalent paths in K with origin vy, then their liftings
& and B having origin ¥, are also equivalent.

Proor. Recall that equivalence means that a can be transformed
into B by a finite number of elementary moves that replace one side
of an equation

(u,0) O (v, w) = (4, w)

by the other when {u, v, w} is a simplex in K. Thus, it suffices to
prove that if (@,9) O (8, ) is a lifting of (u,v) O (v,w) and if s=
{u, v, w} is a simplex in K, then {i, ©, @} is a simplex in K. Let § be
the sheet over s containing © and let §, be the sheet over s containing
@. Thus, 3, = {ii, ©,,®,}, where p, = v and p, = w. Now (&, D))
and (@, ©) are both liftings of the path (u, v) having origin @. By the
uniqueness in Theorem 2.1, ©, =%. Hence § and §, are not
disjoint, and so @ €35. Similarly @ €35, so that §= {&,0,®} is a
simplex of K.

Tueorem 2.3. If p: (K, 84) — (K, vy) is a covering complex, then
ps:m(K, 0y) > n(K, v*) is one-to-one.

Proor. Assume [&] and [] En(K Dy) are such that p.[a] =
pn[ﬁ] in #(K,vy). Then [pa] = [pB] and pa~ pB. V1s1bly
and B are the (unique) liftings of pa and pB having origin &,. By
Theorem 2.2, & ~ B and (¢ = [B]. Therefore p - is one-to-one.

What happens to pm(K, ©) as the basepoint & is changed?

Tueorem 2.4. Let p: K - K be a covering complex, and assume
pd) = vy = p(ﬁ); then p.w(K, ©) and p-n(K @) are conjugate sub-
groups of w(K,vy). Conversely, if H is conjugate to p-w(K, ), then

= p.m(K, @) for some @ with p(@t) = v,.
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Proor. If B is a path in K from @i to © and if 8 = pp, then [B] €
7(K, vy) and

[Blp-n(K 8)[B] ' = p=m(Ka).

Conversely, assume H = [a] p= m(K, ©)[a] ~!. Letf be the lifting of
a~!'having origin &. If end B = 4, then p(ii) = v,. Moreover

m(K, @)= [B~1=(K 0)[B],
so that
p-m(K @)= [a]p-n(K 8)[a"] = H

Let us now consider the existence of covering complexes (this con-
struction is called the “loop space” in topology). To motivate what we
do, suppose we have a covering complex p : (K, 4) = (K, vy). Each
vertex © of K can be described by a path a in K having origin v, as
follows: choose a path @ in K from &, to © and define @ = pa. Had we
chosen a second such path in K, say B, then the path g = pﬁ is
also a path in K from v, to v; moreover [«0B" 1] =p,. [@a0BY
€ p.n(K, by).

DeFinITION. Let K be a complex with basepoint vy, and let 7 be
a subgroup of #(K, vy). If a and B are paths in K with origin v,, then

a= B(mod 7)

ifenda= end Band [«[0B~!] E7.

It is easy to see that « = B8 (mod x) defines an equivalence relation
on the set of all paths in K having origin v,; denote the equivalence
class of such a path a by @, and denote the family of all @ by K,. We
shall make K, into a complex.

Let s be a simplex in K and let a be a path with origin v, and end
in s. A continuation of ain s is a path @ [J &, where &’ is a path lying
wholly in s. Let

[s,@ = {B € K, : B is a continuation of & in s}.

Define the simplexes in K, to be all [s, @], where s is a simplex in
Kand & € K, is such that end @is in s.

Tueorem 2.5. Let K be a connected complex, v, a vertex of K,
and 7 a subgroup of w(K, vy). Then K, is a complex and the function
V(K,) = V(K) given by @+ end & defines a map p: K, — K.

Proor. Straightforward.
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There is an obvious choice of a basepoint in K, :let 7, =@,
where a = (v, vy).

LemMma 2.6. If K is a connected complex, then every path a in K
with origin vy can be lifted to a path A in K, from T, = (v, Uy) to @

Proor. Let (vy, v;) 0 (v, 02)0 -+ - 0O (v,-y,v,) be a path in K
from v, to v, = end a (which exists because K is connected). Define
paths ; by o = (vy, vy) O (v}, v5) O - - - O (v;_y, v;). Observe thatif s
is the simplex {v;,v;;,}, then @ and @&, both lie in [s, &]; hence
(@, @4,) is an edge in K, Therefore A= (T,,&)0 (), a)
O ---0 (a1, &) is a path in K, from o, to &, = & which lifts
a.

CoroLLary 2.7. If K is a connected complex, then K, is connected.
Proor. There is a path in K, from T, to every vertex a of K..

TueoreM 2.8. Let K be a connected complex, and let = be a sub-
group of w(K,vy). Then p:K,— K is a covering complex and
p=m(K, Ty) = m.

Proor. Let us first show that p : K, — Kis a covering complex; only
condition (iii) of the definition remains to be checked.

We claim that p|[s,a]:[s,a] = s is a one-to-one corre-
spondence. Suppose B and y € [s,a and p(B) = p(y). Then
B = allp, and y = a0 y,, where B,,y, lie wholly in s. Moreover,
BUOy~!is defined and B0y =0, 0y, 'Oa'~ala!
~ 1, since B; 0y, !~ 1, being a path lying wholly in a simplex,
so that [B0Oy~!] =1 in 7(K, vy). Since 1 E7, 8=y (mod#) and
B='. Hence p|[s,a is one-to-one. To see that p | [s,&] is onto,
let v be a vertex in s. If a’ is a path in s from end a to v, then

ala’' € [s a] andplaOa’)=v.

