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ABSTRACT. Consider a nonlinear operator equation x —
K(z) = f, where K is a Urysohn integral operator with
a kernel of the type of Green’s function and defined on
L*°[0,1]. For r > 0, we choose the approximating space to
be a space of discontinuous piecewise polynomials of degree
< r with respect to a quasi-uniform partition of [0,1] and
consider an interpolatory projection at r + 1 Gauss points.
Previous authors have proved that the orders of convergence
in the collocation and the iterated collocation methods are
r+ 1 and r + 2 + min{r,1}, respectively. We show that
the order of convergence in the iterated modified projection
method is 4 if r = 0 and is 2r + 3 if » > 1. This improvement
in the order of convergence is achieved while retaining the
size of the system of equations that needs to be solved, the
same as in the case of the collocation method. Numerical
results are given for specific examples.

1. Introduction. We are interested in approximate solutions of the
following nonlinear operator equation

Jj—K(l‘):f,

where K is a Urysohn integral operator with a continuous kernel defined
as follows:

K(z)(s) = /0 k(s t,z(t))dt, se€]0,1], z € L*[0,1].
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It is assumed that the above equation has a unique solution ¢, and we
consider projection methods to approximate it. For r > 0, let X, be the
space of piecewise polynomials of degree < r with respect to a quasi-
uniform partition of [0, 1] with n subintervals. Let Q,, from L*°[0, 1] to
X, be a sequence of interpolatory projections at r + 1 Gauss points.

In the collocation method, the above equation is approximated by

08 — QuK(9S) = Quf.

This method has been studied extensively in research literature, see
Krasnoselskii [9], Krasnoselskii et al. [10] and Krasnoselskii and
Zabreiko [11].

The iterated collocation solution is defined by ¢S = K(¢%) + f.
It was introduced by Sloan [15] for linear integral equations, and, for
nonlinear integral equations, see Atkinson and Potra [4].

In Grammont and Kulkarni [7], the following modified projection
method is proposed:

where KM (2) = QK (2)+ K (Qnz)— Q. K(Qnz). It is a generalization
of the modified projection method in the linear case proposed in
Kulkarni [12]. The iterated modified projection solution is defined
as g = K(pp') + f

If the kernel x is smooth, then in Grammont et al. [8], it is shown
that {©M} converges faster to ¢ than does the sequence {3 }, while the
size of the system of equations that needs to be solved remains the same.
One iteration step used in defining the iterated modified projection
solution is shown to further improve the order of convergence. In
Kulkarni and Nidhin [14], asymptotic series expansions for ¢° and
for M are obtained and Richardson extrapolation is used to improve
the order of convergence.

In this paper, we consider a Urysohn integral operator with a
Green’s function type kernel. In Atkinson and Potra [4], orders of
convergence of the collocation and the iterated collocation solutions for
this type of kernel are obtained. These error bounds generalize the
results of Chatelin and Lebbar [5] in the case of the linear integral
equations. Under appropriate conditions, we show that, if » = 0, then
the orders of convergence of the modified projection and the iterated
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modified projection solutions are, respectively, 3 and 4. These orders
of convergence are to be compared with the order 1 of the collocation
solution and the order 2 of the iterated collocation solution. If > 1,
then we show that the order of convergence of the iterated modified
projection solution is 2r + 3, which is an improvement over the order
of convergence r + 3 of the iterated collocation solution obtained in
Atkinson and Potra [4].

The paper has been arranged in the following way. In Section 2, we
set the notations, state the assumptions on the kernel of the Urysohn
integral operator and describe the method. In Section 3, we first prove
two important results about the divided difference of K'(p)g, where
K'(p) denotes the Fréchet derivative of K at ¢ and g € C[0,1]. This
section also contains a crucial result based on the relation between the
interpolatory projection at Gauss points and the orthogonal projection.
Using this result, we obtain orders of convergence of certain quantities
which are needed later on. In subsection 4.1, we obtain the order
of convergence of the modified projection solution. Subsection 4.2
contains our main result about the order of convergence of the iterated
modified projection solution. Numerical results are given in Section 5.

2. Method, notation and definitions. In this section, we set the
notations and describe the method. In subsection 2.1, the Urysohn
integral operator with a Green’s function type kernel is defined and its
Fréchet derivatives up to the order 4 are described. In subsection 2.2,
the approximating space of piecewise polynomials is described. The
interpolatory projection at Gauss points is defined in subsection 2.3
and some results from Chatelin and Lebbar [5] are quoted for future
reference. The modified projection method and its iterative version
are given in subsection 2.4, and a theorem about the existence of the
modified projection solution in a neighborhood of the exact solution is
stated.

2.1. Urysohn integral operator. Let X = L°°[0,1], and consider a
Urysohn integral operator

1
(2.1) K(z)(s) = /0 k(s,t,z(t))dt, se€[0,1], z € X,
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where the kernel k(s,t,u) is a real-valued continuous function. The
domain of the kernel & is denoted by ¥ = [0,1] x [0,1] x R. Divide ¥
into two parts:

Uy ={(s,t,u): 0<t<s<1, ueR}
and
Uy ={(s,t,u): 0<s<t<1, ueR}
For a function £(s,t,u) defined on an open subset S C R3, and for

non-negative integers ¢, j and k, we introduce the following notation:

N D5 1)
(7,’ ,k) . s Uy
(D ’ 5) (5:t%) = =5 5 aar

Let @ > 1 be an integer. We say that £ € C*(¥;) provided the following
conditions are satisfied.

(1) £ C(W).

(2) For1 <i+j+k < a, the partial derivatives DU:3k)¢ are continuous
on the set {(s,t,u): 0 <t <s<1, ueR}

(3) For1<i+j+k<a,se€ (0,1 and u € R,

(s, t,u) € S.

(DEHRe) (5,04,u) and  (DEHHe) (s, 5-,u) exist.
4) For1<i+j+k<a,t€]0,1) and u € R,
(4) J ;

(DEH9€) (1= t,u) and  (DEFRe) (4, 4, u) exist.

The class of functions C*(¥,) is defined in a similar manner.

We assume that the kernel x of K defined in (2.1) has the following
properties.

(Hy) The partial derivative

ot
ou?
is continuous on V.
(HQ) Let
__ Ok(s,t,u) _ 0%k(s,t,u)
L(s, t,u) = R T m(s,t,u) = oz
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There are functions ¢;, m; € C*(V;), ¢ = 1,2, with

(s, t,u) li(s,t,u) (s, t,u) € Wy,
s, t,u) =
T lo(s,t,u) (s, t,u) € ¥qy

and

(Hz) ¢,m € C().
Then it can be shown that:
(H4) There are two functions x; € C*(¥;), ¢ = 1,2, such that

(5,1, 1) ki(s,t,u) (s, t,u) € Uy,
k(s t,u) =
H2(57t7u) ($7t7u) S \I’2~

Under the above assumptions, the operator K is Fréchet differen-

tiable, and its Fréchet derivative at € L°°[0, 1] is given by

' @a)o = [ 2D g ar

s€[0,1], g€ L™[0,1].

The operator K’ is Lipschitz continuous in any bounded neighborhood
V of o, that is, there exists a constant 7 such that

(2.2) 1K' () = K'(Wll < llz = ylloo, 2,y €V
Assume that, for f € X,
(2.3) r—K(x)=f

has a unique solution ¢. We are interested in approximate solutions of
the above equation.

