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APPROXIMATE CONTROLLABILITY OF IMPULSIVE
RIEMANN-LIOUVILLE FRACTIONAL EQUATIONS
IN BANACH SPACES

ZHENHAI LIU AND MAOJUN BIN

ABSTRACT. In this paper, we study control systems
governed by impulsive Riemann-Liouville fractional differ-
ential equations in Banach spaces. Firstly, we introduce
PCj_4-mild solutions for impulsive Riemann-Liouville frac-
tional differential equations. Then, we make a set of as-
sumptions to guarantee the existence and uniqueness of mild
solutions. Finally, approximate controllability of the associ-
ated impulsive Riemann-Liouville fractional evolution control
systems is also formulated and proved.

1. Introduction. This paper is concerned with the approximate
controllability of the following impulsive Riemann-Liouville fractional
control systems:

(1.1)
fa(t) = Az(t) + Bu(l)
(t,x(t)) € (0,b], t £ty, k=1,2,...,m,
“w(ty) = Ge(ty, ,2(t,)), k=1,2,...,m,
( i=0 = z0 € X,

where D?(O < «a < 1) denotes the Riemann-Liouville fractional
derivative of order o with the lower limit zero. A: D(A) C X — X is
the infinitesimal generator of a Cy-semigroup T'(¢)(¢ > 0) on a Banach
space X. f, Gx : J x X — X are given functions to be specified
later, where J = [0,b]. 0 = tp < t; < -+ < & < tmy1 = b,
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ALl %x(ty,) = Itlga:r(tz) —Itllga:v(t;) = I’(a)[limt_)ti (t—tp)—2x(t) —
lim (t —tp)! =2 (t)] ([14, Lemma 3.2, Chapter 3]). Furthermore,

t—t,

since x(t, ) is bounded (see the definition of PCi_,(J, X) below), we
can also write AItlk_am(tk) =T'(a) limt_n;r (t —tp) =2 (). Itlkfaa:(t;c")

and I'”“x(t;) denote the right and the left limits of I} “xz(t) at
¢

t = t;:, k = 1,2,...,m. The control function u takes its value in
V = LP(J,U)(p > 1/a), and U is a Banach space. B is a linear
operator from V into LP(J, X).

Since fractional differential equations provide an excellent instru-
ment for the description of memory and hereditary properties in a
model, they have drawn a great deal of applications in physics, aerody-
namics, electrodynamics of complex medium, heat conduction, electric-
ity mechanics and control theory. For more details on these topics, one
can see for instance, [2, 11, 14, 17, 28, 32] and the references therein.
The impulsive differential systems originate from the real world prob-
lems for describing the dynamic processes which are subjected to abrupt
changes so that discontinuous jumps occur. Impulsive differential equa-
tions have become more and more important in various applications,
such as control, physics, chemistry, population dynamics, aeronautics
and engineering. For example, see [7, 19, 20, 23, 25, 26, 27, 38].

The concept of controllability, when it was first introduced by
Kalman [13] in 1963, plays an important part in the analysis and
design of control systems, and more details can be found in papers
[1, 3, 6, 8, 18]. Some authors [4, 5, 9] have studied the exact control-
lability for nonlinear evolution systems by using fixed point theorems.
In these papers, in order to prove the controllability results for frac-
tional order semilinear systems, the authors made the assumption that
the corresponding linear operator associated with the Cy—semigroup
T(t) and the operator B has a bounded inverse operator with val-
ues in the quotient space. But Triggiani [37] has pointed out that,
if Cp—semigroup T'(t) is compact or the operator B is compact, then
the controllability operator is also compact. Hence, the inverse of the
controllability operator would not exist if the state space V' is infinite
dimensional. Thus, it is shown that the concept of exact controllabil-
ity is difficult to be satisfied in infinite dimensional space. Therefore,
it is important to study the weaker concept of controllability, namely,
approximate controllability for differential equations. Recently, many
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researchers (cf., [10, 15, 22, 27, 29, 33, 34, 35, 36, 40]) have studied
it for different control systems.