Let s be a simplex in K and let w be a vertex in s. It is easy to
check that p~I(s) = U[s,a], where the union ranges over all
a €K, with enda= w. To prove that p: K, — K is a covering
complex, it suffices to prove the sheets [s, @] are pairwise disjoint.
Assume ¥ € [s,a] N [s,8]. Then y=alUa; (modw) and y=
B OB, (modw), where a; and B, are paths lying wholly in s. The
definition of equivalence gives end a; = end 8, so that @) 0 B8, !isa
path lying wholly in s; moreover, a; (08,7 ! is a closed path at w.
Hence

1=[yOy Y =[«0a0p 08 = [«a0B Em
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It follows that =8 (modw), i.e., that @= B and [s,a] = [s,8].

We claim that 7 = p.w(K,, 4). Let [o] €En(K, vy). Since p: K,
— K is a covering complex, there is a unique lifting & of a with origin
Ty But we constructed such a lifting A in Lemma 2.6; therefore A
must be & and so end @a = end A= & The following statements are
equivalent: [a] € p=n(K, 0y); [a] = [pA], where [A] € n(K,, Ty);
end A= orig A= Dy, @ = Ty; [al] (vy,04)7!] E7; [a] Em.

We may now give the first application.

THEOREM 2.9 (SCHREIER-NIELSEN). Every subgroup H of a free
group F is itself free.

Proor. Let F be free of rank |I|; let K be the bouquet of |I| circles
constructed in Theorem 1.9, so that #(K, v,) may be identified with
F. By Theorem 2.8, there is a covering complex p: Ky — K with
p-n(Ky,Ty) = H. Since p= is one-one, we have w(Ky,7,)= H.
Since dim K = 1, however, we remarked earlier that dim K = 1.
Therefore H is free, by Theorem 1.8.

The usual proofs of the Schreier-Nielsen theorem yield more infor-
mation about the free subgroup H: they actually exhibit a basis for H;
in particular, one may compute rank H. In order to give one such
computation, we first give a “geometric” interpretation of the index of a
subgroup.

DermviTion. If p: K — K is 2 map and v € V(K), then p~Y(v) is
called the fiber over v.

Tureorem 2.10. Let p: (K ©,) — (K, vy) be a covering complex.
Then

IP_I(U*)I = [”(K> U*) p= W(K, 5*)] .

Proor. Denote p.w(K, ) by #. Define a function 6 from the
family of all right cosets of 7 into the fiber p~!(v,) by

0:7[a] — end &,

where & is the lifting of a having origin ©,. We claim that 0 is a
(well defined) one-one correspondence.

(i) @iswell defined.

Suppose [B] € m(K, B,), so that B is a path from &, to ©,. Then
p=[Bl O [a] = [pB0a]. A lifting of p0a is B0 & which
is, in fact, the lifting of this path, by uniqueness. Hence end 8 0 & =
end a.
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(ii) @ is onto.

Let & € p~!(vy) and let B be a path in K from Uy to @ (for the first
time we use the connectedness of K). Then a = pf is a path from v,
to itself, so [a] € 7(K, vy). Visibly & = B, so that 8(7[a]) = end &=
end B = i.

(iii) @ is one-to-one.

If 6(#[a])= 67[B]), then end@= endB. Hence @ B! is de-
fined and is a path in K from &, to B, ie, [@0B"!] En(K ¥,)
Therefore

~

[o] O [B]~'= [pa] O [pB~'] =p.[0B"'] E
andso7[a] = 7[B].

CoroLrLary 2.11. Let p : K — K be a covering complex. If v, v, €
V(K), then

P~ (0] = Ip~'(v2)l;

i.e., all fibers have the same cardinal.
Proor. Let & € p~X(v;), i=1,2, let B be a path in K from &,
to ¥y, and let B8 = pB. One quickly checks the following diagram

commutes

=K, ) —————> ¢ K, ©,)
| b
7(Kv) —&  »a(K vy),

where G[a] = [B~'Oa&0pB] and gla] = [B~'0a0dp]. Of
course, G and g are isomorphisms (Theorem 2.4). Since p. is one-one,
it follows that the index on the left is equal to the index on the right.
The result follows from Theorem 2.10.

It is an easy induction on dimension that if p : K — K is a covering
complex and if there are j points in each fiber, then there are j sheets
over each simplex in K.

THEOREM 2.12. Let F be free of finite rank n and let H be a sub-
group of F having finite index j. Then H is free of rank jn — j + 1.

Proor. For a finite graph K, let no(K) be the number of its vertices
and n,(K) the number of its 1-simplexes. If T is a maximal tree in K,
our earlier remark about Euler-Poincaré characteristic gives ny(T) —
ny(T) = 1. Therefore, the number of 1l-simplexes in K— T is
ny(K) — n(T) = n(K) — no(T) + 1. Since T is a maximal tree,
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Theorem 1.6 gives ng(T) = no(K). Therefore, Theorem 1.8 shows, for
a finite graph K, that (K, vy) is free of rank n;(K) — ny(K) + 1.