From now on, we assume that f € C¢[0,1]. Then, by [4, Corollary
3.2], it follows that

(2.4) © € C°0,1].
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We have:

(K'(¢)g) (s) =

0 8U
1
— [ s tpgd e )
0
Define
O ={(s,8) : 0<t <5< 1},
Oy ={(s,1) : 0< s <t <1},
and

) et = {2 =it B
By assumption (Hj),

(2.5) ¢, € C(]0,1] x [0,1]).

Since ¢ € C*[0, 1], it follows that

(2.6) l,€C¥) and lo, € C%(Q).

In the notation of Chatelin and Lebbar [5], a kernel satisfying (2.5)
and (2.6) is said to be of the class G(«a, 0).
Note that the linear operator K'(¢) : L*°[0,1] — C[0, 1] is compact.

For x € L*[0, 1], the second derivative K" (x) is a bi-linear operator
and is given by

(K"()(g1,920) 5) = [ Tt w0 0y gu(e) dt,

0 ou?
91,92 € LOO[O, ].]
Hence, for s € [0, 1],
! 2/4} S
(K" @) (o) = [ S Z D g 0u(0)a

B /0 m(s,t,¢(t))g1(t)ga(t) dt.
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Let

o ) maa(s,t) = ma(s,t,0(t), (s,t) €,
ma(s,8) = mis, f p(0)) = {m27*(s,t) = ma(s,t,0(t)), (s,1) € Q.

By assumption (Hs), m. € C([0,1] x [0,1]). Since ¢ € C*[0,1], it
follows that mq , € C*(1) and mg . € C*(Qg2). Thus, m. € G(«,0).

The third and the fourth derivatives of K are given by

1 3%5 x
@0 (K9@om0) 6) = [ ZEE D0 0000 ar

0
s €10,1],

(2.8)

! 41{/ S X
(K@ 1.2 30.90) ) = [ g, 0ga(tra0)91(0) .

s €10,1],

where x, g1, g2, 93,94 € L*[0, 1].

2.2. Approximating space. For any integer n, let A : 0 = t(()n) <

tg") <<t =1bea quasi-uniform partition of [0,1]. Define
ORI CORICY
J j

Jj—1

(n)
A" = max A ¢ = max hy .
1<j<n 7 1<ij<n p()

J

Since the partition A(™ is quasi-uniform, it follows that sup,, ¢(™ < cc.
For simplicity, we drop the index n and write

ti=t", A=A A =AM = [t 1], by =t -t

and
h = max h;.
1<j<n
Let » > 0 and P, A denote the space of piecewise polynomials of degree
< r on each of the subintervals Aj;, j = 1,2,...,n. Then, P, is a
subspace of L*°[0, 1].
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For v > 0, set
Cx ={9€L>[0,1] : gla, € C¥(4;), j=1,...,n}.

For g € C}, we write g; = g|a, and, for g € Ca = C2, we introduce
the following notation:
lgllz.a, = llgillz: Nglloe.a; = lgilloc,  llglloe = max llg;flee.

Let g € Ca. Since

5) = /03 01 .(s,t)g(t) dt—l—/S lo,4(s,t)g(t) dt

we obtain
(2.9)

(K'(0)g)'(s) = l1,4(s,5)g(s— ) l2,:(s,8)g(s+)
/861* t)dt /(%2* St tydt, selo,1].

If s ¢ A, then g is continuous at s, that is, g(s—) = g(s+). Since
¢, € C([0,1] x [0,1]), we have £ .(s,s) = l2..(s,s). Hence,

210) (5o = [ P gears [ D g,

0s
and
O e e 0
s a2 S 1 92 94 (s,
(2.11) + /o 8l%’;sg’t)g(t) dt—|—/ 86(578209(15) dt.

For s € A, using limits, the values of (K'(¢)g)” (s+) and (K'(¢)g)" (s—)

exist.

Thus, if g € Ca, then K'(¢)g € C%, and
(2.12) (K" (£)9)[loo < Chllglloe, 5 =0,1,2

Since the kernel m, of K" (i) is also of the class G(«, 0), it can be seen
that, if g1, 92 € Ca, then K" (¢)(g1,92) € C% and

(2.13) I(K" (2)(91,92)) |0 < Collgnlloolgellocs  j = 0,1,2
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Let 4. € G(c,0) for « >4 and g € CX. Then, for s ¢ A, we obtain

(1 (0)a) ) =2 Hr) - Tl o

0s? 0s?
0l (s, s) B 00y (s,5)\
* ( 0s 0s g(s)
S 0301 . (s,1) L 934y . (s,1)

and

(K (9)g)® (5) = 3(

3 S, 8 SQ*S,S
861,*(7)7867( ))g(s)

0s3 0s>
e g LA
. (861’325’5) - aezgis,s)>g,, )
_|_/08Wg(t)dt+/: %g(t)dt-

As a consequence, if £, € G(a,0) for @ > 4 and g € C3, then

(2.14) 1K' (£)9) @l < Ca(llgllos + 19 lloc),
1K' (©)9) Ve < Calllgllos + 19 e + 9" lloo)-

2.3. Interpolatory projection at Gauss points. For j=1,2,...,n,
let 7 <7) <--- < Tg_H be the Gauss-Legendre points in [¢;_1,¢;]. Let
A= {Tg,p =1,2,...,7+1,7=1,2,...,n} be the set of the collocation
points. The interpolatory projection @, : Ca — P, a is defined as
follows:

(2.15) Qng € Pra,  (Qug)(r]) =g(7]),
1<p<r+1, 1<53<n.

Then

(2.16) SUp [|Quloall < co.

Also, for g € C[0,1],

(2.17) (I —Qn)glleo — 0 asn — oo.
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Let P, be the restriction to L°°[0, 1] of the orthogonal projection from
L?[0,1] onto P, a. We define

(2.18) B = min{a,r + 1}.

The following result is quoted from [4, Corollary 4.3].

Lemma 2.1. Let {m,} be a sequence of projections from Ca onto Py a
such that

sup |7 || oo < 0.
n

Then there is a constant Cy such that, for any g € CR,

I(T = m)gllo < Callg o,

Thus,
(2.19) (I = Qn)glloo < Cullg®||sch?, 1<p<pB.

Let Qnjy = (Qny)|a;, Pnjy = (Puy)la,, y € Ca. Then

(2.20) sup || P, jlloc < 0.
n,j
The following result is deduced from Lemma 2.1.

Lemma 2.2. Let g € CX and g; = g|a,. Then there is a constant Cs
such that

(221) (=P j)gjlloca, < Csllg loea,hh, 1<j<n, 1<p< Bl

For g € C(Aj) and for s € Aj, let 5;+1g(8) = [Tf,...,TﬂH,s]g
denote the divided difference of g at {Tf, - ,Tg+1, s}

We state the following important result from [5] for future reference.
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Lemma 2.3. (Chatelin-Lebbar [5]). For f,g € C(4;),
<(I - Qn,j)g> ?>J = <(I - Pn,j)f5;+1gv Uj>ja

where

vi(t) =[]t 7))

and (-, -); denotes the inner product of L?(A;).

2.4. Projection methods. Let K be a Urysohn integral operator
with a kernel & satisfying assumptions (H;), (Hz) and (H3). Let Q,, be
the interpolatory projection at r + 1 Gauss points defined by (2.15).

