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ABSTRACT. In the paper two classes of first order integro-
differential equations with autoconvolution integral are stud-
ied generalizing an equation of J. M. Burgers from the tur-
bulence theory. General existence and stability theorems in a
finite interval are proved and the asymptotic behavior of the
solutions at infinity is discussed.

1. Introduction. In his theory of turbulence J. M. Burgers [3] (for
Burgers’ turbulence see also [6, 7, 12]) studied an integro-differential
equation which can be reduced to the equation
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with autoconvolution integral I(y) = fox y(&)y(z — £)d€ and derived a
solution of this equation by series expansions in powers and exponen-
tials.

In this paper we deal with a general first order integro-differential

equation of the form
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with given numbers T' € (0,00) and given functions k,a,b and g.
Equation (1.2) comprises equations with singular coefficients of y at
x = 0 like (1.1) (Type I) as well as related equations with singular
coefficients of y and I(y) (Type II). For both types of equations we prove
general existence and stability theorems applying the iteration method
with weighted norms in the form of our paper [10]. For convenience
of the reader we state the corresponding theorem from [10] below in
this Introduction. The theorem was formerly used in papers [2, 9, 11,
14] to study integral equations of the third kind with autoconvolution
integral. In this way we obtain a nearly complete picture about the
solvability of the integro-differential equations on a finite interval [0, T'].

Further, following Burgers, we derive some solutions by power and
exponential series expansions as a basis for a discussion of the asymp-
totics of the solutions at infinity and state basic asymptotic solutions
of generalized Burgers’ equation and a related equation of type II.

The existence proofs in the paper are based on an existence theorem
from [10] for operator equations of the form

(1.3) y = f+Glyl+ Ly, vl

with a linear operator G and a bilinear operator L in a Banach space X
endowed with the scale of norms ||z||s, o > 0 satisfying the condition

(1.4) Aa)|zllo < lzlle < |lzllo forany ze€ X and o >09>0

where A € C(Ry — Ry ), A > 0, which we cite here as Lemma 1.
Lemma 1. Let the linear operator G : X — X and the bilinear

operator L : X x X — X fulfill the inequalities

(1.5) IGE]lle < M(o)llzllo, o =00

for any z € X with a continuous function M satisfying M (o) — 0 as
o — o0, and
(1.6) IL[z1, 22]llo < Nllzalloll22lle, o= 00

with a constant N and

D e s {0
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with continuous functions v, k = 1,2, satisfying vi(c) — 0 as 0 — o0
for any pair z1,20 € X.

Then equation (1.3) has a uniquely determined solution y € X.
Moreover, for solutions y1 and ya, corresponding to functions f = fi
and f = fo, respectively, the stability estimate

(1.8) llyr — y2ll < A(Q1,Q2)|f1 — fall

holds, where Qi = (| fell, |Gfelll), k =1,2, and A € C (R - R), A >
0 and A(z1,... ,x4) is increasing in xi,... ,24.

The plan for the paper is as follows. After formulating the problem
in Section 2 we prove the existence theorems in Section 3 and 4,
respectively. In Section 5 we discuss the asymptotics of the solutions
at infinity whereas the asymptotic solutions are dealt with in Section 6.
In Appendix we perform Burgers’ straightforward calculation of some
sums with roots of the Bessel function which are needed for the solution
to equation (1.1) in form of an exponential series.

2. Problem formulation. Reduction to a family of integral
equations. We are going to study the equation (1.2) in several
weighted functional spaces where the weight is defined by the main
part of the coefficient k. In the sequel we will always assume that

(2.1) k=x+DB with »x€I, BeL'Y0,T)
where

(2.2) I= () LYT).

e€(0,T)

Important examples are (z) =y~ %, a > 0, v € R and (with 7' < 1)

and »(z) = w, ~v € R. For Burger’s equation (1.1)

we have s(z) = 5= and B(z) = —1:2%, a =1, b= 0.

We remark that instead of B € L'(0,T) we also can assume that B
is (improperly) Riemann integrable with finite integral fOT B(x)dx.
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Let us define the following basic functional spaces related to the
coefficient » € 7:

(2.3) LP := {u P ARG LP(O,T)}

T
with the norm ||ul|z» = e*f =(de, 7
L»(0,T)
T oe(e)d
(24) C. = {u P O C[O,T]}
T
with the norm |ju||c, = e‘f =(©)de, 7
C10,T]
(2.5) W, ={y:yeC.y eI}
Note that
(2.6) Wy ={y:yeC0,T],y €I}

In this paper we will treat the case when equation (1.2) can be reduced
to a family of integral equations of the second kind by means of solving
it with respect to the left-hand side. For such a reduction we need the
following lemmas.

Lemma 2. Ifp € L., then the family of solutions of the equation
y'(z) + k(x)y(z) = o(x), z € (0,T), is in the space

(2.7) W= {y:yeC(0,T],y €I}

given by the formula

28) yla) = Kel O 4 / S de e,

0
z€(0,T), K €R.
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Proof. uses well-known arguments from the theory of linear ordinary
differential equations. i

Lemma 3. Ifge€ L., then the equation (1.2) is in the space
(29) Swan = {y Y e Wv/ a(-,m)y(- = Ty(r)dr € L,
0

/' b(-, T)y(r)dr € L;}

0
equivalent to the following family of integral equations

(210) y(x) = Kefka(E)dg_’_/m eif;k(n)d"]g(g)df

0

" J< woman ‘ T)y(T —T1)dT
+ / e e / a6, TYy(r)y(€ — 7)drde

T [Tk [
+ / e e / b(e, Ty(r)drde, € (0,T),

where K € R is an arbitrary parameter.

Proof. Denoting

Al(@) = g(a) + [ "l y(e — Ty(r)dr + / b, Ty (r)dr,

the equation (1.2) can be rewritten in the form y'(z) + k(z)y(z) =
elyl(x), z € (0,T). Further, by the assumptions of Lemma 3 the
function ¢[y] belongs to L. for any y € S, 4p. Now we observe that
the assertion of Lemma 3 immediately follows from Lemma 2. O

Remark 1. Any solution of (2.10) belongs to the space S, q,5. Indeed,
let y solve (2.10). It is easy to see that the right-hand side of (2.10)
is continuous and differentiable for any = € (0,T]. Therefore, y € W.
Moreover, the necessary conditions for the second and third addend in
the right-hand side of (2.10) to exist for any « € (0,7"), are

/. a(-,T)y(- — T)y(r)dr € L, and / b(-,7)y(r)dr € LL.
0 0
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These conditions must hold for any solution y. Summing up, y € S, 4,6
for any solution y.

