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ABSTRACT. We realize fast collocation methods for solv-
ing Fredholm integral equations of the second kind with
weakly singular kernels on a polyhedral domain in R? with
d > 3. A polyhedral domain is subdivided into a finite number
of simplices. We construct a uniform self-similar partition of a
simplex for the purpose of constructing multi-scale bases and
their corresponding collocation functionals. The multi-scale
bases and the collocation functionals lead to a compression
of the matrix representation of the weakly singular integral
operator and thus to a fast collocation scheme for solving the
integral equation. We develop a quadrature rule for com-
puting the weakly singular integrals appearing in the matrix.
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We propose an error control strategy for the numerical inte-
gration so that the nearly optimal convergence order for the
discrete fast collocation method is obtained. Finally, a nu-
merical experiment of solving the three-dimensional equation
is presented to confirm the theoretical estimates.

1. Introduction. We consider in this paper solving Fredholm
integral equations of the second kind with weakly singular kernels
on a polyhedral domain in R? for d > 3 by using fast collocation
methods. Equations of this type are of importance in many engineering
application areas [1, 24]|. Collocation methods are widely used in
solving the equations due to their significant computational efficiency
and attractive convergence properties, cf. [1, 2, 4]. The coefficient
matrix for the linear system obtained from the standard collocation
method of the integral equation is a full matrix. Generating the full
matrix requires computing N? integrals among which there are O(N)
singular integrals, where N is the size of the matrix. When N is large,
the standard collocation method is too costly to be used in practice.

Aiming at designing fast collocation methods, a general setting of
the fast collocation method for solving the equation was developed in
[11] and appropriate basis functions and collocation functionals are
constructed in the paper. By appropriately choosing basis functions
and collocation functionals so that they have multi-scale structures
and certain order of vanishing moments, the coefficient matrix can be
approximated by a sparse matrix having only O(N log N) number of
nonzero entries. The optimal order (up to a logarithmic factor) of con-
vergence for the approximate solution resulting from the compressed
sparse coeflicient matrix was proved in the paper. The quasi-linear
order of the computational complexity for the method was estimated.
It was also shown that the condition number of the compressed sparse
coefficient matrix is in order of log? N. Realizations of the method
for one-dimensional equations and that for two-dimensional equations
was presented in [14, 38], respectively. See also [13] for the control
of numerical quadratures for the one-dimensional equations. A mul-
tilevel augmentation method and a multi-level iteration method were
proposed respectively in [12, 17], to efficiently solving the linear sys-
tem resulting in the fast collocation method for integral equations. The
fast collocation method was used in [16] to solve an inverse boundary
value problem. Collocation methods based on wavelets were proposed



HIGH-DIMENSIONAL WEAKLY SINGULAR INTEGRAL EQUATIONS 51

in [20, 33, 35].

In this paper, as in our previous work [6, 11], we assume that the
solution of the weakly singular integral equation is in certain Sobolev
spaces. Such an assumption is normally not met if the boundary
has corners and edges. Regularity analysis for solutions of Fredholm
integral equations are found in [22, 32, 36, 37]|. However, there are
many cases when the solution is in a Sobolev space. For example,
solutions of some boundary integral equations on a smooth boundary
are smooth even though the kernels have singularities [1]. The main
purpose of this paper and our previously published papers in the
same context is to understand how we compress the coefficient matrix
resulting from the collocation method when the kernel has a weak
singularity so that the fast solutions give a nearly optimal convergence
order. The assumption that the solution is in a Sobolev space helps us
isolate the difficulty caused by the singular kernel from the difficulty
caused by the singular solution. A study on the treatment of using
wavelets for solutions that are not in a Sobolev space is a future research
topic.

Realization of the fast collocation method for integral equations on a
polyhedral domain in R¢ with d > 3 is a challenging task. It requires
the availability of multi-scale basis functions and the corresponding
multi-scale collocation functionals and efficient numerical integration
methods for computing high-dimensional weakly singular integrals. It
is the purpose of this paper to study these issues. Noting that a d-
dimensional polyhedral domain can be decomposed as the union of a
finite number of d-dimensional simplices, for convenience of presen-
tation, we will only present our method for integral equations on a
simplex. It is straightforward to extend it to an arbitrary polyhedral
domain. Remarks on the extension will be given.