In [4], the collocation and the iterated collocation methods are
investigated and, under slightly weaker assumptions on the kernel s
as compared to our assumptions, the following orders of convergence
are proved:

(222) l6S = @l = O),
and, if & > r 4 1, then

(2.23) 95 — plls = O(hminte2r+2r+3})
Consider the following modified projection method from [7]:
(2.24) e — KM () = f,

where

(225)  K,'(2) = QuEK(2) + K(Qnz) - QuK(Quz), z€X.
The iterated modified projection solution is defined as
(2.26) Pl =K (o)) + f.

As it is explained in [8, Section 4], the size of the system that needs
to be solved in the modified projection method remains the same as in
the collocation method, even though one needs to generate additional
matrices and the right hand of the system has an extra term. The
iterated modified projection solution is obtained by performing one
step of iteration, and thus there is no additional system to be solved.
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For § > 0, let B(¢,0) ={¢ € X : ||¢ — ¢|lcc < }. In order to prove
the existence of M in a neighborhood of ¢, we quote the following
result from Grammont [6].

Theorem 2.4. Let K be a completely continuous operator defined on
the closure D of an open subset D of a Banach space X. LetY be a
closed subspace of X such that K(x) € Y for all v € D. Assume that
x = K(x) has a solution x* in D. Further assume that K is Fréchet
differentiable in D, the Fréchet derivative K' is Lipschitz continuous
in D and that 1 is not an eigenvalue of K'(x*). Let X,, be a sequence
of finite-dimensional subspaces of X and Q, : X — X, be a sequence
of projections such that ||Qny —yl] = 0 as n — oo for ally € Y.
Then there exists 5o > 0 such that KM has a unique fived point M in
B(z*,d0) and that

2
30 < o’ = 2" loo < 20m,

where o, = ||[I — (KM) (2*)] K (2*) — KM (2*)]|| is a sequence
converging to zero.

The proof of the above theorem can easily be adapted to prove the
following result.

Theorem 2.5. Let K be a Urysohn integral operator with a continuous
kernel k satisfying assumptions (Hy), (H2) and (Hs). Let ¢ be the
unique solution of (2.3), and assume that 1 is not an eigenvalue of
K'(p). Let Q, be the interpolatory projection at r + 1 Gauss points
defined by (2.15). Then there exists a neighbourhood B(p,d0) of ¢
which contains, for all n large enough, a unique solution M of (2.24).
Further,

20 < gl — el < 200,

where a,, = ||[I — (KM) ()] K (p) — KM()]| is a sequence converg-
ing to zero.

The following result is needed in subsection 4.1 for obtaining the
order of convergence of the modified projection solution.
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Proposition 2.6. Let K be a Urysohn integral operator with a con-
tinuous kernel k satisfying assumptions (Hy), (Hz) and (Hz). Let ¢
be the unique solution of (2.3), and assume that 1 is not an eigen-
value of K'(p). Let Q, be the interpolatory projection at r + 1
Gauss points defined by (2.15). Then there exists a positive integer
ny such that, for n > ny, the operator I — (KM)' () is invertible and

I = (KD (@)~ < 201 = K'()) .

Proof. Note that (K})'(¢) = QuK'(¢) + (I = Qu)K'(Qnp)Qn-
Hence,
K'(¢) = (K3 (#)
= (I = Q@)K (9)I = Qn) + (I — Qu)(K'(¢) — K'(Qu#))@n-

Since K'(p) : L*°[0,1] — C[0, 1] is a compact linear operator and since,
by (2.17), @, converges to the identity operator pointwise on C]0, 1],
it follows that

(I —Qn)K' ()] — 0 asn — oo.

Choose a positive integer ng such that Qn,eo € B(p,dp) for n > ng.
Then, by (2.2),

1K' (¢) = K'(Qne)|l <7l — Qunelloc —> 0 as n — oo.

Since sup,, [|@n|ca |l < oo, it follows that [|K’(¢) — (KM (p)|| — 0
as n — oo. Choose ny > ng such that |[K'(p) — (KM) (o)|||(I —
K'(¢))71|| £ 1/2 for n > ny. Since

I=(K,") (0) = [I = {(E) (0) = K'(9)} (I = K'(9)) '] (I =K' (¢)),

it follows that ||(I — (KM)'(¢))7 Y| < 2||(I — K'(9))7Y for n > n;.
This completes the proof. O

For future reference, let

0%k
2.27 sup ‘ s, t,u)| = My,
( ) s,t€[0,1] aUQ( ) '
[ul<[l¢lloc+30
3k
sup —(s,t,u)| = My
s,t€[0,1] ‘3113( )

lu|<[l¢lloc+d0
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and
0k
(2.28) stseu[loal] ‘W(s,t,u) = Mj.
lu|<[l¢lloc+d0

3. Error estimates. In this section, we prove error estimates which
are needed to obtain the orders of convergence of the modified pro-
jection and the iterated modified projection solutions. In subsec-
tion 3.1, we obtain error bounds for the divided difference of K'(¢)g1
for g1 € C[0,1] and for similar quantities associated with the second
and the third Fréchet derivatives of K at . Based on these bounds,
we prove a crucial lemma in subsection 3.2 which is used in proving
many results which follow. In subsection 3.3, we show that, for the
case piecewise constant polynomials, that is, when r» = 0, some orders
of convergence obtained in subsection 3.2 can be improved.

3.1. Divided difference. Let ¢ € C[0,1], (3,...,(-+1 be distinct
points in [0,1] and s € [0, 1]. The divided difference of g at (1, ..., 41
and s is denoted by [(1, ..., (ry1, 89

We first prove two important results. The crucial idea is that
1

G s Gt (K@) = [ (G Govn sl gt
0

where [(1,..., g1, 84<(-,t) denotes the divided difference of ¢, with
respect to the first variable.

Lemma 3.1. Letr > 0, (1,...,(r41 be distinct points in (0,1) and
g1, 92,93 € C[0,1]. Then

(3.1) P €S2, -, Grrs 8] (K7 (0)g1)] < Csllgn oo
se|0,
(3.2) P [C1s -5 Grar, 8] (K (0) (91, 92))] < Crllgilloollg2llso,
s€|0,
(3.3)

sup [[Grs s G sl (KO (9)(01,.02,98) ) | < Callgnllollga o s oo,
s€0,1]

where Cg, C7 and Cg are constants.
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Proof. The proof is by induction. If s £ (3, then it can be easily
verified that

(¢, 8] (K (9)a) = / ¢ sl Oty e, s € [0,1],

e ¢ _ L)~ ()
1, 8]0 (-, 1) = p—a .
Let
M, = Sup{’D(l’O)éL*(s,t)‘ 0<t<s< 1} ,
My = sup{’D(l’O)éz*(s,t)‘ 0<s<t< 1} .
Fix s € [0, 1].

Case 1. 0 < s < (1. Note that

£1,4(8,t) =21, (C1,t) 0<t<s

Co(s,t) — 0o(Cot g
[Clv S]E*(a t) - ( i — C1(41 ) = £2.4( ’2_21’*(@70 s<t< Cly
Zg,*(s,tz:i?*(fl,t) Cl <t<1.

Thus, for a fixed s, 0 < s < (3, the function [(1, s]€.(-,t) is continuous
on [0, 1].