On the other hand, Riemann-Liouville fractional derivatives or in-
tegrals are strong tools for resolving some fractional differential prob-
lems in the real world. It is possible to attribute physical meaning
to initial conditions expressed in terms of Riemann-Liouville fractional
derivatives or integrals which have been verified by Heymans and Pod-
lubny [12], and such initial conditions are more appropriate than physi-
cally interpretable initial conditions. For another, they have considered
the impulse response with Riemann-Liouville fractional derivatives as
widely used in the fields of physics, such as viscoelasticity.

In recent years, many authors [16, 24, 25, 29, 33, 38, 41] have
investigated the existence and uniqueness of mild solutions and the
controllability to fractional evolution equations with Caputo fractional
derivative, and there have been a lot of interesting and excellent
results on this fields. However, there is still little literature on the
controllability of the fractional differential evolution with Riemann-
Liouville fractional derivatives. Very recently, Liu et al. [27] studied
the existence and uniqueness of mild solutions and the approximate
controllability for impulsive neutral evolution differential equations
involving Riemann-Liouville fractional derivatives in Banach spaces.
In order to prove the existence and uniqueness of mild solutions, the
authors assumed that the following condition holds:

k
+) Mdi(t—t)* 7 +
=1

LagMb®
I'a+1)

Ly Mb~

Lag”Ail” + 7F(1+a) <

Unfortunately, this inequality is not true in general, by lim, tf (t —
t;)* ! = +oo for t € (t;,t;i+1). On the other hand, if L, # 0,
the operator A~! may be unbounded (see [27, Theorem 3.2] for
more details). Thus, it is important and meaningful to remove this
hypothesis, and this fact is the motivation of the present work. On
another hand, Liu et al. [21] studied the existence and uniqueness
of mild solutions and the approximate controllability for impulsive
Riemann-Liouville fractional evolution differential inclusions. In order
to prove the existence of mild solutions, the authors assumed that the
following condition holds:
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H(4): there exist constants dj, > 0, k =1,2,...,m, with

M m
_ dr <1
) 2=

such that
[Tk (2) = Te(y)|| < di(t —te)' "%l —ylx, forall z,y € X.

Unfortunately, this inequality has some mistakes, by AItlkfaz(tk) =
Itlz_o‘x(t;:) - Itlg_o‘x(t,;) = I'(a)[lim (t —tp) 72 (t) — 1imt_>t; (t —

te)' =@z (t)]. It is shown that AI ~*z(t;) does not include the variable
t. In our paper, by introducing an appropriate weighted norm on
the Banach space PCi_,(J,X), we can obtain the existence and
uniqueness of mild solutions for problems (1.1) which do not need
the above inequality under the case g(¢,z(t)) = 0. It is noted that
one can easily derive the main results for impulsive Riemann-Liouville
fractional evolution systems on the literature [21, 27] under much
weaker assumptions by the methods developed in this paper.

+
t—t,

The rest of this paper is organized as follows. In Section 2, we
will present some preliminaries which will be used to prove our main
results. In Section 3, some sufficient conditions are established to
guarantee the existence and uniqueness of mild solutions of the system
(1.1). In Section 4, we will study the approximate controllability
for fractional impulsive evolution differential equations with Riemann-
Liouville fractional derivatives. Finally, we present an example to
illustrate our main results.

2. Preliminaries. In this section, we introduce some basic defini-
tions and preliminaries which are used throughout this paper. The
norm of a Banach space X will be denoted by || - || x. For the uniformly
bounded Co—semigroup T'(t)(t > 0), we set M := sup,¢(o ooy [|7(¢)[| <
oo. Let AC(J, X) be the space of functions f which are absolutely con-
tinuous on J, AC™(J,X) = {f:J — X and f("~Y(x) € AC(J,X)}.
Let C(J, X) denote the Banach space of all X-value continuous func-
tions from J = [0,b] into X with the norm ||z|c = sup,c; [|z(t)| x-
Let C1_o(J, X) = {z : t'=%x(t) € C(J, X)} with the norm ||z|c,_., =
sup{t! ||z (t)||x : t € J}. Obviously, the space C1_,(J, X) is a Ba-
nach space.
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In order to define the mild solutions of problems (1.1), we also
consider the Banach space PCi_o(J,X) = {x : (t — tp)!7a(t) €
C((tk, tk+1], X) and (t — tp) "2 (t) exists, k = 0,1,2,...,m},

with the norm

lallpe, ., =max{ sup (t=t)' " le®llx: k=012 m}.
tE(te,try1]

lim
t—tr+

Firstly, let us recall the following basic definitions from fractional
calculus (cf., [14, 32]):

Definition 2.1. The integral

(2.1) It f(t) = ﬁ/o (t—s)*"f(s)ds, a>0,

is called the Riemann-Liouville fractional integral of order o, where I
is the gamma function.

