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ABSTRACT. We consider a nonlinear integral operator
which involves a Nemytskij type operator and which appears
in the applications as a pull-back of layer potential operators.
We prove an analyticity result in Schauder spaces by splitting
the operator into the composition of a nonlinear operator
acting into Roumieu classes and a composition operator.

1. Introduction. In this paper, we consider integral operators of
the form

(L) HE [0, 110 = [ GO).000).2) () di, for all ¢ € M.

where M, Y are compact manifolds imbedded into R™, and z ranges in
a Banach space of parameters /I, 1 and ¢ are functions in the Schauder
spaces C™%(M, R") and C™*(Y, R"?) for some m € N and « € ]0, 1],
respectively, f € L1(Y), and G a real analytic function defined on an
open subset of R x R"2 x K.

Typically, integrals as (1.1) appear in the analysis of pull-backs of
layer potentials, where f plays the role of moment or density of the layer
potential, and z may be a parameter as the wave number when dealing
with acoustic potentials (cf., e.g., [3, Lemma 5.1], [9, Appendix B],
[11], [12, Section 5], [13, Lemma 3.9].)

Here the question is whether the (nonlinear) map Hg from the set,
say G, of (¥,¢,z, f) in C™*(M,RM) x C™(Y,R"2) x K x LY(Y)
for which the composition with G in (1.1) makes sense to the space
C™(M) is real analytic.
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Pull-backs of layer potentials appear in the analysis of a large number
of linear or nonlinear boundary value problems when a variation of
the domain is involved. So, if we need to perform a local analysis
of such problems, we need to understand the regularity of operators
such as (1.1). Here we are showing the real analyticity, which implies
in particular Frechét differentiability of all orders, a property which
enables us to invoke basic theorems such as the Implicit Function
theorem in Banach spaces or a variety of bifurcation results. Here
we understand that a real analytic operator is an infinitely many times
Frechét differentiable map which admits around each point a normal
convergent Taylor expansion. For the definition and properties of
analytic operators, we refer to Prodi and Ambrosetti [17, page 89]
or Deimling [4, page 150].

One way to solve the problem in case K is finite dimensional and
M and Y are smooth enough, would be to identify a triple (¢, ¢, z) €
C™(M, R") x C™ (Y, R") x K with the map in C™*(M x Y, R" x
R"2 x ) which takes a pair (z,y) € M x Y to the triple (¢(z), $(y), 2),
and then to deduce the analyticity of H, g by the analyticity of the
composition operator from C™*(MxY, R" x R"2 xK) to C"™*(MxY)
which takes E to G(E) and of the bilinear and continuous map from
C™(M x Y) x LY(Y) to C™*(M) which takes a pair (g, f) to
[y 9(z,y) f(y) dpy (cf. [14, Lemma 4.8].) The analyticity of the above
composition operator follows by the known analyticity of composition
operators generated by analytic functions and acting in C™“(M x
Y, R" xR" x K) (cf., Bohme and Tomi [1, page 10], Henry [6, page 29],
Valent [20, Theorem 5.2, page 44]). Such an approach, however, carries
the inconvenience of requiring ¢ to be of class C™%, of requiring K to
be finite dimensional and of requiring Y to be a compact manifold with
a certain degree of smoothness. In this paper, we consider an approach
that considerably reduces the regularity to be imposed on ¢ and which
allows K to be infinite dimensional and Y to be a topological space with
a measure p defined on a g-algebra containing the Borel sets of Y. In
particular, ¢ is now required to be an element of the space Cp (Y, R"2)
of bounded continuous functions from Y to R"2. First, we consider the
integral operator

cld, z fl(z /Ga?¢ 2)f(y) dp,

for all z € clQ,

(1.2)
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where  is a certain open bounded subset of R such that the
composition with the function G in (1.2) makes sense, and we note
that

(1.3) HE[, ¢, 2, f1(t) = Hgld, z, flowp(t) for all t € M,

provided that ¥(M) C Q. Then we can deduce our analyticity results
by combining the following two ingredients.

(a) Analyticity results for the composition ‘o.’
(b) Analyticity results for Hg[-, -, .

We first consider (a). We want to consider the composition operator
which takes a pair (¢,v) to the composite map ¢ o ¢ (so that then we
can take ( = Hg[o, 2, f] as in (1.3)). If we expect the composition ‘o’
to be analytic with both 1) and (o in a Schauder space, then the map
which takes 1 to ¢ o 1) should be analytic in a Schauder space. Then
one can easily see that ¢ must be analytic. Then Preciso [15, 16| has
shown that an effective choice of the function space for ¢ in order that
the composition ‘o’ be analytic with both ¢ and ¢ o ¢ in a Schauder
space is a Roumieu class C’g} ,(c1Q) of analytic functions defined in clQ
(see (2.1)).

Then we show that the nonlinear map Hg|-, -, -] which takes a triple
(¢, 2, ) in CP(Y,R"2) x K x L(Y) for which the composition with G
in (1.2) makes sense to the function He[¢, z, f](-) of C ,(c19Q) defined
by the right hand side of (1.2) is real analytic for a suitable choice of
p > 0 (see Theorem 3.1). Then, by combining such a result with the
above-mentioned results of Preciso, we deduce the analyticity of Hg
from the set of (¢, @, 2, f) of C"™*(M,R") x C)(Y,R"?) x K x L}(Y)
for which the composition with G in (1.1) makes sense to the space
C™(M) (see Proposition 4.1).

We note that the result for Hg we have mentioned above considerably
generalizes a corresponding result where the target space of Hg is
C™(cl§?) for r € N, which has found several applications in the
references mentioned at the beginning of the introduction, and which
we now deduce as a Corollary (see Corollary 3.14).