By the mean value theorem,

617*(3,'” - El,*(glat)
s—CQ

- D(l,o)el,*(nlv t)

and

627* (3, t) - 62,* (Cla t)
s—CQ

where 11,&1 € (s,(1). Hence,

- D(1,0)€27* (515 t)7

[Crysllu(t)| S My H0<t<s
and

[[C1y 8]l (- t)| S M5 if ¢ <t < 1.
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On the other hand, for s < t < (3,
62,*(85 t) - El,*(Cht) _ KQ,*(&t) - 62,*(t7t) + El,*(tat) - él,*(Cht)

s—Q B s—Q
_ DO, (&, ) (s — 1)
B s—Q
DOy (o, t)(t — Cl)
s—Q

where & € (s,t) and n2 € (¢,¢1). Hence, if s < ¢ < (7, then

U (s,t) — £14(C1, 1)
s—Q

Thus, sup{|[(1, s]¢«(-,t)| : t € [0,1]} < My + M5, and hence,

(3.4)

’§M4+M5-

(3.5) (15 8] (K" (9)g1)| = ; [C1,y 81 (1) g1 (t) dt
< (Mg + Ms) |91/ oo-

Case 2. s = (1. In this case,

o (Got) _ [l o<t <<,
s ‘”’-’87“1“ 0<¢ <t<l

[C1, Gl (5 t) =

The above function is possibly discontinuous at ¢ = (3. We obtain

1
fon.cl (< (oo = | [ 206 gy ar g [ 26Dy

(3.6) < (My +M5) Hgllloo

Case 3. {(; < s <1. Asin Case 1, it can be shown that

(3.7) (G, 8] (K (9)g1)] < (M + Ms) |91 o

From (3.5)—(3.7), we conclude that supy¢o 11 |[C1, s](K'(0)g1)] < (Ma+
Ms5) ||91]| oo, Which proves the estimate (3.1) for the case r = 0.

Assume that, for any distinct (1,...,¢;, j < r, and for s € [0,1],
(3.8) [Grs- -+ G sl (K (0)g1)] < Collgn oo

Then, since
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[Clu .. -v<j7Cj+1a8] (K/(90>gl)

_ [C?v"ng?gj-l‘hs] (K/<90)gl)_[<.1,..-7<.], ]( ( )gl)
G+1— G ’

it follows that

[C1s -+ GGy Gy 8] (K (@) gn)] < |||91Hoo

2Cs
|G+

Since s € [0, 1] is arbitrary, the proof of (3.1) is complete. The proofs
of (3.2) and (3.3) are similar. O

Lemma 3.2. Letr >0 and (1, ..., (41 be distinct points in (0,1) and
g € C[0,1]. Then

S?E)pl] |[<17 .. '7<7‘+17S?S] (K/(gp)g” S CV9||g||00’
se|0,

where Cy is a constant.
Proof. The proof is by induction. If s # (7, then

[G1. 5, 8] (K (9)g) = / (Cros s)u () gty de, s € [0,1].

Let

IN

Mg = Sup{’D@’O)EL*(s,t)’ :0<t<s

1},
1}.

M7 = sup{’D(2’0)€27*(s,t)‘ 0<s<t

IN

Fix s € [0,1].
Case 1. 0 < s < (1. Note that

[s, 81t (-, ) — [G1, s} (- )
s—G
01 (5.) /05— (L1 () =01 (L /=C) () < 4 <
azg,*(at)/as—(zg,*g{%l,*<<1,t>>/<sf<1> s<t<i
Oz, (5,) /05— (L2, (5,t) —L2,x(C1,t)) /(s—C1) G<t<l1.

s—C1

[C1, s, 8]0, (-, 1) =

The above function is possibly discontinuous at ¢t = s.
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For 0 <t <s,
661,*(8, t)/@s - 517*(8, t) - El,*((h t)s - Cl
5= Q
0l 4(s,t)/0s — 0Ly +(n3,1)0s
S — Cl
0 (1,105 (5 — )
S — Cl ’

where 13 € (s,¢1) and n4 € (s,m3) C (s,¢1). Hence,
(3.9 [[C1y s, 8]lu(-,t)] < Mg if0<t<s.

In a similar manner, it follows that

For s <t < (1, using (3.4), we obtain

8527*(s,t) _ 62,*(57t) - 51,*(C17t) S M4 + 2M5
0s s— (1
Hence,
(3.11)
G _ _ _
/ Ol «(5,t)/0s — la 4 (5,t) — £1,+(C1,t) /(5 — (1) dt < M, + 2M.
s s — Cl
From (3.9)—(3.11), it follows that
[[C1, 8, 8] (K |—’/ [C1, 8, 8] ()dt‘
(3.12) < (My + 2Ms5 + Mg + Mz) ||g]|oo-

Case 2. s = (1. In this case, since g € C|0,1], using (2.11), we
obtain

(1,61, Gl (K (9)g) = 5 (K (9)9)" (G1)

(aél *éil,él) 352*@ gl)) 9(¢1)

w\»—wo\H
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1 G 82617*(<1,t) ! 6262,*(<17t)
+2{/0 Tg(t)dt +/<1 Tg(t)dt :

Hence,

(313) |GGGl (K (p)g)| < Mat Mo+ Mot My

2

19]]oo-

Case 3. (1 < s < 1. Asin Case 1, it can be seen that
(3.14) [[C1, 8, 8] (K'(0)g)| < (2My + M5 + Mg + M) ||g|o-
From (3.12)—(3.14), it follows that

Sl[lp] (158, 8] (K" (9)g)| < (2My + 2M5 + Mg + M) ||glloo>
s€(0,1

which proves the required estimate for the case r = 0.

Assume that, for any distinct ¢1,...,¢;, j < r, and for s € [0,1],
(G155 G s] (K (9)9)] < Collgllo-

Then, since

[Cla SRR Cj’ Cj-‘rlv 5, S} (K/(Qa)g)
[CQa R gja Cj-‘rla S, 5] (K/((P)g) B [Cla R Cja S, 5] (K’(Qﬁ)g)

G+1— G ’
it follows that
2C
161G Gt 8,8 (K (0)9)] < 7 llg -
|Cj+1 - €1|
This completes the proof. ([l

3.2. Interpolation at r + 1 Gauss points. We first prove a result
which will be used in obtaining the order of convergence of the modified
projection solution in subsection 4.1.

Proposition 3.3. Let a > 2 and g € CX. Then
I = Qu) K" (9)(I = Qu)glloc = O (R+?).
Proof. If r =0, then = min{a,r + 1} = 1 and, by (2.19),
(I = Qu) K" (9)(I = Qu)glloo < Cull (K" ()T = @n)g)" loch-
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Since the kernel /4, of the linear integral operator K'(y) is of the class
G(«,0), by [5, Theorem 15],

1K' (2)( = Qn)9) [l = O(R?).

Combining the above two estimates, we obtain the required estimate
for the case r = 0.

If r > 1, then 8 > 2. Recall from (2.12) that, if x € Ca, then
K'(p)z € C3 and

(K (0)2) P [|oo < Ch[|]|oo-
Hence, by (2.19),
1 = Q)K" (9)z]l oo < Call (K (0)2)® [|loch® < C1Cul|]l k.
As a consequence,

I = Qu)E'(9)]| = O(h?).
Since g € CR, by (2.19),
(I = Qu)gllee < Callg" oo’

The required result then follows from the above two estimates. O

The following lemma is crucial, and the proofs of many results which
follow will be based on it.

