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ABSTRACT. In this paper we treat the identification of
a temperature dependent heat conductivity in an elliptic par-
tial differential equation from a single boundary measurement.
We are especially interested in conductivities with discontinu-
ities. Therefore, we apply the recently developed adaptive
grid regularization method. After showing results about the
convergence of the method we present numerical results that
demonstrate in a convincing way that this method is a pow-
erful tool to identify discontinuous heat conductivities.

1. Introduction. In this paper we want to deal with the identifica-
tion of the parameter a in

(1.1) —div(a(w)Vu) = f in Q
a(u)% =h on I'=00Q

from a single measurement of u at the boundary I.

Usually, one assumes that a varies spatially on x € 2. However, there
are interesting problems such as in the cooling process of a steel strand
where the heat conductivity depends merely on the temperature. The
stationary case leads to the nonlinear elliptic equation above.

Equation (1.1), however with mixed boundary conditions instead of
pure Neumann ones, was considered in [6], i.e., a Neumann condition
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was given on I'; and a Dirichlet condition u = g on I'ys with ' = T'; UTs.
The identification of a was done from a single measurement of u on
I';. Kiigler showed that an identification is possible on the range
of u at T'; provided that g is constant and that a € H'(I), where
I C R is a finite interval covering R(u|r,). Moreover, he regularized
the ill-posed problem of identifying a via Tikhonov regularization and
gave smoothness conditions that guarantee convergence rates for the
regularized solutions.

We are interested in identifying parameters a that are not even con-
tinuous but have jumps. It is well known that standard regulariza-
tion methods (cf., e.g., [4]) do not yield good results for discontin-
uous solutions. Better suited regularization methods for such prob-
lems are bounded variation regularization techniques or methods that
have similar behavior (see, e.g., [1,5,7]). In [8,9] the author introduced
a new finite-dimensional regularization technique based on adaptive
grids. Numerical results in these papers show that this method is an
efficient and fast tool to identify discontinuous solutions of ill-posed
problems. The convergence analysis of this method was done in [10].

We will apply this method to the identification problem mentioned
above. It will turn out that this inverse problem can be reformulated via
a linear equation which makes the solution via regularization techniques
much easier.

First of all we will show in the next section that the direct problem
has a solution even for discontinuous parameters a. In Section 3, we will
describe the adaptive grid regularization method and give convergence
results when applied to the above identification problem. In the last
section we will present numerical results.

2. The direct and the inverse problem We consider equation
(1.1), where Q is an open bounded convex subset of R? (d = 1,2,3)
with Lipschitz boundary T, f € L?(Q2), h € L?*(T), and the parameter
a satisfies the conditions

(2.1) 0<a<a<a<oo and

a is continuous except at most countably many points

for some positive constants a,a. The direct problem consists in finding
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a weak solution of (1.1), i.e., in looking for u € H'(2) satisfying
(a(uw)Vu, Vo) = (f,v) + / hvdo
r

for all v € H(Q), where (-,-) denotes the inner product in L?(12).
Obviously, a solution can only exist if f and h satisfy the condition

(2.2) /Qfda:—k/rhdazo,

which we assume to hold in the following. We will show in the next
proposition that (1.1) has a weak solution and that all solutions may
be expressed via the unique solution w € V of

(2.3) (Vw, V) = (f,v) + / hvdo forallveV
r

with V := {v € H'(Q) : [,vdr = 0}. Note that existence and
uniqueness of w follow immediately from the Lax-Milgram Lemma.

Proposition 2.1. Let a satisfy (2.1) and let f € L*(Q) and
h € L*(T') satisfy (2.2). Then equation (1.1) has a weak solution and
all weak solutions u. may be calculated via

(2.4) ue := A" Hw +c),

where w € V is the unique solution of (2.3), ¢ € R is a constant and A
18 defined via

(2.5) A(s) == /08 a(€) d€.

