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ABSTRACT. It is well known that imposing a global Lip-
schitz condition on nonlinear composition operators leads to
a strong degeneracy phenomenon in many function spaces.
In contrast to this, we show that a local version of Banach’s
contraction mapping principle is less restrictive and applies
to a large variety of nonlinear problems. We illustrate this
by means of applications to nonlinear integral equations with
bounded or weakly singular kernels.

1. Nonlinear composition operators. Given a function h :
[0, 1] × R → R and a space X of functions f : [0, 1] → R, we call
as usual the operator H : X → X defined by

(1.1) Hf(t) = h(t, f(t)) (0 ≤ t ≤ 1)

the composition operator (or Nemytskij operator or superposition oper-
ator) generated by h. In the particular case when the function h does
not depend on the first variable, i.e., h : R → R, the corresponding
operator

(1.2) Hf(t) = (h ◦ f)(t) = h(f(t)) (0 ≤ t ≤ 1)
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is known as the autonomous composition operator. The operators (1.1)
and (1.2) will be studied on the closed ball

(1.3) Br(X) = {f ∈ X : ‖f‖X ≤ r} (r > 0)

in several function spaces X , with a particular emphasis on two spaces
of functions of bounded variation. The first one is the spaceWBVp[0, 1]
with norm

(1.4) ‖f‖WBVp = |f(0)|+WVarp(f ; [0, 1])
1/p,

where

(1.5) WVarp(f ; [0, 1]) := sup

{ m∑
j=1

|f(tj)− f(tj−1)|p
}

denotes the total p-variation (in Wiener’s sense [33]) of f on [0, 1], and
the supremum in (1.5) is taken over all partitions {t0, t1, . . . , tm} of
[0, 1]. The second one is the space RBVp[0, 1] with norm

(1.6) ‖f‖RBVp = |f(0)|+RVarp(f ; [0, 1])
1/p,

where

(1.7) RVarp(f ; [0, 1]) := sup

{ m∑
j=1

|f(tj)− f(tj−1)|p
(tj − tj−1)p−1

}

denotes the total p-variation (in Riesz’s sense [30]) of f on [0, 1], and
the supremum in (1.7) is again taken over all partitions {t0, t1, . . . , tm}
of [0, 1].

Obviously, for p = 1, both spaces WBVp[0, 1] and RBVp[0, 1] reduce
to the familiar space BV [0, 1] of functions of bounded variation. For
p > 1, however, these spaces have quite different properties. For
instance, the scale of spaces WBVp[0, 1] is increasing in p, while the
scale of spaces RBVp[0, 1] is decreasing in p, i.e.,
(1.8)
WBVp[0, 1] ⊂ WBVp+ε[0, 1], RBVp[0, 1] ⊃ RBVp+ε[0, 1] (ε > 0).

Moreover, both spaces WBVp[0, 1] and RBVp[0, 1] contain the space
Lip [0, 1] of Lipschitz continuous functions f : [0, 1] → R with norm

(1.9) ‖f‖Lip = |f(0)|+ lip (f),
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where

lip (f) := sup
s�=t

|f(s)− f(t)|
|s− t| ,

and both spaces are continuously imbedded into the space of bounded
functions with norm

(1.10) ‖f‖∞ = sup
0≤t≤1

|f(t)|.

Interestingly, the space WBVp[0, 1] also contains, for 0 < α ≤ 1/p,
the space Lipα[0, 1] of Hölder continuous functions f : [0, 1] → R with
norm

(1.11) ‖f‖Lipα
= |f(0)|+ lipα(f),

where

lipα(f) := sup
s�=t

|f(s)− f(t)|
|s− t|α ,

while the space RBVp[0, 1] does not contain any Hölder space. In fact,
in [4, Exercise 14.29] the authors construct a sophisticated function

f ∈
( ⋂

0<α<1

Lipα[0, 1]

)
\BV [0, 1].

By the chain of inclusions (1.8), such a function cannot belong to
RBVp[0, 1] (p ≥ 1) either.