Lemma 3.4. Let g € Ca. For a fized s € [0,1], let £5(t) = Li(s,t),
t €10,1]. Then

KT = @ua(o) < Cio ST = o) (85 19)] ., )12

j=1

where Cg is a constant independent of n.

Proof. For a fixed s € [0,1], we have

1
K'(0)(I — Qu)gls) = / 0(s,8)(I — Qu)g(t) dt
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n

= Z/ j L(t) (I — Qn,j) g(t)dt = Z<(I — Qui)g. Ts);.
j=17ti-1

j=1
Hence, by Lemma 2.3,

n

K'(0)(I = Qu)g(s) = Y (I = Po;) (€074 g), v));,

where

o (t) = [t = 7)-

p=1
Using the fact that P, ; is the orthogonal projection, we obtain

K" (0)(I = Qu)g(s)| <D U = Puy) (€55 19), (I = Puj)vs),
j=1

<D U = Puy) (6577 9) |
=1 '

XA = P i)l A, Pi-
From (2.21),
(I = Paj)vjlloc,a; < Csll(0) "V [lachf ™ = Cs(r + 1)1 RS
Hence,
|K' () (I—Qp)g(s)| < Cs(r 4 1)! (Z [(I=P ) (£:05Fg) HooA) B2,
j=1

which completes the proof with Cio = Cs5(r + 1)!. O

Below we prove two results which will be used in subsection 4.2

to obtain the order of convergence of the iterated modified projection
solution.

Proposition 3.5. Letr > 0. Then

(3.15) 1K (0)(I = Qu)K' ()] = O (h"*1),
(3.16) 1K' ()T = Qu)E" ()| = O (h™1),
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(3.17) |K' @)1= QK@) =0 ().

Proof. Let g € Ca, and fix s € [0,1]. By Lemma 3.4,
1K' (0)(I = Qn)K'()g(s)|

< Clo( (I = Pnj) (€057 K ()g) HOO’AJ_ )hr+2.

Jj=1

Recall that
(67K (0)g) (1) =[], .7l K (0)g,  tE A,
Hence, by Lemma 3.1,
155 K (D)l n, = s (657 K" (9)g) (1)] < Csllglloo-
Thus,

1K (0)(I = Qu) K" (9)gllse < C6Cr0(L + sup | P ) 1slloclgll oo™
n,j

Since, by (2.20), sup,, ; [P ;|| < oo, we obtain

I @)= QE' @] = sup [K'()(I~Qu)K (#)glloe = O™ ).

llgllee <1

This completes the proof of (3.15). The proofs of (3.16) and of (3.17)
are similar. 0

Proposition 3.6. Let g € CX and > 0. Then
IK' (@) = Qu)K'(9)(I — Qu)gll o = O (W+772).
Proof. Fix s € [0,1]. By Lemma 3.4,
K" () = Qu) K" () (I = Qu)g(s)|
< Cuo ( Z 17 = Pry) (05 K (D) = Qu)g) | )hr“.

j=1
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Let s € A; = [t;_1,t;], and let j # i, Then ¢, € C*(A;). Hence, by
(2.21),

(T = Paj) (665 K (0)(I = Qu)g) | . 4,
< Gsll(£) (65 K () (I = Qn)g)
+ L (07K (0)(1 = Qn)9) 0,8, 1
By Lemma 3.1 and estimate (2.19), we obtain
167 K (9)(I = Qu)glle.a, < Coll( = Qu)lloc.a; < CoCillg® flch”.

Similarly, by Lemma 3.2 and estimate (2.19), we obtain
165 K" (0) (I = Qn)g)lloo.a,

= sup [, 70, K ()T = Qu)g
tEAj

< Coll(I = @n)gllos,a, < CoClllg™ b’

Hence, for j # 1,

[T = Prg) (€05 K (0)(T = Qu)g) |, o
< C4C5(Cs + Co) g V| h”FH = O(RH1).
On the other hand, by Lemma 3.1,
[(1 = Poi) (€07 K (0)(1 = Qu)9) ||,

< (L4 1Pl e 167 E ()T = Qu)glloc.a
< Co(1+sup || Poi[)[[€xlloo (T = @n)glloo,a,

Mllocllg™ ok = O(R7).

< 0406(1 -+ sup ||Pn,i
We thus obtain

(K" (0)(I = Q)K" (0)(I — Qu)g(s)]
< Cm< Z (I = Poy) (6877 K (2)(I — Qu)g) HOO’AJ_ )hr+2

=Tyt
+ Clo ||(I — Pn,?) (495:+1K/(¢)(I — Qn)g) HOO,AL h’l"+2 — O(hﬁ+r+2).

Since s € [0, 1] is arbitrary, this completes the proof. O
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In the case of r = 0, since o > 2, it follows that 8 = 1. From the
above proposition, we then obtain || K’ (¢)(I —Qn)K'(©)(I—Qn)g|lcc =
O(h?). We now show that, if « > 4, then the above order of convergence
can be improved to h*.

3.3. Interpolation at midpoints. Let Py A be the space of piecewise

constant functions with respect to the partition A defined in subsec-

tion 2.2, and let

L1+
2 )

be the collocation points. Let @, : Ca — Py a be the interpolatory

projection defined as follows:

(3.18) Qnz € Po.a, (Quz)(19) = 2(r7), 1<j<n.

The proof of the following Proposition consists of writing the Taylor
series expansions for the kernel of the linear integral operator K'(y)
and for the function K'(¢)(I — Q,)g about 7/ and using the fact that
77 is the midpoint of [t;_1,;].

= 1<j<n,

Proposition 3.7. Let « >4 and g € C3. Let Q,, be the interpolatory
projection defined in (3.18). Then

(3.19) 1K' () (I — Qu)K'(¢)(I — Qn)gllo. = O(h*)
and
(3.20) 1K' (0)(I — Qu)K" (9)(Qnep — ¢)*|| . = O(h*).

Proof. Fix s € [0,1], and let s € A; = [t;_1,t;] for some 7. Then
(3:21)  K'(p)(I = Qu)K'(9)(I — Qn)g(s)

—Z/ (5.0 = Qu K ()1 — Qu)g(t) dt
+ / 0 (56T = Qua) K" () (I — Qu)g(t) dt

. Z / (5,00 = Qu )K" (0)(I = Qu)g(t) dt

Jj=i+1
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Case 1. j <i—1.If t € [t;_1,t;], then t < s, and hence

/t " (T — Q) ()T — Qu)g(t) dt

j—1

= /t j C1(5,8) [(K' ()T = Qu)g) (t) = (K'(9)(I = Qu)g) ()] dt.

ji—1

Since o > 4, it follows that K'(¢)(I — Q,)g € CA. On writing the
Taylor series expansions for ¢1 .(s,-) and for K'(¢)(I — Qn)g about
t = 77, we obtain

/t " (s T — Qu) K ()T — Qu) (1) dt

j—1

v o |
- /tjl [ﬁl’*(s’ﬂ) * alg (Sam)(t#)}
3 .
X {Z(KI(SO)(I_ Qn)g)(p) (Tj)(t—p:-ﬂ)i’] dt
p=1 i
+/j [ﬁl’*(sﬁj) + 6?{* (S,m‘)(t—rj)}
G4
< w0 ) G an
where nj7£j S (tj—l,tj).
Since . )
/J (t—Tj)dt:/] (t—79)3dt =0,
we obtain

| 0= Qo) K )T = Q) glt)

t; _ 79)2
= 1,45, 7) (K'(#)(I = Qu)g)" () / e
3 ' t; L. — 7J)pt+l
+Z(K’(¢)(I—Qn)g)(p) (TJ)/t. af;t’ (5777]’) (t p!) dt
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b i aél * i
+/ (s, 79) + 2% (6 (8 — )
tj—l at

