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ABSTRACT. Given parameters a,b > 0 such that the
product ab is rational, we consider subspace Gabor frames
G(b,a,g) and G(b,a, k) and ask for conditions under which
the subspace generated by the second frame contains a func-
tion which acts as a Gabor dual for the first one (“oblique
dual”). A necessary and sufficient condition for the exis-
tence of such a function is given in terms of an inequality
between certain matrix-valued functions constructed using the
Zak transform of the generators g and k. The uniqueness of
the oblique dual is also characterized.

1. Introduction. The theory of frames, generalizing the notion
an orthonormal basis in a Hilbert space to systems that might be over-
complete, was first introduced by R. J. Duffin and A. C. Schaeffer in [8]
(see also [18]). We briefly recall some terminology, notation and basic
facts about this tool which plays an important role in modern theories
such as that of wavelet and Gabor expansions. If A/ is a countable
index set and H is an infinite-dimensional separable Hilbert space with
inner product (., .), we say that a collection X = {zp}nen in H is a
subspace frame (for its closed linear span M) if there exist constants
C1,Cs > 0, called the frame bounds, such that

(1.1) Cullal®> < Y @) < Collaf?, weM.
neN
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We say that X is a Bessel collection, or has the Bessel property,
with Bessel constant Cs, if the second inequality in (1.1) holds for all
x € M (or, equivalently, for all x € H). If X is a Bessel collection, we
can define the analysis operator or frame transform associated with X,

Tx : M — (2(N), by
(1.2) Tx(xz) = {{x,2n) tnen, =€ M.

Its adjoint, the synthesis operator, T : ¢*(N) — M, is defined by

(13) T)*(({Cn}nej\f) = Z Cn T, {Cn}nej\f € 62(N)
neN

The operator S = TxTx : M — M is called the frame operator and is
given explicitly as

(1.4) Sz = Z (T, Tn) Tn, x € M.
neN

If X is a frame for M, then S is a positive, bounded and invertible
operator from M onto M. The collection {S™1z,}nen is called the
standard dual frame of the frame X. It provides a reconstruction
formula for the elements of M in terms of their inner products with
the frame elements:

x = Z (x,2,) S ey, = Z (x, S wp) x,, =€ M.
neN neN

More generally, a dual for the the frame X is a Bessel collection
Y = {yn}tnen in H (with the y, not necessarily in M) satisfying

Z (X, yn)xn =2, € M.

neN

A collection {y,} as above is sometimes called an obliqgue dual. Of
particular interest are frames which are generated by a family (usually
a group) of unitary operators acting on a particular function, called
the generator. For example, a (one-dimensional) shift-invariant frame
sequence is a subspace frame of the form {¢(- — k)}rez, where ¢ €
L?(R), which is generated by applying integer translations to the
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function ¢. Other examples are wavelet (or affine) systems which are
defined using appropriate translations and scaling operators. In this
paper, we will mainly investigate one-dimensional Gabor (also called
Weyl-Heisenberg) systems which are generated using modulation and
translation operators. Given two real numbers w and ¢, we define the
unitary operators E,, (modulation) and T} (translation) by

(Ew f)(x) = ™% f(x) and (T f)(z) = f(x —t), feL*R).
For convenience, given two positive parameters a and b, we also write
9mb,na = EnpThag, m,n€Z,

when g € L?(R) and let G(b, a, g) denote the collection {gmp na }m nez-
In the case of Gabor systems, the generator g is often called a window
function. For such a function g, we define the space M(b,a,g) to
be the closed linear span in L%(R) of the collection G(b,a,g). If
G(b,a,g) is a frame for M(b,a,g), then we say that G(b,a,g) is a
subspace Gabor frame. (We refer the reader to the papers [1, 2, 11,
12, 13, 14] for results related to subspace Gabor frames.) Let S be
the frame operator associated with a subspace Gabor frame G(b, a, g).
Then S~1g € M(b,a,g), and S~ (gmbna) = (S719)mb.na. Therefore,
G(b,a,S™1g) is the standard dual of G(b,a, g). In general, unless the
collection G(b, a, g) is a so-called Riesz sequence, there will exist many
dual sequences associated with our subspace frame. We will, however,
only consider here dual systems which are of the form G(b,a,h), for
some function h € L?(R). Such duals will be called Gabor duals. Thus,
the function h € L?(R) generates a Gabor dual for the subspace Gabor
frame G(b,a,g) if and only if G(b,a,h) is a Bessel collection and we
have

f: Z <f7 Emanah> By Tha 9, f EM(b,a,g).

m,n€z

In the case of one-dimensional shift-invariant systems, it is natural, of
course, to seek duals which are generated by the integer shifts of a
single function. For f € L%(R), let

fy) = / e f(2) dz, € R,
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denote the Fourier transform of f. The following result was proved by
O. Christensen and Y. C. Eldar.

Theorem 1.1. ([5]) Let ¢, ¢1 € L?(R) and assume that the sequences
{Trkd}trez and {Tid1}ren are subspace frames associated with the sub-
space V and V1, respectively. Let

O(y) =Y 1o(y+k)?, vER, and N(®)={y€ER, ¢(y) =0}
kEZ

If there exists a constant A > 0 such that

(1.5) Y oy +k)di(v+ k)| > A

keZ
a. e. on the set {y € R, ®(vy) # 0},

then the following holds:

(i) There exists a function q~5 € V1 generating a Bessel collection
{Tr¢}rez such that

(1.6) F=Y (f, Tud) Tuo, feV.

kEZ

(ii) One choice of ¢ € Vi satisfying (1.6) is given in the Fourier
domain by

- $1(7) on{yeR, & 0
(L7) () =< Yhes $O+R dr(v+k) ek, 2() 70},

0, on {y €R, ®(vy) = 0}.