The most interesting property of the space RBVp[0, 1], however, is
given by the so-called Riesz lemma [30] which reads as follows: A
function f belongs to RBVp[0, 1] for p > 1 if and only if f is absolutely
continuous and its derivative f ′ (which exists almost everywhere)
belongs to Lp[0, 1]. A corresponding result is of course not true for
p = 1, since functions in BV [0, 1] need not be continuous, let alone
absolutely continuous.

Let us now return to the composition operator H defined in (1.1)
and (1.2). A crucial problem related to this operator is to find
conditions on the function h, possibly both necessary and sufficient,
under which the corresponding operatorH maps a given function space
X into itself. Solving this problem is in some cases almost trivial,
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in some cases surprisingly difficult, and some cases simply unknown.
In the autonomous case (1.2), one may give a complete answer for
many important spaces; for further reference we summarize with the
following.

Theorem 1.1. Let h : R → R be given, and let X be any
of the spaces Lip[0, 1], Lipα[0, 1], AC[0, 1], BV [0, 1], WBVp[0, 1], or
RBVp[0, 1]. Then the following are equivalent:

(a) The function h satisfies the local Lipschitz condition:

(1.12) |h(u)− h(v)| ≤ k(r)|u − v| (|u|, |v| ≤ r).

(b) The operator (1.2) generated by h maps X into itself.

Theorem 1.1 was proved for X = Lip and X = Lipα in [3, 29], for
X = AC in [25], for X = BV in [11], for X = WBVp in [1], and for
X = RBVp in [24, 27]. This result also holds in other spaces, like
the space HBV of all functions of bounded harmonic variation [7]. We
point out that in [1] it is shown that the conditionH(Lip) ⊆ BV (which
is weaker than the condition H(X) ⊆ X for all spaces X occurring in
Theorem 1.1) implies (1.12); the converse is trivially true.

One may also prove that, under the hypothesis (1.12) on h, the
operator H is automatically bounded in the norm of all spaces X
occurring in Theorem 1.1. On the other hand, proving continuity of H
is much more difficult. (Recall that, in contrast to linear operators, a
nonlinear operator may be bounded and discontinuous, or continuous
and unbounded.) In [8] it is shown that the operator H in (1.2) is
continuous in the norm (1.9) of X = Lip or (1.11) of Lipα if and only
if h ∈ C1(R). As far as we know, finding necessary and sufficient
conditions on h for the continuity of H in one of the spaces BV , AC,
WBVp, or RBVp is an open problem.

2. Global and local Lipschitz conditions. A useful tool for
solving nonlinear problems is to apply fixed point principles, the most
commonly used being Schauder’s and Banach’s fixed point theorems.
Clearly, for applying these theorems, just boundedness and continuity
of the operators involved does not suffice, but one needs some strong
additional properties.
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A certain flaw of Schauder’s theorem is that it requires the knowledge
of compactness criteria, possibly both necessary and sufficient, which
in some function spaces (like spaces of Hölder continuous functions)
are unknown, and in other function spaces (like spaces of functions
of bounded variation) are known, but very clumsy and technical. It
is therefore a useful device to try first to apply Banach’s contraction
mapping principle which is much simpler.

However, when doing so, one encounters another serious drawback.
In fact, imposing a (global) Lipschitz condition like

(2.1) ‖Hf −Hg‖X ≤ K‖f − g‖X (f, g ∈ X)

to the composition operator (1.1) in some function space X , even with
a very large Lipschitz constant K, often leads to a strong degeneracy
for the generating function h: the operator H satisfies (2.1) if and only
if the corresponding function h has the form