We can establish the behavior of the solution of (2.10) at x — 0T, as
well. Namely, the following lemma is valid:

Lemma 4. Let g € LL, K be some real number and y € S.. ap
solve (2.10). Then y € WL. Moreover, y has the property

T
(2.11) lim e o #O€ 0y A = ey BOE

z—0t

T
Proof. Multiplying (2.10) by e Jo A and observing that
k = » + B we obtain

212) e Jo Hmany
_ kelt B(E)d£+/ oo B@de ~ |, i e e

0

N /” - f: B(§)de — f: s(n)dn /5 a(&,T)y(T)y(€ — 7)drde
0

+/z(;fZB P ”“’“’7/ b€, T)y(r)drde, x € (0,T).
0

Observing that B € L'(0,7), g € L, [, a( —7)y(r)dr € L.,
fo 7)dr € L. (cf. definition of S%,a,b), and the definition of
LY we see that the right-hand side of (2.12) belongs to C[0,T]. Thus,
y € C,.. Further, since y’ € Z for y € S,. 4, we obtain y € WL. Finally,
taking the limit x — 07 in (2.12) we deduce (2.11). O

Remark 2. According to Remark 1 and Lemma 4 under the assump-
tion g € LL any solution of (2.10) belongs to W 1.

We note that in case of positive s(z) the solution space WL may
contain functions that are singular at x = 0. However, this singularity
may be only integrable provided either a or b is bounded away from
zero. This follows form the next lemma.

Lemma 5. Let there exist § > 0 such that either the inequality
(2.13) la(x,&)| > forae 0<E&<a<T
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or the inequality
(2.14) |b(x,&)]| > forae 0<&<ax<T

is fulfilled. Then any solution y € W1 of (2.10) belongs to the space
LY(0,7).

Proof. Let y € W1 solve (2.10). If y = 0 then y € L(0,T) trivially.
Thus, let y # 0. This in view of WL C C(0,T] implies that there exist
zo € (0,T), s € (0,z9) and ¢ > 0 such that

(2.15) ly(zo — &) > ¢q forany &€ (0,s).

Let us prove the assertion of lemma in the case (2.13). From (2.10) we
see that a(&, - )y(-)y(€ —-) € LY(0,T) for a.e. £ € (0,7T). Evidently, we
can choose x¢ so that a(zo,)y(zo —-)y(-) € L*(0,s). Due to (2.13) and
(2.15) we have |a(zo, &)y(zo—&)| > dq > 0 for any € € (0, s). Therefore,
y € L'(0,s). This with y € C(0,T] implies y € L*(0,T). In case (2.14)
the proof is similar. ]

In Sections 2 and 3 we will study the solvability of the family of
equations (2.10) or, equivalently, the equation (1.2) mainly in the
largest possible solution space W..

We are going to deal with two main types of the integro-differential
equation (1.2):

Type 1. The kernels a(z,€) and b(z, ) are integrable with respect to
x and &.

Type I1. The kernels a and b are representable in the form

(2.16) a(z,§) = »(x)ao(x,§), b(x,§) = s(x)bo(x,¢),

where ag(z,£) and bo(x, &) are integrable with respect to z and £. We
remark that equation (1.2) with @ and b of the form (2.16) can be
obtained from the integro-differential equation of the third kind

(217) v(@)y/(2) + (1 + Bo(x))y(z) = / "ol y(©)y(e — €)de

+ / “bo(a, Oy(E)de + h(z), @€ (0.T),
0



46 J. JANNO AND L.V. WOLFERSDORF

where v € C[0,T] with v(0) = 0, v(z) # 0 for 0 < = < T if we set
»(x) = ﬁ, B(z) = 29&) g(z) = 22) and assume Bo e LY0,T).

v(z) (@)

3. Integro-differential equation of type I.

3.1. The cases of non-positive and integrable . Here we will study
the equation (1.2) of type I in the cases when either s is non-positive
having possibly non-integrable singularity at x = 0 or » € L*(0,T).

We start by proving a technical lemma.

Lemma6. Letl € L'(0,T), l(z) > 0 andu,(z) = [ e @=9(&)dE.
Then uy — 0 in C[0,T] as 0 — oc.

Proof. To prove Lemma 6, we make use of the following general
result (see [8] p. 43):

Lemma 6a. Letuy,, o > 0, be an equicontinuous family of functions
in C[0,T] such that us(xz) — u(z) as o — oo for any x € [0,T] where
u € C[0,T]. Then u, — u in C[0,T] as 0 — .

Let w be the modulus of continuity of the continuous function v(z) =
Jy U€)dE. Then, for any o > 0 and 1 < 22 from [0,T] we have

xT

Iug(x1)—-ua(xzﬂrzk/‘26‘““”‘f>ﬂf)d£

1

n /I (emte2=) — =09 ) ) ag

0

T2
< [ U@ = wllor - )
1

because [(§) > 0 and e @278 <1 for 0 < &€ < x5 and e (#2278 —
e @18 < 0 for 0 < € < x; < xp. This implies that the family
Uy, 0 > 0, is equicontinuous. Furthermore, since e_"(’”_g)l(f) — 0 as
o — oo ae. € (0,x) for any x € [0,7T] we have u,(r) — 0 as 0 — 00
for any = € [0,T]. Consequently, by Lemma 6a we obtain u, — 0 in
C[0,T] as 0 — o0. o

Now we prove a theorem concerning the equation (1.2) in the case of
non-positive s.
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Theorem 1. Let g€ LY, and »(x) <0, x € (0,T). Assume that

(3.1) / Jal- ©)lde / b ©)ldE € L1(0.T).

Then the equation (1.2) has a one-parametric family of solutions in the
space WL with the parameter

T
(3.2) A= lim e ) %(E)dgy(x) eR.

z—0t

Any solution of (1.2) belongs to this family. Moreover, for solutions y1
and ys, corresponding to the functions g = g1 and g = g2, respectively,

T
and satisfying the initial condition A = IILI(I)I e L %(g)dgyl(x) =
T
Ililg1+ e J. %(E)dgyg(:c) the stability estimate

33) vy —w2lle. < AUAL Al [1f2lc)llfr = fallo.

holds where

(3.4) filz) = /0 ¢ KB g k=12,
and
35) AeC(RL—R), A>0, Az1,z2,73)

— increasing in Ti, T, T3.

Proof. Let us fix K € R and rewrite the equation (2.10) in the form
y = [+ Glyl+ Ly, y], where

(3.6) F@) = Kel HO% / e SR e
0
x) = xeff:k(n)dn ‘ Ty(r)dr
(3.7) Gly)(x) / / b(E, 7Yy (r)drde

T z 13
(38)  Lly.A) = / ¢~ Je o / o€, 7)y(r) (€ — 7)drde,
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Observing the decomposition k = 3 + B from (3.6) we have

T T
(39) e j; %(E)dgf(.lﬁ) _ Kej;v B(&)dg
T = T
+ [ demme Iy gy
0

Note that

(3.10) o) O c oo 1y oSS BOM ¢ oay)
where A7 ={(2,{) : 0<2<T,0<§<a}

T
because B € L'(0,T). Moreover, e_f %(")dng € LY(0,T) due to
the assumption g € LL. Consequently, from (3.9) we see that

T
e_f %(n)dnf € C[0,T], hence

(3.11) fec..