Definition 2.2. For a function f(¢) given in the interval [0, c0), the
expression

22 D)= s (jt) / (= sy f(s) s,

where n = [a] + 1, [a] denotes the integer part of number « and is
called the Riemann-Liouville fractional derivative of order a.

In order to study the PCj_,-mild solutions of problem (1.1), we
need:

Lemma 2.3. ([27]). Let 0 < a < 1, and let x1_o(t) = I} “z(t)
be the fractional integral of order 1 — a. If x € PCy_,(J, X) and
T1_q € AC(J, X), then we have the following equality

(2.3) IDSx(t)

tafl

z(t) — 1-a(t)|=0 757 t €[0,t1],
k
i=1

tafl

_xlfa(t)|t:OWa te (tk7tk+1}7
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where Axi_4(ty) = xl,a(tg) —2i—alty ), E=1,2,...,m.

Now, denote the Laplace transform formula of x as follows:
z(A) :/ e Ma(t) dt,
0

Rel>w, and |z(t)| < ce“t, cis a constant.

Lemma 24. Let 0 < o < 1 and h € LP(J, X)(p > 1/a). If
x € PC1_o(J, X)), x1-o € PC(J,X) and x is a solution of the following
problem

(2.4)
Dgx(t) = Ax(t) + h(t), te€(0,b], t#ty, k=1,2,...,m,
ALz (ty) = Y, k=1,2,...,m,
I %2(t)|t=0 = 20 € X,

then x satisfies the following equation
(2.5)
1T, (8o + [ (t — 8)* 1 Ta(t — s)h(s)ds, € [0,t],
k

x(t) = q t* T (t)zo + ZTa(t —t)(t —t)*
i=1
+f5(t—3)a71Ta(t—3)h(5) ds, te(tp tpra], k=1,...,m,

where -
T.(0) = a [ 0600720,
0
1 —1-1/a -1/«
al0) =0 @a(07/7),
«
wa () = ;;(1)nlomlr(mﬁl) sin(nra), 6 € (0,00),

&q 18 a probability density function defined on (0, 00), that is
£a(0) >0, 6€(0,00),

and

/OOO ()0 = 1.
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Proof. Tt is clear that z(-) can be decomposed to ®(-) + ¥(-), where
® is the continuous mild solution for the differential equation

Dgd(t) = AD(t) + h(t), t e (0,0,
(26) { [1 a‘I) |t 0 =29 € X,

and W is the PC;_,-mild solution for the impulsive differential equation
(2.7)
D (t) = A¥(t), te(0,b], t#ty, k=1,2,...,m
ALV ()| i=t, = Ui, k=1,2,...,m
II*0(t)|j=o = 0 € X.

Indeed, since ® is continuous, then ®()) = ®(¢;), k = 1,2,...,m
Clearly, by adding (2.6) together with (2.7), (2.4) follows. On the
other hand, any solution of (2.4) can be decomposed to (2.6) and (2.7).
Now, we shall show the lemma in the following.

Firstly, from Pan et al. [30, Lemma 4], we know the mild solution
of (2.6) is given by

O(t) = ta_lTa(t)l‘o + /0 (t— S)a_lTa(t — $)h(s) ds.

Now, we consider the PCj_,-mild solution of (2.7). For this,
applying Riemann-Liouville fractional integral operator on both sides
of the equation (2.7), by Lemma 2.3, we get

1/F fo (t —8)* LAW(s) ds, t €[0,t1],

Yi a—1
(2.8) U(t) = ZF (t =)

+F () fO t_S “ 114\1]( )d te (tkatk+1}7
k=1,.

