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COUNTABLY RECOGNIZABLE CLASSES OF GROUPS!

RICHARD E. PHILLIPS

I. Introduction. A class 3 of groups is a collection of groups con-
taining the unit group E and closed under the taking of isomorphisms.
Let 3 be a class of groups:

(i) s(3) is the class of all groups which are subgroups of 3, groups.

(ii) g(Z) is the olass of all groups which are quotients of 3, groups.

(iii) L(Z) is the class of all groups in which every finitely generated
subgroup is a Z group. ,

If L(3) C 3, Zis said to satisfy the local theorem. If 3 satisfies the local
theorem and §(2) = 3, then the class 2 is determined in a certain sense by
the finitely generated groups in 3.

In this paper, we are interested in classes of groups determined by
their countable subgroups. In the sequel, the word countable will
mean countably infinite or finite.

Derinimion 1.1, Let 3 be a class of groups. C(3) is the class of all
groups G such that every countable subgroup of Gis a X group.

DeFiniTION 1.2. A class of groups 2 is countably recognizable if
C(z)Cx

Observe that if 3 satisfies the local theorem, then ¥, is countably recog-
nizable. Further, ifs(3) = ¥, then 3 is countably recognizable ifand only
if C(Z) = 3.

The notion of a countably recognizable class of groups is due to
R. Baer [1]. In the paper [1], it is shown that many classes of groups
which do not satisfy the local theorem are countably recognizable.
There are other isolated theorems of this type in the literature: e.g.,
[6, p. 219] shows that the class of ZA groups is countably recognizable:
see also [10, p. 349] for a theorem of this type.

In this paper, we add several classes to the list of countably recog-
nizable classes. Let 2 be countably recognizable and assume s(3) = 3.
Then the following classes are also countably recognizable:

(1) The class of groups G such that every simple factor Gis a 3 group
(Theorem 4.2). ‘

(2) The class of groups G such that every principal factor of every
subgroup of G is a 2 group (Theorem 5.2).
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(3) The class of groups G such that for every subgroup A of G
and every maximal subgroup B of A we have A/Cores(B) € %
(Theorem 6.2).

It is also shown (Corollary 7.1) that the classes residually solvable
and residually nilpotent are countably recognizable.

Of independent interest may be

Tueorem 4.1. If G is a simple (characteristically simple) group
and Q is a countable subgroup of G, then there exists a countable
simple (characteristically simple) group R such that Q C RC G.

Many of the above results remain true if one replaces the concept
of a normal subgroup by that of a characteristic subgroup. The
relevant theorems are proved to handle both cases.

II. Notation. Let G be a group and T C Aut (G):

(1) A subgroup Hof Gis T invariant if HT = H.

(2) G is T simple if the only T invariant subgroups of G are E
and G.

(3) If H is a subset of G, HT = (ht |h€H, t€ET). HT is T in-
variant and if Y is a T invariant subgroup of G such that HCY,
then HT C Y.

(4) Let HC G. T-Coreg(H) = () {Ht|t € T}. T-Coreg(H) is T
invariant and if Y is a T invariant subgroup of G such that YCH,
then Y C T-Coreg(H).

Throughout this paper, S;(G) will denote the group of inner auto-
morphisms of G while Sy(G) will denote the group of automorphisms
of G.

III. Preliminary lemmas. The following lemmas can easily be

proved.
LemMma 3.1. Let 3 beaclassof groups. If {s,q}3 = 3, then {s,q}C(Z)
= C(3). '

Lemma 3.2. Let G be a group and H<\ G. If G/H is countable,
then there exists a countable subgroup M of G such that MIM N H
= G/H.

IV. Simple factors.

TueoreM 4.1. Leti € {1,2}. If Gis SiG) simple and Q is a countable
subgroup of G, then there exists a countable group R such that R is
Si(R) simpleand Q C RC G.

Proor. Let L be a countable subgroup of Gand e # x € L.

Case 1: (i=1). Since G is simple, e #y € G implies y¢ = G.
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Thus, there exists a countable subgroup H(x,L) of G such that
x € H(x, L) and xH®L) O [, Let H(L) = (H(x,L) | x € L). Then
e# y €L implies yHL D L. Further, H(L) is countable and
L C H(L).

Let Qg = E and Q; = Q. Inductively, define Q, by Q, = H(Q,_,)
for every positive integer n > 1. Then

(a) each Q, is countable,

(b) ife # yEQ,. 1> thenyQ. D Qn Lforn>1,

() QCQ,C - CQ.C

Let R=U,., Q.. R is countable Let ¢ # y E R There is a
first integer k such that y € Qx. Then yf=yU=n@ D
Un=x Q. = R. Thus, Ris simple and Case 1 is proved.