(2.2) h(t, u) = α(t) + β(t)u (0 ≤ t ≤ 1)

for two functions α, β ∈ X (resp. constants α, β ∈ R in the autonomous
case (1.2)), i.e., the functions h(t, ·) is affine. Such a degeneracy
phenomenon was discovered first by Matkowski [18] in the space Lip of
Lipschitz continuous functions. Subsequently, this was proved in many
other spaces, namely, in [19] for the space Cn of n times continuously
differentiable functions, in [16] for the space Lipα of Hölder continuous
functions, in [12] for the space Lipn of functions whose nth derivative is
Lipschitz continuous, in [13] for the space Lipnα of functions whose nth
derivative is Hölder continuous, in [31] for the space ACn of functions
whose nth derivative is absolutely continuous, in [23, 26] for the space
WBVp for p > 1 (see [27, (1.4)]) for the space RBVp for p > 1 (see
[21, (1.6)]) for the Sobolev space W 1

p for p > 1, and in [17, 20] for
other function spaces. In [1] (see also [28]) it is proved that the global
Lipschitz condition

(2.3) ‖Hf −Hg‖Y ≤ K‖f − g‖X (f, g ∈ X)

for H acting between different spaces X and Y always implies that the
corresponding function h is of the form (2.2), provided that X contains
all affine functions and Y ↪→ Lip, i.e., Y is continuously imbedded into
the space of all Lipschitz continuous functions with norm (1.9).
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A similar, but different degeneracy holds in the space BV [0, 1], where
one has to replace the function h with its “left regularization” h#

defined by

h#(t, u) =

{
h(0, u) for t = 0,

lims→t− h(s, u) for 0 < t ≤ 1.

Indeed, Matkowski and Mís proved in [22] that the operator (1.1)
satisfies (2.1) in X = BV [0, 1] if and only if

(2.4) h#(t, u) = α(t) + β(t)u (0 ≤ t ≤ 1)

with suitable functions α, β ∈ BV [0, 1]. More generally, in [1], it is
proved that condition (2.3) for H : X → Y always implies that the
regularization h# of h satisfies (2.4), provided that X contains all
polynomial functions and Y ↪→ WBVp for some p ≥ 1 (e.g., Y = BV ).

The described degeneracy phenomenon means that, loosely speaking,
we may apply Banach’s fixed point principle in theses spaces only if
the problem under consideration is actually linear, and therefore not
very interesting. Closer scrutiny of many nonlinear problems reveals,
however, that in most cases it suffices to impose a local Lipschitz
condition of the form

(2.5) ‖Hf −Hg‖X ≤ K(r)‖f − g‖X (‖f‖X , ‖g‖X ≤ r),

where the Lipschitz constant K(r) in (2.5) essentially depends on the
radius r of the ball in which we impose this condition (and, as a matter
of fact, satisfies K(r) → ∞ as r → ∞, see below). It turns out that
(2.5) is much less restrictive than (2.1) and applies to a large variety of
nonlinear problems. Moreover, in many spaces one may give, at least
in the autonomous case (1.2), a necessary and sufficient condition in
terms of the function h under which the operator H satisfies (2.5). We
summarize with the following.

Theorem 2.1. Let h : R → R be given, and let X be any
of the spaces Lip [0, 1], Lipα[0, 1], AC[0, 1], BV [0, 1], WBVp[0, 1], or
RBVp[0, 1]. Then the following are equivalent:

(a) The derivative h′ of h satisfies the local Lipschitz condition

(2.6) |h′(u)− h′(v)| ≤ k1(r)|u − v| (|u|, |v| ≤ r).
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(b) The operator (1.2) generated by h satisfies (2.5).

Unfortunately, there is no “universal” proof of Theorem 2.1 for all
these spaces, but every space requires a separate proof. The first result
of this type was proved for X = Lipα in [32], but the proof given there
is wrong. A complete proof for Lipα and all other spaces X occurring
in Theorem 2.1 may be found in [2].