Proof. First of all note that, due to (2.1), A is continuous and strictly
monotonically increasing. Thus, A~' exists and is also continuous
and strictly monotonically increasing. Moreover, for any function
u € H'(Q) it holds that A(u) € H'(Q2) with VA(u) = a(u)Vu.
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Therefore, it follows with the definition of w that any weak solution
of (1.1) satisfies that A(u) = w + ¢ for some constant ¢ € R and hence
u=A" (w+ec).

It remains to be shown that u. := A~ (w+c) is an element of H*(Q)
for all ¢ € R: Tt is an immediate consequence of (2.1) that

as<A(s)<as fors>0 and as<A(s)<as fors<0

and hence that

“1¢ fort>0 and
1t fort < 0.

(2.6)

IAIA

A7)
A1)
This implies that u. € L?(Q). We still have to show that wu. is
differentiable. This is trivial if a is continuous. Since then it holds that
A~ is continuously differentiable with (A~1)'(t) = (a(A~1())~! which
by the chain rule yields that Vu,. = a(u.)~*Vw. We will now show that

this is still valid even if a is discontinuous in at most countably many
points.

1t <a
Ly <a

SIS

Let ky,, be the piecewise linear hat function defined by £, (0) = n and
kn(£n~1) = 0. Then we define a,, := ky, * a, i.e.,

t t+4
)= [ =) de+ [ - (o) de.

Obviously, a,, is continuous, a < a,, < @, and

lan(tn) —a®)] < sup  |a(§) — a(t)].
geft—2 ,t+1]

Therefore,

(2.7) an(tn) s==s a(t) if t, —t and a is continuous in ¢.

We now define u,, := A, ' (w+c), where A, is defined as in (2.5) with
a replaced by a,. Then, we know from the considerations above that
Uen € HY(Q) and

_ Vw(z) o) d
for all ¢ € CH(Q).
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We have to show that this formula also holds in the limiting case. Since,
due to (2.1) and (2.6), the estimates

w+ ¢
a

Vuw

(79} (uc,n)

_ [Vul

[tbe,n] < 2

and

are valid, by the Lebesgue Dominated Convergence Theorem it suffices
to show that
Vw pw Vw

2.9 Uen 25 U ace. and — a.e.
(29)  Hen = e anlien)  au)

at least for a subsequence (here pw stands for pointwise).

Note that (2.1) and (2.7) imply that A, converges pointwise towards
A. Since the estimates in (2.6) also hold for A, !, for an abitrary
subsequence of A, 1(t) there is another subsequence (again denoted by
A 1(t)) and an element s € R such that A;1(t) — s as n — oco. The
estimate

[A(s) = t] < |A(s) = An(s)] + [An(s) — ]

< JA®s) - |+|/ RAGES
A(s) — Au(s)] +als — A7 (1) — 0

IN

now shows that s = A71(¢) and that, hence, A1 converges pointwise
towards A='. This already implies that the left assertion in (2.9) is
true for all x € Q. Due to (2.7), we now also obtain that the right
assertion holds for elements = € 2 with a being continuous in u.(x).

Now let ¢ be such that a is not continuous at t and let D; := {x €
Q : uc(x) = t}. From the definition of u. we then obtain that w|p, is
constant. Now it follows from [2, Remark 3.93] that Vw = 0 a.e. in
D,. Thus, the second assertion in (2.9) also holds a.e. in D;. Since a
is discontinuous in at most countably many points, the assertion holds
a.e. in Q.

Finally, this yields that u. € H'(Q) with Vu, = a(u.) " Vw. O

Obviously, the solution of a Neumann problem is not unique. How-
ever, it follows from the definition (2.4) similarly to (2.6) that

C2 —C1 C2—C1

—— < U, (T) — U, (z) < for c2>ec1, €.
a
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This implies that fQ t.(x) der depends Lipschitz continuously on ¢ and
that

lim te(x) dr = £o0.
c—too o

Now, by the Intermediate Value Theorem, it follows as for the
solution w of (2.3) that there exists a unique solution u. such that
Joue(z)dr =0, ie., u. € V.