Obviously, equation (2.8) can be rewritten as
(2.9)
1

\Il(t):z i (t—ti)"“*lxi(t)—i—m/o(t—s)o"lA\ll(s)ds, e,

o 0, t €[0,t;),
xi(t) = { 1,  tet,+oo).
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Let A > 0. Taking the Laplace transformation to the equation (2.9),
we obtain

~ k y e—)\ti 1
(A = E : —AU(A
( ) P )\0{ + )\(, ( )3
ie.,
R k
T(A) =Y (AT — A)ye M
i=1

Notice that the Laplace transform of t*~1T,,(¢)y; is (A*T — A)~Ly; (cf.,
[30, Lemma 4]). Thus, one can obtain the mild solution of (2.7) as

sz )t — 1) Tt — t:)ys.

By the above arguments, the PC;_,-mild solution of (2.4) is given
by

a(t) =t T (t x0+zxz (t— ) T (t — t)ys

t
+ / (t —8)* 1Ty (t — s)h(s) ds.
0
This completes the proof of Lemma 2.4. O

According to Lemma 2.4, we give the following definition.

Definition 2.5. A function € PC;_,(J, X) is called a mild solution
of problem (1.1) if it satisfies the following fractional integral equation
T, (8o + [3(t — 8)* 1 Ta(t — s)
[Bu(s) + f(s,z(s))]ds, te€0,t1],
k
z(t) = ML (t x0+ZT (t—t:)(t —t) " Gyt 2(t)))

+f0 (t—s)* 1T (t — s)[Bu(s ) f(s,x(s))} ds,
te (tk7tk+1] k= 1,.

Definition 2.6. Let z(-;u) be a mild solution of system (1.1) corre-
sponding to the control u(-) € V' and the initial value zg € X. The set
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Kp(f) = {z(b;u) : u(-) € V} is called the reachable set of system (1.1)
at terminal time b. If Kp(f) = X, then system (1.1) is said to be
approximate controllable on J.

From the work of the paper [41], we have the following result:

Lemma 2.7. If the Cy-semigroup T(t)(t > 0) is uniformly bounded
(i-e., SuPseio,00) IT(#)| < M < o0), then the operator To(t) has the
following properties:

(i) For any fized t > 0, Ty (t) is a linear and bounded operator,
i.e., for anyxr € X,

M

Tt < 57y

[l]]-

(il) Ta(t)(t > 0) is strongly continuous.

3. Existence of mild solutions. This section is devoted to the
study of existence and uniqueness results for a class of fractional
impulsive evolution differential equations involving Riemann-Liouville
fractional derivatives.

In the sequel, we will make the following hypotheses on the data of
our problems:

H(1): The function f(-,x): JJ — X is measurable for all z € X and
|lf(t,0)|| € LP(J,RT), p > 1/« for almost every ¢ € J. Moreover, there
exists a constant L > 0 such that

If(t,2) = f(t )]l < Lt —te)' [l — yllx,
for a.e. t € (ti,tr+1](k=0,1,...,m) and any z,y € X.

H(2): There exist constants 0 < dj, < I'(a)/[2M Zle(ti—ti_l)o‘_l]
(k=1,2,...,m+1) (where M := sup;¢(g o) | T'(t)|| < c0) such that

Gkt ) = Ge(t Yl < dillz —yllx,  forall z,y € X.

Now, we are in a position to prove the main result of this section.
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Theorem 3.1. Assume that the hypotheses H(1)-H(2) are satisfied.
Then, for each given control function u(-) € V', the initial problem (1.1)
has a unique mild solution on PCi_(J, X).

Proof. Define the operator F : PCy_4(J, X) = PCy_(J, X) by

O T (D)o + [ (t — ) Tt — s)
[Bu(s) + f(s,zs(s))] ds, te0,t],

(rx)(t) = tailTa(t)IO + Z Ta(t - ti)(t - ti>a71Gi(ti_v ‘T(tz_))
[t = $)2 T (t — 5)[Bu(s) + f(s,2(s))] ds,
te (tkatk-',-l], k=1,...,m.