It is illuminating to study the “interaction” between the minimal
Lipschitz constant k1(r) for h′ in (2.6) and the minimal Lipschitz
constant K(r) for H in (2.5). Consider the characteristic

(2.7) k̃1(r) := sup{|h′(u)| : |u| ≤ r}
which is of course related to k1(r) from (2.6) through the simple

estimate k̃(r) ≤ |h(0)| + rk(r). In [2] it is shown that K(r) from
(2.5) may be estimated by

(2.8) K(r) ≤ max {rk1(r), k̃1(r)}
if k1(r) from (2.6) is known, and, vice versa, k1(r) may be estimated
by

(2.9) k1(r) ≤ 2K(2r) + 1

r

if K(r) is known. The last estimate has an interesting consequence. If
(2.1) holds, i.e., K can be chosen independent of r, then (2.9) implies
that k1(r) → 0 as r → ∞. So (2.6) implies that h′ is actually constant
which means that h has the form (2.4) (with α, β ∈ R), recovering
the above degeneracy result. This argument shows even more precisely
that, for h being non-affine, the function K = K(r) in (2.5) must not
only depend on r but even satisfy

lim inf
r→∞

K(r)

r
> 0,

i.e., be of superlinear growth for large values of r.

3. Applications to regular integral equations. In this sec-
tion we apply the abstract results given above to obtain existence (and
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sometimes uniqueness) of solutions of certain nonlinear integral equa-
tions. We start with an existence and uniqueness result for solutions
of generalized bounded variation. To get a unified approach we use the
shortcut Varp(f) to denote either WVarp(f ; [0, 1]) or RVarp(f ; [0, 1]),
and BVp to denote either the spaceWBVp[0, 1] or the space RBVp[0, 1].

Consider the nonlinear integral equations of Hammerstein type

(3.1) f(s) =

∫ 1

0

k(s, t)h(t, f(t)) dt+ b(s) (0 ≤ s ≤ 1).

Here k : [0, 1]× [0, 1] → R is a given kernel function (whose properties
will be made precise below), and b ∈ BVp is also given. We are
interested in conditions on the nonlinearity h : [0, 1] × R → R under
which (3.1) admits a (unique) solution f ∈ BVp.

Denoting the corresponding linear integral operator in (3.1) by

Kg(s) :=

∫ 1

0

k(s, t)g(t) dt (0 ≤ s ≤ 1),

we may rewrite (3.1) as the operator equation

(3.2) f −KHf = b,

whereH is the composition operator (1.1), and try to apply the familiar
fixed point principles to (3.2). To this end, we suppose that the operator
(3.1) maps the space BVp into itself and is bounded. For further
reference we put

(3.3) k(r) := sup

{ |h(t, u)− h(t, v)|
|u− v| : 0 ≤ t ≤ 1, |u|, |v| ≤ r, u �= v

}

and

(3.4) k̃(r) := sup {|h(t, u)| : 0 ≤ t ≤ 1, |u| ≤ r}.

Concerning the kernel function k in (3.1), we impose the following
hypotheses. Suppose that k(s, ·) ∈ L1[0, 1] for 0 ≤ s ≤ 1, and that the
function vp : [0, 1] → R defined by

vp(t) := Varp(k(·, t))1/p,
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belongs to Lp[0, 1]. To simplify the notation, we use the shortcut
(3.5)

κp :=

∫ 1

0

|k(0, t)| dt+
(∫ 1

0

Varp(k(·, t)) dt
)1/p

= ‖k(0, ·)‖L1 + ‖vp‖Lp .

In Lemma 3.1 we give a sufficient condition under which the operator
f 
→ KHf + b (whose fixed points coincide with the solutions of (3.2))
leaves a closed ball in the space WBVp[0, 1] invariant. In case p = 1,
i.e., in the space BV [0, 1], similar conditions of this type have been
considered in [5, 6].

Lemma 3.1. Under the above hypotheses, let r > 0 be so large that

(3.6) κpk̃(r) < r,

where k̃(r) is given by (3.4). Then the operator f 
→ KHf + b maps,
for any b ∈ BVp satisfying

(3.7) ‖b‖BVp ≤ r − κpk̃(r),

the closed ball Br(BVp) into itself.