This paper is organized as follows. In Section 2, we introduce some
notation. In Section 3, we introduce our main result on Hg. Then, in
Section 4, we introduce our main result on H, g In the Appendix we
present a result of Preciso.
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2. Notation. We denote the norm on a normed space X by || - || x.
Let X and Y be normed spaces. We endow the space X x ) with the
norm defined by (2, ) lxxy = ll7]x + [lylly for all (z,) € X x ,
while we use the Euclidean norm for R". If x € X and R > 0,
we denote by By (z,R) the ball {y € X : |z — y||lx < R}. For
standard definitions of calculus in normed spaces, we refer to Cartan
[2]. The symbol N denotes the set of natural numbers including 0. If
k € N\ {0}, and if Xy,..., X%, are normed spaces, then we denote
by LK) (X1 x -+ x X, )) the space of k-multilinear and continuous
maps from X; x --- X X to ), endowed with its usual norm. Let
n € N\ {0}. Let D C R". Then cID denotes the closure of D
and 0D denotes the boundary of D. For all R > 0, z € R", z;
denotes the jth coordinate of x, |z| denotes the Euclidean modulus
of z in R™, and B, (z, R) denotes the ball {y € R™ : |z — y| < R}.
Let © be an open subset of R™. The space of m times continuously
differentiable real-valued functions on Q) is denoted by C™(Q,R), or
more simply by C™(Q). Let r € N\ {0}. Let f € (C™())".
The sth component of f is denoted fs, and Df denotes the Jacobian
matrix (0fs/0x)s=1,...r, 1=1,....n- Let n = (M1,...,mm) € N”, |n| =
M +- -+, Then D"f denotes 0" f/(dx* - - - dzi*). The subspace of
C™(Q) of those functions f whose derivatives D" f of order |n| < m can
be extended with continuity to cl1€ is denoted C™(cl€2). The subspace
of C™(cl§2) whose functions have mth order derivatives that are Holder
continuous with exponent a € ]0,1] is denoted C™*(clQ) (cf., e.g.,
Gilbarg and Trudinger [5]). Let D C R". Then C™“(cl{2, D) denotes
{f € (C™*(cl))" : f(c1N) C D}. If Y is a topological space, then
CY(Y,R") denotes the space of bounded continuous functions from Y
to R", endowed with the norm defined by || f[|coyrr) = sup,ey |f(¥)],

for all f € CY(Y,R").

Now let © be a bounded open subset of R™. Then C™(cl2) and
C™%(clQ) are endowed with their usual norm and are well known
to be Banach spaces (cf., e.g., Troianiello [19, subsection 1.2.1]). We
say that a bounded open subset Q of R™ is of class C™ or of class
C™<_if it is a manifold with boundary imbedded in R" of class C™ or
C™ < respectively (cf., e.g., Gilbarg and Trudinger [5, subsection 6.2]).
For standard properties of functions in Schauder spaces, we refer the
reader to Gilbarg and Trudinger [5] and to Troianiello [19] (see also [7,
Section 2, Lemma 3.1, 4.26, Theorem 4.28], [13, Section 2]).
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If M is a manifold imbedded in R" of class C"™%, with m > 1,
a €0, 1], one can define the Schauder spaces also on M by exploiting
the local parametrizations. In particular, if € is a bounded open set
of class C™ then one can consider the spaces C*%(99) on 9Q for
0<k<m.

If Y is a set, M a o-algebra of parts of Y and p a measure on M,
we retain the standard notation for the space L*(Y) of (equivalence
classes of) p-integrable functions.

We note that, throughout the paper, “analytic” means “real ana-
lytic.” For the definition and properties of analytic operators, we refer
to Prodi and Ambrosetti [17, page 89] or Deimling [4, page 150].

For all bounded open subsets €2 of R™ and p > 0, we set
(21) €O (clQ) = {u € 0= (clQ)

]
P s
s sup == ||DPul|coan <—|—o<>}7
peENn |5|!H leocaay

and

18]
llullco (1) = sup p—HDﬂuHCO(ClQ), for all u € CB p(le),
7 BEN™ '

16]!

where |B| = 814+ Bn, for all B = (B4, ... ,B,) € N™. Here the letter
w indicates that we have a space of analytic functions. As pointed out
by Roumieu himself, the Roumieu class (C ,(c1Q), || - [[co (1)) is a
Banach space (cf. [18]). ’

For every bounded open connected subset €2 of R”, we set

Q] = SUP{f\x(JiZﬁ:x’y €z # y},

where
Aa.y) = inf { [ elasc e o0, <0 = o <) - y}

If [Q] < 400, then Q is said to be regular in the sense of Whitney. It
is well known that if ) is a bounded open connected subset of R™ of
class C'*, then c[Q] < +o0.
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Let K be a Banach space. Let hy,he € N\ {0}. Let W be an open
subset of R x R"2 x K. If k € N and F is a function defined on W, we
denote by 85}}2)F($, 7, z) the kth order partial differential of F(x,n, 2)
with respect to the second and third arguments. Similarly, if o € NP1,
we denote by DYF(x,n,z) the partial derivative of multi-index « of
F(x,n, z) with respect to the first argument.

3. Analyticity of an integral operator in Roumieu classes.
In order to write the formulas in a concise way, we choose to put a
7 symbol on a term which we wish to suppress. So, for example, if
1<l <s,

(&1, ... ,a,... &) denotes  (&1,...,&-1,&41,---,&s)

Then we have the following.

Theorem 3.1. Let hy,ha € N\ {0}. Let Q be a bounded open subset
of RM. Let Y be a topological space. Let M be a o-algebra of parts of
Y containing the Borel sets of Y. Let p be measure on M. Let K be a
Banach space. Let W be an open subset of R" x R"2 x K such that
there exists (n*,z*) € R" x K such that

clQ x {n*} x {z*} T W.
Let
F= {(¢, 2) € COY,R"™) x K:clQ x cl (V) x {2} C W}.

Let G be a real analytic map from W to R. Let Hg be the map from
F x LY(Y) to C%clQ) defined by

alo, z, fl(z /quS )f(y)dp, for all z € clQ,

for all (¢, z, f) € F x L)(Y). Then, for each pair (¢o,z0) € F, there
exist an open neighborhood Uy of (¢o, z0) in F and pg € ]0,400], such
that Hg is real analytic from Uy x L' (Y) to C9 ,(c1Q) for all p € ]0, pol.
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Moreover, if k € N\ {0}, then the kth order differential of Hg at
(¢, 2, f) €Uy x LY(Y) is delivered by the following formula:

(3:2) d"Holg, =, £)((ul)wl) o), .. (¥, w,0H)) (@)
= [ 9t 66 o) A ).l ..
(@™ (y), w)] f (y) dp,
+§;/m16x¢> 2l (), wll), ...
(ull(y), wlt), ...
(W (y), WMol (y) dps,  for all z € 1,

for all (' wM W) o0 (ulF wlF ol € O9(V,RM2) x K x LY(Y),
where we understand that the right hand side equals

/Y3(mz>G(w,¢(y),Z)[(u[”(y),w[”)]f(y)duy

+Apmmm@wme

ifk=1.