Then the problem of finding mild solutions for problem (1.1) is
reduced to finding the fixed point of F. To prove this, we consider
the operator f on the Banach space PCi_,(J, X) with a weighted
norm

|l = max{ sup  (t— )"z ()| xe "t k=0,1,... ,m},
te(tn,tit1)

where 7 = max{ (2 () M Lb' /T () — 2M S5 di(t; — t;1)* 1)V
k=1,...,m+ 1}. Now, set B.(R) = {x € PC1_(J,X) : ||z]|» < R},
where R = 2w and

M M &
W= meOH + (o) ; Gi(t:, 0)]

Mbl-1/p p—1 1-1/p
() e + Bl |

Next, for the sake of convenience, we subdivide the proof into two steps.
Step 1. We shall prove that the operator f maps B, (R) into itself.
Notice that

' g lers e — _pma ! r(t — s aflefr(tfs)ert r(t — s
/0<t Jelersd /Out ) dlr(t - )

rt
(3.1) = r_o‘e’"t/ 22 lte ™2z (r(t—s) = 2)
0

<r %e"T(a).
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If t € [0,¢1], then from formula (3.1), condition H(1) and the Hélder
inequality, we obtain

T (F2)®)llx < [ Ta(b)woll + 7

X / (t — )" Tu(t — 9)[f (s, 2(s)) + Bu(s)]|| ds
0
M M-

v —g)o~ 1 s
< prsllooll + 30" [ = ol 6,0
+Ls' = als)llx + | Bus) ] ds

-«
< prisllooll + 30 [ (6= o)1, 0)

(@)

ML ||z, _
+ || Bu(s ds—&—i/ t—s)* teds
IBu(s)llx] s [

M My e p 1 TP
<t 1l T (pa1>

I1£(0)|le(sr+) + HBU||LP(J,X):|
+ MLV e |z,

Thus, we have

sup ' Y(Fx)(t)|xe ™ <w+ ML=z, < R.
te(0,t1]

If t € (tg,tes+1] (K =1,...,m), from formula (3.1), the assumptions
H(1), H(2) and the Holder inequality, we have

(t = 1) O l(Fa)(®)llx < (¢ = te) T | Ta(B)aoll + (¢ — t)'~

k
X ZTa(t—ti)(t—ti)o‘_lGi(ti,:c(ti))H
=1
+(t—tp)
X/0(t*S)a*HTa(t*S)[f(svI(S))JrBU(S)]IIdS
M
< = ll@oll
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k
%Zdl(t —tie)* Mt —tim) 2 ()] x

(a

,1

k
M M(t — )t~
r ;HGZ t;,0)|| + T(a)

></ (=) f (s, 0)[|+L(s—tx) '~ *[|z(s)[| x
0

+[[Bu(s)||x] ds

Z(W lwoll+ 75 ZIIG t;,0)|

Mblfl/p pf]. 1-1/p
INGY) (pa—l)

x [|f<-7o>||Lp<J,R+>||Bu||Lp<J,X>}

M ; d; (t—1t;— a—l
(MmOt )™ e et g,
I'(e)

Hence, we get

sup (= te) T (Fa)(8)]|xe"
te(tr,trt1)

< Mkl ZBo)™ L ppieanea) ), < R
I'(a)

From the above arguments, we know

IF ||, = max{ sup () (F ) ()| xe "tk =0,1, ... ,m} <R,

te(tn,tet1)
which means that F(B,(R)) C B,.(R).
Step 2. We show that F is a contraction operator on B, (R).

For any z,y € PC1_4(J,X), if t € [0,t1], then, from formula (3.1),
we get

t(Fa)(t) — (Fy)()lx < tl’“/o (t—s)"
X |\ Ta(t = 5)[f(s,2(5)) = f(s,9(s)]l ds
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MLt~
<=
— o)

which implies

t
o=yl [ (¢ =5 e ds < MLVt oy
0

— —r -, — 1
sup ]tl NF2) O (Fy)@)llxe™ <MLY=r=*lz—y], < Sllz—y].
t€(0,t1

For any =,y € PC1_o(J,X), if t € (tg,txs1] (k= 1,...,m). From
H(1) and H(2), we get

(t = t)' 2 l(F2)(t) = (Fy)(®)lx

k
> Tt —ti)(t—t:)*"

i=1

< (t—tp)t

< [Giltr (1)) — Gi<tz—7y<ti>>H (o
[ = 9 T 917,260 — S,y ds
0

MS™ di(t — . )t
< 2iza dilti —ti-1) + MLV = ) ez — gy,
I()