Let us now turn to the inverse problem, i.e., from a given single
measurement of u at the boundary we want to identify a. The
first question that arises is of course if this problem has a unique
solution. The next proposition states similarly to [6, Theorem 3.1]
that an identification is possible only on the range of u at I', i.e., on
R(u|r) = R(yu). Here v denotes the trace operator.

Proposition 2.2.  Let a1 and ay satisfy (2.1) and let f € L*(Q)
and h € L*(T) satisfy (2.2). Moreover, let uy and us be weak solutions
in HY(Q) of equation (1.1) with a replaced by a1 and az, respectively.

If yuy = yug, then ay = az a.e. on R(uilr).

If, in addition, ~yuy is continuous on I' and mot constant, then
I := R(ui|r) is an interval and ax = a2 for all points in I where
a1 and az are continuous.

Proof. It follows immediately from Proposition 2.1 that
ul U2
| a@ds- [Caxds=er-c
0 0

Since, due to (2.1), it holds that vA;(u) = A;(yu), i = 1,2, for all
u € HY(Q) with A; defined similarly as in (2.5), we now obtain for
Yyuj; = yug that

/OT(al(f) Cas(€))dE =1 —cy forall 7€ R(ulr).

This together with [2, Remark 3.93] yields that a1 = as a.e. on R(uy|r).
The remaining assertions are now trivial. ]
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Obviously, the result above is only of importance if R(ui|r) has
positive measure which is at least the case if yu; is continuous on
I' and not constant.

It is well known that the problem of identifying a is ill-posed. There-
fore, one has to use regularization techniques to solve this problem.
Usually, this is done by using the operator F' that maps a onto a solu-
tion u. Even if we choose the unique solution u € V, which makes the
operator F' well defined, F' is still a nonlinear operator. We will choose
a different way that allows to work merely with the measurements of u
on the boundary and where we have to find a regularized solution of a
linear equation.

Let us assume in the following that « € H'(f2) is a solution of the
forward problem for some a satisfying (2.1) and that « is bounded on
I and not constant, hence,

(2.10) R(ulr) C I := [Umin, Umaz] With  Umaz > Umin -

This is not a severe restriction, since in practice temperatures will be
bounded. The inverse problem of identifying a in (1.1) is now equivalent
to finding a and ¢ € R such that

u(x)
(2.11) Ta(u(x)) := / a(§)d¢ =w(x)+c, z€l,

min

where w € V is the solution of (2.3). Since it is obvious in the notation
above, we wrote u and w instead of yu and ~yw, respectively.

3. Adaptive grid regularization We mentioned above that the
identification problem is ill-posed and has to be solved by regularization
techniques. We use Tikhonov regularization combined with adaptive
grid regularization. The method is described as follows:

The regularized solutions are computed iteratively. In each iteration
a Tikhonov functional is minimized over a finite-dimensional space
ax + X, where a, is an initial guess and X, is the space of piecewise
linear functions on the interval I corresponding to the grid 7,,. After
each iteration not only the grid but also the regularizing norm is
adjusted. Obviously, there is no need for a regularization with respect
to c. The details of the algorithm are described below.
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Algorithm 3.1. (Adaptive grid regularization) Let a, 8 > 0.

(i) Start with a uniform (rather coarse) grid 7 in I = [Umin, Umaz)-
Set n:=1 and ag := 0.

(ii) Compute a minimizer a,, ¢, in X, x R of

(B-1)  ga,pla,c;wn) := [Ta(u(z)) — (w(z )+C—Ta*( ())II?

+a/|a (&) d¢

) = UIVF + ana @F / / VI o O d.

(iii) If a stopping criterion is satisfied, the iteration is finished.
The final solution of the identification problem is given by as + an,.
Otherwise:

(iv) Perform a local grid refinement
(32) Tn+l = G(Tna Cln) ’
where 7, is the grid corresponding to the finite-dimensional space A,,.
Set n:=mn+ 1 and go to step (ii).