Proof. We first note that F # &. Indeed, if we define the function
by € CP(Y,R"2) by setting

Gp-(y) =n* forallyey,
then clearly (¢,-,2*) € F. Let (¢o,20) € F. Let
%zimm§qu9xd%@jxv@ﬁm}1}
where dist denotes the distance in R" x R"2 x K. Then we note that
eI Beo(y,riz) (60, 00) x ¢l Bi(20,60) € F.

We first prove that there exist pg > 0 and 0 < §p < (5~0 such that
Hg maps Bcg(yﬂhz)((bo, 0) x B (20,00) x L1(Y) to C&p(cl Q) for all
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p € 10, po[- Actually, we shall prove a stronger statement which we
need below in the proof. To do so, we introduce some notation. If
k € N\ {0}, then we denote by

Hak [(b’ 2 f][(u[l]aw[l])7 SRR ('U:[k];w[k])]

(n, )
the function from cl§2 to R defined by

Hyr gl z, Al wl'), o (M wl)] ()

(@
/ 0 G, 6(0), ), wl), .
(u® (y), w*N)] f(y) dpy,  for all z € clQ,
for all (ul*, wll), SR (ul wlkl) € O (Y, R"2) x K, and for all (¢, z, f)
in BCQ(Y,R’L2)(¢0750) x By (z0,00) x LY(Y). We prove that there
exist dy € }0,50[ and py € ]0,+o0] such that Hgo, z, f] belongs
to CY ,(c1Q), and such that Hak ,Z)G[(b’z’f][""' ,+] is an element

of LB ((CP(Y,R") x K)*,C (CIQ)) for all p € ]0,po[, and for
all (¢,z,f) € Bco(YRhQ)(¢O760) x Bi(20,00) x L'(Y), and for all
ke N\ {0}.

By standard theorems of differentiability of integrals dependent upon
a parameter, we have

DgHB" Z)G[(vbv 2, f][(u[l]aw[l])v cee (u[k]aw[k])](x)

(n
- /y Do, . Glx, é(y), )l (y), wl), ..
(u® (), w)] f(y) dp,,  for all z € 1€,

for all (4,2 f) € Beoryrme)(0,00) x Br(z0,00) x L1(Y), for all
(ult wlthy, oo (ulf wlkl)y € CY(Y,R"2) x K, and for all 8 € N/,

We now show that there exist cg > 0 and g € }0, go|: such that
(3.3)
IDEG(,m,2)| < 5 7B,
(3.4)
k
IDEOF, .\ G, m, 2) | v (e xrcyemy S €0 (B + )Y,
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for all (z,n,z) € clQ x (clgo(Y) + c1Bp,(0,00)) x clBx(z0,do), and
for all 3 € N"  and for all k € N\ {0}. Indeed, let (7,7) €
cl x (cl ¢0(Y) + cl By, (0, 50)). By assumption of analyticity of G,
there exist ¢~ >0and 0 <~ < go, such that

(x, n 20) (95 7] 20)
B ok (18] + k)!
1D206,.2 G @ 2| oo (s iy m) S Crzo) PR
(z,m,20)

for all (z,7,2) € clQ x (clgo(Y) + cl By, (0,80)) x cl Bx(z0,80) such
that

max {[|z — Fl|ge, 1 = Flreas 12 = 20l } <055

for all 5 € N™_ and for all k € N\ {0}. Since clQ x (clgo(Y) +
clBy,(0,dp)) is compact in R" x R"2, there exist

(@1,m)y - s (T, Mm) € L x (cl¢0(Y) + clBh2(O,go)),

such that
clQ x (clo(Y) + cl B, (0, )

m
U (Bh1 Tj, zJ,nJ,zo)) X Bh2(nja(5(xj,nj,zo))>

Now we set ) _
0o = min {(5(%7]%20):] =1,... 7m},

o = max {C(g,m;.20):J = 1, ,m}.
If (z,1) € 1 Qx(clgo(Y)+cl By, (0,80)) C el 2x(cl go(Y)+cl By, (0, 50)),
then there exists jo € {1,...,m} such that

({E, 77) € Bh1 (xjo ; 6(:8‘7‘0,7]]‘0720)) X th (njo ) 5(9c,~0,njo,zo))a

and, accordingly,

_ UBl+ )

B ak
||cha(n7z)G(x’n7z)"£(k)((Rh2><’C)k,R) — 0W7
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for all 2 € Bx(20,%0), for all 3 € N"_ and for all k € N\ {0}. Thus,
inequality (3.4) follows with

1
co = max {06, —}
do

Then inequality (3.3) follows precisely by the same argument with a
possibly larger constant ¢y and a possibly smaller constant §g. Then
we have

18]
(35 fﬁll‘/ DI, G, 6(y), 2)[(uM (y), wM), ...,

(¥ (y), ] £ (y) dp

Bl k
P!
< IR (|5) 4 oy (H 1o YRhQ)X,C)||f|L1

< (cop)leg ™ (181 +1)
k
081+ 1) TL I 0 gy ) 1300
j=1
for all x € cl,
for all (6,2, £) € Boygy ma) (60, 80) % Bi(z0,d0) x L1(Y),
for all (ult wl, ... (W W) e CP(v,R") x K,
for all 3 € N™ | for all k € N\ {0}, and for all p € ]0, +o0].

Next we set

(3.6) cop=sup(h+1)-...- (h+k)(cop)® forall k € N\ {0},
heN

for all p € 10, +o00[. Clearly,

Cp,k < max { sup(h+1) ... (h+k)(cop),sup(h + 1) - ...
h<k h>k
(h+ k)(cop)" }

< max { (2k)" sup(cop)", sup(2h)" (cop)" |,
h<k h>k
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for all k € N\ {0} and p € ]0,+oc0]. If 0 < p < 1/cy, we have
(2k)*(cop)™ < (2k)*, and supj,>;(2h)*(cop)” < +oo. Hence, we
conclude that ¢, < +oo for each k € N\ {0} and for each p €]0,1/¢o].