(iii) There exists a unique function ¢ € V1 such that (1.6) is satisfied
if and only if N(®) = N(®1). If this last condition holds, then
{Trd1}kez is a frame for V and an oblique dual of {Txd}rez on V.

Our main goal in this paper is to study the analogous problem for
one-dimensional subspace Gabor frames. Thus the question we would
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like to answer is the following. Suppose that G(b,a,g) and G(b,a, k)
are two subspace Gabor frames. Under what conditions can we find
a function h in M(b,a,k) such that G(b,a,h) is a Gabor dual for
G(b,a,g)? Moreover, if such a Gabor dual exists, when is it unique?
Our analysis of the problem will make an extensive use of the Zak
transform and, for this reason, we will only consider rational Gabor
systems in this paper, i. e. those for which the parameters a, b are such
that a b is a rational number.

The paper is organized as follows. In section 2, we introduce the
Zak transform and prove some preliminary results. In particular,
we give a characterization in terms of certain vector-valued functions
defined using the Zak transform for the functions belonging to the space
M(b, a,g) spanned by a Gabor system G(b,a, g) satisfying the Bessel
condition (Proposition 2.5) or generating a subspace Gabor frame
(Corollary 2.6). In this last situation, we give a similar characterization
for the functions h in M(b,a,g) with the property that the Gabor
system G(b,a,h) itself satisfies the Bessel condition (Corollary 2.7).
In section 3, we prove the existence part of the problem mentioned
above using certain matrix-valued functions (in particular the so-called
Zibulski-Zeevi matrix) constructed again using the Zak transform.
First we show that the existence of a Gabor dual belonging to a
subspace generated by a possibly different Gabor window is equivalent
to the existence of a specific factorization of these matrices (Theorem
3.2) or to a certain matrix inequality (Theorem 3.5). Finally, the
uniqueness of the oblique dual is characterized in the last section
(Theorem 4.2).

We refer the reader to the books [7, 9, 10, 15, 16, 18] as well as the
papers [6, 17] for information on frames and, more particularly, wavelet
and Gabor frames.

2. Some characterizations using the Zak transform Let g be
a window in L?(R) and consider the Gabor system G(b,a,g) where
ab is rational, i. e. ab = % where p, g are positive integers satisfying

ged(p,q) = 1. If n € Z, we can write n uniquely as n = i + {g with



288 M.A. AKINLAR AND J.-P. GABARDO

fteZandie€{0,1,...,q9—1}. Therefore, we have that
Emanag(x) = gmb,% ((E) = gmb’;_'f;Jr% ((E)

i, ip Ap i
=2 zmbxg (.23 _ % _ ?> = ginb z_p(l‘)a

where g'(z) := g(x — %). The Zak transform Z, : L*(R) — L*([0,1] x
[0,1]) is defined by the formula

; —k\ omi
Zyg(z,w) =b"72 Zg(x 5 >e27”’“”, (z,w) € [0,1] x [0, 1],
kEZ

and it is an isometric isomorphism between the two Hilbert spaces. It
is easily checked that

Zp(gmb, 2 ) (z, w) = 2mIME =2 Z (1 w),  m,n € Z.
Therefore, defining the function E,, , of two variables by
Bz, w) = e2™me o2minw = (5 ) € [0,1] x [0, 1],
we have

(2.1) Zb(gfnb’%p)(x,w) = B —tp(7,w) 249" (z,w).

Note that a mapping with values in C™ (resp. M, , the space of
complex matrices of size mxn) is called measurable if all its components
(resp. entries) are measurable. Clearly, all the mappings defined in the
next definition are measurable.

Definition 2.1. Given a window function g in L2(R), we will
associate with g a collection of ¢ vector-valued functions G*, i =
0,...,q9 — 1 with values in CP whose component functions are defined
by

Gt (z,w) = (Zbgi) (z,w+k/p), k=0,...,p—1.

for (z,w) in [0,1] x [0, 1/p]. We also define the Zibulski-Zeevi matriz on
the set [0,1/¢] x [0,1/p], as the matrix-valued function G, with values
in the space M, , of complex matrices of size ¢ x p, with entries

(2.2) Gix(z,w) = (Zpg") (v,w + k/p), i=0,...q—1, k=0,...,p—1.
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The mapping £ that maps g to the g x p matrix-valued function G is
an isometric isomorphism (as a mapping from L?(R) = L%(R,C) to
the space of matrix-valued functions L2([0,1/q] x [0,1/p], M, ) if the
matrix norm of a ¢ x p matrix C' = (¢ ) is the Hilbert-Schmidt norm
defined as

qg—1 p—1

IC13,, =D D legl?

=0 k=0

and the norm of matrix-valued function G is defined by the formula

) 1/q 1/p )
IgI1? = / / 16, )3, , duw da

Note that the rows of G are the row vectors G*, i = 0,...q— 1. We will
also denote by K the operator which maps a function f € L?(R) to the
vector-valued function F' = Kf = (Fp, ..., Fp_1) whose p components
are in L2([0,1] x [0,1/p]) and are defined by

Fi(z,w) = (Kf), (z,w) = (Zpf) (x,w+k/p), k=0,...,p—1.

It is easily checked that the mapping K : L?(R,C) — L2([0,1] x
[0,1/p],CP) is also an isometric isomorphism if CP is equipped with
its standard Euclidean norm.

The following result characterizing the Bessel condition is due to
Zibulski and Zeevi (see also [2]).