Proof. For the sake of definiteness, let us prove the assertion in the
space WBVp[0, 1]. Suppose that r satisfies (3.6) and b satisfies (3.7).
Given f ∈ Br(WBVp) and a partition {s0, s1, . . . , sm} of [0, 1], we get

m∑
j=1

|KHf(sj)−KHf(sj−1)|p

=
m∑
j=1

∣∣∣∣
∫ 1

0

[k(sj , t)− k(sj−1, t)]h(t, f(t)) dt

∣∣∣∣
p

≤ sup
0≤t≤1

|h(t, f(t))|p
∫ 1

0

m∑
j=1

|k(sj , t)− k(sj−1, t)|p dt

≤ k̃(r)p
∫ 1

0

vp(t)
p dt,

and so, passing to the supremum over all partitions {s0, s1, . . . , sm},
WVarp(KHf ; [0, 1]) ≤ k̃(r)p‖vp‖pLp

.
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Consequently, from (3.7) we conclude that

‖KHf + b‖WBVp ≤ |KHf(0)|+WVarp(KHf ; [0, 1])1/p

+ ‖b‖WBVp

≤
∫ 1

0

|k(0, t)h(t, f(t))| dt

+ k̃(r)

(∫ 1

0

vp(t)
p dt

)1/p

+ ‖b‖WBVp

≤ k̃(r)‖k(0, ·)‖L1 + k̃(r)‖vp‖Lp + ‖b‖WBVp

≤ k̃(r)κp + ‖b‖WBVp ≤ r,

which proves the assertion for WBVp. The proof for RBVp is exactly
the same, with obvious modifications in the definition of variations.

In Lemma 3.2 we give a sufficient condition under which the operator
f 
→ KHf + b is a contraction in norm (1.4), respectively (1.6).

Lemma 3.2. Under the above hypotheses, let r > 0 be so small that

(3.8) κpk(r) < 1,

where k(r) is given by (3.3). Then the operator f 
→ KHf + b is, for
any b ∈ BVp[0, 1], a contraction on Br(BVp) with respect to the norm
(1.4), respectively (1.6).

Proof. We work again in the space WBVp[0, 1]. Suppose that r
satisfies (3.8), and let f, g ∈ Br(WBVp) be fixed. We claim that

‖KHf −KHg‖WBVp ≤ κpk(r)‖f − g‖WBVp ,

which, together with (3.8), proves the assertion. First of all, we have

(3.9)

|KHf(0)−KHg(0)| =
∣∣∣∣
∫ 1

0

k(0, t)[h(t, f(t))− h(t, g(t))] dt

∣∣∣∣
≤ k(r)

∫ 1

0

|k(0, t)| |f(t)− g(t)| dt
≤ k(r)‖k(0, ·)‖L1‖f − g‖∞
≤ k(r)‖k(0, ·)‖L1‖f − g‖WBVp ,
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where we have used the fact that WBVp[0, 1] is continuously imbedded
into the space of all bounded functions on [0, 1] with the supremum
norm (1.10).

On the other hand, we now show that also

WVarp(KHf −KHg; [0, 1])1/p ≤ κpk(r)‖f − g‖WBVp .

For any partition {s0, s1, . . . , sm} of [0, 1], we have

m∑
j=1

|KHf(sj)−KHf(sj−1)−KHg(sj) +KHg(sj−1)|p

=

m∑
j=1

∣∣∣∣
∫ 1

0

k(sj , t)[Hf(t)−Hg(t)] dt

−
∫ 1

0

k(sj−1, t)[Hf(t)−Hg(t)] dt

∣∣∣∣
p

≤ ‖Hf −Hg‖p∞
m∑
j=1

∫ 1

0

|k(sj , t)− k(sj−1, t)|p dt

≤ ‖Hf −Hg‖pWBVp

∫ 1

0

m∑
j=1

|k(sj , t)− k(sj−1, t)|p dt

≤ k(r)p‖f − g‖pWBVp

∫ 1

0

vp(t)
p dt

= k(r)p‖vp‖pLp
‖f − g‖pWBVp

.