As a consequence, we have

(37) ||H8£“77)Z)G[¢7 Z, f][(u[l]aw[l])7 R (u[k]a )]HCO »(clQ)

< ithen (H i, ) o MM) T

for all (¢, z, f) € Beo(y,riz) (@0, 00) X Br(20,00) x LY(Y),
for all (ul),wlV),..., (ul™, wiM) € CP(V,R™) x K,

for all k € N\ {0}, for all p € ]0,1/¢o[, and accordingly

|\Ha(kjw)c[¢, z flllew o vriz)yxyr,co(c19)

< eyl fllioy

for all (¢, 2, f) € Beogyr) (90, 80) x Bre(z0,80) x L1(Y),

for all k € N\ {0} and for all p €]0,1/co[. In particular,

Hy cloz,) € (L), LD (GO R™) x K)F, €L (c9) ),

(n,2
for all (¢,z) € Bcg(y,RhQ)(¢0,50) x By (20, 00), for each k € N\ {0},
and for each p €]0,1/col.

In the case £ = 0 the same argument implies that

[Helo, 2 flllco @) < collfllory),
HG[¢aZa ] € ‘C(LI(Y)a Cg,p(dQ))v

for all (¢, 2, f) € Beo(y ez (90, 00) x Bic(20,00) x L'(Y'), and for each
pE ]0 ]./C()[.
Our next goal is to show that Ha(k )G[-,-,-] is of class C! from

the set Beo(y,rnz) (¢, 0) X Bic(20,80) x L' (Y) to LB ((CP(Y,R) x
K)F,CY ,(c19)) for all k € N\ {0} and p € ]0,1/co, and that Hg[-, -, -]
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is of class C! from the set Bcg(KR;Lz)(qﬁo, 80) X B (20,80) x LY(Y) to
CP ,(c1€) for all p € ]0,1/co[. Actually, we prove a stronger statement.
If k € N\ {0}, we introduce the map Kaf )G[~, -] from
.

Boo(y.riz)(¢0,00) x Bic (2o, do)

to LEFD((CY(Y,R) x K)F x LY(Y),CY (1)) for p € ]0,1/col,
defined by

Ko lo. 2wl @, w), 1
= Hy, ol Al ), @, )

(1.2)
for all (¢7 2y f) € BCE(Y,Rh'2)(¢07 50) X BK(ZO7 50) X Ll(Y)7
for all (u, W, ... (Wl W) e CP (Y, RP?) x K.

If k = 0, we introduce the map Kg[-,-] from Beoy ruz)(¢o,d0) ¥
Bk (20, 00) to L(L'(Y),CP ,(c19)) for p €]0,1/co[ defined by

KG[¢aZ][f] = HG[¢azaf]
for all (gf), Z, f) € Bcg(thQ)(d)o, 50) X BK(Z(), 50) X LI(Y)

Then we prove below Ka(k )G[-, ] is of class C! from Bcg(yﬂhz)(qbo, do) X
By (20,00) to LEFD((CP(Y,R"2) x K)* x LY(Y),CY (c1Q)) for p €
]0,1/co[, where we understand that (CP(Y,R"2) x K)*

k = 0. To do so, we note that the equalities

is omitted if

HSéI’Z)G[QSaZa flso = KB(’?mz)G[QSv Z|[. .oy f] for all k € N\ {0},
HG[¢,Z,f] :KG[¢7Z][f]a

for all (¢, z, f) € Beo(y.riz) (¢0,00) X B (20, 60) X L1 (Y) hold. Then we
note that the bilinear map which takes a pair (L, f) in L&D ((C(Y,

RM2) x K)F x LY(Y),CY (1)) x LY(Y) to L[-,... .-, f] in LB ((CY(Y,
R")x )k, CY (1)) if k > 0 and in CJ_,(c19Q) if k = 0 is continuous.

Hence, we conclude that Ha(k e is of class C! if Kaéc e is of class
2 N,z
C' and if p €]0,1/c].
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We now prove that, if (¢, 2) € Bcg(y,ha)(qbo,éo) x B (z0,00), then
Ky G is differentiable at (¢, z) and that dKa(k: )G[gﬁ, z|, which is an

(n,=
element of

c(c,?(y, R"2) 5 K, L&D ((CP(Y,R™) x K)F x L1 (Y),CY (el Q))),
is delivered by the formula
(3:8) dige  alé 2w w) [, wl), . (™ wl), f](2)

= [ oG s A @)oo,

(), w™), (uly), w)] £ (y) dp,
= Kgers o[, 2][,wl),

(W), (u, w), f(x),
for all x € 1, for all (um,wm), ceey
(W™ w*y e CP(V,R"2) x K, for all f € LY(Y),

for all (u,w) € CP(Y,R"2)x K, and for all (¢, 2) € Bcl(y)(Y,ha)(QS(), 00) X
B (20,00) and for p € ]0,1/co[. So let (¢, z) € Bcg(y,ha)(QSO,(so) X
By (20,00). Let (u,w) € CJ(Y,R") x K be such that [[u]coy.rm) <
b0 — [l — dollco(v.rrey and [|wllx < o — ||z = zol[xc. Then we note that

Ko _alo+uz+ullul ), ¥, ), f)(0)
~ Kyl 2@ w0, (o)
- [ 60 o). 2w ).,
(¥ (y), W), (u(y), w)] £ (y) dpy
-/ {8&,2)G<x, Bl) +u(y), 2 + W) (), wlh), ...

(ul(y), wl)]
o 8(71 G, ¢(y), 2)|[(u W), wlth, ... W (), wh)
— L G, o), 2)[(ul! (), wl), ..,
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(W (y), wh), (u(y),w)]}f(y) dn,

= [{ [ o600 + rut.s + ro)lal ), wl....
- @l (), W), (u(y), w))
= 9L Gl oly), 2) (M (), wlh),

(). ), ) )] i {0y

/{/ / 0, 3G, 6(y) + rruly), = + rrw) (M (y), wM), ..