Then, one can get

sup  (t — ti)' | (Fa)(t) = (Fy)(t)lxe™"

tE€ (i stra]
MY di(t —tiq)*? . 1
< =1 "\ ? MLbl o, —o o 7’<7 o .
< ( s F ML Y o=yl < 5=yl
Therefore, we obtain
[(Fz)=(Fy)l-
= max{ sup  (t—t1) "N (F2) ()~ (Fy)(t)||xe ™ k=0,1,... Jn}
t€(th,tht1]
< zllz 3l
=35 Ylir-

Therefore, F is a contradiction operator. According to Banach’s
fixed point theorem, we can deduce that problem (1.1) has a unique
solution on J. The proof is completed. O
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Remark 3.2. By a similar technique as applied in Theorem 3.1, we can
also derive the existence and uniqueness results for impulsive Riemann-
Liouville fractional neutral evolution equations in the literature [27]
under much weaker conditions.

4. Approximate controllability results. In this section, we re-
search the approximate controllability results of the impulsive fractional
evolution differential systems with Riemann-Liouville fractional deriva-
tives.

Let us denote the Nemytskil operator corresponding to the nonlinear
function f by:

By PCyo(7,X) — IP(X),  By(a)(t) = [(t (1)),
Define the bounded and linear operator G : L?(J, X) — X as

b
Gh = / (b—5)*" T, (b—s)h(s)ds, h(-) e LP(J,X).
0

By Definition 2.6, we easily know that if, for any zp € X and
u(-) € V, Kp(f) = X, then system (1.1) is approximately controllable
on J. Equivalently, if for every desired final state ( € X and any € > 0,
there exists a control function u.(-) € V, such that the mild solution of
system (1.1) satisfies

(4.1)

m

¢ =60 B0 = 30 0T 0~ )G (1 (1)) ~ G952
k=1

—GBu, < €,

X

where z(t) = z(t;ue),t € [0,b]. Then system (1.1) is approximately
controllable on J.

In order to discuss the approximate controllability of system (1.1),
we need:

Lemma 4.1. If the inequality D*=max{[Mkd;(ty—t;_1)* 1 Eo(MLb)/
D) :i=1,....kk =1,...,m+ 1} < 1 holds and the conditions
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H(1)-H(2) are satisfied, then any mild solutions of system (1.1) sat-
isfy the following inequalities:

|21 — 22llpc, .,

Mbyt=t/p 1\
I(a) <pa - 1> [Buy = Bual|Lr(s.x),

where z; (j = 1,2) are mild solutions of system (1.1) corresponding to
u; €V, and E, is the Mittag-Leffler function defined by

I;)F ka+1)"

< (1 - D*)EQ(MLb)

Proof. Suppose that z;(j = 1,2) are mild solutions of system (1.1)
with respect to u; € V- on PCy_4(J, X). Then

2i(t) =t Ta(Bwo + 3 (t — )" ' Tult — te) Gr(ty,  25(t; )
k=1

+ / (t —8)* 1T, (t — 8)[Bu;(s) + f(s,2;(s))] ds.
0

For any x1, 22 € PC1_o(J,X), t € (t, tk+1], we obtain that

(t — tx) '~ |la2(t) — 21 ()] x
k

< (- 0 Y- )Tl )
NGt 2a(80)) = Gt ()
00 [ =5) T t=) Bats) B s) s
42) 0 T aa(s)
~f(s () ds

M k
Fiz (ti—ti)* H(ti—tio) ' Yl (t) — 21 ()| x
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Mbr-1/r < p—1

1-1/p
Bus—B »
F(a) ) H U2 u1||L (J,X)

pa —1

-« t
- %/ (t =) s—t)' ™ |wa(s) —21(s)]|x ds
0

I'(a)
MZ?? d1<tz — tifl)a_l
< =1 F(CY) ||l‘2 - lePCHfa
Mbl—l/p p— 1 1-1/p
I‘(a) (pa—l) HBuQ—BulnLT’(J,X)

ML« t o1 -
’ W/O (t = 8)*7 (s = tu) " %||z2(s) — 21(s) || x ds.

From the above inequality (4.2), it follows from a corollary of Ye et
al. [39] that

(t = t)' |22 () — 22 () x

{M SO dilt — 1)

1
< _
F(a) H332 331||Pcl,a

Mblfl/p p— 1 1-1/p
INGY) (pa - 1)

X ||B’u,2 — BUl'Lp(J}X):| EQ(MLbliata).