Passing again to the supremumwith respect to all partitions {s0, s1, . . . ,
sm} of [0, 1], we obtain

WVarp(KHf −KHg; [0, 1]) ≤ k(r)p‖vp‖pLp
‖f − g‖pWBVp

,

and combining this with (3.9) yields

‖KHf −KHg‖WBVp ≤ k(r)‖k(0, ·)‖L1‖f − g‖WBVp

+ k(r)‖vp‖Lp‖f − g‖WBVp

= k(r)κp‖f − g‖WBVp ,

and establishes the result.
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Combining Lemmas 3.1 and 3.2, and observing that the fixed points
of the operator f 
→ KHf + b coincide with the solutions of (3.2),
Banach’s classical contraction mapping theorem implies the following
theorem.

Theorem 3.3. Suppose that there exists an r > 0 such that both
estimates (3.6) and (3.8) hold. Then the nonlinear integral equation
(3.1) has, for each b ∈ BVp satisfying (3.7), a unique solution f ∈ BVp.

Let us return for a moment to the autonomous case of operator (1.2)
where, as one could expect, our calculations slightly simplify. For
instance, the characteristic (3.4) takes here the simpler form

(3.10) k̃(r) = sup{|h(u)| : |u| ≤ r}.

We suppose in addition that the kernel function splits into two functions
of one variable, i.e., k(s, t) = l(s)m(t), where l ∈ BVp[0, 1] and
m ∈ Lp[0, 1]. In this case, we get

vp(t) = Varp(l)
1/p|m(t)|;

hence,

κp =

∫ 1

0

|l(0)| |m(t)| dt+
(∫ 1

0

Varp(l)|m(t)|p dt
)1/p

= |l(0)| ‖m‖L1 +Varp(l)
1/p‖m‖Lp ≤ ‖l‖BVp‖m‖L1.

Therefore, the crucial condition (3.6) in Lemma 3.1 holds if

(3.11) ‖l‖BVp‖m‖L1 k̃(r) < r,

with k̃(r) given by (3.10), while the crucial condition (3.8) in Lemma 3.3
holds if

(3.12) ‖l‖BVp‖m‖L1k(r) < 1

with k(r) given by (1.12). We illustrate these conditions by a very
elementary example.



LOCALLY LIPSCHITZ COMPOSITION OPERATORS 333

Example 3.4. First let h(u) = uα, where α ∈ R, α ≥ 2. The mean
value theorem shows that

k(r) = αrα−1, k̃(r) = rα, k1(r) = α(α− 1)rα−2, k̃1(r) = αrα−1.

So estimate (3.12) reads

(3.13) K(r) ≤ ‖l‖BVp‖m‖L1αr
α−1 < 1,

while the general estimate (2.8) from Section 2 becomes

(3.14) K(r) ≤ ‖l‖BVp‖m‖L1 max{α(α− 1)rα−2, αrα−1} < 1.

Of course, both estimates may be achieved for r sufficiently small, but
(3.13) is better than (3.14) for r < α − 1, while (3.14) is better than
(3.13) for r > α− 1.

Now let h(u) = log(1 + u) for u > 0 and h(u) = 0 for u ≤ 0. Again,
the mean value theorem implies that

k(r) ≡ 1, k̃(r) = log(1 + r), k1(r) =
1

(1 + r)2
, k̃1(r) =

1

1 + r
.

So estimate (3.12) reads

(3.15) K(r) ≤ ‖l‖BVp‖m‖L1 < 1,

while the estimate (2.8) becomes
(3.16)

K(r) ≤ ‖l‖BVp‖m‖L1 max

{
r

(1 + r)2
,

1

1 + r

}
=

‖l‖BVp‖m‖L1

1 + r
< 1.

Estimate (3.15) does not depend on r, but estimate (3.16) may be
achieved for r sufficiently small; so, in this example, (3.16) is always
better than (3.15).