This paper is organized into six sections. In Section 2, we present a
uniform self-similar partition for the standard d-dimensional simplex.
Based on such a partition, we describe in Section 3 the construction
of multi-scale bases and the corresponding collocation functionals on a
simplex. Specific constructions for several examples of important ap-
plications are presented. The fast collocation scheme using these multi-
scale bases and collocation functionals is described in Section 4. We also
improve the analysis of convergence and computational complexity for
the fast collocation method presented in [11] by removing a hypothesis.
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The entries of the coefficient matrix resulted from the fast collocation
method are all nearly weakly singular. In Section 5, a quadrature rule
for computing the weakly singular integral is developed. An error con-
trol strategy for the numerical integration is designed to preserve the
nearly optimal order of convergence and computational complexity for

the discrete fast collocation method. A numerical experiment
on the implementation of a three-dimensional equation is presented in

Section 6 to confirm the theoretical estimates.

2. A uniform partition of the simplex. The realization of the
fast collocation method requires the availability of multi-scale bases and
collocation functionals on the simplex having a multi-scale structure.
The construction of these bases and functionals demands a uniform self-
similar partition of the simplex. For general self-similar sets, see [21]
and also see [7, 26, 27, 28] for wavelet constructions on fractal sets. In
this section we construct such a partition for the d-dimensional simplex.
We first describe the partition strategy of the unit simplex and prove
that the partition has some uniformness property. We then extend the
partition strategy to a general simplex through affine mappings.

For a vector + € R? | we write z = [r; € R : j € Z,], where
Zg = {0,1,...,d — 1}. The unit simplex S in R? is the subset
S={reR¥:0< 29 <21 <241 <1}. In order to partition
S, for a positive integer pu, we define a family of counting functions
X : Zﬁ — Zgt1, j € Z, for e := (eg,€1,...,e4-1) € ZZ by

(2.1) Xj(e) =Y djed),

1€Zg

where 0;(k) = 1 when j = k and otherwise d;(k) = 0. The value of
X, (e) is exactly the number of components of e that equals to j. Given
e € Z%, we identify a vector c(e) := [¢; : j € Zyuq1] € Zgill by

(2.2) =0, c;=» Xie), j=1,2,... 1
iEZj

We remark that c(e) is always nondecreasing since each X; takes
nonnegative value, and ¢, is always equal to d. For e € ZZ and j < k,

we define the index set \II;€ ={e;:j <1< k,e;=er}. Then we define
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the permutation vector I = [i : k € Z4] € Zg of e by
(2.3) ik = e, + U],

where |A| denotes the cardinality of set A, and we assume card (&) = 0.
We have the following lemma about L.

Lemma 2.1. For any e € ZZ, the permutation vector 1e has the
following properties.

(1) For k € Zg, cm < ik < ¢m+1 if and only if m = ey,.

(2) For any j,k € Zq, i; < iy if and only if e; < ey or e; = ey with
Jj<k.

(3) The equality i; = iy holds if and only if j = k.
(4) The vector 1 is a permutation of vq :=[j :j € Zq].

Proof. According to the definition of I, we have for any k € Zj, that
(2.4) Cep, Sk < Cep +{ej: €Ly ej =er}| = cept1.

This implies that if m = ex, ¢ < ik < ¢ne1. On the other hand,
if there is an m such that ¢, < ix < ¢m41, it is unique because the
components of c(e) are nondecreasing. It follows from the uniqueness
of m and (2.4) that m = e,. Thus, property (1) is proved.

We now turn to proving property (2). If e; < ey, then e; +1 < e,
and hence Cej+1 < Ce,, since the component of c(e) is a nondecreasing
sequence. By (2.4) we conclude that i; < ce, 41 < e, < ip. If ej = ep
with j < k, then i —i; = |\I/§| > 1, hence i, < i. It remains to prove
that if 4; < i, then e; < e or e; = ey, j < k. Since in general for
J, k € Zg one of the following cases holds: e; < ey, e; = e, with j < &,
ej = e, with j > k, or e¢; > ey, it suffices to show that if e; > e or
e; = e with j > k, then ¢; > 4;. If e; > e, by the proof we showed
earlier in this paragraph, we conclude that i; > i;. If e; = e; with
j > k, we have that i; — i = |\I'f€| > 0, that is, i; > i,. Thus, we
complete a proof for property (2).