Assume now that K is a bouquet of n circles: no(K) = 2n + 1 and
ny(K) = 3n. Let p: Ky — K be the covering complex corresponding
to H. By Theorem 2.10 and Corollary 2.11, there are exactly j=
[F: H] points in each fiber: ny(Ky) = jny(K). Moreover, our remark
after Corollary 2.11 gives n,(Ky) = jn,(K). Substitution into the
general formula derived in the first paragraph gives

nl(KH) - no(KH) +1 =]n —] + 1.

A construction of a basis for an arbitrary subgroup H of a free group
F in terms of “Schreier transversals” can also be given by these
methods (see [10; 12; 14]). In essence, bases of H arise from
choosing maximal trees in K and lifting them, using Theorem 1.10, to
maximal trees of K. One consequence of this further squeezing is the
surprising fact that the commutator subgroup of a free group of rank
2 is a free group of infinite rank.

As a second application of covering complexes, we prove the
theorem of Kuro$ characterizing subgroups of free products (we
assume the reader is familiar with the definition of free product).
First of all, we relate free products to complexes.

Tueorem 2.13. Let K be a connected complex with connected sub-
complexes {K;:i € I}. Assume U K; = K and that there is a tree T
in KwithK; N\ K; = T, foralli # j. Then

m(K,v)= * (K, o)

for suitable vertices v in K and v; in K;.

Proor. We claim there are maximal trees T; of K; that contain T
and such that T' = UT; is a maximal tree of K. Define T; to be some
maximal tree of K; containing T. Now the family {T, T; — T,i € I} is
a disjoint union of trees, so that Theorem 1.10 asserts that their union
T' is contained in a maximal tree M of K. Since V(T') = V(K), how-
ever, we have T' = M, as desired.

By Theorem 1.7, there is a presentation (E; | R;) of #(K;, v;), where
E; is the set of edges in K; and R; is the set of relations of the form:
(a) (u, v)(v, w) = (u, w) when {u, v, w} is a simplex of K;; (b) suppress
all edges in T;, Now a presentation for *,c ;7(K;, v;) is (UE; | UR)).
But we claim that this is also a presentation for 7(K, v) : UE; consists
of all the edges of K (for K= UK;); since T' = UT;, an edge in K
lies in T' if and only if it lies in some T;; moreover {u, v, w} lies in a
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simplex of K if and only if it lies in a simplex of some K;. By Theorem
1.7, we have n(K, v) = *7(K;, v;).
Which groups arise as edgepath groups?

TueoreM 2.14. Given a group G, there exists a connected 2-complex
K withw(K°, v°) = G for some vertex v° in K°.

Proor. A proof may be found in [12]; it is essentially a construc-
tion of an “Eilenberg-Mac Lane space” K(G,1). One begins with a
presentation of G, say G = F/N, where F is free, i.e., a covering com-
plex p: Ky = K, where K is a bouquet of r circles (r = rank F) and
Ky is the covering complex corresponding to N. It is easy to adjoin
certain 2-simplexes to the bouquet K to force the relations of N to hold
in this augmented complex, which we denote K°. We thus have the
diagram

Ky
P

K——K°.

In order to prove that 7(K°, v°) = G, it is only a matter of completing
the diagram above with a covering complex of K° that makes the
resulting picture commute.

Several remarks are in order. First, the complex K° is not unique
(at the very least, it depends on a presentation of G). Second, if G is
finite, one may choose K° so that it, too, is finite (i.e., V(K°) is finite)
Finally, a group G is finitely presented if and only if there is a finite
connected complex K° with G = #(K°, v°).

TueoreM 2.15 (Kuro$). If H is a subgroup of *;c;G;, then H =
F % ( % H,), where F is free and each H, is isomorphic to a subgroup o
some G;.

Proor. By Theorem 2.14, there exist connected complexes K; with
7(K;, v;) = G;. Define a new complex K by adjoining a new verte:
vy to the disjoint union UK; and new 1-simplexes {v,, v;}, all i € I
Then 7(K,v4)= * G;, by Theorem 2.13. Let p: Ky — K be the
covering complex and © € p~1(v,) so that p.w(Ky, &) = H (having
identified *G; with (K, vy)). For each i, p~!(K)) is the disjoint unior
of its components Ky, choose a maximal tree T,] in K,] Let L be th
1-subcomplex consisting of UT;; and p~'{vy, v;}, all i € I Finally
let T be a maximal tree in L contamlng UT; (which exists courtes’
of Theorem 1.10). Observe that T contains no edges in K; asids
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from those in T,J lest we violate the max1mahty of T ; in K,J

Consider the subcomplexes L and K; U T in KH Clearly Ky is the
union of these. Further, the intersection of any two of these is the tree
T. Therefore, Theorem 2.13 gives

7(Ky, ©) = (L, 0) % (*m(K;; U T, 9)).

Now ﬂ(t ©) is free because dim L = 1. Since T is a maximal tree in
K; U T, Theorem 1.7 gives #(Ky; U T, 8) = n(Kj;, ©;;) for some vertex
Dy in K,, We remarked, just after defining covering complexes, that
p|Ky: Ky > K; is also a covering complex. Hence m(Kj, §;) is iso-
morphic to a subgroup of #(K;, v;) = G;. Therefore, H = p. n(Ky, D)
is a free product as described in the theorem, for p .. is one-one.