) ), () ). o) )l i 1)

for all z € c1Q, for all (u W, ... (W* W) e CP(Y,R") x K,
for all f € L*(Y).

We note that, in accordance with our notation, if kK = 0 the arguments
(u, w), .. (ul], wl¥) should be omitted. Now let 3 € N1, By
standard theorems of differentiation of integrals dependent upon a
parameter, we have

18l
(3.9) % 6{K8(k Z)G[¢+u,z—f—w][(u[l],wm),... ,

(M, ), 110) - Ky, 1o, ul).....
(W), flw) = [ 0k G o).l ).l ....

/{/ / WD%@% (x, d(y) + rruly), z + rrw)
(W (), 0, ¥ (y), wk),

(u(y),w), (u(y), w)]rdr dr}f )dp, for all x € clQ,

for all (ut w, ... (W W) e CP(v,R"2) x K,
for all f € L*(Y),



A REAL ANALYTICITY RESULT 35

for all p € ]0,1/co[. Then we note that the absolute value of the right
hand side of (3.9) is less than or equal to

18l
P k
|5|| \B|+ 318 + &k +2)! (H” 41 w]])”Co(Yha)X]C)

j=1

Xt w) 2y el Lz

<Cp,k+2(30 (H” [] ||CO(YR"2)X’C>

qumeWRwydthY

for all (ul), wy, ... (u* w*) e CP(v,R") x K,
for all f € L*(Y),

for all (¢,2) € Bcg(yﬂhz)(qbo,éo) x Bx(z0,d0), and for all (u,w) €
CY(Y,R"2) x K such that [ullcoyrrzy < do = [|¢ — ¢ollco(v,rrz) and

lwllxc < do — ||z — 20]|xc, and for all p € ]0,1/co[ (see also (3.4)—(3.6)).
Accordingly,

Ko alé+u,z+wli@,wlh), ..., @, wi), £

_de [¢’Z][(u[1]aw[1])7 7(u[k]aw[k])7f]

(n,2 )

— K1 gl 2wl @l w0, (), £)

(n,2

Cg,p(clﬂ)

< Cp,k+20 (H || [J ||CO(YRh2 XIC) ||(U w)||CO(YRh2) K

X | fll iy
for all (u[l],w[l])7 .. 7(u[k],w[k]) € C)(Y,R") x K,
for all f € L*(Y),

for all (¢,z) € Bcg(y,ha)(d)o,éo) X Bi(z0,00), for all (u,w) €
CY(Y,R"2) x K such that uHcg(Y’ha) < b — |lp — ¢0||CS(Y,R;L2) and
lwllx < do — ||z — 20|k, and for all p € ]0,1/co[. Such an inequal-
ity proves the differentiability of K ok G from Beo(y Rh2) (G0, 00) ¥

By (20,00) to LEFD((CP(Y,Rh2) x IC) x LY(Y),C8 (1)) for all
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p € 10,1/¢co[, and formula (3.8). We note that, in accordance with

our notation, if & = 0 the product with j = 1,... ,k in parentheses on

the right hand side of the above inequality is omitted.

Next we want to show dKagg G is continuous in Beo(y gia) (¢o,00) X
s
Bi(z0,90). To do so, we can exploit the argument above to prove
the differentiability of Ka(k e and prove that Kgri1  is differen-
.z (n,2)

tiable in BCQ(Y,Rh2)(¢0750) x Bi(z0,00). Then formula (3.8) shows

that dK, o is differentiable and accordingly continuous. As a
s

consequence, we can conclude that Ka(’? G is of class C! from the

set BCI())(Y7R;L2)(¢0,(50) X B)C(Zo,(so) to E(k+1)((c}(})(y’7 RhQ) X ’C)k X

LY(Y),CY ,(c1Q)) for all p € ]0,1/co[ and that, as we have mentioned

above, Haf G is of class C! in Beo(v,riz) (¢0,00) x B (20, 60) x L*(Y).
s

Then, by the chain rule and by the rule of differentiation for bilinear

maps, we immediately deduce that

(310) dHaél’z)G[(ﬁazaf](uawav)['a'~~ a']
= B(k:,—zl)G[QS’ Z][a e gty (u’ w)a f] + KH&)Z)G[Q% Z] ['a sty ’U]
for all (u,w,v) € CY(Y,R"?) x K x L}(Y),

for all (¢,z, f) € Bcg(y,Rh2)(¢0a50) x Bx(20,00) x L}(Y) and for all
k € N (see also (3.8)).

We now show that Hg is of class C* from BCQ(Y,R’L2)(¢0750) X
By (20, 80) x L'(Y) to CF ,(c1€) for all p € ]0,1/col, for all k € N\ {0},
and that the kth order differential is delivered by formula (3.2) for all
k € N\ {0}. We argue by induction on k. To do so, we first introduce
some notation. If & € N\ {0} and [ € {1,...,k}, then we denote by
Tk, the linear and continuous map from (C?(Y,R"2) x K x L}(Y))* to
(C(Y,R2) x K)F=1 x LY(Y), defined by

Ty [(u“],wm,vm), . (u[k]7w[k] : ’U[k])]
= (@, wlVy, .l wl), . @l W), o) i > 1,

T [(ul, wl W0 = o0 i =1,

for all ((ull, wl™ o), .. (ul*] wlF vy e (CP (Y, RM2) x Kx LY (Y))F.
If k € N\ {0}, we also introduce the linear and continuous map T}, from
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the space (CP(Y,R") x K x L}(Y))* to (CP(Y,R"2) x K)*, defined by
Tl ) o), @, 0l o] = (@l 0, @, ),

for all ((ull, wl™ o), . (ul*] wlF vy e (CP (Y, RM2) x Kx LY (Y))F.
A simple computation shows that the map from £® ((CP(Y,R"2) x
K)k, €S ,(c19)) to LK) ((CY(Y,RM2) x K x LY(Y))*, €3, (c1€2)) which
takes L to L o T} is linear and continuous, for all k& € N\ {0} and

€ 10,+o0[. Similarly, the map from E(k)((CO( JRM2) x )R x
LY(Y),C ,(c1Q)) to L&) ((C(Y,RM2)x Kx LY (Y))*, CJ ,(c1Q)) which
takes L to Lo Ty is linear and continuous, for each Z e{l,...,k} and
for all k € N\ {0} and p € ]0, +o0].