Further, we introduce the scale of norms

g [ yn,,

e “e , o2>0,

0,7

(3.12)  ulls = ||e_"'uHC% =

in the space C,,. This scale satisfies the condition (1.4) with A(o) =
e~ °T. Using the relation k = s 4+ B we compute

(3.13) e omem LML ()
Ol /0 "o S /O ‘ a(€, )21 (1) 2 (€ — 7)drdg
= /m e~ o@=8) " Jo B(")d"\y(g)df
0
where
(3.14) W(e) = /0 a6, myel i S <man

T T
xe "Te fT %(n)dnzl (7)67”(577)67 fsﬂ x(n)anQ (& —T1)dr.
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¢
Due to the assumption s(n) < 0,n € (0,T), the functions efT s(m)dn

T
and ef D e bounded by 1for 0 < 7 < & < T. This due to (3.1)
implies

£
(3.15) [2(©)] < () 2]l 2]l h@%=£|d&ﬂMT€U@JW

The relation (3.15) with (3.10) implies that the second row of (3.13)
belongs to C[0, T] provided z1, zo € C,,. Thus,

(3.16) Llz,29) € C,, for any =zi,22 € C...
Similarly, from (3.7) we have

(3.17)  e=meJo G0y = / " emo@-9, J B0 e ge
0

where

€ 3 T
(3.18) @(¢) = / 5(577)61} *)dn —g(e—r) ,—o .~ | < (g,
0

¢
Due to (3.1) and the boundedness of efr A e immediately obtain

13
(319)  |9(6)] < L(E) ]l b@%zélwaﬂWTéLW&T)

The relation (3.19) with (3.10) implies that (3.17) belongs to C[0,T]
provided y € C,,. Thus,

(3.20) G[z) € C,, forany zeC,.

The relations (3.11), (3.16) and (3.20) show that the equation y =
[+ Gly] + L]y, y] is well-defined in the space C...

Taking in (3.13) and (3.17) maximum over x € [0,7] and observing
(3.15), (3.19) we obtain

(3:21) [|L[z1, zalllo < v(o) |z1llollzello s IGTElIo < v(o) llzllo, o >0
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(3.22) v(o) = max 7f€ Blndn

0<é<z<T

€ HU'U”C[O,T]

and  u,(z) = /I e ==& d¢
0

where | = max{l,ls} € L*(0,T). Lemma 6 yields
vic) -0 as o — oo.

Taking this relation and (3.21) into account and using Lemma 1 we
come to the conclusion that the equation y = f + Gly] + L[y, y] or,
equivalently, (2.10) with given K has a unique solution in the space
C,. This solution is differentiable for any = € (0,7) (cf. Remark
1). Thus, y € WL.. Due to the assertion (2.11) of Lemma 4 the
solution y corresponding to K € R satisfies the condition (3.2) with

A= KefoT Bl

Summing up, we have shown the existence of a one-parametric family
of solutions of (2.10) in W} with the parameter (3.2). From the
uniqueness of the solution for fixed K € R and Lemma 4 we deduce
that any solution of (2.10) belongs to the constructed family. Since by
Lemma 3 and Remarks 1,2 equation (1.2) and the family of equations
(2.10) are equivalent in WL all these statements remain valid for the
equation (1.2), too. This proves the solvability assertions of Theorem
1.

Finally, the stability estimate (3.3) follows from the estimate (1.8) of
Lemma 1 in view of the relation (3.6) for the function f in the equation
y = f+Gly]+ Lly,y] and (2.11). Theorem is completely proved. O

At the end of this subsection we deal with the case s € L1(0,7)
without any assumptions about the sign of s». Note that in this case
according to the definitions (2.3), (2.5) and (2.6) we have L., = L'(0,T)
and WL =Wl ={y : ye€ C[0,T],y €T}

Corollary 1. Let g, € L'(0,T). Assume that (3.1) holds. Then
(1.2) has a one-parametric family of solutions in the space Wy with the
parameter A = y(0) € R. Any solution of (1.2) belongs to this family
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and its derivative satisfiesy' € L*(0,T). Moreover, for solutions y, and
Y2, corresponding to the functions g = g1 and g = g2, respectively, and
satisfying the initial condition A = y1(0) = y2(0) the stability estimate

(3:23) [ly1 —v2lle,m < AUAL [ filleo,z)s 1f2llco,m)Ilfr = fallego,m

holds, where fy, are given in terms gy by (3.4) and A is a function with
properties (3.5).

Proof.  Since » € L*(0,T) we can decompose k = s + B; with
sy =0, Bl = »+ B € LY0,T) and apply Theorem 1 with ¢
instead of s». This yields that (1.2) has a one-parametric family of
solutions in the space W3 = {y : y € C[0,T],y € I} with the
parameter A = y(0) € R and that any solution of (1.2) belongs to this
family. Further, if y is the solution of (1.2) then due to the relations
g,k € Ll(OvT)v fo |a(a£)|d£7f0 |b(a£)|d£ € LI(O,T) and y € C[OvT]
all terms except for 3 in (1.2) belong to L'(0,T). Thus, we have
y' € LY(0,T), too. Finally, the estimate (3.23) follows from (3.3).
O

3.2. The case of positive ». Here we will study the equation (1.2)
of type I provided s is positive.
T
In case eL (mdn o integrable at x = 0, we can prove a result that

is similar to Theorem 1.

Theorem 2. Let g€ LY and »(x) >0, x € (0,T). Assume that

T
(3.24) el 7 ¢ pio 1)
and
(3.25) sup la(-, &)l € LY, sup [b(-&) € L.
56(07') 56(07')

Then the assertions of Theorem 1 are valid.

Proof.  of this theorem repeats the proof of Theorem 1. The only
difference is the way of deriving the relations (3.16), (3.20) and (3.21)
for the operators L and G.
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Let us start by deducing (3.16) for the operator L. We have the
formula (3.13) with the function ¥ that we rewrite in the following
form:

T g T T
(3.26) W(E) = ) ”de/ a(ﬁ,r)eff s(mn [ s<(n)dn

0

T T
xe "Te fT %(n)dnzl (7)6_0(5_7)67 fsﬂ x(n)anQ (& —T1)dr.

By virtue of the assumptions (3.24) and (3.25), the definition of LS
and the well-known relation for convolutions

(327)  prpee L0.T) — / o1(P)gsa(- — T)dr € LM0,T)

we obtain

(3.28)  [W(O)] < 13(8) lz1llo ]l 22llo » I3(£)

3 T T
sup_la(:, ) / oSl mang [ ndn o pag .
7€(0,") L Jo

In view of this relation and (3.10) the right hand side of (3.13) belongs
to C[0,T] provided z1, z2 € C,.. Thus, we obtain (3.16).