Let us point out that there is a sharp contrast between the au-
tonomous operator (1.2) and the non-autonomous operator (1.1). The-
orem 1.1 states that, for the operator (1.2), the local Lipschitz condition
(1.12) is both necessary and sufficient for the inclusionsH(BVp) ⊆ BVp.
For proving this inclusion for the non-autonomous operator (1.1), it
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seems natural to impose a local Lipschitz condition on h(t, ·) on R,
uniformly with respect to t ∈ [0, 1], together with the requirement
h(·, u) ∈ BVp[0, 1], uniformly with respect to u ∈ R. In fact, this com-
bination of two conditions was stated in [14] for the space BV without
proof, and afterwards used as “obvious” by several authors. However,
tempting as this idea appears at first glance, on reflection it becomes
less convincing. Only quite recently it was shown by Maćkowiak [15]
by means of a counterexample that this is in fact false! So even the
harmless-looking problem of finding a sufficient condition for the inclu-
sion H(BV ) ⊆ BV for operator (1.1) which is possibly not “too far”
from being necessary, is open.

4. Applications to singular integral equations. In this section
we apply our abstract results to a class of singular integral equations.
Consider the nonlinear weakly singular Abel-Volterra equation

(4.1) f(s)−
∫ s

0

k(s, t)h(f(t))

|s− t|ν dt = b(s) (0 ≤ s ≤ 1),

where k : [0, 1]× [0, 1] → R is continuous and 0 < ν < 1. We rewrite
(4.1) again as the operator equation

(4.2) f −KνHf = b, f ∈ X,

where Kν is the weakly singular linear integral operator defined by

(4.3) Kνg(s) =

∫ s

0

k(s, t)g(t)

|s− t|ν dt (0 ≤ s ≤ 1),

and H is the autonomous composition operator (1.2). A very suit-
able space for treating such an operator equation is the Hölder space
Lip0α[0, 1] of all functions f ∈ Lipα[0, 1] satisfying f(0) = 0. The so-
called second Hardy-Littlewood theorem (see, e.g., [9]) states that op-
erator (4.3) maps Lip0α[0, 1] ∩ Lp[0, 1] into Lip0α[0, 1] and is bounded
if

1

1− ν
< p ≤ ∞, 0 < α ≤ 1− ν − 1

p
.

In order to simplify our computations, let us choose p = ∞, so

0 < α ≤ 1− ν, Lip0α[0, 1] ∩ L∞[0, 1] = Lip0α[0, 1].
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By Theorem 2.1, the local Lipschitz condition (1.12) is necessary and
sufficient for operator (1.2) to satisfy (2.5) in Hölder spaces. Using
Banach’s fixed point principle in these spaces, we may deduce existence
and uniqueness results for equation (4.1) in a closed ball of appropriate
radius if ‖b‖Lipα is sufficiently small.

To explain this in more detail, we now prove two lemmas which are
parallel to Lemmas 3.1 and 3.2. Throughout the remaining part of this
section, we suppose for simplicity that h(0) = 0 and denote by ‖Kν‖α
the norm of operator (4.3) in the space Lipα. Estimates or even explicit
formulas for ‖Kν‖α in terms of the kernel k in (4.1) may be found in
[10].

Lemma 4.1. Under the hypotheses (1.12) and h(0) = 0, the operator
(1.2) maps the space Lip0α[0, 1] into itself and is bounded. Moreover, if
r > 0 is so large that

(4.4) ‖Kν‖αk(r) < r,

where k(r) is given by (1.12), then the operator f 
→ KνHf + b maps,
for any b ∈ Lipα[0, 1] satisfying

(4.5) ‖b‖Lipα
≤ r − ‖Kν‖αk(r),

the closed ball Br(Lipα) into itself.

Proof. The sufficiency of (1.12) for the boundedness of operator (1.2)
in Lipα[0, 1] follows from a trivial calculation. Moreover, it is easy to
see that

(4.6) sup{‖Hf‖Lipα
: ‖f‖Lipα

≤ r} ≤ k(r)

in this case, and so H is bounded. Finally, our assumption h(0) = 0
guarantees that operator (1.2) maps Lip0α[0, 1] into itself.