We have already proved that Hg is of class C! and that (3.2) holds
for k = 1. We now assume that Hg is of class C* and that (3.2) holds
for k, and we prove that Hg is of class C**1 and that (3.2) holds for
k + 1. By inductive assumption, we have

(3.11) d*Hg|o, 2, f]((u[l],w[l],vm), .. (u[k],w[k],v[k]))

= Hyr gl flo T [ wl o), (], wl], o))

k

+ZKafn 21>G[¢7 2] 0 Tpy [(u™, o), oo (k] k] o M)

for all (ul™, wll ol o0 () wlk] oF) e CO(Y,RM2) x K x L}(Y)
and for all (¢, 2, f) € Beo(y,rnz)(d0,00) x Bic(20,0) X LY(Y). Since

Hdk )G[, ;7] and Kgr-1 4[-,-] are continuously differentiable in
(n.2 (1,2)

Beo(y,rrz) (0, 00) X B (20,00) x L'(Y) and in Boo(y.rrz) (@0, 00) ¥
B (20, do), respectively, we can conclude that d* Hg[-, -, -] is of class C!
on Bcg(KR;Lz)(qﬁo, 80) X Bx(20,00) x LY(Y) and that, accordingly, the
function Hg is of class C**1 from Bcg(Kha)(gi)o,éo) x Bk (20, 00) X
LY(Y) to CJ ,(c19) for all p €]0,1/col.

We now compute the formula for d**1 Hg[é, z, f]. To do so, we fix

(u[l],zt)[l],v[l])7 ey (u[k"’l},w[k*'l],v[k"’l]) € CY(Y,R") x K x LY(Y).
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Then by formulas (3.8), (3.10), (3.11), we have

dk+1HG[¢7 z f] ((’U,[l] ’u}[l] , ’U[l])7 e (u[k-‘rl] , w[k_;’_l] 7 U[k+1]))
— den+zl) (o, Z][(u[ll7 w[l])7 o (U[kH],w[kH])’ l
+ Ko G[fii A, w), . @, w1

+ZKak ale 2o T [(u T oI ) T
(a1, b+ 11
85*1)0[(7257 2, f] © TkJrl [(u[l]aw[l]vv[l])a R
n,2
(a1 b+ 1))
k+1

+ZK8 = o,z OTk+1,l[(u[l],w[l],v[l]),...,

(1 gl H1] 1))

which proves formula (3.2) for k replaced by (k + 1).

Finally, we prove that Hg is a real analytic function from the
open ball Beo(y rra)xicx L (v) (0, 20, fo), ) to G ,(c1) for all p €
10,1/(2¢o)[, where

5 = min{éo, QLCO} .

To do so, we exploit the classical Cauchy estimates. We must prove
that there exists C' > 0 such that for each p € ]0,1/(2¢o)[, we have
(3.12)

k!
|d* He[4, , e (covrreyxcxi(vyy,co, @) < CW’

forall k € N\{0,1} and for all (¢, z, f) iIn Boo(y.rra) s x 21 (v) (D05 20, o),
84)-



A REAL ANALYTICITY RESULT 39

By formulas (3.2) and (3.7), we have

(3.13) [ld"He ¢, 2, (a0l o), (T wl oM oo 0

< cé“cpk(H 1, 08 o X,c)nfuy

. Z( ke k( 11 |W],wm>||cg<y,mw) wﬂ”my)
Je{l,... .k {t}
k
§ C(l)+k0p,k < HH(U[]]?w[]])'CS(Y7R}L2)><’C> ||f||L1(Y)
j=1

k
+ kclgcp,k—l H <|(umwm)”cg(y,mz)x;c + HUM ||L1(Y)>
j=1

< dithe, k<H|| ) |co<YRh2>x,c>||f||L1

+ kcgcp,kfl H H(u[j]aw[j]vU[j])HCS(Y,R’L2)><IC><L1(Y)7
j=1

for all (ull, wll o) o (ulF Wkl y*) in O (V,R"2) x K x L}(Y),
for all (¢,z, f) in Bcg(Kha)X,CxLl(y)((qbo,zo, f0),60), and for all p €
10,1/(2¢o)[. Next we note that

h+k
(h4+1)-...-(h+k)(cop) = ( i )k;!(cop)h < 2R E (cop)t
= (2cop)"k!2% for all b,k € N, k > 0,
and that, accordingly,
cpr < K128 forall k € N\ {0},

for all p €]0,1/(2¢co)[. Then the right hand side of (3.13) is less than
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or equal to

k

klep2k (Co|f|L1(Y) + )(H ull, bl U] )|cg(y,Rh2)xiC><L1(Y)>

1
(coll fols vy + collf = foll ey + 3)

Kl
= 2P

k
X <H ”(umvw[]]avm)||C§(Y,Rh2)><lc><L1(Y))
j=1

k!
= /200"

k
X <H ”(umvw[]]av[j])||CS(Y,R“2)><IC><L1(Y))
j=1

for all (ultl, wltl vl) o) (ulF W o) in CP(Y,RM2) x K x LY(Y),
for all (¢, z, f) in Booy,rra)xkxri(v) (Do 20, fo0), 6)), and for all p €
10,1/(2co)[. Hence, (3.12) holds with C' = co| fol|z1(v) + 1, and the
proof is complete. O

(collfollzacr +cog +3)
CollJollL1(Y) CO2C0 D)

Then we have the following corollary (see also [9, Proposition 6.1]).