There are stronger versions of the Kuro$ theorem (see [7; 9; 10]),
but we believe we have made our point that covering complexes do
give “conceptual” proofs of various subgroup theorems.

3. Galois Theory.
In this section we survey all the covering complexes of a connected
complex; we shall see an analog of classical Galois theory emerge.

Tueorem 3.1 (UnNiQuenEss oF LiFtings). Let p: (K 4) — (K, vy)
be a covering complex, and let f : (A, ay) = (K, vy) be a map, where
A is a connected complex. Then there exists at most one lifting
Fi( A ao) = (K, 0,), ie., at most one f( with pf=f and f(ao)

//((K> U*)
//
i p
7
//
(A, ao) (K, vy)

f

Proor. Suppose f and f':(A, ay) —>(K ¥,) are liftings of f.
Assume there is a vertex a’ € A for which f(a’) # f'(a’). There is
a path in A from gy to a’ because A is connected. Since f(ao) =
f'(ao), there is an edge (a),a;) with f and f' agreeing on a; but
disagreeing on a,. By Theorem 2.1, the path foa= (fa,, fa,)
has a unique lifting to a path in K with origin fa, = f’a,. But two
such liftings are (fa,, fa;) and (f'a;, f'a;). We conclude
that fa, = f'a,, which is a contradiction. Therefore f = f".

Taeorem 3.2 (LiFriNng CriterioN). Let p: (K, 04) — (K, vy) be a
oovemng complex and let f: (A, a9) - (K, vy) be a map, where A
is a connected complex Then there exists a unique lifting f of f
ifand only if f. (A, ag) C p=w(K, vy).
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(A,a0> _— <K> D*)

Remarks. (i) If we regard a path a in K as a map a: I, — K (for
some n), then Theorem 3.2 generalizes Theorem 2.1, for I, is a con-
nected complex with #(I,,, &) = {1}.

(ii) In view of Theorem 3.1, we need only consider existence of f.

Proor. Assume first that a lifting f exists. Then f. = (pf). =
p=f-and

f:: 7T(A7 (10) = P: f = W(A: Clo) C P:”(K 6*)

To prove the converse, let us first define a function V(A) — V(K).
If a € V(A), choose a path £ in A from g to a (A is connected). Then
fe % is a path in K from v, to f(a); let X be the (unique) lifting of
fe % with origin ©, (the existence of X is guaranteed by Theorem
2.1). We claim that endX is independent of the choice of path £.
Suppose £, is a second path in A from g, to @, and let X, be the unique
lifting of feo4, having origin &, Thus, pA=feo2, pXx, = foL,.
Now [£ 02,71 En(A, ap) so that

[Fe)U(Foa™ )] =f- 07 € f-m(A a)

' C p-w(K, By).

There thus exists a closed path g in K at &, with
[(fe2) D (fer™] = [pe gl

It follows that

(fo2) B (fo 2,70 (pX) ~ (p2) O (phy).
Since pX, = f,, we have

feo~p@EON).
By Theorem 2.2, equivalent paths have equivalent liftings:
A~ gOA,.

Thus endX = end @ O X, = end X, for g is a closed path at §,. We
have shown that endX (where A is the lifting of feo % with origin
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) is independent of the choice of path £ in A from g, to a. There-
fore, the function f :V(A) — V(K) glven by a +>endX is well
defined. Note that f(ap) = 4. It remains to prove that f is a map
(it is obvious that pf = f).

Let s = {by, - * *, b} be a simplex in A; we must show that f (s) =
{fbo, .. ',qu} is a simplex in K. Let 2, be a path in A from
ag to by, and, for each i with 0 < i = g, choose a path £; in s from b,
to b, Since f is a map, we know that t= {fby, ‘- -, fb,} is a
simplex of K; let £ be the sheet over ¢ containing f by. We claim that
f(s) C ¢ Indeed, let X, lift fo 2y (so that Ay is a path in K from
Dy to f'bo Consider the path ;=X 0 {(p [f)~° f° &}, where
0<i=gq. Note that pg, = p)‘ol]f 2; =20 0%; and that g4 has
origin ¥,. It follows that f (b)) = end f;, and, visibly, end f; €
im(p |£)~! = £. Therefore f is a map of (A, ap) to (K, ) that lifts f.

We are now ready to compare different covering complexes of K.

Tueorem 3.3. Assume p: (K ©y) = (K vy) and q: (], @) —
(K, vy) are covering complexes. If q. 7(J, ) C p. w(K, 84), then
there exists a unique map h : (J, @4) — (K, 84) withph = q. Moreover,
h: J — Kis a covering complex.

Proor. Since J is a connected complex (as is every covering com-
plex), the lifting criterion just proved provides a unique map h : ( Jiby)

— (K, ©,) with ph = g. It remains to prove that h: | — K is a cover-
ing complex .