Case 2: (i=2). Since G is characteristically simple ¢ # y € G
implies yA"© = G. Thus, there exists a countable subgroup
H(x, L) of Aut (G) such that x#®L) D L. Let H(L) = (H(x, L) |x € L).
Then e # y € L implies that y#L D L. Further, H(L) is countable.

Let O,=0Q and H 1 = H(Q,). Suppose we have constructed
groups @, CQ,C - CQ, and HHC H,C ---C H, such that
foralli, 1=i=n,

1) Q,‘ C G, H; C Aut (G),

(ii) Q; and H; are countable,

(iii) e # y € Q; implies y#i D Q..

Let Qnyy = Qu¥" and H,y = (H(Qn+1), Hy). Then both Q,., and
H,., are countable, Q, C Q,; and H, C H,,, and ¢ # y € Q,,,
implies yHw+1 D yH@,. 1) D Qpyy.

Let R=U,-, Q. and H=U,_.,H, Both R and H are
countable. It is easily shown that R = R. We may then view H
as a subgroup of Aut (R).

Let e 7‘ y € R. There is a first k such that y E Qr. y# =y Uni=sHy
D Unw Q.= R Thus, yrAu® = R and R is characteristically
simple.

DerFiniTioN 4.1. Let G be a group. A factor of G is a group A/B
where B A C G.

DEerintTION 4.2. Let X be a class of groups and i € {1,2}. ;-2 is the
class of all groups G such that every §; simple factor of G is a 3, group.

We note that for any class %, {s, g} (5-2;) = S;-3,.

TueEOREM 4.2. Let 3 be a class of groups and i € {1, 2}. If {s, C}3
= 3, then C(Si-%,) = §-3,.

Proor. Since s(Si-2,) = S;-3,;, we have Si-3; C C(Si-3).
Suppose G € Si-%,. Then there exists an S; simple factor A/B
of G such that A/B & 3. Since C(3) = 3, there is a countable subgroup
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QI/B of A/B such that Q/B qz 3. By Theorem 4.1, there is a countable
Si simple group R/B such that Q/B C R/B. Since s(3) =3, RIB& 3.
By Lemma 3.2, there is a countable subgroup M of R such that
M/M N B = R/B. Since ¢(S;-3;) = S;-3;, M € S;-3, and G &
C(Si-3.;). This completes the proof. 4

We observe that there are countably recognizable classes 3 such
that S;-3; does not satisfy the local theorem. Let § be the class of
finite groups. § is countably recognizable. Alt(X) is locally finite
and consequently is in both the classes L(S;-§;) and L(Sy-31).
But Alt(Xo) is infinite and simple, so it is in neither Si- 1 nor
So-F1. .

In the paper [3, p. 58], Cernikov calls a group G an H-group if
every infinite factor of every infinite subgroup of G is not simple.

It is not hard to show that the class of H groups coincides with the
class S;-§, where § is the class of finite groups. It is then a con-
sequence of Theorem 4.2 that the class of H groups is countably
recognizable.

V. S; composition factors.

DeFintTION 5.1. Let G be a group and i € {1, 2}. An S; composition
factor of G is a group A/B where A and B are Si(G) invariant sub-
groups of G and B is a maximal proper S(G) invariant subgroup of A.

Note that an S, composition factor of a group G is usually called a
principal or chief factor of G.

TueoreM 5.1. Let G be a group, i € {1, 2}, and A be a minimal
Si(G) invariant subgroup of G. Let Q be a countable subgroup of A.
Then there exists a countable subgroup H of G and an S;(H) composi-
tion factor X|Y of H such that Q C X/Y.

Proor. Since A is a minimal Si(G) invariant subgroup of G,
e# x € A implies x5 = A If e # y € Q, there is a countable
group H(y) C S(G) such that y#¥ D Q. Let H= (H(y) |y € Q).
Then H is countable and e # y € Q implies y# D Q.

Case 1: (i=1). For each h € H, there exists f{h) € G such that
yh =y ™ for all y € G. Let H; = ({f{h) |h € H}, Q). Then H, is
countable and e # y € Q implies y*1 D Q.