Corollary 3.14. Let r € N, hy,hy € N\ {0}. Let Q be a bounded
open subset of R" . LetY be a topological space. Let M be a o-algebra
of parts of Y containing the Borel sets of Y. Let i be a measure on M.
Let K be a Banach space. Let W be an open subset of R x R' x K
such that there exists (n*,z*) € R" x K such that

clQ x {n*} x {z*} CW.
Let
F= {(¢, 2) € COUY,R") x K:clQ x cl(Y) x {2} C W}.
Let G be a real analytic map from W to R. Then the map Hg from
F x LY(Y) to C™(c1Q) defined by
alo, z, fl(z /Gmd) )f(y)dpy for all x € clQ,

for all (¢, z, f) € F x LY(Y) is real analytic.
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Proof. Tt clearly suffices to prove that, for each (¢o,20) € F, there
exists an open neighborhood Uy of (¢o, z0) in F, such that Hq is real
analytic from Uy x L1(Y') to C"(c1Q). So, let (¢g, 20) € F. By applying
Theorem 3.1, we deduce that there exist an open neighbourhood Uy
of (¢o,20) in F and p € ]0,4o00[, such that Hg is real analytic
from Uy x L*(Y) to CJ_,(c19). Then we note that the embedding of
CY ,(c1Q) in C"(c19Q) is linear and continuous, and thus real analytic.
Hence, Hc is real analytic from Uy x L' (Y) to C"(c1€), and thus the
proof is complete. a

We note that the same argument of the proof of Theorem 3.1 can be
exploited to prove that Hg is of class C* from F x L}(Y)) to a Schauder
space if G satisfies appropriate differentiability conditions but is not
necessarily analytic.

4. Analyticity of an integral operator in Schauder spaces.
We are now ready to prove our main result on H é

Proposition 4.1. Let hy,ha € N\ {0}. Let m € N, « €]0,1]. Let
Y be a topological space. Let M be a o-algebra of parts of Y containing
the Borel sets of Y. Let 1 be measure on M. Let K be a Banach space.
Let W be a nonempty open subset of RM x R" x K. Let G be a real
analytic map from W to R. Then the following statements hold.

(i) Let n € N\ {0}. Let Qq be a bounded open connected subset of
R™. Let Q1 be reqular in the sense of Whitney. Let

F= {(\P,¢,z) € C™(clQy, RM) x CY(Y,R") x K :
(el ) x el (V) x {z} C W}.
Then the map Hg from F x LY(Y) to C™*(c1€) defined by
(V.02 110) = | GO 000).2)f () dy for ol t €A,

for all (¥, ¢, 2, f) € F x LY(Y), is real analytic.
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(ii) Let n,s € N, 1 < s <n. Let M be a compact manifold of class
cma{lmba embedded into R™ and of dimension s. Let

Fi= {(w,qb,z) € C™ (M, R") x CY(Y,R") x K :
M) X el (Y) x {2} C w}.
Then the map Hg from F¥ x LY(Y) to C™*(M) defined by

HE (0.6, £10) = | GL.00).2) ) du, for allt €M,
for all (¥, 9,2, f) € Ft x LYY), is real analytic.

Proof. We first consider statement (i). We first prove that F #* .
Let (z*,n*,2*) € W. Let the functions ¥, € C™%(clQy, R"1) and
¢y € CP(Y,R"2) be defined by setting W, () = z* for all ¢t € cl
and ¢+ (y) = n* for all y € Y. Then we have (U, ¢y-, 2%) € F.

Since the maps ¥_and ¢ are continuous and bounded, and W is
open, then the set F is easily seen to be open in C™%(clQy, R") x
CY(Y,Rh2) x K. Then it suffices to show that, for each (Vg, ¢, 29) € F
there exists an open neighborhood Vg of (¥g, ¢, 20) in F such that Hg
is real analytic from Vo x L1(Y) to C™*(cl Q).

By assumption, Wy(cl1) x clgo(Y) x {20} has a positive distance
0o from the complement of W. Thus, possibly shrinking dp, we can
assume that the closure of

(Po(cl Q1) + By, (0,60)) x clopo(Y) x {20}
is contained in W. Then we set
Q= Tp(cl Q) 4+ Bp, (0,d0),
and we note that  is a bounded open connected subset of R"', and

that
clQ xclgg(Y) x {z0} T W.
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By Theorem 3.1, there exist an open neighborhood Uy of (g, z9) in F
and po € ]0,+oo[ such that Hg is real analytic from Uy x L'(Y) to
CY ,(c1Q) for all p € ]0, po[. Then we set

V() = Cm’a(cl Ql, Q) X Z/{(),
and we note that
Ha[V, ¢, 2, fI(t) = Halp, 2, flo W(t) for all t € cl€,

for all (¥, ¢, 2, f) € Vo x L1 (Y). Then, by Theorem 3.1 and Proposi-
tion 5.2 of the Appendix on the composition operator, we immediately
deduce that Hg is real analytic from Vo x LY(Y) to C™%(cl ).

We now prove statement (ii). We first prove that F* # @. Let
(z*,n*,2*) € W. Let the functions 1.« € C™*(M,R™) and ¢, €
CY(Y,R") be defined by setting 1, (t) = x* for all t € M and
¢y (y) = n* for all y € Y. Then we have (1, ¢y, 2%) € F*.

Since the maps ¥ and ¢ are continuous and bounded, and W is open,
the set F* is easily seen to be open in C™ (M, R") x CP(Y,R"2) x K.
Then it suffices to show that, for each (1, @0, 20) € F*, there exists an
open neighborhood Vy of (1, ¢o, 20) in F* such that H, é is real analytic
from Vo x L1(Y) to C™*(M).

By assumption, 1o(M) x clég(Y) x {20} has a positive distance dg
from the complement of WW. Then, possibly shrinking dy, we can assume
that the closure of

(¥o(M) + B, (0,60)) x cldo(Y) x {z0}
is contained in W. Let R > 0 be such that M C B,,(0, R). Let E be
an extension operator from C™(M,R") to C™%(cIB, (0, R), R")

(see Lemma 5.1 of the Appendix.) By the uniform continuity of E[ty],
there exists 7 > 0 such that

[E[to](x1) — Eltho](22)| < do

whenever
21,22 € cl B, (0, R), |r1 — 22| <.
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Possibly shrinking 7, we can assume that M + B,,(0,7) C B, (0, R).
Next we take an open bounded subset 27 of class C*° of R™ such that

M Q Ql Q ClQl Q M+ Bn(O,U),
and we still denote by E the extension operator E composed with the
restriction operator from C™%(cIB, (0, R), R"t) to C"™%(cl €y, R").