For the motivation and justification of the regularizing norm in step
(ii) see [10]. As grid refinement in (3.2) we have chosen the following
procedure:

Let us assume that the grid 7, is given by the nodes
Umin = 50 < 51 << gm(n) = Umax

and set S; := [§-1,&]. A subinterval S; is refined according to the
following rules: a refinement is only performed if the length of the
subinterval is larger than a certain threshold, i.e.,

(3.3) €& — &i—1] > hmin

Under all admissible subintervals only those are refined where the
corresponding weight wy, ; := wy|g,, which is constant on each subin-
terval S;, since we use piecewise linear functions, is not smaller than
the k-th largest weight and close enough to the largest weight, i.e.,

(3.4) wp,; > Wy := k-th largest element among all wy, ;
with |§ — &-1] = Amin,
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(3.5) Wry; > K*max{w,; : |§ —&—1] > hmin}-

for some k € N and hyin, £ > 0. If a subinterval S; satisfies all criteria
then two equally spaced nodes are added within S;.

Since the operator T' defined in (2.11) is continuous from L*(I) into
L?(T') and 1 ¢ N(T) we may apply the convergence analysis from [10]:

Noting that, due to the refinement condition (3.3), no refinement will
occur anymore after some iteration step n, i.e., X, = X for all n > 7,
the question arises if (an,,cy,) is convergent in X7 x R. An answer to
this question follows directly from Proposition 2.2 and Theorem 2.3 in
[10]:

Theorem 3.2.  The regularized solutions (an,c,) in step (i) of
Algorithm 3.1 exist and are unique. Moreover, it holds that (an,cn)
converge to the unique minimizer (aa.8,7,Co.8,7) Of

(36)  fasla,c) =|Ta(u(x)) — (w(z) + c = Ta.(u(x))|
+all|™ Jg(a)?

m Xz xR as n — oo,

where
sata) =sun { [ (a(€)0() + TP de : ve CH Il <1}

Note that in A5 the definition of Jg(a) above coincides with
B2 +1a(§)|?dé.  However, the definition also makes sense for
functions of bounded variation.

As the threshold hpi, in (3.3) gets smaller and smaller, then 7
obviously becomes larger and larger. Therefore, we are also interested if
Gq.3,n € Xn converges to a minimizer in some infinite-dimensional space
if n tends to infinity. The following result is an immediate consequence
of Theorem 2.4 and Example 2.6 in [10]:

Theorem 3.3. The sequence {(aq,p.7,Ca,3.7)} has a weakly*
convergent subsequence in BV (I) x R.  The limit (a,é) of every
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weakly® convergent subsequence is a minimizer of fo g in BV (I) and
limy—co fa,6(da,6.n Ca,p,n) = fa,5(a ).

If the minimizer (Ga.8,ca.8) Of fap in BV(I) is unique, then
{(@a,8,7: Ca,p,n)} weakly™ converges towards (aq.g,ca,3) and hence

LP
GaBn — Ga,g, forall 1 <p<oo, and cagn— Capbn-

BV (I) denotes the space of functions of bounded variation consisting
of all functions a € L*(I) with Jo(a) < oc.

Of course, in practice the data u are not given exactly but only noisy
measurements u® are available with |[u® — ||z < 6. Moreover, in
general the function w in (2.3) can not be computed exactly which
yields additional data noise for the solution of the inverse problem.
Covergence results for (aq,g,ca,3) when the noise and the parameters
a and 8 go to 0 can be derived similary as in [3, 4].