Let D* = max{[M Y%  di(t; — t; 1)* ' Eo(MLY)]/T(a) : k =
0,1,...,m}. Therefore, we obtain

|22 — z1| Pc, .,

1-1/ _
S =

(c)
This completes the proof for the Lemma. |

1-1/p
. 1) | Buz — Buil| e (g, x)-

In what follows, to discuss the approximate controllability of system
(1.1), we assume:

H(3): For any ¢ > 0 and ¢ € LP(J,X), there exists a control
u € LP(J,U) such that

(4.3) |G — GBullx <&,
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(4.4) | BullLe(s,x) < NllollLe(,x)
where N is a constant which is independent of ¢ € LP(J, X), and

. Mbl—l/p p— 1 1-1/p
(4.5) N(1 - D*)E(MLb) Ta) (pa 1) <1

Theorem 4.2. Suppose that the hypotheses of Lemma 4.1 and H(3)
hold. Then system (1.1) is approximately controllable on J, if the
Co—semigroup T(t) generated by A is differentiable on the Banach
space X.

Proof. Since the domain D(A) of operator A is dense in X, it is
sufficient to show that D(A) C Kp(f), i.e., for any € > 0 and n € D(A),
there exists a u. € V, such that

(4.6) H — b T (D)o — Y (b — tr)* Ta(b — ta) Gilty , 2<(t;,)
k=1

< €,
X

—G®¢(x.) — GBu,

where z.(t) = z(t;ue) and ¢ € [0,b].

Firstly, for any zo € X, due to the differentiability of the Cpy-
semigroup T(¢)(t > 0), we know that b*~1T,(b)zo € D(A). Therefore,
for any given n € D(A), it can be seen that there exists a function
¢ € LP(J, X) such that

Gp =n — b Tu(b)xo,
for example,

a 2 _ N\1—« _
@7 o= DO gy gy Pl

[77 - bailTOé(b)xO]a te (07 b)

Similarly, for every x; € X, 7 =1,2,..., we can also get a function ¢; €
LP(J,X), such that Go; = Y10 (b— t,)* 1 Ta(b — ti)Gr(ty , z(t))-

Next, we show that one can get a control function u. € V' such that
the inequality (4.6) holds. In fact, for any given ¢ > 0 and u; € V,
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from H(3), there exists a ug € V, such that

H — b T (b)wo — Y (b — tr)* M Ta(b — t)Gi(ty 21 (t; )
k=1

€
< —

—G®s(x1) — GBuy 52"
X

where x1(t) = z(t;uq), 0 < t < b. Denote z5(t) = x(t;usz), 0 <t < b.
By the hypotheses H(3) again, there exists wa € V' such that

IGBws — [GPf(x2) + Y (b — tx)* Tulb — t)Gr(ty , w2(ty )
k=1

m

Jo- _ €
G (1) =Y (b—tr)* " Tu( (b= tk)Grlty, 21 (t))]llx < o5
k=1

and

[Bws|[Le(sx) < N|[@f(22)() = @5(x1) ()] x
< NL(t—te)' ™ lza() — 21 ()]Ix

. Mbl 1/p _1 1-1/p
< N (1= D) Ba(MLY) = (pal)

X ||B'LL1 — Bu2||Lp(J7X).
Now, we define
uz(t) = ua(t) —wa(t) uz €V,

and it follows that

H T (b b— 1) T (b — t)Gi(ty , 22 (t}))
k:l
— G®y(x2) — GBus
X
< Hn_ba—lT Z —t5)* M, (b — ) Gr(ty, , 1 (ty,))

k=1

— g@f(xl) — gBUQ

X
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+IGBws — (G0 (w2) + > (b — 1) T (b — 1) Glty , w2(ty))
k=1

—GPp(w1) = Y (b— 1) Tulb — 1) Grty , 21 (8))]l x

k=1

< 1 1
< 2*24-2*3 €.