Theorem 2.2 ([19]). Let a,b > 0 with ab = p/q and ged(p, q) = 1.
Consider g € L*(R) and let G be defined by formula (2.2). Then, the
following are equivalent.

(a) There exists a positive constant B such that the inequality

> [ EnTaag)l” < BIFIP, | € M(b,a,g),

m,neZ

holds.
(b) G*G < BpI a. e. where I denotes the p X p identity matriz.
(¢) GG* < BpI a. e. where I denotes the q X q identity matriz.
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It follows immediately from the previous proposition that a necessary
and sufficient condition for a collection G(b,a, g) to satisfy the Bessel
condition (in the case that ab = p/q with ged(p, ¢) = 1) is that the Zak
transform of g, Z,g, belongs to L>°([0,1] x [0, 1]).

We will need the following result from [12] (see also [2]) which
characterizes subspace Gabor frames in the rational case.

Theorem 2.3 ([12]). Let a,b > 0, with ab = p/q, ged(p,q) = 1.
The collection G(b,a,g) is a subspace Gabor frame with frame bounds
A and B for the subspace M(b,a, g) if and only if

Apé <& < Bp¢&,  a. e on0,1] x[0,1/p],
where £ = GG*.

Note that if € is a positive semi-definite matriz, the matriz inequalities
Ap€ < €2 < Bp¢€ are equivalent to

(23)  Ap(e, ) < (€x,2) < Bp(a, 1), @ €kere?,
as follows easily from the spectral theorem.

Lemma 2.4. Let a,b > 0 and ab = p/q with ged(p,q) = 1.
Let g € L*(R) and assume that G(b,a,g) is a Bessel collection.
Then h € L*(R) is orthogonal to M(b,a,g) if and only if, for a. e.
(z,w) €[0,1] x [0,1/p], we have

(H(x,w),Gi(x,w»Cp =0, i=0,...,p—1,

where the vector-valued functions G*, i =0,...,q—1 and H = Kh are
as in Definition 2.1.

Proof. Let us prove the necessity part of the equivalence first. Let
h € L?(R), and assume that h | M (b, a, g). This is equivalent to

<haEmbcrlp/bgi>:07 m,léZ,i:O,...,q—l,
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or, using the fact that the Zak transform is an isometric isomorphism
together with (2.1), to

11
/ / Zyh(z,w) Zpg*(z, w) By —gp(z,w) dwdz =0, m,l€Z,
o Jo

or, to

1 p1/pp—1 AN AN ) .
/ / Z Zyh (x,w—f——) Zpg’ <x,w+—) e~ 2mim Q2mitpw () =)
0Jo o, b p

for all m,l € Z. Using our definitions of H and G%,i=0,...,q¢— 1, we
can rewrite this last set of equations as

1 ,1/p ) ) )
(2.4) / / (H(x,w), G'(x,w))cr e 2™MT 2T oy dx =0, m, 1 € Z.
0Jo

Using Theorem 2.2, it follows easily that the function (H, G%)c» belongs
to L2([0,1] x [0,1/p]) and, since the collection {e27ime ¢=2milpwy
forms an orthogonal basis for L2([0,1] x [0,1/p]), we deduce from (2.4)
that for a. e. (z, w) belonging to the set [0, 1] x [0, 1/p], we have

(H(z,w), G (z,w))cr =0, i=0,...,q— 1.

Since this argument can clearly be reversed, our proof is now completed.
O

We now characterize the functions in M (b, a, g) using the Zak trans-
form.

Proposition 2.5. Let a,b > 0 with ab = p/q and ged(p,q) = 1.
Let g € L*(R) such that G(b,a,g) forms a Bessel collection. Then,
f € L2(R) belongs to M(b,a,qg) if and only if F = Kf has the
representation

qg—1
(2.5) F= Z a; G a. e on[0,1] x [0,1/p],
i=0
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where the functions a; : [0,1] x [0,1/p] — C, ¢ = 0,...,9 — 1, are
measurable and satisfy

26) /o 1 /o /7]

In particular, if a; € L?([0,1] x [0,1/p]), i = 0,...,q — 1, then there
exists a function f which belongs to M(b,a ) such that

q—1
Kf=>aa".
1=0

2

(z,w) G*(z,w)|| dwdz < oco.

Cp

Pmof Let us first assume that f € L?(R) is such that Kf =
Zz o @i G'" where the coefficients a;, i = 0,...,q — 1, are measurable
functions satisfying (2.6) and let h € L?(R) with hl M(b,a,g). We
have, letting H = Ch,

(h. f) = //zbhxmmdwdx

1/p P~1 -
/ / Z Zyph(z,w + k/p) Zuf(z,w + k/p) dw dx

/ /1/P H(z,w), F(x,w))cr dwdx

! p .
:.Z/O /0 aiw) (H(z, w), G (z,w))cs dw dz = 0

using Lemma 2.4. It follows that such a function f must belong to

M(b,a, g).