4. Numerical results We will now present numerical results for the
problem of identifying @ in (1.1), where Q = [0,1]? and the functions
f € L?*Q) and h € L) are defined by

-8 t(z,y) <0,
flay) = —8(3F +2i(xr,y) 0<i(z,y) <55,

—16 %<t(m,y),

1, t(z,0) <0,
h(,0) == { 1+ 2i(z,y), 0 < #(z,0) < &,

, £ < t(z,0),

5 t0,y) <0,
h(0,y) =4 4 (1+ Z(z,y)), 0 <t(0,y) < o5,

g, a5 < 1(0,9),
h(z,1):=6,
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t<o0,

0<t< &
2—79<t
Bt
2 <t,

IN

INA
Ble $|m -

one can show that the direct problem of (1.1) has the weak solution

t(z,y),

)= B B0
2 T :(t@,y) — 155
5+ 3 (ta,y) — 223

with t(x,y) as above.

t(z,y) < 279,

61
29<t(xy < 145
61

m<t($,y)§%,

D% < t(z,y),

~—

As mentioned in Section 2, the inverse problem now consists in
identifying a from a single measurement of uw at the boundary. Using
Algorithm 3.1 we have to compute Tikhonov regularized solutions (cf.
(3.1)). This is achieved by solving the linear system

(A + aMp)n, = vy,

Nn = (Cn;an,07 cee

Qi (n),0)

—(1, Tpn j(u)L2(r)

(Ton,i(w), Ton,;(w))L2(r)

where
<1, 1>L2(F)
A, =
—(1, Tpn,i(u))L2(r)
[0 0
Mn - . )
0 [ bns©u; O de
L I
v . —<w—u,1)Lz(p) :|
" L (w —u, Tpn j(u)) 2
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SRS

FIGURE 4.1: results for exact u: left: n = 1; middle: n = 10; right: n = 25.

with I = [Umin, Umaz], Wn as in (3.1) and w as in (2.3). The functions
¢n,; are the usual piecewise linear hat functions. As initial guess we
have chosen a, = 1.

The parameters in the refinement rules (3.3) - (3.5) and 8 were chosen
as: k =20, hmin = 0.02, & = 0.3, and 32 = 0.1. The initial grid 7, was
a uniform mesh with dimension m(1) = 10.

The solution w of the Neumann problem (2.3) was calculated approx-
imately using bilinear finite elements on a uniform mesh of 101 x 101
nodes. All integrals were approximated using a Gaussian quadrature
rule based on 4 nodes in each subinterval. The number of subintervals
for each side of the square [0, 1]2 is denoted by s;.

To further speed up the algorithm in addition to refinement also
coarsening steps were performed after 20 iterations according to the
following rule: a node is dropped if the difference to the linear approx-
imation without this node is below a certain bound.

Figure 4.1 shows the results for the case where u is assumed to be
known exactly everywhere at the boundary:

Umin = —75 = —0.175, Umaz = oo ~ 1.169, s; = 10, a = 107".
After 10 iterations (dimension of 79 : m(10) = 68) one can already
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. -

—

FIGURE 4.2: results for noisy u: left: n = 28, 0.017% noise; middle: n = 30, 1%
noise; right: n = 30, 5% noise.

clearly see the jumps. Up to the 20th iteration the dimension grows to
148. Then coarsening starts: iterate 24 with dimension m(24) = 53 is
almost identical to the exact solution. Only the sharp corner can not
be identified.

Of course, in practice data are not measured everywhere. Thus, we
now assume that the solution u is only measured at the corners of
the subintervals, where the Gaussian quadrature is used. Choosing
sy = 100 means that u is evaluated at 400 equally spaced nodes at the
boundary. Between the nodes, u is calculated via linear interpolation.
This already yields to a noise of 0.017 % with resepect to [|ul|z2(r).
The 28th iterate (m(28) = 60, Umin and Uy,q as above, a = 1076) is
shown in the left part of Figure 4.2. The result is almost as good as
for the exact wu; close to the sharp corner it is slightly worse.

Then we added random noise to the values of u at the nodes. The
middle part of Figure 4.2 shows the 30th iterate (m(30) = 100, upin =
—0.185, Umaz = 1.171, . = 5- 10*6) when 1% noise was added. At least
the jumps could be identified, however not exactly the values between
the jumps. When adding 5% noise, the result were even worse, however
still much better than with standard Tikhonov regularization; see the
right part showing the 30th iterate (m(30) = 106, wmi = —0.226,
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Umaz = 1.179, a = 5-1075).
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