(t —79)*

<[ - Q96 ST
Thus,
2]
B2 | [ L6000 - QK - Qo dl
o
< sl [ K ()T = Qu)g)"(77)] 52
3 N A
FID™ el D (K () = Qu))™ ()] =2
p=1 '
+ (11l + 1D° 1,4 loch)
: (4) h
<@ = Qu)9)” s, 52
where

11,4 lloo = sup{[f1,(s, 8)[ = (5,%) € D},
1Dy oo = sup{|D™!1,4(5,1)] = (5,1) € N}

Since (I —Qn)g € Ca, 7 ¢ A and (I — Q,,)g(77) = 0, using equations
(2.10) and (2.11), we obtain

(K@) - Q) () = [ " %4,

0 S

(77, 6)(I — Qn) g(t) dt

1
+ [ 00 = Q) gt

and
e 2
(KT = Qua)" () = [ T 0 - Qa0 di
[ 2l - Qugya

T3 882
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Since ¢, € G(,0) and g € C3, using the technique used in [5, Theorem
15], we obtain the following estimates.

(3.23) (K (@)1 = Qug) (1) = 0(h?),

(K@) = Qu)g)" ()] = 0:2).

Using (2.14), we deduce the following estimates:

(K ()T — Qn)g)(3)(7j)‘ < Cs([I(1 = @n)glloe + (T = @n)g)"lloo)
< Cs (1+[1@nlesll) Ulglloo + lg'llsc)

and

(K" (@) (I = Qn)w)V|oc,a,
< Cs (L4 [1@nleall) (Igllso + 119 lloe + 19" lloo) -

Since, by (2.16), sup,, ||@nlcall < o0, it follows that the above two
quantities are bounded by a constant independent of n. Thus, using
estimates (3.22) and (3.23), we obtain

(3.24) / " (s ) - QUK ()T — Quyult) dt| = O(h%).

j—1

Case 2. j =i. In this case,
123
/ (5. 0)(T = Qua)K'(9) (I — Qu) g(t) di
ti—1

- / (. t) [ ()T — Qu)glt) — K/ ()T — Qu)g(r)] dt

ti—1

B /t (s ) (K0T — Qug) (&) —7)

where & € (ti—lyti)~
By [5, Theorem 15],

(K'(0)(I = Qn)g) (&)l < sup  |K'(¢)(I — Qu)g)'(t)] = O(h?).

tE[ti—1,t:]
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Hence,

62) | [ 00 - QUK - Q) dt\ — o).

ti—1

Case 3. j > i+ 1.

Note that, if ¢ € [t;_1,1;], then ¢ > s. Hence, £, (s,t) =l .(s,t). As
in Case 1, it follows that

(3.26) ‘ /t 0o(s, )T — Q)K" () (I — Qn)ult) dt’ = O(n%).

Estimate (3.19) follows from (3.21), (3.24), (3.25) and (3.26). The proof
of (3.20) is similar. O

4. Orders of convergence. We now obtain the orders of conver-
gence of the modified projection solution ¢ and of the iterated mod-
ified projection solution .

4.1. Modified projection method. We first prove the following
result that is needed in the proof of the Theorem 4.2, which is the
main theorem in this section.

Lemma 4.1. Letr > 0. Then
(I = Qn) [K(Qnp) — K(#) = K'(9)(@Qne — )] [loc = O(R*FF).

Proof. Let ng be a positive integer such that n > ng implies that
Qnp € B(p,dp). Then, by Taylor’s theorem,

K(Qnp) — K(p) — K'(9)(Qny — #)

= %K”(@(Qn@ —©)® + R(Qne — @),

where
R(Qn@ - L)0)(3)
1
_ / (KD (6 4+ 0(Qnp = ©)) (Quip = 9)°] (5)

Recall from (2.7) that

(1-0)
2

g, selo,1].
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(KD (64 0(Qup = ©)) (Qui = #)°] (5)

- /1 Ori(s,t,p(t) +0(Qny = 9)(1))
0

Ou3 (Qn‘P - W)g(t) dt.

Then

|[K® (¢ +0(@us — 9)) (Que — 9] (5)]
3

K
< sup (s tu)|[|Que — o2
S 53 (56 W|(1Qn 1%

lul<ll¢lloc+60

Hence, using the notation introduced in (2.27),

HK(3> (¢ +0(Que —¥)) (Qny — so)?’Hoo < M| Qny — 0|2

As a consequence,

1
1R(@n = ¢)lloe < M2 Qup — 1%

Note that

(4.1) (I = Qn) [K(Qnyp) — K(p) — K'(0)(Que = ¢)]

1

= LU= QIK"($)(Qup — ¢

+ (I = Qn)R(Qny — ).
By (2.4), ¢ € C*[0,1]. Hence, using (2.19), we obtain
(4.2) 1Qnp = ¢lloo < Cull®@loch®.
Since Q. — ¢ € Ca, it follows that K" (¢)(Qnp — ¢)? € C4. Hence,

17 = Qu)E"(2)(@ne = ©)*[lo0 < Call (K" (£)(@Qnip = #)?) [looh-

By (2.13),

(K" (2)(Qug = ¢)*) oo < Cal|Quep — ¢lI-

Hence, using (4.2), we obtain

43) I = Qu)E"(©)(@Qup = ¢)?llos < Co(Ca)* 0P |3 h*H.
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On the other hand,

1
1T = Qu)R(Que = @)oo < = (L4 [@nleall) MallQne — ¢l
Since, by (2.16), sup,, ||Qnlca |l < o0, it follows that

(4.4) I = Qu)R(Qne — @)l = O(h*7).
As 8 > 1, the required estimate follows from (4.1), (4.3) and (4.4). O

Theorem 4.2. Let o > 2, and let the kernel k of the Urysohn integral
operator K defined by (2.1) satisfy the assumptions (Hy), (Hz) and (Hs)
in subsection 2.1. Let f € C*[0, 1] and ¢ be the unique solution of (2.3).
Assume that 1 is not an eigenvalue of K'(p). Let r > 0 and P, a be
the space of piecewise polynomials of degree < r with respect to a quasi-
uniform partition defined in subsection 2.2. Let Q : Can — Pra be
the interpolatory projection defined by (2.15). Let ¢ be the unique
solution of (2.24) in a neighborhood B(p,dy) of . Then

len! = elloe = O(R**2).
Proof. Using Theorem 2.5 and Proposition 2.6 we get

ol — el <20 (1= (B2 (0)) " [K(p) ~ KX(0)] 1
<4 (1= K'(2)) "Il [K(9) = K ()] lloo-

Consider
(4.5)

K(p) = K" (0) = (I = Qu)(K(p) — K(Qnp))
= —(I = Qu) [K(Qup) — K(0) — K'(¢)(Qny — ¢)]
+( Qn)K/(‘p)(I = Qn)p.
Note that ¢ € C*[0,1]. By Lemma 4.1,

I(I = Qu) [K(Qnip) = K(p) = K'(¢)(Quip = 9)] oo = O(RP*)
and, by Proposition 3.3,

||<I - Qn)K/(SD)(I - Qn)@"oo = O(hﬁ+2).
Since 8 = min{a,r + 1} > 1, the desired estimate follows. O
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4.2. Iterated modified projection method. In this section, we
prove our main result. We show that the order of convergence in the
iterated modified method is higher than those in the collocation and in
the iterated collocation/modified projection methods. We prove below
a series of results which are needed in the proof of our main theorem.
From now on, we assume that ng is a positive integer such that n > ng
implies that Q. ¢ € B(p, do).