To obtain the converse result, let us consider indices i1, ... ,%, with
0<i; <ipg <...<i4.<qg—1forl <r < q and let us define
E;, ... to be the subset of [0,1] x [0,1/p] where G%,... G are
linearly independent and with the property that

span(G™, ... ,G') = span(GY,... ,GT71).
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Note that each set Ej;, .. ;. is measurable since it can be expressed as
the intersection of the measurable sets

{det({G*, Gl>(CP)k,le{i1,.~7ir} # 0}
and {det(<Gk7Gl>Cp)k,l€{j,i1w~vir} =0},

where j varies over all the indices in {0,...,q — 1} different from
i1,... 4. Defining K to be the subset of [0,1] x [0, 1/p] where G* = 0,
foralli=0,...,qg — 1, we have

27)  [0,1]x[0,1/p] =K U U B, i

r=1 0<i;<is<...<ip<q—1

The sets F;, ... i, are not necessarily disjoint, but we can replace them
with a pairwise disjoint collection of measurable sets Fj, .. ;. with
F, ... C E;, .. . such that the equality (2.7), with E;, __;, replaced
by Fi, ... ., holds as a disjoint union. Assume that the measure of the
set I, is not zero. Let f € L%(R), and let F' = Kf. Note that we

can write

q—1
(2.8) F=> aG+H

i=0
uniquely on the set F;, _ ;., where a; = 0 for i ¢ {i1,...,4,}, and
(H GY = 0 for i = 0,...,q — 1. Furthermore, the coefficients a;,
i = 0,...,¢g — 1, are measurable. This is clear for i & {iy,...,i,}
and for 1 6 {il, ... ,ip}, the coeflicients a; are obtained by solving the

non-singular linear system of equations
(F,G™)¢ Za (G5 G*)ew, k=1,...,r,

where all the coefficients involved are measurable, and thus the a; are
also measurable. Letting all the coefficients a; = 0 on K, we can thus
obtain the representation (2.8) for F' on the whole set [0, 1] x [0,1/p]
with the coefficients a;, ¢ = 0,...,¢ — 1, being measurable and with
(H, G*) = 0 for each such i. Letting Q = Zg:_é a; G* and using the
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fact that @ is just the orthogonal projection of F' onto the subspace
spanned by the vectors G%, i = 0,...,q — 1, we deduce that

[Qller < [[Fllce on [0,1] x [0,1/p].

In particular, the vector-valued function @) is square-integrable on
[0,1] x [0,1/p] and there exists thus a function ¢ € L?(R) such that
Kq = Q. The first part of the proof shows that ¢ € M(b,a,g). If we
now assume that f € M(b,a,g), we have also f — ¢ € M(b,a,g) and,
since K(f — q) = H, it follows from Lemma 2.4 that f — gl M(b,a,g).
Hence, f — q = 0 or f = ¢, which yields the identity (2.5). To prove
the last statement of the result, we use (¢) of Theorem 2.2, to obtain
the inequality

2 g—1 . ' q—1 q—1
=3 0@ (G, )er=>  ai@;(GG")i; <Bp Y _|a;”
i=0

Cr =0 i,j=0

qg—1
E a; G"
=0

which yields (2.6). This completes the proof. o

Corollary 2.6. Let a,b > 0 with ab = p/q and ged(p,q) = 1. Let
g € L*(R) such that G(b,a,g) forms a subspace Gabor frame. Then,
f € L2(R) belongs to M(b, a, g) if and only if

qg—1
(2.9) F= Z a; G a. e on[0,1] x [0,1/p],
i=0

where F' = Kf and the functions a; : [0,1] x [0,1/p] — C, i =
0,...,q—1, belong to L?([0,1] x [0,1/p]).

Proof. The sufficiency part of the proof follows from the last part of
Proposition 2.5. To prove the necessity part of the statement consider
the frame operator S associated with the collection G(b, a, g):

Sf: Z <fa gmb,na> gmb,na; f GM(baa;g)~

m,neZ
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A computation similar to the one leading to formula (3.5) yields

—

Q

K(Sf) = (F, G'Yer G = %SF on [0,1] x [0,1/p],

N =
I
o

i

where S denotes the frame operator associated with the finite collection
{G}92). Since, for f € M(b,a,g), we have

Ju

Q

F=K(SS ) =~ Y (K871 f), Gler G = %s (K(S5711)),

D=
s
Il
o

it follows that S~1F = ]—1) K(S~1f) and thus the functions (S71F, G%)c»,
where ¢ = 0,...,¢ — 1, are measurable on [0, 1] x [0,1/p]. Note that,
since for 4,5 = 0,...q — 1, we have (gg*)ij = (G, G%)¢», a finite
sequence {b;}~; € CY belongs to the kernel of G G* if and only if

qg—1
(2.10) b;G"=0
i=0
as
qg—1 qg—1
(4 g*)ij bj b = || bi Gz”%r
i,j=0 i=0

In particular, the sequence {(G*, S F)c» }3;01 belongs to ker(G G*)*

since
-1

(G ST 'F)eo by = (Y b;GH, S F)er =0

%

Q
Ju
Q

Il
=]
Il
=]

i
if {bi}g:_é € ker(G G*). Letting a; = (S7'F, G%¢», for i =0,...,q—1,
and using Theorem 2.3, it follows that

a—1 q—1 1 q—1
(ST'F, GV |* = Z @i < ap (G g*)ij aja;
i=0 i=0 %,j=0
1 1

) 1
= a; G2 =—||SSTLF||%, = — ||F||%.
A IIZ; iG'lle A [ llc i I1Fllg



296 M.A. AKINLAR AND J.-P. GABARDO

This shows that F' = Zg;(} a; G', where the coefficients a;, i =
0,...,qg — 1, are square-integrable, which proves our claim. u]

Corollary 2.7. Let a,b > 0 and ab = p/q and ged(p,q) = 1. Let
g € L3(R) be such that G(b, a, g) forms a subspace Gabor frame. Then,
the following are equivalent:

(a) The function f € L*(R) belongs to M(b,a,g) and G(b,a, f) has
the Bessel property.

(b) We have

qg—1
(2.11) F=> a;G" a e on0,1]x[0,1/p],
=0

where F = Kf and the functions a; : [0,1] x [0,1/p] — C, i =
0,...,q—1, belong to L>°(]0,1] x [0,1/p]).