Let { be a simplex in K, and let s = p(t). As s is a simplex in K,
we have q~!(s) = Uag;, where the o; are pairwise disjoint simplexes
for which q |o;:0; — s is a one-one correspondence. Let p~i(s) =
U %, where the #; are pairwise disjoint 51mElexes for which each

p | & is a one-one correspondence (note that t = ¢; for one i). Now

ph q implies h=!p~1(s) = g~(s), so that
h-{ U ¢) = Uag;
In particular, h=Y(f) C Uo;. Consider only those 0; (call them o)
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-~

with h(o;) = t. Visibly these oj, are_pairwise disjoint simplexes in
J (all the o; are), and hloj:0; — t is a one-one correspondence
(since ph = q and the correspondmg restrictions of p and g are). It
only remains to show h-!(f) = U;o;, and we have only to prove
Uo;C h~(). This follows from the observation that if one vertex of
o;i, say w, satisfies h(w) € t, then h(o;;) = £ (h(oj;) is connected and
the comBonents of U % are precisely the t.). We have verified that
h:J — Kis a covering complex.

CoroLLarYy 3.4. With the same notation as in Theorem 3.3, if
p=w(K 84) = q:w(J, {Dy), then the map h: | — K is an isomorphism.

Proor. By Theorem 3.3, there is a unique map g: (K, ¥y) —
(IJ, @4) with gg = p. Now the composite gh and the identity 1x both
complete the diagram

e

g

o
<

K

Uniqueness gives gh = 1. A similar argument gives hg = 1;.
Notation. If p: (K ©4) = (K,vy) is a covering complex, let
f(KIK) denote |p~1(vy)], the cardinal of the fiber over v,.
By Corollary 2.11, f(K/K) is independent of the choice of base-
point v, in K.

CororLarYy 3.5 (FiBEr FormuLa). Assume p: (K, B,) > (K Vy)
and q: (] 0y4) — (K, vy) are covering complexes with q s (], Dy)
Cp= n(K y). Then there exists a unique h : J — K such that ph = q
andh:J — Kisa covermg complex.

Moreover, if f(J IK) is finite, then

fUTIK) = fJIKf(KIK).

Proor. Theorem 3.3 provides the map h: : J = K exhibiting (], h)
as a covering complex of K. The formula follows from Corollary 2.11
and the observation that if vy, € V(K), then p~'(vy) = (gh)~Y(vy) =
h=1(q o).

To summarize, each covering complex (K, B4) of (K, v,) determines
a subgroup of 7(K, vy), namely, p s (K, ©); moreover, two covering
complexes determining the same subgroup are isomorphic. Finally,
if two covering complexes determine subgroups ordered by inclusion,
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then one is an “intermediate” covering complex. Galois theory is
beginning to emerge.

The next definition gives an analog of algebraic closure.

DEeFINITION. A universal covering complex of K is a covering com-
plex p : K — K such that, for every covering complex g : | — K there
exists a unique map h: K — J making the following diagram com-
mute:

T

h_-" '
//
-~ // q
K

K*‘

As any solution to a universal mapping problem, a universal cover-
ing complex of K is unique to isomorphism if it exists.

DEeFinITION. A complex K is simply connected if it is connected and
ifw(K,v) = {1} for some vertex v.

TueoreM 3.6. Let K be a _gonnected complex. Then K has a uni-
versal covering complex p: K — K‘.~ Moreover, a covering complex
p : K = Kisuniversal if and only if K is simply connected.

Proor. Let m = {1} be the trivial subgroup of #(K, vy); set K= K,
and let p : K — K be the covering complex as constructed in Theorem
2.8. Since p.w(K,,) = {1} and p - is one-one, it follows that K is
simply connected.

Assume now that g : f — K is a covering complex; we thus have

the diagram

N‘—\Q
. {Q

KR——
4
Since p:w(K, ¥y) = {1} C q 27 (], ©y), the lifting criterion provides
a unique map h: K — | with gh = p. Thus, p: K — K is a universal
covering complex of K.

For the converse, assume p : K — K s a universal covering complex
of K. As we saw above, there exists a simply connected covering com-
plex g:S — K. By the universal property, we have a commutative
diagram
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S

Therefore p- = (qh): = q.h- is trivial because ¢q- is. Thus
7(K, ©4) = {1}, for p = is one-one, and K is simply connected.

We remark that the analog of Theorem 3.6 is not true if we replace
complexes by topological spaces: there may exist universal covering
spaces that are not simply connected. The analog is true for polyhedra
however.

If K is a connected complex, we seek a one-one correspondence
between “intermediate” covering complexes of K and subgroups of
7(K, vy). There are two difficulties: base points; set theory. If we do
choose base points, i.e., if we work within X, then we can pass back
and forth: to the covering complex p: (K ©4) — (K, vy), assign the
subgroup p » (K, ©4); to the subgroup 7 of #(K, vy), assign the cover-
ing complex p : (K,,T) = (K, v) as constructed in Theorem 2.8. Un-
fortunately, the composite of these is not the identity. For example,
if we begin with p: (K,, @) — (K, v), where @ # © lies in the fiber
over v, then the composite yields the complex K, but with base Point
0. If we do not choose base points, then the assignment q . 7(K, )
is not well defined (we know that changing basepoint replaces a sub-
group by a conjugate; it is well defined, of course, if 7(K, v,) is abelian
or hamiltonian). Somehow, we must avoid choosing basepoints. The
second difficulty is set-theoretical: is the totality of all covering com-
plexes of K a set?