By inductions, we can get the sequence {u,(-)} C V from which it
follows that

Ms

(b—t)* o (b — tx)Gr(ty, , wn(ty))

<@+t
R DR 76,
L o\22 2n

(4.8) H — b7, (b

=

J

— gq)f(xn) — gBun+1

where z,(-) = z(;up), 0 <t < b, and

. Mbl—l/p —1 1-1/p
| Buns1 — Bug||zos.x) < (1 — D*) Ea(MLb) ) (pa - 1)

X || By, — Btn—1||Le (g, x)-

From (4.5), we know that the sequence {Bu, : n = 1,2,...} is
a Cauchy sequence on the Banach space LP(J, X). Therefore, there
exists a sequence ¥(-) € LP(J, X), such that
lim Bu,(-) =¢(-) in LP(J,X).

n—oo

Then, for any ¢ > 0, there exists a positive integer number N, such
that

€
|GBun+1 — GBun||x < 3

Therefore, we have
=017 010 = Y0 - 00T 0= )Gl )
k=1

— g(I)f(JUN) — gBUNH
X
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< H — b T (b)wo — Y (b — tr)* T Ta(b — t)Gilty , 2N (t)))
k=1

—G®¢(xn) — GBuNn+1

X
1 1
+[|GBun+1 — GBun|x < (22 +- 4 2n)6+ 5 <€
This proves the approximate controllability of system (1.1). O

5. An example. Consider the following initial-boundary value prob-
lem of fractional parabolic control system with Riemann-Liouville frac-
tional derivatives:

(5.1)
D} Pu(t,y) = Lz a(t,y)+ f(t, x(t) + Bu(t),  teJ=[01\{L},
S [O,W],
AItl/5 (%73/) = 2_&.1%(2)‘7 RS [0,7‘(]
x(t,0) = z(t,m) =0, teJ=10,1],
L% (t,y) =0 = zo(y), telo,1],
y €10, 7].

Take X = U = L?([0,7]), and the operator A : D(A) C X — X is
defined by
Ax =z,

D(A) ={z € X : z, 2’ are absolutely continuous,
2" € X, 2(0) = z(n) = 0}.

Then, A can be written as
Ax = — Z n?(x,x,)T,, =€ D(A),
n=1

where z,,(x) = 4/2/msinny (n = 1,2,...) is an orthonormal basis of X.
It is well known that A is the infinitesimal generator of a differentiable
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semigroup T'(t)(t > 0) in X given by
T(t)x = Z expfnzt(x,xn)xn, z € X,
n=1

and
1T < e l<l1=M.

For every u(-) € V = L?(J,U), we have
u(t) =D (B, un(t) = (u(t), zn).
n=1
Define the operator B as

Bu(t) =Y (),

where

o 0, 0<t<1-1/n?

Then, one can easily obtain that ||Bu(-)|| < ||u(-)||, which implies that
B e L(V,L*(J, X)).

Firstly, by the definition of the operator B, the corresponding linear
system of (5.1) is presented as follows:

DPa,(t) + n2an(t) = Gn(t), 1—1/m2<t<]l,

1/5 Zn
(5.2) AL, (1/2) = 2|+|mi,y<)yl)|

1220 ()] 1—0 = 70 € X.

Next, we will check that hypothesis H(4) is satisfied. To check this,
let us denote

h= /0 (1- s)_1/5T4/5(1 —8)g(s)ds

= Z By, hp = (h,z,), for every g(-) € L*(J, X).
n=1
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In fact, we can choose 1y, (t), which follows from

3n? 2 1
1 ezhne” , 1 n2<t<1

Up (t) =

and

/ |0 ey 00 ) ds
1-1/n?

For this, we define

u(t) = Zun(t)xm

n=1
where

B 0, 0<t<1-1/n?

un(t)—{ B, 1o imr<i<1 T LZe

Therefore, for any given function g(-) € L?([0,1],X), there exists
u(-) € V such that

/ (1- s)_1/5T4/5(1 — s)Bu(s)ds = / (1- s)_1/5T4/5(1 —8)g(s)ds,
0 0

which implies that condition (4.2) of H(4) is satisfied. Moreover, we
can get

| Bu()|? = Z/ |t (£))2dt = Z3n2h2
1-1/n?

23(1—6_2)_1 —e 2’ / |gn (t)|2dt
< (=) g

Hence, it can be seen that if condition H(4) is satisfied, then sys-
tem (5.1) is approximately controllable on J, if
3(1 — Ey4y5(L)/2°T(4/5)) Ey/5(L)
(1—e 2T (4/5)

3

<1,

is satisfied.
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