Lemma 4.3. If « > 4 and r =0, then
1K' () (T =Qn) K (Quep) — K () =K' (0)(Qne—¢)loc = O(R*).
If a>2 andr > 1, then

1K (0) (= Qu)[K (Quip) — K (9) = K'(9) (Qup— 0 = O(h*7).
Proof. By Taylor’s theorem,
K(Qnp) — K(¢) = K'(0)(Qne — )
= SK(£)(Qup — 9 + KO0 (Qup — 9)° + R(@ug — ),

where

R(Qne —¢)(s)

= [ K0 @+ o@ur - o @up - 0] ) T, se
Recall from (2.8) that
(K@ (0 +0(Que = 2)) (Que = 9)*] (5)
_ / Pt o)+ 0Qup =D (g, iy
Then
|[KD (64 6(@Qus — 0)) @ue — 9] (5)]
< s [T t)I0w k.

[u[<[[¢lloc+60
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Hence, using the notation introduced in (2.28),

|K@ (0 + 0(@ne — ) @up = #)*|_ < Mol Qe — ol

As a consequence,

1
||R(Qn90 - ‘P)Hoo < ﬂM?»HQn“P - ‘PHgo'

Note that

(46) K@) = Qu) [K(Qug) — K(9) = K'(9)(Qui — ©)]
= SE @)~ QK" (0)(@up — 0)?
FEK()( = QuE® (0)(@up — )

+ K'(9)(I = Qu)R(Qny — ¢).

Recall from (4.2) that |Qne — ¢[lec = O(hP). If r = 0, then, by
Proposition 3.7,

(4.7) 1K (0)(I = Qu) K" (#)(@Qn — #)?[loc = O(h?),

whereas if » > 1, then, by Proposition 3.5,

(4.8) K" (9)I = Qu)K"(0)(Qne — ©)*llss
<K' (9)(I = Qu)E"(@)l1Qne — 1% = O(R* 1)

and

(49) K" (@)U = Qu)ED(9)(Qup = ¢)*[loc = O(RFHHY).

Since, by (2.16), sup,, ||Qnlca |l < 00, we get

(4.10) K" (@)(I — Qu)R(Qne — ©)ll
< K (o)lI(1+ Sup [|Qnlea IIE(@ne = ¢)llee = O(n*?).

The required estimates follow from (4.6)—(4.10). O

Lemma 4.4. Ifa >4 and r =0, then

1K' () [K(0) = K ()] oo = O(hY),
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and, if « > 2 and r > 1, then
1K' () [K(2) = K (9)] lloo = O(RPH1).

Proof. Using the expression (4.5) for K (p) — K (), we deduce that

1K' () [K () = K3 (#)] [l
<K' (9)T = @Qn) [K(Qnp) — K(0) = K'(9)(@ne — ©)] lloc
+ K () = @n)K' () (I = @n)@lloe-

The desired estimates follow from Proposition 3.6, Proposition 3.7 and
Lemma 4.3. ]

Lemma 4.5. Let o« > 2 and r > 0. Then
1K (@) (KR () = K'(0)) (¢ = 93 )llow = O(R7F2).
Proof. Note that
K'(9) (KN () = K'(#))
= —K'(0)(I = Qn)K'(¢) + K'(9)(I = Qu) K (Qnep)Qn-
By Proposition 3.5,
(4.11) 1K (0)(I = Qu) K" ()] = O(h™).
On the other hand,
K/(SD)(I - QH)KI(Qn‘P)Qn
= K'(0)(I = Qu)(K'(Qne) — K'())Qn + K'(¢)(I = Qu) K'(0)Qn-
Since K’ is Lipschitz in B(y, dp), by (2.2),
1K (@ne) = K'(9)l < Y[Qnp — ¢lloc-
Hence, by (2.16) and (4.2),
(4.12) K" ()(I = Qu) (K" (Qne) — K'(9))@nl
<K' @ (1Qnleall + 1Qulcs ?) Y@ne = ¢lle = O(RP).
Using (4.11) and (4.12), we deduce that

1" (9) (K1) () = K" ()| = O(RP).
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Since, by Theorem 4.2, ||pM — ||, = O(h#*2), the desired estimate
follows. 0

We now prove our main result.

Theorem 4.6. Let o > 2, and let the kernel k of the Urysohn integral
operator K defined by (2.1) satisfy assumptions (Hy), (Hz) and (Hz3) in
subsection 2.1. Let f € C*[0,1] and ¢ be the unique solution of (2.3).
Assume that 1 is not an eigenvalue of K'(¢). Let v > 0 and Ppa
be the space of piecewise polynomials of degree < r with respect to a
quasi-uniform partition defined in subsection 2.2. Let Qp, : Ca — Pr.a
be the interpolatory projection defined by (2.15). Let pM be the unique
solution of (2.24) in a neighborhood B(p, ) of v and @M be defined
by (2.26).

If a > 4 and r =0, then
(4.13) 18n" = @llec = O(Y).
If a>2 and r > 1, then

(4.14) [ZM — pllee = O(RZATY).

Proof. Since ¢ = K(p) + f and M = K(oM) + f, we obtain

(4.15) onl — o = K(ph) — K(p).

By Taylor’s theorem,

(4.16) K(ohh) = K(9) = K'(9) (0! — @) + R(eh — )
with

(R(eh" = 9))(s)
= /0 (1—0) [K" (o +0(e) — ) (en' —¢)?] (s)db, s€[0,1].
Since

(K" (0 +0(eh" — ) (en —©)?) (s)

O (ostlt) + 062 0~ (0 (ol — )"
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we obtain

[(K" (¢ +0(en" = 0))(en' = ¢)?) (5)]

2
K
< sw [Tl - ol
s,t€[0,1] ou? "
[ul<ll¢llec+30
Hence, using the notation introduced in (2.27),
(K" (¢ +0(e3" = o) (en" = 0)?)||, < Millen' — ¢l

Since, by Theorem 4.2, ||pM — || = O(hP*2), it follows that
(4.17) IR(en" = @)llos = O(R*HY).
From [8, Theorem 3.5],

K'(¢)(en = ¢)
—(I-K'(9)) ' K'(¢) [K(p) = K'(9)p — K (0))) + K'(9)#3] -
We write
K'(9)(¢3 =)
—(I = K'(9)) "K' () [K(p) = K} (9)] + (I = K'(0)) "' K ()
(K3 (on!) = K3 () = (K1) (@) (2" — )]
+ (I = K'(9)) 'K () [(K)) (9) = K' (@) (¢n" — )] -

By Lemma 4.4, if » = 0, then the first term in the above expression is
of the order of h* and, if » > 1, then it is of the order of h2*!. From
[8, Lemma 3.3],

153" (0n") = Kp'(0) = (KD (@) (@n" = @)lloo = Ollen” = ¢lI30)-

Hence, the second term is of the order of 24, Lastly, by Lemma 4.5,
the third term is of the order of h?#*2. Thus, if r = 0, then

(4.18) 1K' (@) (¢ = @)oo = O(h)
and if r > 1, then

(4.19) 1K (@) (en' = @)lloo = O(R*H).
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It follows from (4.15)—(4.19) that, if » = 0, then
187" = ¢lloo = 1K (3) = K(9)llos = O(AY),
and, if r > 1, then
127 = ¢lloc = O(R?F1),

which completes the proof. O

Remark 4.7. First consider the case when r = 0. If o > 2, then recall
from (2.22) and (2.23) that

(4.20) el = @l = Oh), g = ¢lloo = O(R?).