Proof. If (b) holds, it follows from (2.11) that all the components
of F belong to L*([0,1] x [0,1/p]) since a; and all the components
of G' belong to that same space, for i = 0,...,q — 1. Hence,
Zyf € L*([0, 1] x [0, 1]) which is equivalent to G(b, a, f) being a Bessel
collection. The fact that f € M(b,a,g) follows from Proposition 2.5.
Hence (a) holds. Conversely, if f € M(b, a, g) is such that G(b, a, f) has
the Bessel property, note that the collection G(b, a, S™! f) also satisfies
that same property, where S denotes the frame operator associated
with the frame M(b, a, g). Indeed if, h € L*(R), we have

Z |<ha Emana571f>|2 = Z |<h; SilEmanaf>|2

m,n€”z m,ne’
= > ST hy EmToa/)I* < C IS ||AII,
m,n€z

where C' denotes the Bessel constant associated with M(b,a, f). In
particular, this shows that Z;, (S~ f) belongs to L>([0, 1] x [0, 1]) and
thus all the components of K (S~ f) belong to L>([0,1] x [0,1/p]).
Proceeding as in the proof of Corollary 2.6, we can write, using the
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fact that f € M(b,a,g),

qg—1
F= Z a;G' a.e. on [0,1] x [0,1/p],
i=0
where, for each i =0,...,¢—1,
. 1 .
ai = (ST'F, Ger = 5 (K(S7f), G'er € L([0,1] x [0,1/p]),

which yields (b). O

3. Existence of oblique Gabor duals Our main goal in this
section will be to answer the following question about Gabor dual
systems in the rational case ab = % where ged(p,q) = 1. Suppose
that two subspace Gabor frames G(b,a,g) and G(b,a,k) are given.
When can we find a function h in the subspace generated by the second
Gabor frame such that the collection G(b,a, h) is a Gabor dual for the
first one? Before dealing with this problem, we first need to introduce
some notation that we will use throughout this section. We associate as
before with the function g generating the first Gabor system a collection
G',i=0,...q—1 of vector-valued functions (with values in CP)) defined
as in Definition 2.1. We also associate with our second generator k a
collection K%, i =0,...q — 1, of vector-valued functions defined in the
same way. We then define two matrix-valued function £ and n on the
set [0,1] x [0,1/p] with values in M, 4, the space of complex matrices
of size g x ¢, by the formula

(31) Et] = <Gi7Gj>(Ci”a Nij = <Kian>(Ci”7 Z7.7:0)7q_1

We first begin by rephrasing the duality conditions for our Gabor sys-
tems in terms of the Zak transform. Note that a different characteri-
zation for Gabor duality in the case of frames for L?(R) can be found
in [4].

Proposition 3.1. Let a,b > 0 with ab = p/q and ged(p,q) = 1.
Let g and h be functions in L*(R) generating subspace Gabor frames
M(b,a,g) and M(b,a,h), respectively. Then, M(b,a,h) is a dual



298 M.A. AKINLAR AND J.-P. GABARDO

frame for the subspace Gabor frame M(b,a,g) if and only if the equa-
tions

)
|
—

(3.2) Gk = (G*, HYe» G*, k=0,...,q—1,

N =
I
o

hold a. e. on [0,1] x [0, %], where G = K (g( - %)) ( as in Definition

2.1) andHi:K(h(-—%)),fori:O,...,q—l.

Proof. Under the assumptions given, let us assume that M (b, a,h)
is a dual frame for M(b, a, g). Let f € M(b,a,g). Then,

qg—1
(33) f= Y (fhuwgz)gmgz =D D (il w)g, w

m,n€z mlEZ 1=0

where ¢ = g(- — %) and h' = h(- — %) for i =0,...,q — 1. Hence,

q—1
Zyf = Z Z <bea th;l'nb7€p/b> Zbg:’nb7€p/b
m,LEZ i=0
q—1 _
(3.4) => " 2" Y (220, Em—1p) Em.—1p
i=0 m, e

Since

1 1
ZyfZphi, Epy 1) = Zpf(z, w) Zphi(z, w) e 27me 27w gy dy:
s, —Lp
0 0

! Ve &2 k i k —2mimz 27ilpw
= Zbe 2w+ — ) Zht |z, w4 — e e TP duw dx
o Jo =0 b p

Lo/ , , .
= / / (F(z,w), H (x,w))cr e~ 27M 24P qy) dy,
o Jo

where I' = K f, we deduce from (3.4) and the fact that {/p Em, —ip}m,nez
is an orthonormal basis for L2([0,1] x [0,1/p]), that

—

Q

Zyf = (F, H¢r 29",

D=
o
Il
<
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or equivalently, that

i
L

(3.5) F= (F, H)c» G* on [0,1] x [0,1/p).

==
I
<)

i

The equations (3.2) follow from (3.5) by letting F = GF, for k =
0,...,q— 1. Conversely, if the equations (3.2) hold, then so does (3.5)
for every F = Kf if f € M(b,a,g), by Proposition 2.5. Reversing the
previous argument, we obtain (3.3), which completes the proof. ]

Our next result is a charaterization for the existence of an oblique
Gabor dual in a particular Gabor subspace in terms of a factorization
involving the matrix-valued functions introduced in (3.1).

Theorem 3.2. Let g,k € L?*(R) generate subspace Gabor frames
G(b,a,g) and G(b,a,k), respectively. Then, there exists a function
h € M(b,a,k) such that the collection G(b,a,h) is a Gabor dual for
the Gabor frame G(b,a,g) if and only if there exists a matriz-valued
function v : [0,1/q] x [0,1/p] — Mgy, whose entries all belong to
L>([0,1/q] x [0,1/p]) such that the identity

(3.6) E=&9n

holds a. e. on [0,1/q] x [0,1/p].