We deal with the problem of basepoints by adapting the definition
of Galois group. Recall that if F is a field extension of a field k, then
the Galois group Gal(F/k) is defined to be the group of all auto-
morphisms of F fixing k pointwise (the group operation, of course, is
composition of functions). If i:k — F is the inclusion map, then
Gal(Flk) consists of all automorphisms o of F making the following
diagram commute:

K

F g




COVERING COMPLEXES 665

DEFINITION. Let p: K - Kbea covering complex. A covering map
(or deck map) is an isomorphism h making the following diagram
commute:

DerinitioN. If p: K — K is a covering complex, then Cov(KIK)
is the group of all covering maps (under composition).
Our notation is sloppy, for it does not exhibit the projection map p.

Tueorem 3.7. Let p: K—>Kbea covering complex and let h €
Cov(KIK). Then either h = 1; or h has no fixed points.

Proor. Assume there is a vertex © with h(§) = ©. Then both h
and 1; complete the commutative diagram

where v = p(&). By Theorem 3.1, h = 1.

CoroLLARY 3.8. Let hy, hy € Cov(KIK). If h; and hy agree on a
vertex, then hy = h,.

Proor. The covering map h h, ! fixes a vertex.
~ Of course, the fundamental theorem of Galois theory holds only if
we impose certain conditions (normality, separability) on the field
extensions.
DEFINITION. A regular covering complex of K is a covering complex
p: (K 9y) = (K, vy) for which p - m(K, 84) < 7(K, vy).

Tueorem 3.9. Let p: (K, 04) — (K, vy) be a regular covering com-
plex. Then

Cov(KIK) = (K, vy)lp = m(K, Ty).
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Remark. If p: K — K is a universal covering complex, it is clearly
regular. In this case, Theorem 3.9 gives Cov(K/K) = 7(K, vy). This
indicates we are on the right track, for Cov(K/K) allows us to re-
capture the edgepath group without forcing us to choose a basepoint.

Proor. Let us define a function ¢ :#(K,v,) — Cov(K/K). If
[g] €E7(K, vy), then we may regard g as a map I, — K (some n) with
g(to) = vy = g(t,). By Theorem 2.1, there is a unique lifting of g to a
path g in K with origin ¥y; let &, = end 3.

(K, ®

Qe

<I> tO) (K D*)

Note that ©, is in the fiber over v, (i.e., pt; = vy) and, by Lemma 2.2,
that ©, is independent of the choice of path g in [g] .

Theorem 2.4 says that p.w(K, vy) and p=n(K,&,) are conjugate
subgroups of 7(K, vy); they are thus equal, for we are assuming that
p-m(K 04) is a normal subgroup. It follows from Corollary 3.4
(essentlally the lifting criterion) that there exists a unique isomorphism
h: (K 6,) = (K ©)) with ph=p, ie, h € Cov(K/K). We define
#([g]) = h. To summarize, ¢[g] is the unique h € Cov(K/K) with
h(t4) = ¥, = end g, where 7 is the lifting of g with origin ©,.

(i) ¢ : (K, vy) = Cov(K/K) is a homomorphism.

To prove this, we first remind the reader about one of the ingredients
in the recipe defining ¢([g]) = h. We know that h(¢,) = ©,; what is
h(%) for another vertex & of K? According to the construction in
Theorem 3.2, taking (A, ay) = (K, #4) and f p and the covermg
complex p : (K, 1) = (K, vy), choose a path 2 in K from &, to ; let
X be the lifting of pf with origin &,; then h() = end X.

If [g] En(K vy) for i=1, 2, then ¢([g])= h; € Cov(KIK),

where hy(f,) = ©¥; = end g; and g: is the lifting of g; with origin ©.
Let us first evaluate h) ° hy on the vertex 0,

hihy(Dy) = hy(Dy).

The recipe above instructs us to choose a path_ 2 from @, to ©, (but
g2 is such a path!), drop to the (closed) path pf = Pg2 = go, and lift
g, to the path X with origin &,; the result is k(D) = end X.

If [g] = [g1 0 go] and h = ¢([g] ), let us evaluate h(f,). Consider
the path g, OX in K; it is defined, for end g, = &, = origh. One
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checks easily that g, O A is a lifting of g 1 1 go having origin ©,. There-
fore, our recipe gives h(d,) = end(gl OX) = endA.

We have shown that h;° hy (= ¢([g1] )e([g2])) and h(= ¢([g, O
g2] ) agree on the vertex . By Corollary 3.8, h; ° hy = h; we have
proved that ¢ is a homomorphism.

(ii) ¢ is onto.

If h' € Cov(KIK), then h'(y) = &', where &' is in the fiber over v,
(for ph = p). Choose a path 2 in K from Dy to 8'; then pf=gisa
closed path in K at vy, i.e, [g] E@(K, vy). Let X be the lifting of g
having origin ©, (uniqueness says A =1). The definition gives

#([g]))= h, where h(d,) = endX = endZ = &'. Therefore h and h’
agree on the vertex ¥,; it follows from Corollary 3.8 that h = h' and
¢ is onto.

(iii) ker g = p 4 w(K, By).

If [g] €E7(K vy), then the following are equivalent: ¢([g]) = 1;
g is a closed path in K at 84 [g] En(K 4); [g] € psn(K, By).

The proof is completed by the first isomorphism theorem.