Next we show (3.20) for the quantity G[z]. We make use of the
formula (3.17) that holds with the function ® of the form

(3.29) (&)
T 3 T T
- L %(n)dn/ b(fﬂ')ef* )dn g —o(6=7) g —or ™ J. %(")an(T)dT.
0

Due to the assumptions (3.24), (3.25) and the definition of L1 we obtain

(3.30)  [@(&)] < la(&) =0,

T T T
L(€) = / ol Fan g = o man b, 7)| € LY(0, 7).
0 7€(0,8)

In view of this relation and (3.10) the right hand side of (3.17) belongs
to C[0,T] provided z € C,,. Consequently, we get (3.20).
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Finally, taking in (3.13) and (3.17) maximum over z € [0,7] and
observing (3.28), (3.30) we obtain the estimates (3.21) with (3.22)
where | = max{l3,l4} € L*(0,T) and v(6) — 0 as o — oo due
to Lemma 6. |

Before we continue investigating the set of solutions of equation (1.2)

T
in W} in case ef ><(m)dn ¢ L*(0,T), we study this equation in the space
W that is a subspace of W1 provided s(x) > 0. (Indeed, according
to the definition of C,,, W} and s(z) > 0 we have {u : u € Cy =
Cl0,T), ' €I} = Wy C WL ={u:ueC,, v €I} Since the case
3 € L'(0,T) was completely covered by Corollary 1, we treat only the
case » & L'(0,T).

Theorem 3. Let g € LY0,T), »(x) > 0, x € (0,T) and
s & LY0,T). Assume that a and b satisfy (3.1). Then the equation
(1.2) has a unique solution in the space W3. This solution has the
initial value y(0) = 0. Moreover, for solutions y1 and ys, corresponding
to the functions g = g1 and g = g2, respectively, the stability estimate

(3:31)  lyr = w2llcrm < Allfillepns 1 f2llcom)Ilfr = falleo,r
holds where fi are given in terms g by (3.4) and

(3.32) AeC (Ri —R), A>0, Azy,22) — increasing in x1,2s.

Proof. Again, we rewrite the equation (2.10) in the form y =
f+Gly]+ L[y, y], where f, G and L are given by (3.6 - 3.8). Observing
(2.1), (3.10) and the assumptions of Theorem 3 we have

(3.33) ¢ ED ¢ oAz {(0,00) N L=(Ag),

T
(3.34) eL MOE oo as 2 — 0%,
Thus, in view of g € L1(0,T) from (3.6) we get

(3.35) feC[0,T] incase K=0, f¢&C[0,T] incase K #0.
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Introduce the scale of norms
(3.36) [ulle = ||670.uHC[O,T] 020,

in the space C[0, T]. This scale satisfies (1.4) with A\(¢) = e °T. From
(3.8) we obtain

(3.37) e " L[z1, 2)(z) = /Ox e~ o(@=8) o~ f: k(n)dn\lf(f)dg
where
¢
(3.38) W(e) = / A€, 1)~ 21 (F)e=7ET) 2o (€ — 7)dr.
0

Observing the assumption (3.1) we have

3
(3.39) ()] < ls(©)lzllollz2llo, 15(6) :/O la(€, 7)ldr € L'(0,T).

In view of this relation and (3.33) the right hand side of (3.37) belongs
to C[0,T] provided z1, z2 € C[0,T]. Thus,

(3.40) L[z1,20] € C[0,T] for any 21,29 € C[0,T].

Similarly for the quantity G[z] from (3.7) we have
(341)  e"Gl(x) = /O " o0 JEIg e g
where

13
(3.42) D(€) :/0 b(§,T)e_”(E_T)e_Wz(T)dT.

Due to the assumption (3.1) we obtain

3
(343) |9 < l6©)lo, (€)= / b€, 7)ldr € L}(0,T).
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Again, due to this relation and (3.33) the right hand side of (3.41)
belongs to C[0,T] provided z € C[0,T]. Therefore,

(3.44) Glz] € C[0,T] for any =z € C[0,T].

Summing up, the relations (3.35), (3.40) and (3.44) show that the
equation y = f + Gly] + L]y, y] is well-defined in the space C[0,T] in
case K = 0 and has no solution in the space C[0,T] in case K # 0.
Therefore, we continue studying this equation in case K = 0.

Taking in (3.37) and (3.41) maximum over x € [0,7] and observing
(3.39), (3.43) we obtain the estimates (3.21) with (3.22) where | =
max{ls,l¢} € L'(0,T). Lemma 6 yields

v(c) -0 as o — 0.

Thus, by Lemma 1 the equation y = f + G[y] + L[y, y] or, equivalently,
(2.10) with K = 0 has a unique solution y in the space C[0,T]. This
solution is differentiable for any = € (0,7) (see Remark 1), which
implies y € W¢. By Lemma 3 and Remarks 1,2 also y is the unique
solution of (1.2) in W{. The property y(0) = 0 follows from the equality
y(t) = f(t) + Gy](¢) + L[y, y](t), because its right-hand side equals 0
at t = 0 (cp. (3.6) with K = 0, (3.7), (3.8)) . Finally, the stability
estimate (1.8) follows from the estimate (1.8) of Lemma 1 in view of the
relation (3.6) for the function f in the equation y = f + G[y| + Ly, y]
and K = 0. Theorem is proved. ]

Now we return to the study of (2.10) in W}.

Lemma 7. Let g€ L'(0,T) and s(z) >0, z € (0,T) Assume that

T
(3.45) el = o pyo )
and a, b satisfy the conditions

(3.46)  sup la(€)| € L®(0,T), sup [b(-E)| € L'(0,T).
£€(0,) £€(0,)

Moreover, let either (2.13) or (2.14) holds with some 6 > 0. Then any
solution y € WL of (1.2) is a solution of (2.10) with K = 0 and belongs
to C[0,T1.
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Proof. As in the proof of Theorem 3 we have the relation
(3.33). Furthermore, Lemma 5 implies y € L'(0,7"). This means that
the right-hand side of (2.10) must belong to L'(0,7). The relation
y € L'(0,T) with the assumptions (3.46) yields [ a(z,&)y(&)y(z —
&)d¢, fom bz, &)y(€)dé € LY(0,T). In view of these relations, the as-
sumption g € L*(0,T) and (3.33) the right-hand side of (2.10) besides

T
the term Kef >o(m)dn belongs to C[0,T]. Due to the assumption (3.45)

T
the term Kef mdn L'(0,T) if and only if K = 0. Consequently,
we must have K = 0. But then the whole right-hand side of (2.10)
belongs to C[0,T]. This proves y € C[0,T]. o

As a corollary of Theorem 3 and Lemma 7 we can formulate the
following theorem.

Theorem 4. Letg € LY(0,T), s(x) > 0,z € (0,T) and (3.45) hold.
Moreover, assume that a, b satisfy (3.46) and either (2.13) or (2.14)
holds with some § > 0. Then the equation (1.2) has a unique solution
in the space WL. This solution belongs to Wi and has the initial value
y(0) = 0. Moreover, for solutions y1 and y2, corresponding to the
functions g = g1 and g = g2, respectively, the stability estimate (3.31)
is valid where fi, are given in terms g by (3.4) and A is a function
with the properties (3.32).

3.3. Examples. Here we apply results of previous subsections to the
equation (1.2) with the function k = » + B where B € L'(0,T) and

(3.47) »(x) = 7

— i 0,T
x| Inz|? in (0,7]

where 0 < T < 1 and v # 0, a > 0, 8 € R are constants. Using results

of this section we can formulate the following statements concerning
this equation.

1. Assume that v < 0, a > 0, 8 € R. Moreover, let g € L., and a,b
satisfy (3.1). Then Theorem 1 and in case » € L*(0,T) Corollary 1
hold.