Proof. Let us first assume the existence of h € M(b,a, k) with the
property G(b,a,h) is a Gabor dual for the Gabor frame G(b,a,g).
Define for each i = 0,...,q — 1 the vector-valued functions H? :
[0,1] x [0,1/p] — CP by

Hi (2, w) = (thi) (x,w+k/p),
(x,w) € [Oal] X [Oa]-/p]a k=0,...,p—1

By Proposition 3.1, we have

—

Q

(3.7) GF = (G*, HYe» G*, k=0,...,q—1,

D=
o
Il
<
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and, by Corollary 2.7, there exist, for each i = 0,...,q — 1, coefficients
vi; € L*([0,1] x [0,1/p]), which define the matrix-valued function ~,
such that

qg—1
(3.8) Hisz’yinj, a. e. on [0,1] x [0,1/p].
§=0

In particular, it follows that

q—

(3.9) (G"H'er = ,va” Z (G, K)e

Using equation (3.7), we have thus

—1¢—1

(3.10) GF = i (G*, K G, k=0,...,q— 1.

%

Q
—
Q

Il
=]
Il
o

J

Hence, for each k,1=0,...,g—1

)

-1
G = (G, GF)er = g (K7, GF)en (G, GYer = (v m)in,

=0 j

Q
=
Q

Il
=]
Il
o

yielding (3.6) on the set [0,1] x [0,1/p], and thus also on the smaller
set [0,1/¢] x [0,1/p]. Conversely, if (3.6) holds for some matrix-valued
function ~y : [0,1/¢] x [0,1/p] — Mg, with entries in L°°([0,1/q] x
[0,1/p]), we can easily obtain (3.7), where the vector-valued function
H', i =0,...,q — 1, are defined as in (3.8) (but on the smaller set
[0,1/¢] x [0,1/p]). Since the mapping £ constructed in Definition 2.1
is an isomorphism, there exists a unique function h € L%*(R) such

that H' = K (h( - —)) on the set [0,1/¢] x [0,1/p]. The almost-

everywhere boundedness of each vector-function H?, i =0,...¢—1, on
[0,1/q] x [0,1/p] is easily seen to be equivalent to the boundedness of
KCh on the set [0, 1] x [0,1/p]. Furthermore, the representation of each
H' given in (3.8) on the set [0,1/q] x [0,1/p] easily implies a similar
representation for the vector-function /Ch on the set [0, 1] x [0, 1/p]. This
shows, using Corollary 2.7, that h € M(b, a, k) and that G(b,a,h) is a
Bessel collection. Furthermore, using Proposition 3.1, we deduce that
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G(b,a,h) is a Gabor dual for the Gabor frame G(b,a, g) as claimed.
[}

Of course, the characterization obtained in the previous theorem
can be seen as somewhat vacuous unless a condition for the existence
of the matrix-valued function v is given. Our next goal is to give
such a condition which will be expressed in terms of a certain matrix
inequality. We first need some preliminary lemmas.

Lemma 3.3. Let g,k € L*(R) generate subspace Gabor frames
G(b,a,g) and G(b,a, k), respectively, and let £,m:[0,1/q] x [0,1/p] —
My.q be defined as in (3.1). Then,

(a) There exists a constant D > 0 such that D& —n*n >0 a. e. on
[0,1/4] < [0,1/p].

(b) n =0 on ker(§).

(c) n* maps C? to ker(&)*.

(d) € maps ker(&)* to itself and the mapping & : ker(¢)t — ker(¢)+
is an isomorphism.

(e) The mapping P : [0,1/q] x [0,1/p] — Myg,q is measurable, where
P denotes the orthogonal projection onto ker(§).

Proof. 1If u € C4, we have

g—1 |q—1 g—1 q—1
(i nu, w) =lInull2e=>_ D (K Ferus| = (KLY 05 )en
i=0 |j=0 i=0 j=0
q—1 ) q—1 2
< (S 1S me
i=0 §=0 Ccr

On the other hand,

a-
(€u, u) Z G, GM)ew u; W7 = ||Z w; G7 ||Cp.
=0 §j=0
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Hence, we have D& —n*n > 0 with D = Zg;(} | K|2,, which proves
(a). If u € ker(€), we have, using (a), that

HUUH%G =" nu, U>(C‘1 <D <€U, U>C4 =0,
which proves (b). If v € C? and u € ker(§), we have, using (b), that

" v, u)ce = (v, nu)ca = 0.
Hence, n* v € ker(¢)* and (c) holds. Since £* = £, ¢ maps ker(¢)* to
itself and since the restriction of ¢ to ker(¢)= is clearly injective, (d)

follows. Finally, since P = limy_.oc exp(—N &), P is measurable which
proves (e). (This is an argument borrowed from [6].) O

Lemma 3.4. Let (2, ) be a measure space. Let A : Q — M., , be
a measurable matriz-valued function such that, for a. e. w € ), there
exists a subspace N(w) of C™ such that

(a) Pnv @ Q@ — Mpym is measurable, where Py(w) denotes the
orthogonal projection onto N(w).

(b) A(w) =0 on N(w).

(c) A(w) maps N(w)* to itself and, if A(w) denotes the restriction
of A(w) to N(w)t, the mapping A(w) : N(w)* — N(w)* is an
isomorphism.

Then, the mapping B : Q — My, , defined by

0 on N(w),
5= {Gw o

is measurable.