CoroLrary 3.10. If p: K — K is a universal covering complex, then
7(K, vy) = Cov(KIK)
for every choice of vertex vy in K.

CoroLLary 3.11. Let p : K — K be a regular covering complex, and
let p~Y(v) be the fiber over a vertex v in K. Then Cov(K/K) acts transi-
tively on p~'(v).

Proor. This is precisely what we proved in step (ii) of the proof of
Theorem 3.9.

Using groups of covering maps instead of edgepath groups will be
our way of avoiding basepoint difficulties. The set-theoretical dif-
ficulty we mentioned earlier is treated by defining an appropriate
equivalence relation.

DeriniTION. Two covering complexes p;: K, = K;, i = 1,2, are
equivalent if there are isomorphisms F and f making the following
diagram commute:

RR—E L&

P1 P2

Kl —L 'k
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The reader may verify that we have, indeed, defined an equivalence
relation on all covering complexes.

LemMa 3.12. Assume we have a commutative diagram

K ——— K&,

P1 P2
K, f

—J LK .

where p,: K, = K, is a covering complex and F and f are iso-
morphisms; then p, : Ky = K, is a covering complex.

ProorF. Straightforward.

DeriniTiON. Let K be a complex and let G be a group of automor-
phisms of K (we say G acts on K). If v,0’ € V(K), write v =10’ if
v’ = h(v) for some h € G. This defines an equivalence relation on
V(K); the equivalence class of a vertex v is denoted T and is called
the orbit of v (more precisely, the G-orbit of v).

The orbit of v is {h(v): h € G}. Since we have a partition of V(K),
we may form the corresponding quotient complex, which we denote
KIG.

DermniTioN. If G is a group of automorphisms of a complex K, then
the quotient complex K/G is called the orbit complex.

LEmMma 3.13. Let q: L — K be a regular covering space, and let
G = Cov(LIK). Then there is an isomorphism f:K — LIG
making the following diagram commute

/N

K__—>L/G

where p: L — LIG is the natural map. Moreover, p: L — LIG is
a covering complex.

Proor. If v € V(K), there is a vertex w in L with g(w) = v; define
f:V(K) - V(LIG) by f(v)=p(w)=1w; in words, f(v) is the

fiber over v.
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(i) fiswell defined.

If g(w,) = v, then w, is in the fiber over v. Since q:L — K is
regular, there exists h € Cov(L/K) with h(w) = w,, by Corollary 3.11.
Hence w = w, and w = w), as desired.

(ii) That f is onto is a trivial verification. If f(v) = f(v’'), then
there are vertices w, w' € L with g(w) = v and g(w') = v’. Since
f(v) = f(v'), there exists h € Cov(L/IK) with hw = w’. Therefore

0= g(w) = gh(w) = q(w’) = v".

(iii) f: K — LIGis a map.

Let s = {vy, * * *,v,;} be a simplex in K. Then g=!(s) = U §;; choose
some fixed i, and let §; = {wo, - *,w,}. Thus, §; is a simplex in L
and each wj is in the fiber over v;. Therefore f(s) = {w,, * * -, w,} is
a simplex in L/G; indeed f(s) = p(§)).

(iv) That p: L — L/G is a covering complex follows from Lemma
3.12.

The next theorem essentially shows that we may choose orbit com-
plexes as canonical representatives of equivalence classes of covering
complexes.

LemMma 3.14. Consider the commutative diagram of covering com-

plexes
>

where p: K — K and r: K — L are regular. If = = Cov(K/K) and
G = Cov(K/L) then there is a commutative diagram of covering com-
plexes

AN

K
\
p' KiG
/
Kim
each of which is equivalent to the corresponding original covering
complex.
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Proor. By Lemma 3. 13 p’ : K — K/r is a covering complex equiva-
lenttop: K—>Kandr': K> K/Gisa coverlng complex equivalent
tor: K —L It remalns to define a map g’ making the diagram com-
mute and so that q' : KIG — K/ is a covering complex equivalent
tog: L - K

We claim that G C 7: if h € G = Cov(K/L), then h is an automor-
phism of K satisfying rh = r; it follows that gr h = gr, i.e., that ph = p,
and so h € 7 = Cov(K/K).

If 5 € V(K), its G-orbit =

{ht: h € G} C {hD>: h € 7} = the w-orbit of {.
Thus, the function q' : KIG — K/r defined by sending the G-orbit of

© to the 7-orbit of © is a well defined function, which is easily seen to
be a map and which satisfies ¢'r' = p’. Finally, the commutative
diagram

[l

KIG

>R/7T

in which the horizontal maps are isomorphisms as in Lemma 3.13
shows (Lemma 3.12) that the right side is a covering complex and is
equivalent to the left side.

We are ready to give the fundamental theorem of what we call co-
Galois theory, as the arrows go the opposite way.

TueoreM 3.15 (Fundamental Theorem of co-Galois Theory). Let
p: K = K be a regular covering complex; let ¢ denote the set of all
equivalence classes of intermediate covering complexes q: L — K,
ie.,
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let S be the set of all intermediate groups p . m(K, ©4) C G C (K, vy).
Then there is a one-one correspondence between C and S imple-
mented by

KiG
> Cov(K/L) and ¥ : G l
K

o
RN <— ™

Proor. In virtue of Theorem 3.9, we identify S with the set of all
subgroups of Cov(K/K).