2. Assume that either v > 0,0 < a <1, 8 € Rory >0, a = 1,
B>00r0<vy<1,a=1,3=0. Moreover, let again g € L., and a,b
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satisfy (3.25). Then Theorem 2 and in case » € L*(0,T) Corollary 1
hold.

3. Assume that either v >0, a =1, < lory>0,a>1, 8 €R.
Moreover, let g € L*(0,T) and a,b satisfy (3.1). Then Theorem 3 holds.

4. Assume that either v >0, a>1, e Rory>1, a=1, <0 or
0<vy<1l, a=1,8<0. Morewer, let g € L'(0,T) and a,b satisfy
(3.46) and either (2.13) or (2.14) with some § > 0. Then Theorem 4
holds.

Let us describe more precisely the solution sets in particular cases
under suitable assumptions on g, a and b.

If either 0 < a < 1,3 €Ror a=1, 3> 1then » € L'(0,T), hence
(1.2) has a one-parametric family of solutions in the space W with the
parameter A = y(0) € R, if « = § =1 then (1.2) has a one-parametric
family of solutions in the space {y : |Inz|Vy(z) € C[0,T],y" € I}
with the parameter A = liI?(()l+ [Inz|Yy(z) € R, if either v < 0, o = 1,

B<lory>0,a=1,0<f<lor0<~vy<1,a=1,5=0then (1.2)
has a one-parametric family of solutions in the space

{y : xmy(m) e Cl0,T),y EI}

with the parameter A = lim+ x”f/(l’ﬁ)“““:'ﬁy(x) € R (in particular,
z—0

if vy <1, « =1, 8 = 0 then (1.2) has a one-parametric family

of solutions in the space {y : zVy(x) € C[0,T),y € Z} with the

parameter A = 1irn+ 27y(x) € R), if vy < 0, « > 1, B € R then
z—0

(1.2) has a one-parametric family of solutions in the space
{y . e~V(1=a)TIT-B (- a2y € 00, T], ¢ € I}

with the parameter A = 1iI51+ 6_7(1_0‘)[’71”1_5’(1_0‘)'ln”‘)y(x) € R (in

particular, in case v < 0, @ > 1, 8 = 0 equation (1.2) has a one-
parametric family of solutions in the space

{v: e T y(@) € C0. 1),y € T}
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with the parameter A = lim+ e~/ (=D
x—0

[.7 t*"te~tdt is the (complementary) incomplete Gamma function (see
[4] Vol. II, Chap. IX).

y(z) € R). Here I'(a,z) =

4. Integro-differential equation of type II.

4.1. The cases of non-positive and integrable . In this subsection
we deal with the equation (1.2) of type II in the cases of non-positive
and integrable s. Let us start with the former case.

Theorem 5. Let g€ LY, and »(x) <0, z € (0,T). Moreover, let
(4.1) x#(1) < 3(§) for 0<7T<E<T.
Assume that a and b have the form (2.16) where ag and by satisfy

(4.2) sup lao(-,€)| € L'(0,T), sup |bo(-&)| € L(0,T).
EE(O,-) 56(07')

Then assertions of Theorem 1 are valid.

Proof.  repeats the proof of Theorem 1. Only it is necessary to
deduce again the relations (3.16), (3.20) and (3.21) for the operators L
and G under the assumptions of Theorem 5.

We start with the relation (3.13) for L with the function ¥ given
by (3.14). Due to the assumptions s(z) < 0 and (4.1) we have
[5(&)] = —2(&) < —3(7) for 0 < 7 < &. Thus,

3 2 d 3 2
(43) (@)l 1 < £ [

T
and from (3.14) in view of (2.16), (4.2) and the inequality efﬁﬂ g
1 following from the assumption s(x) < 0 we obtain

(m)dn <
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3 3 T
(4.4) |w(©)] < / [e(€) o€, 7 e <M =D gzl

€4 re¢
»x(n)d
< sup_faol€, )] [ Sel O ar .
T€(0,6) o a7

3

; »(m)dn

= Sup a g,T 1— hm efT 21lo || 22| &

Te<0,5>| o )|( e )|| 1o l22]l

< 1O a1zl 11(6) = sup lao(€ )] € LO.7),
T€(0,

The relation (4.4) with B € L'(0,7T) implies that the second row of
(3.13) belongs to C[0, T'] provided z1, 22 € C,,. Consequently, we obtain
the relation (3.16).

Next we proceed to the formula (3.17) with ®(z) given by (3.18).

T
From (3.18) due to (2.16), (4.2), (4.3) and the inequality ef _ xmdn
1 we deduce

<

3 d €
@) 10| < sup [b )] [ el O ar s,
TE(0,6) o 47

<Us(&) llzllo. 1s(€) = sup [|bo(&, 7)€ L(0,T).
T€(0,6)

The relation (4.5) with B € L*(0,7) implies that the right-hand side
of (3.17) belongs to C[0,T] provided y € C,.. Thus, we get (3.20).

Finally, taking in (3.13) and (3.17) maximum over =z € [0,7] and
observing (4.4), (4.5) we obtain the estimates (3.21) with (3.22) where
| = max{l7,ls} € L'(0,T) and v(o) — 0 as ¢ — oc. O

Next we state a result concerning the case of integrable .

Corollary 2. Let g,» € L*(0,T). Assume that (2.16) and (4.2)
hold. Then assertions of Corollary 1 are valid.

Proof. is analogous to the proof of Corollary 1. We set k = 31 + By
where 21 = 0 and By = » + B. Then s satisfies the conditions
s1(7) <0, (4.1) and the function B; belongs to L'(0,T), hence we can
apply Theorem 4. ]
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4.2. The case of positive ». In this subsection we deal with the
equation (1.2) of type II in the case of positive s». Here we didn’t
succeed to prove the solvability in W} in case of arbitrary integrable

T
efx #Md1 o in the case of type I. We were able to prove such a result
only in the particular case when s satisfies the condition

(4.6) 0< x(z) < J , € (0,7) with some ~ € (0,1).
x
IREOL
Note that in this case the function e/= """ can have maximally a

power-type integrable singularity at ¢t = 0, i.e.

T T
0 < eo #mdn — . z€(0.7).

Theorem 6. Let g € LY, and s satisfies (4.5). Assume that a and
b have the form (2.16) where ag and by satisfy

(4.7) 7V sup ao(z,§)| € Ll(O,T), sup |bo(+,&)| € Ll(O,T).
£e(0,z) £€(0,)

Then assertions of Theorem 1 are valid.

Proof.  Again, the proof repeats proof of Theorem 1. The only
difference is the deduction of (3.16), (3.20) and (3.21).