Proof. Let Ay = A+ Pn:Q — My m. Then, A;(w) is measurable
and invertible (as a mapping from C™ to itself) for a. e. w € Q. Hence,
Afl is measurable since, clearly, the standard formulas to compute
the inverse of a square matrix only use measurable operations. Since
B = A]! — Py, the result follows. o

The main result of this section, which we prove next, can be seen as
the analogue for Gabor systems of the statement (i) and (ii) of Theorem
1.1 concerning shift-invariant systems.
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Theorem 3.5. Under the conditions of the previous theorem, there
exists a matriz-valued function v : [0,1/q] x [0,1/p] — Mgy, whose
entries all belong to L>°([0,1/q] x [0,1/p]) satisfying (3.6) if and only
if there exists a constant C > 0 such that

(3.11) E<Cn™ a.e on|0,1/q] x[0,1/p].

Proof. Assume first the existence of a matrix-valued function ~y
as above such that (3.6) holds. Since the entries of 4 belong to
L*>([0,1/q]x[0,1/p]), it follows that the operator norm of 7 is uniformly
bounded a. e. on [0,1/¢] x [0,1/p], i. e. there exists a constant C; > 0
such that, for almost every (z,w) € [0,1/q] x [0,1/p], we have

7(z, w) ullca <Ch|lullca, ueCL

Furthermore, it follows from (2.3) that the operator norm of & is
uniformly bounded a. e. by Bp. Hence, if u € CY9, we have, using
(3.6),

(€ u, uyco = (u, Euyee = (Evnu, Eynu)es = (Nu, Y*Eynu)ca
< mullcs 7€ v nullcs
< Cf B*p* |nullg..

Therefore, letting D = C? B2 p?, we have, using (2.3) again,
(" nu, wyea = [nullge > D7HE u, u)ea > D™ Ap (Eu, u)ea,

which yields (3.11) with C = D (Ap)~!. Conversely, let us assume that
the inequality (3.11) holds. Then, the mapping 7 is injective on ker(&)=.
Indeed, if u € ker(¢)+ and nu = 0, (3.11) implies that (€ u,u) = 0 and
thus that v = 0, using part (d) of Lemma 3.3. Using (c) in that same
lemma, it follows that 7*n maps ker(£)* to itself, and thus the mapping
n*n : ker(¢)+ — ker(¢)*, which we will denote by «, is an isomorphism.
Define the mapping 8 :[0,1/q] x [0,1/p] = My, q by

5= {O on ker(§),

a”!  on ker(¢)t.
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Using part (e) of Lemma 3.3 together with Lemma 3.4, it follows that
(3 is measurable. Furthermore, if u € ker(¢)+, we have using (3.11) and
Theorem 2.3, that

<77*77U’a U>Cq 2 C_l <€ u, U>([jq 2 C_l AP<U7 U>Cq
which shows that
{a Py, u)ea < C (Ap)*1 (u, u)ca.

This implies that the operator norm of o' and thus that of §, is
uniformly bounded a. e. on [0,1/¢] x [0,1/p]. In particular, all the
entries of 8 belong to L*([0,1/¢] x [0,1/p]). Define now v = Gn*.
Since G(b,a,g) and G(b,a,k) are both Bessel collections, it easily
follows from Theorem 2.2 that 7, and thus also n*, are uniformly
bounded a. e. on [0,1/¢] x [0,1/p]. Hence the entries of v belong to
L*>([0,1/q] x [0,1/p]). Since we have nu = 0 for u € ker(§) by part (b)
of Lemma 3.3, it follows that

Eynu=0=¢u.

On the other hand, if u € ker(¢)*, we have

Eynu=~Ea " nu=¢Eu.

Hence, we deduce that £ = £y 7, which completes the proof. ]

Note that the condition (3.11) for the existence of the oblique Gabor
dual obtained in the previous theorem provides the analogue of the
condition (1.5) in Theorem 1.1.

4. Uniqueness of the oblique Gabor dual In this last section, we
consider the problem of the uniqueness of the Gabor duals discussed in
the previous section. Note that this uniqueness problem was discussed
extensively in [12, 13, 14] in the case where the dual window is assumed
either to belong to the space generated by the original window (“dual of
type I”) or having the property that the range of the frame transform
associated with the dual window is contained in that of the original
window (“dual of type II”). The results obtained in this section will
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generalize some the results obtained in these papers concerning Gabor
duals of type I (in the rational case). We first need the following lemma.

Lemma 4.1 Let a,b > 0 with ab = p/q and ged(p,q) = 1. Let
g,k € L*(R) generate subspace Gabor frames G(b,a,g) and G(b,a,k),
respectively and suppose that there exists a function h € M(b,a,k)
such that the collection G(b,a,h) is a Gabor dual for the Gabor frame
G(b,a,g). Then, the function h satisfying these conditions is unique if
and only if the validity of the equations

Q
|
—_

(4.1) 0=> (G* LY G*, k=0,...,q—1,

i

Il
o

a. e. on [0,1/q] x [1,1/p], for vector-valued functions
Lt € span{K",... K97} with coefficients in L>([0,1/q] x [0,1/p])
implies that L' =0, i =0,...,q— 1, a. e. on [0,1/q] x [0,1/p].

Proof.  The result follows from the fact that if h and h are two
different Gabor duals satisfying the above conditions, then the function
I = h — h can be used to define a non-trivial solution of the equations
4.1 by letting

(4.2) Li:K<l(.—;—i)), i=0,...,q—1.