Now, let e # x € Q. Let P be maximal with respect to the follow-
ing properties:

(a) PC xH,

(b) x & P,

(C) P« Hl'

We now have x"1/P is an S, composition factor of H,. Further
xt [P D QP/P. We show that QM P = E.
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Suppose y E QM P. Since P <1 H,, y"t C P and it follows that
Q C P. This is contrary to x ¢ P. Thus, QN P = E and QP[P = Q.
This completes the proof of Case 1.

Case 2: (i = 2). Let R= QY. Then R is countable and H invariant.
We may assume then that H C Aut (R).

Let e # x € Q. Let P be maximal with respect to the following
properties:

(a) P C xAut®)

(b) x &P,

(c) Pis a characteristic subgroup of R.

xAU®[P is an S, composition factor of R, and xAwt®)/P D xHP/P
DO QPIP. Now if y € Q N P, then y# C P since P is characteristic in
R. Hence, Q C y* C P which is contrary to the choice of P. We have
then Q N P = E and x#/P D Q. This completes the proof of Case 2.

DEerFInTION 5.2. Let 2 be a class of groups. P3.is the class of all groups
G such that every principal factor (S; composition factor) of every
subgroup of Gis a 2 group.

It is easy to verify that for any class 3, {s, q}P% = P3.

Tueorem 5.2. Let 3 be a class of groups. If {s, C}3= 3, the
C(P%) = PX. '

Proor. Since s(P2) = P, P3 C C(P3).

Suppose G & P3. Then there is a subgroup L of G and a principal
factor A/B of L such that A/B & 3. Since C(3) = 3, there is a count-
able subgroup Q of A/B such that Q € 3. By Theorem 5.1, there is
a countable subgroup H/B and a principal factor X/Y of H/B such
that Q C X/Y. Since s(3) =3, X/Y € 3. By Lemma 3.2 there is a
countable subgroup M of H such that M/M N B= H/B. Thus, M
has a principal factor that is not in 3, so that M & P3. It follows that
G € C(P3) and the proof is complete.

Again, we observe that if § is the class of finite groups, P& does
not satisfy the local theorem: Alt (Xo) is again the example.

We also point out that the method of proof used in Theorem 5.1 was
indicated in [8, p. 105].

VI. Maximal subgroups.

THEOREM 6.1. Let G be a group and i € {1, 2}. Suppose A is a
maximal subgroup of G such that S(G)-Corec(A) = E and that
Q is a countable subgroup of G. Then there exists a countable sub-
group H of G and a maximal subgroup L of H such that QC
H[S;(H)-Coreg(L).

Proor. Let x € G\A. Then G = (x, A). So, for every element
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y € G there exists a word w(y, x) such that y = w(y, x)(a(y, x), x)
where a(y, x) is some k-tuple of elements of A. We define a function
g. on the elements of G by g(y) = {p(@y, x)) |k=1, 2, ---}
where the py’s are the usual projection functions.

Since Si(G)-Coreg(A) = E, for each e# y € Q there exists
T(y) € Si{G) such that yT(y) &€ A. Let T = (T(y) |y € Q). Then T
is a countable subgroup of S;(G).

Let Q; = (U{g.y) |y € Q}). Let e# y € Q. Since yT(y) &€ A,
gor(x)isdefined. LetQy = (U{gyru)(x) |y € Q}). LetQs = (Q1,0s).
Qs is a countable subgroup of A.

Case 1: (i=1). For e# y € Q there exists fly) € G such that
aT(y) = a’¥foralla € G. Let B= (fly) |y € Q)and

B = (U{gly) |y EB}).

LetH = (Qa, Bl: x). Then

(i) H is countable,

(ii) B and Q are subgroups of H,

(iii) yT(y) € Hforally € Q.

Let L be maximal with respect to

(a) ANHCLCH,

(b) x € L.
Then L is a maximal subgroup of H. Let Y = Corey(L). Then
HIYD QYIY=QIQNY. Suppose y EQMY. Then since YA H
and B C H, y/¥ = yT(y) € Y. Thus,

x = w(x, yT(y))(@(x, yT(y)), yT(y)) €E(AN H)Y C L.