To derive (3.16) we follow the equality (3.13) and rewrite the involved
function ¥ in the form

¢ 5% r »x(n)d
(4.8) W(¢) = %(5)/ ao(€, myels 2an S <o
0
T T
xe Te fT %(n)d"zl (7)6—0(5—7)6_ fg—T %(n)dnz2(£ ~ P

Owing to the assumption (4.6) we have

€ e T €
/ efT %(n)dneff_T (m)dn ;_ < EVTV/ V(e — ) Vdr
0 0
=B(1-7,1-)T7¢
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where B is the Beta function (see [4] Vol I, Sect. 1.5). Using this

estimate and () < % as well as the assumption (4.7) in (4.8) we

obtain

(4.9) (] < (@) llz1llollz2lo,

19(€) =vT"B(1 — 7,1 —v) £V sup |ao(&,7)| € L0, T).
7€(0,8)

In view of this relation and (3.10) the right hand side of (3.13) belongs
to C[0,T] provided z1, z2 € C,,. Thus, we have deduced (3.16).

Next we consider (3.17) where we rewrite ® as follows.
(4.10) B(¢) =
3 j-{%( )d *IT%( )d
%(f)/ bo(€,7)ed - W emol&=m)g=om o= ). W, (1Y dr,
0

¢
Due to the assumption (4.6) we have fog el #ing, <&/(1—7). By
this relation, »(§) < % and (4.7) from (4.10) we deduce

1) ROI<ho(© ey hol©) = 12 suw_ ol DIEL!0.7).
T7€(0,

In view of this relation and (3.10) the right-hand side of (3.17) belongs
to C[0,T] provided z € C,.. This means that we have proved (3.20).

Finally, from (3.13) and (3.17) with the help of (4.9) and (4.11)
we deduce (3.21) with (3.22) where | = max{lg,l;o} € L*(0,T) and
v(c) = 0 as o — 0. O

The analogue of Theorem 3 in the case of equation of type II is as
follows.

Theorem 7. Let ¢ € LY0,T), »(x) > 0, z € (0,T) and
» & LY0,T). Assume that a and b have the form (2.16) where ag
and by satisfy the conditions

(4.12) sup |ag(z, )| € L*(0,T), sup |bo(x,-)| € L*(0,T).
z€(-,T) z€(-,T)

Then the assertions of Theorem 3 are valid.
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Proof.  is partially similar to proof of Theorem 3. We write the
equation (2.10) in the form y = f + Gly] + L[y, y], where f, G and L
are given by (3.6 - 3.8). Then have the relations (3.33), (3.34) and the
function f given by (3.6) satisfies (3.35). To analyze the equation in
the space C[0,T] we make use of the scale of norms (3.36).

From (3.8) using the relations k = s + B and a(&,n) = 3(§)ao(§,n)
we obtain

x Ed x
(413) e*UzL[thz](x) _ / efa(sz)e— f& B(Vl)dn%(f)e— fg »(n)dn
0

3
/ ao(€, 7)e T 21 (1)e "€ 2y (€ — 7)drde.
0

C(mdn g~ [ =(n)dn
= d—ge f&

Observing the equality »(£)e fﬁ , the assump-

tion (4.12), the positivity of s and the equality ghm+ e fﬁ (mdn _ 0
—0

(that holds in view of (2.1) and s ¢ L'(0,T)) from (4.13) we deduce
the estimate

(4.14)  |e ""L[z1, 22|(2)| < Cp / sup |ao(&, 7)|dr
0 &e(r,T)

z — w;{ d
/0 d(e J¢ o ) lzaloz2llo

—Cy / sup  |ao(&, 7)ldr |21 o220
0

ge(n.1)
where Cp = max e fﬁ Bmdn i implies
0<€<z<T
(4.15) [L[z1, 22]llo < Nllz1lloll22llo, o =0,

with the positive constant N = Cp fOT sup |ag(&, 7)|dr. Moreover,
ge(r,1)

(4.14) yields the continuity of L[z1,z2](z) at © = 0 and the equality

L[z, 22](0) = 0. The continuity of L[z, z2](z) in (0,T] follows from

the continuity in the domain A\ {(0,0)} of the function of arguments

(x,€) under the integral [ in the right-hand side of the formula (4.13)

(cp. (3.33)) . Thus,

(4.16) L{z1,22) € C[0,T] for any z1,22 € C[0,T].
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Analogously to (4.14) from (4.13) we derive the estimates

vi(o)llz1lo[lz2lls
va(o)llzlloll22]lo

(417)  |Llzslls < { >0,

where

vi(o) = Cp max/ e @) sup ag(E,7)|dr, wva(0)
z€[0,T] Jo ee(r,T)

T
= CB/ e 7T sup |ag(&,7)|dT.
0 £e(r,T)

Due to the assumption (4.12) and Lemma 6 we have

(4.18) vg(c) =0 as o—o00, k=1,2.
For the quantity G[z] in view of (2.16) from (3.7) we get
(4.19) e 7*G[](z) = / emota=€)~ Jo B0 0y = | i
0

3
/ bo(&,7)e 7 N7 2(1)drdE.
0
Similarly as above we deduce the estimate

)
(4.20) |e"7"Glz](z)| < CB max/ e W) sup |bo(&,7)|dT |20
0<y<z Jq ce(r,T)

Thus, we obtain
(4.21) IGE]lle < M(o)lzlls, o =0,
with

Y
_ —o(y—7)
M(o) =Cp OrgnyaécT/o e EES(I?T) |bo (&, 7)ld.

Due to Lemma 6 we have

(4.22) M(oc) -0 as o — oc.
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Moreover, (4.20) implies that G[z](z) is continuous at x = 0 and
G[z](0) = 0. The continuity of G[z](x) in (0,7] follows from the
continuity in the domain Ar \ {(0,0)} of the function of arguments
(2, &) under the integral [ in the right-hand side of the formula (4.19).
Summing up,

(4.23) Glz] € C[0,T] for any =z € C[0,T].

The relations (3.35, 4.16, 4.23) show that the equationy = f+G[y|+
L[y, y] is well-defined in the space C[0,T] in case K = 0 and has no
solution in the space C[0,7T] in case K # 0. Therefore, we take into
consideration only the case K = 0. Observing (4.15, 4.17, 4.18, 4.21,
4.22, and Lemma 1) we see that the equation y = f + G[y] + Ly, y]
or, equivalently, (2.10) with K = 0 has a unique solution in the space
C10,T]. The rest of the proof is identical to the proof of Theorem 3.
O

We emphasize that Theorem 4 cannot be extended to the equation

T
of type II. This means that in case efm ><(m)dn ¢ L1(0,T) solutions may
exist in WL\ W{, too. In next subsection we provide a corresponding
example.

4.3. Examples and special cases. Firstly, let us analyse the equation
(1.2) of type II with s of the form (3.47). For the sake of shortness we
consider only the case § =0, i.e.

(4.24) »(z) = prs in (0,7

with 7 # 0 and a > 0. We can formulate the following statements for
this equation.

1. Assume that vy < 0, a > 0. Moreover, let g € LY, and ag, by satisfy
(4.2). Then Theorem 5 and in case 3 € L(0,T) Corollary 2 hold.

2. Assume that either v > 0, 0 < a < lor0 < v < 1, a = 1.
Moreover, let g € L., and ag, by satisfy (4.7). Then Theorem 6 and in
case » € L*(0,T) Corollary 2 hold.