First, observe that the functions®: ¢ - S and ¥ : S — ¢ are well
defined. If q: L = K is an intermediate covering complex, then
Cov(K/L) is certainly defined; it does lie in S, as we saw in the proof
of Lemma 3.14 (in the notation of that proof, G C 7). To show that
¥ :S — C is well defined, recall that we saw in Lemma 3.14 that
KIG - Kir is equivalent to an intermediate covering complex of
K; thus, ¥(G) € C.

It remains to prove the composites ®¥ and W@ are identities.

Suppose G C Cov(K/K). The composite ®¥ sends
G +— KIG — Cov(KI/(KIG));

call this last subgroup n'. Is #' = GP If h € G, then h is an auto-
morphism of K making the following diagram commute

R— " Lk

g

KiG

where r is the natural map (we are merely asserting © = h(#) for each
vertex ¥ of K). Hence G C 7 '. For the reverse inclusion, let h € 7', so
that rh = r as in the diagram above. If & € V(K), then rh(8) = 7(d) =
the G-orbit of #; therefore h(¥) = ©. By definition of orbit, there is a
map g € G with g(ht) = &. Since GC ' (as we have just proved),
gh €x'. It follows that gh = 1, for it is a covering map having a
fixed point. Therefore h = g=! € Gand#’' C G, as desired.

Finally, suppose q : L— K is an intermediate covering complex,
i.e., there is a commutative diagram of covering complexes
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K
\
L
q
K

By Lemma 3.14, the covering complex r: K — L is equivalent to the
covering complex K — K/G, where G = Cov(K/L). Hence L — K
is equivalent to K/G - K, and ®(KIG — K)= Cov(K/(KIG)).
But we have seen in the paragraph above that this latter group is, in
fact, G. Therefore

YO(KIG - K) =¥(G) = KIG - K,
as desired.

CoroLrary 3.16. An intermediate covering complex q: L — Kof
p : K — Kis regular if and only if Cov(KIL) < Cov(K/K).

The ostensible purpose of this rather long but straightforward exer-
cise has been to convince the reader that one can look at algebraic
problems through geometric spectacles, but the “geometric” spectacles
are really algebraic after all. Though amusing, this exercise would
be rather witless if all it did was replace open sets by simplexes and
continuous functions by maps; after all, the point set topology in
standard expositions of covering spaces is not difficult (though the
proofs are a bit longer than ours).

The real purpose of this article, however, is propaganda for category
theory! We now know two very similar theories: co-Galois theory
of covering complexes; classical Galois theory of field extensions. Let
us mention only two other theories: Galois theory of commutative
algebras (initiated by Chase-Harrison-Rosenberg [3]); Galois theory
of simple rings (initiated by Artin-Whaples [1]). We suggest that
each of these fits into a general framework: a theorem about categories,
giving axioms for a Galois correspondence. One such set of axioms
is given by Grothendieck [4] .

The best finale for this paper would be a proof of classical Galois
theory using covering complexes. Such a proof is impossible at this
stage. Beginning with a finite Galois extension of a field k by a field
L, one forms the Galois group G = Gal(L/k), and then constructs the
Eilenberg-Mac Lane complex K= K(G, 1). Analysis of the covering
complexes of K cannot yield information about L/k because we have
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thrown away too much information; all that survives is the Galois
group. One possibility is to impose some algebraic structure of the
complex K(G, 1); for example, one might try to imitate sheaf theory
and endow the fibers with more structure. A more promising
approach may be to abandon Eilenberg-Mac Lane complexes in favor
of a complex K’ which intrinsically reflects information about L/k
(recall that the only property of K(G, 1) we have used is that it is a
connected complex having edgepath group G). Once this is done (and
I confess I haven't done it yet), the classical fundamental theorem of
Galois theory should look as follows.

Let L/k be a finite Galois extension of fields, and let -4 be the
category of all k-subalgebras of L; let € be the category of all cover-
ing complexes of K, where 7 (K, vy) = Gal(L/k) (and where covering
complexes are suitably algebraicized). Then there are contravariant
functors ': # — € and A : € — A that are inverse to one another.
If kC FC L, then I'(F) = K/Gal(L/F); if HC G, then A(K/H)=
LH= {a € L:jp(a)=aforallo € H}.

Observe that such a theorem gives the classical theorem: there
exists an order-reversing bijection 4 — S (the subgroups of
Gal(L/k)), for we may take the composite of I': # — € with the
function @ : ¢ — S of Theorem 3.15. The result above would give
more, for it would also be defined on morphisms, hence would exhibit
every finite Galois group G = Gal(L/k) as the fundamental group of a
suitable complex K= K/G. Thus, the techniques of algebraic
topology would apply.

Let us illustrate this by giving a too sophisticated proof of a very
simple result. The homology (and cohomology) groups of the complex
K are well-known:

H,(K) = H,(G, Z),

where the right side is the nth homology group of the group G with
coefficients in the additive group of integers Z made into a trivial
G-module (gn = n for all g € G and n € Z). The Hurewicz theorem
gives

7(K, )/ [w(K, v), (K, v)] = H,(K),
ie.,
G/IG' = H\(G, Z),

a well-known and easy result.
I wish to thank Leon McCulloh for several stimulating conversations
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which led me to simplify the definition of covering complex I had
originally used.
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