Conversely, if a non-trivial solution L!, i = 0,...,q — 1, exists, we can
use (4.2) to define a function I # 0 in M(b,a, k) such that h = h +
is a Gabor dual different than h for G(b, a,g). We leave the details to
the reader. mi

Theorem 4.2 Let a,b > 0 with ab = p/q and ged(p,q) = 1. Let
g,k € L*(R) generate subspace Gabor frames G(b,a,g) and G(b,a,k),
respectively and suppose that there exists a function h € M(b,a,k)
such that the collection G(b,a,h) is a Gabor dual for the Gabor frame
G(b,a,g). Define the sets

Q= {(z,w) €[0,1/¢] x [0,1/p], G*(z,w) =0, fori=0,...,q— 1}
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and
Q= {(wi) € [O,I/Q]X[O,l/p], Ki(xaw) =0, fOTi: Oa“'vq_l}'

Then, the function h satisfying the conditions above is unique if and
only if

(4.3) Qy=Q,  (up to a set of zero measure).
and

(4.4) rank{G",...,G7'} = q a. e. on the set [0,1/q] x [0,1/p] \ Q.

Proof. We first remark that the conditions for the existence
of a dual Gabor frame h given in Theorem 3.5 clearly imply that
Qr C 4 up to a set of zero measure. We will first prove the
necessity of the conditions (4.3) and (4.4). Suppose first that (4.3)
fails. Then the set €y \ Qk has positive measure and there exist
io € {0,...,q — 1} such that the set E := Q, \ {K% # 0} has positive
measure. Defining L! = 0, for i # ig and L = K% Xp, where Xg
denotes the characteristic function of E, we see that the equations
(4.1) in Lemma 4.1 have a solution L°,... L' where the vector-
valued functions L’ are not identically zero and can be expressed as
linear combinations of K, ..., K971 with bounded coefficients. Hence,
the condition (4.3) is necessary. Suppose now that (4.3) holds but
(4.4) fails. Let eg,...,eq—1 denote the standard orthonormal basis
of CY4. Since the condition rank{G",... G471} = ¢ is equivalent to
ker(§) = 0, there exist i1 € {0,...,¢ — 1} such that P(e;,) # 0 on a
measurable subset Fy of [0,1/q] x [0,1/p] \ ©4, where P denotes the
orthogonal projection onto ker(§) (which is measurable by (e) of Lemma
3.3). Letting u = P(e;, ), we have |lu/jce <1 and

_

Q

(4.5) ;G =0 onl0,1/q] x[0,1/p],

<.
I
o

using equation (2.10). Taking into account the identity (4.3), we
deduce the existence of a measurable subset F' of F; and of an index
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j1 € {0,...,q—1} such that K7* # 0 on F. Letting H7 = u; K/' X, for
j=0,...,q—1, we have H7 # 0 for at least one such j. Furthermore,
using (4.5), we have

qg—1 q—1
Z<GZ;HJ>(C1” G]_<G’L7 Kj1>(ci” (Z U'__]Gj> _Oa Z:O7 »q 1)
Jj=0 j=0

which implies the non-uniqueness of h, using Lemma 4.1 again. Hence,
both conditions (4.3) and (4.4) are necessary for the uniqueness of
the Gabor dual in M(b,a,k). To prove the converse, let us as-
sume that both (4.3) and (4.4) hold and let L°,..., L9~! be vector-
valued functions in span{K?!,... K97!} with coefficients functions in
L*>°([0,1/q] x [0,1/p]) such that the equations (4.1) hold. Using (4.3),
we deduce that LY = --- = LI7!1 = 0 on Q4. On the other hand, using
(4.4), we deduce that

(L', GMYer =0, 4,5=0,...,¢—1,0n[0,1/q] x [0,1/p] \ Qq

since GV, ..., G9! are linearly independent on that set. Writing
qg—1
L'=> pi K7, i=0,...,¢—1,
j=0

where p;; € L>([0,1/q] x [0,1/p]) and considering the corresponding
matrix-valued function p with values in M, 4, we have

=

Q

pij (K9, GNer =0, i,1=0,...,q—1,

<.
I
o

or, equivalently, pn = 0. Using the matrix inequality (3.11), we
obtain that 7 is invertible on [0,1/q] x [0,1/p] \ €4 since ¢ is, and
thus that p = 0 on that set. This shows that L° = ... = L~! =0 on
[0,1/q] x [0,1/p] \ Q4 also, which proves our claim. O

Remark 4.3. The condition (4.4) is equivalent to ApI < £ a. e. on
the set {¢ # 0}.

Note that, because of the condition (4.4) involving the rank of a ¢ x p
matrix, uniqueness of the Gabor dual can never occur in the theorem
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above when p < g or ab < 1 (unless g = k = 0). On the other hand, if
a b is an integer we have the analogue of the first part of (iii) of Theorem
1.1 as the following corollary shows.

Corollary 4.4. Suppose that the assumptions of the previous
theorem are satisfied and assume, furthermore, that ab = p € N. If
a Gabor dual h for G(b,a,g) exists in G(b,a,k), then it is unique if
and only if (4.3) holds.

Proof. Note that, when g = 1, the condition (4.4) is always satisfied.
[}

Of course, when k = g, the condition (4.3) automatically holds and
thus uniqueness always occurs in the previous corollary. This result
was obtained in [14] (see also [12, 13]). We point out that, for subspace
Gabor frames, uniqueness of the dual in M(b,a, k) (when p > ¢q) can
occur even in the case that M(b, a, k) # M(b,a, g) since the condition
(3.11) can be satisfied together with (4.3) and (4.4) without the span of
the vectors K* being contained in that of the G*. The only exception is
when ab = 1 since in that case the condition (4.3) is easily seen to be
equivalent to M(b, a, k) = M(b,a, g). This is thus the only case where
the analogue for Gabor systems of the second part in statement (iii) of
Theorem 1.1 is true.
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