3. Assume that v > 0, a > 1. Moreover, let g € L'(0,T) and ag, by
satisfy (4.12). Then Theorem 7 holds.
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More precisely, the solution sets in particular cases under suitable
assumptions on g, ag and by are as follows.

If 0 < o < 1 then » € L'(0,T), hence (1.2) has a one-parametric family
of solutions in the space W with the parameter A = y(0) € R,

if v <1, @ = 1 then (1.2) has a one-parametric family of solutions
in the space {y : z7y(z) € C[0,T),y’ € I} with the parameter
A= 1irn+ zVy(x) € R,

z—0

if v <0, @ > 1 then (1.2) has a one-parametric family of solutions in
the space

{y Lo T T y(x) € C[0, Ty € I}

a—1

with the parameter A = lim+ e~ /(a1
z—0

y(x) € R.

Further, let us analyse the equation (1.2) of type II with 3¢ of the

T
form (4.24) more closely in the case v = a« = 1. Then efw mdn

L ¢ L*0,T). We show that there exist non-continuous solutions to
this equation in WL\ W.

The basic equation of this form is

az) @+ =1 [y gu@a. oo

It is easy to check (using Laplace transform) that this equation has
besides the solution yp = 0 € W the one-parametric family of solutions

(4.26) yr(z) = %1/ (%) , K>0

with the Volterra’s function (see [4] Vol. III, Sect. 18.3)

v(z) :/0 T

The function v and its derivatives v/, v”/ have the asymptotic expan-
sions

(@)~ ——+—— as z— 0"
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where C'= —I"(1) is the Euler constant and

1 2C
(427) Z/I(JT) ~ m — m as T — 0+ 5
1 2(1 -
(4.28) V' () ~ — (=) as x— 07

22’z 22’z
The sign ~ denotes the asymptotic equality (see [1] Sect. 2). In
particular, for the solutions (4.26) the asymptotic expansion

1 n 2(nK - C)

zln?z zlndz

(4.29) yi () ~ as x— 0"

holds. Thus, yx € WL\ W for any K > 0 in every finite interval
(0, 7).

Finally, we study a more general equation

(4.30) y'(z) + (é + B(x)) y(z)

=2 [ ol 0te — (e + g(e), e 0.T),
0

where 0 < T < 1 and

(4.31) B(x) € L'(0,T), |lnx|‘5E szlp : lag(x,&)| € L*(0,T),
€0,z

zln’z g(z) € LY0,T)
with some 6 > 0. We seek a solution in the form y(x) = p(z)w(z) where
p(z) = V/(z) is the above solution y; () of equation (4.25) and w € W

is the unknown function. The function w obeys the integro-differential
equation

(432) w/(2) + hi(@)uw(z) = / " ule — Ow(©)de + g1 (x)

x € (0,7),
where
ki(z) = sa(2)+ B(x) with s (r) = §+ Z'ffff} !
ai(z,§) = a:z/l( )ao(x’é‘)y’(f)y'(m—f) and - g1(z) = g/((i))
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We are going to show that under the assumptions (4.31) the conditions
of Theorem 3 for equation (4.32) are fulfilled. By (4.27) we have
g1 € LY(0,T). Further, by (4.27) and (4.28) the asymptotic relation

2(1-C)

1
1 27 T 223 2
%1(x)~——xhiz “’218“’ - as z — 0"
zln2z zlndx rinzx

holds implying s ¢ L'(0,T) together with B € L'(0,T). Finally,
observing the solution y; = v/ of (4.25) and using its positivity we
again have

¢ C(ll ¢ / /
< —
[t < — S [ - e
_ Ca1 [:m///(x) +V/(:L')] —c, %1(1') c Ll(o T)
v/ (z)| Inz|? 'nz|® ’
with the constant C,, = sup |Inz|®|ag(x,&)|. Hence, applying

0<g<z<T
Theorem 3, we prove

Theorem 8. Let the assumptions (4.31) hold. Then equation
(4.30) has a solution of the form y(x) = v/ (z)w(z) where w € Wi with
w(0) = 0.

5. Series expansion of solutions and asymptotics at infinity.

5.1. Exponential series. Burgers’ equation

5 9@ + (5 - he?)ule) = [ w(@nto - (>0

has a unique solution y = y4 in (0, c0) which fulfills the initial condition
(5.2) 2 2y(a)|omo = A

for prescribed A. With Burgers we are looking for a solution in form
of the (for z > 0 convergent) series

(5.3) y(z) = Kz Z e~ on®
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with K € Rand 0 < a3 < ag < --- for some A € R in (5.2).

Inserting the ansatz (5.3) into equation (5.1), we get the equation for
K and a,, n=1,2,...

3 o0 o0 o0
§K E e ' — Kx g ane " — K Boz3 g e on”
n=1 n=1 n=1

K2 oo [eS) 1
_ 3 —QnT 2 —QnT
=—2z E e +2K*x g ( g 72)6

6 n=1 n=1 m#n (Oén N Oém)

P Y (Y e

— 3
n=1 m#n (Oén Oém)

which is satisfied if K = —60; and

1 Qy 1 1
5.4 = = .
( ) mz?;n (am - an)2 12[30 ’ 7;} (am - an)3 1650

Comparison with (A.8) shows that the relations (5.4) are fulfilled if
A=1/(3v/Bo) in (A.8) i.e. if —a, are chosen as the zeros of the entire
1 ,3/2

5v/Bo -

function go(z) = 222K 3 <

It remains to calculate the initial condition (5.2) for this solution (5.3)
of equation (5.1). In view of (A.2) we have

pl) = i e~ () = iexp {— (§>2/3 xn2/3]
n=1 ot
and by [5] pp. 36-39
po(x) ~ %%x_3/2 as = — 0,
hence
(5.5) ya(z) ~ Az™1?2, A= _)\% _ _g %
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5.2. Power series. The generalized Burgers’ equation
1 x
5 @)+ (g wa’ = et ) ute) = [ u(€nte - ode
0

where w, By € R also has a unique continuous solution y = y4 on (0, o)
satisfying the initial condition (5.2) for prescribed A € R. The solution
is of the form

y(z) = Ax™Y? 427125 (x)

with a continuous function z on [0, 00) where z(0) = 0. Like Burgers
([3] Chap. IV, Sect. 21) for w = 0 we are looking for the solution in
form of a power series

—1/24+3/2n
. = n ’ — 4
(5.7) y(x) E an® ap=A4A
n=0

Inserting the ansatz (5.7) into equation (5.6), we obtain a; = 2(rA? —
wA) and the recurrence system for as, as, . . .

n

3
i(n + ]-)anJrl +wan — 60an71 = Z amanmem,nfm ) n= ]-7 2; s

m=0

where B, = B(%m—i—%,%k—i—%) with the Euler Beta function
B(p. q)-

We ask for a solution of the simple form

2
(5.8) y(x) = Az 4z, a; = 5(71'142 —wA).
Such a solution exists if
. 5 1 5 9
(5.9) either w=mA, fp=0 or w= §A, ﬁ0:—§ T3 A
where a; =0 or a; = % (7T — g) A2, respectively.