Fix f ∈ Lip0α[0, 1] with ‖f‖Lipα ≤ r, where r satisfies (4.4), and
suppose that b ∈ Lip0α[0, 1] satisfies (4.5). Then

‖KνHf + b‖ ≤ ‖Kν‖α sup
‖f‖Lipα≤r

‖Hf‖Lipα + ‖b‖Lipα

≤ ‖Kν‖αk(r) + ‖b‖Lipα ≤ r,
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by (4.5) and (4.6), which proves the assertion.

Lemma 4.2. Suppose that the derivative h′ of h : R → R
exists and satisfies (2.6), and let k̃1(r) be defined by (2.7). Then, for
|ξ1|, |ξ2|, |η1|, |η2| ≤ r we have

|h(ξ1)− h(η1)− h(ξ2) + h(η2)|
≤ k̃1(r)|ξ1 − η1 − ξ2 + η2|
+ k1(r)max

{
(|ξ1 − ξ2|+ |η1 − η2|)|ξ1 − η1|,

(|ξ1 − η1|+ |ξ2 − η2|)|ξ1 − ξ2|
}
.

The proof of the technical Lemma 4.2 consists in a repeated tricky
application of the mean value theorem and may be found in [2]. We
apply the result to prove the following.

Lemma 4.3. Suppose that the derivative h′ of h exists and satisfies
(2.6). Moreover, let r > 0 be so small that

(4.7) k1(r) <
1

‖Kν‖α4r , k̃1(r) <
1

‖Kν‖α ,

where k1(r) is given by (2.6) and k̃1(r) by (2.7). Then the operator
f 
→ KHf + b is, for any b ∈ Lip0α[0, 1], a contraction on Br(Lip

0
α)

with respect to the norm (1.11).

Proof. Fix s, t ∈ [0, 1] and f, g ∈ Lip0α[0, 1] with ‖f‖Lipα ≤ r and
‖g‖Lipα

≤ r. Applying Lemma 4.2 to the choice ξ1 := f(s), ξ2 := f(t),
η1 := g(s) and η2 := g(t), yields

|Hf(s)−Hg(s)−Hf(t) +Hg(t)|
≤ k̃1(r)|f(s) − g(s)− f(t) + g(t)|
+ k1(r)‖f − g‖∞max {(|f(s)− f(t)|+ |g(s)− g(t)|), 2|f(s)− f(t)|} .

Dividing by |s − t|α, passing to the supremum over s, t ∈ [0, 1], s �= t,
and observing that α < β, we arrive at

(4.8) lipα(Hf −Hg) ≤ k̃1(r)lipα(f − g)

+ k1(r)‖f − g‖∞max
{
lipα(f) + lipα(g), 2lipα(f)

}
.
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Since ‖f‖Lipα
= lipα(f) and ‖f‖∞ ≤ lip (f) for f ∈ Lip0α[0, 1], (4.8)

means nothing else but

‖KνHf −KνHg‖Lipα ≤ ‖Kν‖αlipα(Hf −Hg) ≤ K(r)‖f − g‖Lipα ,

where

K(r) := ‖Kν‖α max{4rk1(r), k̃1(r)} < 1,

by assumption (4.7).

Combining Lemma 4.1 with Lemma 4.3, and observing that the fixed
points of the operator f 
→ KHf+b coincide with the solutions of (4.1),
Banach’s classical contraction mapping theorem implies the following.

Theorem 4.4. Under the hypotheses of Lemmas 4.1 and 4.3, the
nonlinear Abel-Volterra equation (4.1) has, for each sufficiently small
b ∈ Lip0α[0, 1], a unique solution f ∈ Lip0α[0, 1].

Analyzing the proof of Theorem 4.4 shows that necessarily k(r) → ∞
as r → ∞ in (4.4), apart from the trivial case of an affine function h,
in correspondence with the main result in [16]. Therefore, we cannot
expect global existence and uniqueness of solutions of (4.1) in the whole
space Lip0α[0, 1]. This again justifies the necessity of replacing the global
condition (2.1) by the local condition (2.5).
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