On the other hand, if o > 4, then, from Theorem 4.2 and Theorem 4.6,
we obtain

(4.21) len' = ¢llo = O(%), 183" = ¢lloe = O(RY).

Thus, the sequence {pM} converges faster to the exact solution ¢ than

does the sequence {0}, and the sequence {$*} converges faster than
does the sequence {2 }. The above orders of convergence are validated
by numerical results in Table 1.

Next let » > 1. If a > r + 3, then from (2.22) and (2.23), we obtain
(4.22) e = @lloe = O™), |l = ¢lloc = O(A?).

On the other hand, if & > r + 1, then from Theorems 4.2 and 4.6, we
obtain

423)  llen’ —¢lo =O(™®), 50 = @l = O(R*F?).

The above orders of convergence are validated for the case r = 1 in
Table 1.

Note that the improvement in the order of convergence in the
iterated collocation method as compared to the collocation method is
at most 2, irrespective of the value of r. On the other hand, the order
of convergence r + 3 in the modified projection method is improved to
2r 4 3 by one step of iteration.

5. Numerical results. We validate the convergence results that
were obtained in Theorems 4.2 and 4.6 by the following numerical
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example from [4]. For comparison, the corresponding results for the
collocation and the iterated collocation methods are also given.

Consider

@nx@—éﬁgmmwwﬁzénumw@ 0<s<1,

where
1—-s)t 0<t<s<
k(s t) = (1=s) S=
s(1—t) 0<s<t<l,
and
ftu) = —
’ 1+t+u
with z(¢) so chosen that
t(1—1t)
t =
o) =53

is the solution of (5.1).

In this example, o can be chosen as large as we want, and hence,
B =r+ 1. Consider the following uniform partition of [0, 1]:

1 2
(5.2) A0<—< <<
n n n

5.1. Interpolation at mid-points: r = 0. Let Py A be the space of
piecewise constant polynomials with respect to the partition (5.2). Let

251

7 ,
2n

1<j<n,

and

Qn :Ca — Poa

be the interpolatory projection defined by (Qnz)(77) = x(77), 1 < j <
n. Recall from (4.20) that the expected orders of convergence in the
collocation and the iterated collocation methods are, respectively, 1
and 2. From (4.21), we see that the expected orders of convergence in
the modified projection and the iterated modified projection methods
are, respectively, 3 and 4.
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TABLE 1

llp — 5 lloo

dc

llp — ohllso

0s

1.50 x 1071
9.54 x 1072
6.87 x 1072
5.34 x 1072
4.35 x 1072
3.66 x 1072

==
wom@»&wﬁ

0.65
0.81
0.88
0.92
0.95

1.30 x 1073
2.31 x 107*
1.02 x 107*
5.81 x 107°
3.67 x 107°
2.59 x 107°

2.49
2.01
1.95
2.07
1.90

o — on lloo

O

e — &n'lloo

5] M

1.31 x 1073
1.68 x 1074
5.71 x 107°
2.62 x 1075
1.37 x 107°
8.22 x 107¢

==
MOOOG:"';M:

2.97
2.66
2.71
2.90
2.80

1.31 x 1073
777 x 1075
1.47 x 1073
4.76 x 107°
1.87 x 107°
9.52 x 107

4.07
4.10
3.92
4.19
3.69

TABLE 2

o — 05 lloo

e

llp — oh llso

0s

5.49 x 1072
1.58 x 1072
7.39 x 1073
423 x 1073
2.71 x 1073

—_
OOOOD%N)ﬁ

1.80
1.87
1.94
2.00

1.25 x 1073
8.80 x 107°
1.79 x 107°
6.24 x 107
2.27 x 107

3.82
3.92
3.66
4.54

o — on oo

O

Orm

3.53 x 107*
1.36 x 107°
2.87 x 107
1.00 x 107°
4.31 x 1077

—_
o 00 Ok N3

4.70
3.83
3.64
3.79

3.33x 1077
4.76 x 1076
422 x 1077
7.38 x 1078
1.87 x 1078

6.12
5.97
6.06
6.16

The numerical quadrature in the computations needs to be so chosen
as to preserve the above orders of convergence. As the kernel is only
continuous, the order of convergence in the composite Gauss 2 point
rule with respect to the partition (5.2) gets reduced from h* to hZ.
Hence, in order to retain the order of convergence h*, we choose
the Gauss 2 point rule with respect to a uniform partition with n?

subintervals.
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In Table 1, é¢, 05, dpr and &7 denote the computed orders of
convergence in the collocation, the iterated collocation, the modified
projection and the iterated modified projection methods, respectively.
It can be seen that the computed values of order of convergence match
well with the theoretically predicted values.

5.2. Interpolation at Gauss 2 points: = 1. Let P; a be the space
of piecewise linear polynomials with respect to the partition (5.2). The
Gauss 2 points in [(j — 1)/n,j/n] are given by

j_2-t 11
[ 2n+/3
and
21 11
] = —— 1<j<n.
2 2n 2n /3’ =J=n
Let @y, : Ca — P1 A be the interpolatory projection defined by
(@no)() =a(r]),  (@uo)() =a(r), 1<j<n

Recall from equation (4.22) that the expected orders of convergence in
the collocation and the iterated collocation methods are, respectively,
2 and 4. From (4.23), we see that the expected orders of convergence in
the modified projection and the iterated modified projection methods
are, respectively, 4 and 5.

In the collocation and the iterated collocation methods, the Gauss 2
point rule with n? subintervals is chosen, whereas in the modified
projection and the iterated modified projection methods, the Gauss 2
point rule with n? subintervals, which has the order of convergence kS,
is chosen.

It can be seen from Table 2 that computed orders of convergence
in the collocation, the iterated collocation and the modified projection
methods match with the theoretically predicted values. However, in the
case of the iterated modified projection method, the computed order of
convergence seems to be better than the theoretically predicted value.

6. Conclusion. We consider modified projection and iterated modi-
fied projection methods for approximate solutions of a Urysohn integral
equation. The kernel of the integral operator is of the type of Green’s
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function, and the projection is chosen to be an interpolatory projec-
tion at r + 1 Gauss points. The main contribution of this paper is
Theorem 4.6, in which the order of convergence of the iterated mod-
ified projection solution M is obtained. This result shows that the
sequence {$M} converges faster to the exact solution ¢ than does the
sequence {¢>} obtained in the iterated collocation method. It is to be
noted that the size of the system of equations that must be solved in
implementing the iterated modified projection remains the same as for
the iterated collocation method.

Acknowledgments. We would like to thank Professor K.E. Atkin-
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improving the presentation of the paper.
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