Obviously,
E[¢0](CIQ1) C o (M) + Bhl (07 60)

Then we set
Vi = {(‘1’,¢,z) € ™ (AR, RM) x OY(V.R") x K :
U(cl) xclop(Y) x {z} C W}

As we have seen,

E[th](cl Q1) x clgo(Y) x {20}
C (¢o(M) + By, (0,80)) x cl do(Y) x {z0} € W.

Since €2 has a finite number of connected components, statement (i)
implies that Hg is analytic in V; x L'(Y). Then we set

Vo={(¥,¢,2) € C™*(M,R™) x C}(Y,R™) x K : (E[¢],¢,2) € V1}.

Since E is continuous and V; is open, then V) is an open neighborhood

of (wo; d)O; ZO)' Since Hé[wa ¢a Z, f](t) = ﬁG[E[w]v ¢7 z, f](t) for all
t € M, we conclude that Hg is analytic in Vo x L1(Y). O

APPENDIX

5. First we introduce the following classical extension lemma. A
proof can be effected as in Troianiello [19, Proof of Lemma 1.5, page 16].

Lemma 5.1. Letn,s € N, 1 < s <n. Let m € N, o € ]0,1].
Let M be a compact manifold of class C™{Lmba embedded into R™
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of dimension s. Let Q) be a bounded open subset of R™ containing M.
Then there exists a linear and continuous extension operator E from
C™*(M) to C™*(clQ) such that the support of E[] is compact and
contained in Q for all ¢ € C"™*(M).

Then we introduce the following slight variant of Preciso [15, Propo-
sition 4.2.16, page 51] [16, Proposition 1.1, page 101] on the real an-
alyticity of a composition operator. See also [8, Proposition 2.17, Re-
mark 2.19] and the slight variant of the argument of Preciso of the
proof of [10, Proposition 9, page 214].

Proposition 5.2. Let h,k € N\ {0}, m € N. Let a €]0,1], p > 0.
Let Q, € be bounded open connected subsets of R" and R¥, respectively.
Let Q) be regular in the sense of Whitney. Then the operator T defined
by

TCv]=(Cov
Jor all (¢,) € CF (c1Q) x C™(cl¥,Q) is real analytic from the
open subset C3 (c1Q) x C™ (1€, Q) of CJ ,(c1Q) x C™*(c1 Y, R")
to C™%(cl Q).

REFERENCES

1. R. Bohme and F. Tomi, Zur Struktur der Lésungsmenge des Plateauproblems,
Math. 7. 133 (1973), 1-29.

2. H. Cartan, Differential calculus, Hermann, Paris; translated from the French:
Houghton Mifflin Co., Boston, Mass., 1971.

3. M. Dalla Riva and M.Lanza de Cristoforis, A perturbation result for the layer
potentials of general second order differential operators with constant coefficients,
J. Appl. Funct. Anal. 5 (2010), 10-30.

4. K. Deimling, Nonlinear functional analysts, Springer-Verlag, Berlin, 1985.

5. D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of second
order, Springer-Verlag, Berlin, 1983.

6. D. Henry, Topics in nonlinear analysis, Trabalho de Matematica 192, Brasilia,
1982.

7. M. Lanza de Cristoforis, Properties and pathologies of the composition and
inversion operators in Schauder spaces, Acc. Naz. delle Sci. detta dei XL 15 (1991),
93-109.

8. , Differentiability properties of a composition operator, Rend. Circ. Mat.
Palermo 56 (1998), 157-165.




46 M. LANZA DE CRISTOFORIS AND P. MUSOLINO

9. M. Lanza de Cristoforis, Asymptotic behavior of the solutions of a nonlinear
Robin problem for the Laplace operator in a domain with a small hole. A functional
analytic approach, Complex Var. Elliptic Equat. 52 (2007), 945-977.

10. , Perturbation problems in potential theory, A functional analytic
approach, J. Appl. Funct. Anal. 2 (2007), 197-222.

11. , Asymptotic behavior of the solutions of a nonlinear transmission
problem for the Laplace operator in a domain with a small hole. A functional
analytic approach, Complex Var. Elliptic Equat. 55 (2010), 269-303.

12. M. Lanza de Cristoforis and P. Musolino, A perturbation result for periodic
layer potentials of general second order differential operators with constant coeffi-
cients, Far East J. Math. Sci. 52 (2011), 75-120.

13. M. Lanza de Cristoforis and L. Rossi, Real analytic dependence of simple
and double layer potentials upon perturbation of the support and of the density, J.
Integral Equations Appl. 16 (2004), 137-174.

14. , Real analytic dependence of simple and double layer potentials for the
Helmholtz equation upon perturbation of the support and of the density, Analytic
methods of analysis and differential equations, A.A. Kilbas and S.V. Rogosin, eds.,
Cambridge Scientific Publishers, Cambridge (UK), 2008.

15. L. Preciso, Perturbation analysis of the conformal sewing problem and related
problems, Ph.D. dissertation, University of Padova, 1998.

16. ———, Regularity of the composition and of the inversion operator and
perturbation analysis of the conformal sewing problem in Roumieu type spaces,
Nat. Acad. Sci. Belarus, Proc. Inst. Math. 5 (2000), 99-104.

17. G. Prodi and A. Ambrosetti, Analisi non lineare, Editrice Tecnico Scientifica,
Pisa, 1973.

18. C. Roumieu, Sur quelques extensions de la notion de distribution, Ann. Sci.
Ecole Norm. Sup. 77 (1960), 41-121.

19. G.M. Troianiello, Elliptic differential equations and obstacle problems,
Plenum Press, New York, 1987.

20. T. Valent, Boundary value problems of finite elasticity. Local theorems on
existence, uniqueness and analytic dependence on data, Springer-Verlag, New York,
1988.

DEPARTMENT OF MATHEMATICS, UNIVERSITA DEGLI STUDI DI PADOVA, ViA TRI-
ESTE 63, 35121 PADoOvA, ITALY
Email address: mldc@math.unipd.it

INSTITUT DE RECHERCHE MATHEMATIQUES DE RENNES (IRMAR), UNIVERSITE
DE RENNES 1, 263 AVENUE DU GENERAL LECLERC, 35042 RENNES, FRANCE
Email address: musolinopaolo@gmail.com