" This is contrary to the choice of L. Hence QMY = E and Q C H/Y.
This completes the proof of Case 1. '

Case 2: (i=2). Let [ = (Qs, x). Then Q C J and yT(y) € J for
every y € Q. Let J; = J and inductively define Jx by

Jo= Udaly) ly EJi_i ). x)

for every positive integer k = 2. Observe that J, C J, C ---
"CC - Let H= U;:;l]k. Then H is countable and HT = H.
Thus, we may view T as a subgroup of Aut (H).
Let L be maximal with respect to
(a)y ANHCLCH,
(b) x € L.
L is a maximal subgroup of H.
Let Y = Sy(H)-Corey(L). As in Case 1, HIY D Q/Q M Y. Suppose
yEQNY. Since Y is characteristic in H and T(y) € Aut (H),
yT(y) € Y. Thenx = w(x, yT(y))(alx, yT(y)), yT(y)) € (AN H)Y C L,
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which is contrary to the choice of L. Thus, QY = E and Q C H/Y.
DeriniTioN 6.1. Let 2 be a class of groups. M2 is the class of all
groups G such that for every subgroup A of G and every maximal

subgroup Bof A, AlCores(B) € X (Cores(B) = S,(A)-Corex(B)).

TueoreM 6.2. Let 3 be a class of groups. If {s, C}3 =3, then
C(M3) = Mx.

Proor. Since s(M3) = M3, M3 C C(M3).

Suppose G & M3. Then there is a subgroup A of G and a maximal
subgroup B of A such that A/Cores(B) & 2. Since C(2) = 2, there
is a countable subgroup Q of A/Cores(B) such that Q € 3. By
Theorem 6.1, there is a countable subgroup H/Core(B) of A/Core4(B)
and a maximal subgroup L/Cores(B) of H/Cores(B) such that

Q C H/Corey(B)/Coregicor,B)(LICores(B)) = X.

Since () = 3, X ¢ 3.

By Lemma 3.2, there is a countable subgroup R of H such that
RIR M Cores(B) = H[Cores(B). An easy argument shows that
R ¢ M3, Hence, G $ C(MZ) and the proof is complete.

VII. Residual properties.

DerinTION 7.1. Let 2 be a class of groups. R(Z) is the class of all
groups G such that e # x € G implies there exists a normal subgroup
N of G such that x € Nand G/N € 3.

A group in R(Z) is said to be residually a 3 group. If s(3) = 3,
then s(R(2)) = R(3).

The central question here is the following: if {s, C}2 =3, is
C(R(Z)) = R(3)? We have no complete solution, but the question
can be answered affirmatively for some special classes.

Lemma 7.1. Let 3, C 2, C- - -C X~ - - be an ascending sequence
of varieties of groups and W,, W,, - - -, W,, - - - the associated sets
of laws. Let 3 = LE=1 %.. Then G € R(3) if and only if (-, W,(G)
= E (W,(G) is the verbal subgroup of G generated by the set of words
W,).

Lemma 7.1 is easily proved using techniques of [9, p. 30].
Tueorem 7.1. Let 3 be defined as in Lemma 7.1. Then C(R(3))
= R(3).

Proor. Obviously, R(3) C C(R(3Z)). Suppose G & R(3). Then
by Lemma 7.1, ()2, W.(G)# E. Let e# x€E€ i, W,(G).
For each positive integer n, there exists

(i) elements wy,, - - -, w, ;, of W, and
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(ii) kni-tuplesa,, - - -, anj, of elements of G
such that x = []/2)(wni(an;))" wheres; € {1, —1}.

Let A=U{ani[n=1, 2, ---:1=i=j,}. Define a function
g on A by g(an;) = {pdan;) |1 = r = k,;}, where the p,’s are projec-
tions.

Let H= (g(y) |y € A). H is countable, and for every positive
integer n, x € W,(H). Thus, H is not residually 3 and G & C(R(3)).

CoroLLarYy 7.1. The classes residually solvable and residually
nilpotent are countably recognizable.

Neither of the classes residually solvable nor residually nilpotent
satisfy the local theorem. This is easily seen from the characteristically
simple locally finite p-group of McLain [7].

VIII. We briefly note some classes of groups that are not countably
recognizable. A group G is an SN* group if G has an ascending
normal series with abelian factors [6, p. 183]. In [5], a group G
is constructed with the property that every countable subgroup of
G is an SN* group, but G is not an SN* group.

A group G is an F(Ro) group if G has a complete ascending series
of subgroups EC G, C ---C G,C -+ C G such that for all a,
[Gas+1: G,] < . Using techniques similar to those of [5], the
author and Mr. K. Hickin in [11] have constructed a group G such
that every countable subgroup of G is an F(Xo) group, but G is not
an F(Xo) group.

If in the above two classes, SN* and F(Xp), one insists that the
ascending series be invariant series, then both of the resulting classes
are countably recognizable [1, pp. 360-362].

Finally, in the book [4, p. 168] it is shown that the class of free
abelian groups is not countably recognizable.
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