5.3. Asymptotics at infinity. The representation (5.3) of the solution
ya to equation (5.1) with (5.2) for A = -3/ % is an asymptotic
expansion for y4 as £ — 400 and yields the asymptotic representation

(5.10) ya(r) ~ Kre” % as x — 4o0.
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Formula (5.10) shows that y4 tends (exponentially) to zero at infinity.

The function y(z) = e“ya(z), € € R, satisfies the integro-differential
equation

T
510 7w + (5 -t — ) i) = [ €t -
and the same initial condition (5.2) as y4. But although the coefficient
of ¥ in (5.11) has analogous asymptotic behavior like the coefficient of
ya in (5.1) as ¢ — 400 we have a different asymptotic behavior of y
and y4 as * — 400 for € # 0. In particular, for € > a3 the function y
tends (exponentially) to infinity as x — +oo.

Further, the solution (5.8) of equation (5.6) under the conditions (5.9)
with By < 0 behaves like a1z as * — 400, i.e. also tends to infinity
and the solutions (4.26) of equation (4.25) are asymptotically equal to
%e“’/ K as x — +o00. Since it seems difficult to obtain a more or less
complete picture about the asymptotic behavior of the exact solutions
as © — +oo we shall study asymptotic solutions ([1] Chap. II) for two
classes of integro-differential equations in the next section. This means
the left-hand side of equation (1.2) is asymptotically equal to the right-
hand side but not necessarily it is the asymptotic representation of an
exact solution.

6. Asymptotic solutions.

6.1. Integro-differential equations of type I. We consider the class of
equations

(6.1) @)+ k) = [ " y©ule - )d
where
(6.2) k() = — [y + 62” + B(z)]

with0<a<[3,'y7$0,(57é0and3(x):o(xﬁ) as r — 00,
B(z) = o(1) as x — 0. Equation (6.1) with (6.2) has the asymptotic
solutions as © — +00

(6.3) y(z) = Azte”™
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where AB(f — o, —a) =6, u = f—a—1 > —1 and arbitrary v.
The asymptotic solutions (6.3) are the solutions of the approximate
equation

2Po(x) = " y(x — .
527G () / BE)T(x — €)de

To fix the parameter v the equation (6.1) with k(z) = vz~ + dz%~2
and the corresponding initial condition

(6.4) 27y ()]a=0 = A

has to be taken into account. An approximate value for v in case of
continuous B can be obtained by the simple approximation

- Ax=7 in (0,p)
7o) = { e
xte in (p,00)

for the exact y with some p € (0,00). The values of v and p are
determined by the continuity of 4 and ¢’ at x = p. In the case of
Burgers’ equation (5.1) with Gy = %6 where o = 1, 8 = 3, v = %,
§ = —1= and B(z) = 0 we get p ~ 0.5388 and v ~ —2.784 in this
way where the exact value is v = —2.920 (cf. [3] Chap. V). Further,
for non-vanishing B the shifting of v by the substitution y = e“y (cf.

Section 5.3) should be observed.

We remark that in the case o = 1 with v < 1 if k(z) ~ 62° ! Inz as
x — 400 asymptotic solutions of the form

y(z) = AeteInx, p=-y>-1

exist.

6.2. Integro-differential equations of type II. Finally, the class of
equations

(6.5) 2y () + kola)y(z) = / Oy — €)de
where

(6.6) ko(z) = v+ 02® + By(x)
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witha>0,5>0,'y7$0,57é0andB0(x):o(xﬁ) as x — +00,
B(z) = o(1) as z — 07 is dealt with. Equation (6.5) with (6.6) has the
asymptotic solutions (6.3) where for arbitrary v = 0

0 if >«
w=po—1, po=max{a,B} >0 and AB(po,po)=< d+v if f=«
v if f<a

and for v =0

M:H1_17H1:max{a_1aﬁ}>o

) if B>a—-1
and AB(pi,p1) = d04+a—-2 if f=a-1
a—2 if f<a—1.

Appendix. Sums with roots of a Bessel function.

Following Burgers ([3] Chap. V) we consider the entire function

(A1) qo(z) = 21/2K1/3()\Z3/2)

- > Mz%_ S M 3k+1
V3 | & KT (k+2/3) £ IT(k +4/3)

where K,,, v > 0, denotes the modified Bessel function of the third
kind (Macdonald function) (see [4] Vol. III, Chap. VII) and A > 0.
For —m < argz < m there holds the asymptotic relation (cf. [4] Vol.
I, Sect. 7.4.1)

w1 _ _y.3/2
1/46 Az

qo(z) ~ §ﬁz

as |z| — o0

and go(z) has only zeros on the negative real axis. For z = —x < 0 by
(A.1) we have

s p
w(—2) = —a'l? [1/50a%2) 4+ Ty j3(0a™2)]
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with the Bessel function of the first kind J, implying the asymptotic
relation (cf. [4] Sect. 7.13.1)

qo(—x) ~ \/?ﬂl?l/4 cos (/\1‘3/2 — %) +0 (a:*7/4)

as x — oo. The function ¢o(z) has the simple zeros z, = —au,
n=12 ..., with0<a; <az <--- and
2/3 . .
(A.2) an = (g) 2% 40 (n71)
as n — 00.

The theorem of residues applied to a contour integral of the function

Z(;iz) Zlég where ¢,(2) = qo(z — o), © € R, yields the relations (cf.

[3] Chap. V, [13] pp. 497-498)

43 Y x G

(an - am)(an — Oy — (E) z qn(CL') ’

m=1,2,...00

men

In view of (A.2) the series in (A.3) is absolutely convergent in a
neighborhood of z = 0. We expand the right-hand side of (A.3) at
x = 0. It holds

2
(A4) @ 1) a0, (% w0
wie) @ 2q5°  \3ap 44

v 1" 1 1 g 3 )
i (Iol _ C]o(lo2 4z {(I_(l)] e O(:E3)
8qy  4qj 8 Lao
as © — 0 where the derivatives of ¢y are calculated at —a,,. The
function go(—x) (like go(x)) is an Airy integral (cf. [4] Vol. II, Sect.
7.3.7) satisfying Airy’s differential equation (cf. [13] Sect. 6.4) from

which the equalities ¢ (—a,) = 0, n = 1,2,... follow. Hence, (A.4)
simplifies to

1 gq,() %" qév 2 3
A5 _— = ——Ftzr— "2z + O(z°) .
(4.5) t @) 34" 84 =)
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Further, by differentiating twice the Airy’s differential equation, we
obtain the relations

" IV (_
(A.6) 1lqp (—an) _ —§)\2C¥n, l(Io/ (—an) _ ﬂAz.
3 qf(—aw) 4 8 gi(—an) 16

The left-hand side of (A.3) has the expansion at z =0

(A7) ° - z
mz?;n (Ozn B ozm)(ozn — Om — x) mz?';” ( —Ozm)Q [1_ @ fozm}
_xz 7_06 _;CQZ T a +O((E3)

Now comparing the coefficients of x and 22 in both sides of (A.3) and
observing (A.7) as well as (A.5) with (A.6), we obtain the sums

1 3., 1 9.,
(A.8) n%:n(am,—an)QZlAa"’ > / = M
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