The above analysis also implies that the only possibility to have
ij =i is j = k. This proves property (3).
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Noticing that e, € Z,, for k € Zg and 0 < ¢, < ig < Cepp1 < d, We
conclude that I is a permutation of vg. 0

d

We next partition the unit simplex S. Associated with each e € Z{,

we define a set in R¢ by

e e €d— 1
(2.5) Se:= {x eR%:0< a:io——o < a:il——l <o <wy, - a1 g—},

Iz Iz Iz K
where iy, k € Zg4, are the components of the permutation vector I of e.
Since I, is a permutation of v4, Se is a simplex in R?. In the following
lemma we present properties of the family of simplices Se, e € Zﬁ.

Lemma 2.2. The simplices Se, € € Zﬁ have the properties:

(1) For any x € Se, there holds

k 1
(26) ; S Tey, é Tep+1 é e S xck_*_lfl é T; ke Zpu

(2) For any e € Zﬁ, Se CS.
(3) If e1,e2 € Z with ey # ey, then int (Se,) Nint (Se,) = @.

)
)
4) For any e € Z, meas (Se) = 1/(u® - d!), where meas () denotes
the Lebesque measure of set Q.

Proof. In order to prove (2.6), it suffices to show
k k k
(2.7) 0<w, _; chk"l‘l_; < chk+1—1_; <

or equivalently,

k k1

0<zr,——<zwg——<—

K I
for any ¢ < p < ¢ < ¢g+1. In fact, since I, is a permutation of vg, for
any integers ¢ < p < q < ¢gt1, there exists a unique pair p’, ¢’ € Zq
such that i,y = p, iy = ¢. It follows from Lemma 2.1 that e,y = ey =k
and p’ < ¢'. Thus (2.5) states that

0<z, -

k— < = k<
p T T e T T T

)

==
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which concludes property (1).
Property (2) is a direct consequence of (1) and the definition of S.
For the proof of (3), we first notice that

(2.8) int (Se)

e e €d— 1
:{xERd:0<xi0——O<xil——1<---<xid1— d1<—}.
w w w K

Moreover, by a proof similar to the one for (2.6), we utilize (2.8) to
conclude for any x € int (Se) that

k kE+1
(2.9) ;<ka <xck+1<-~-<xck+1,1<7, keZ,.
For j = 1,2 we denote e; = (eé,... 76571% L, = (z{), ’1271)’
c(ej) = (cgs--- ).

Assume to the contrary that int (Se,) N int (Se,) is not empty. We
consider two cases. In Case 1 if c(e1) # c(ez), we let k be the smallest
integer such that ¢}, # ci and assume c,l€ < ci without loss of generality.
For any x € int (Se,) N int (Se,), by (2.9), we have z. > k/u and
Te2g < kE/u. On the other hand, because x € S, we have that

Tl < @2, a contradiction. In Case 2 if c(e1) = c(ez), since e # eq,

we let k be the smallest integer such that e}, # ef. Hence, ejl = e? for

J < k, and we assume that e}c < ei without loss of generality. Thus,
we have that z,lg < Cii“ < Cgi < z% There exists a unique p € Z, such

that izl, = zi since I, is a permutation, and p > k because zjl = z? #+ z%
for all j < k. Furthermore, it follows from Lemma 2.1, c(e1) = c(eq)
and illj = i? that ezl, = €7 # e}, which implies p # k. Therefore, for any

X € int (Se, ), there holds

e} ey 3
T — — < Tjp —— =T;2 — —
k P i k i

On the other hand, there is a unique q € Z4 such that ¢ > k, ig =i,
and for any x € int (Se,),
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again, a contradiction. This completes the proof of property (3).

For property (4), we find by a direct computation that meas (S.) =
1/(u?d"), where

1
Sl = {xeRd:O<xi0 <z <<y, < —}.
I
Notice that Se is the translation of simplex S., through the vector e/ .
Since the Lebesgue measure of a set is invariant under translation, we
thus conclude property (4). o

Theorem 2.3. The family S(Z%) := {Se : € € Z} is an equi-volume
partition of the unit simplex S.

Proof. By Lemma 2.2, we see that for any e € Zﬁ, Se C S,
and for e;,e; € Z¢ with e; # ey, int(Se,) N int (Se,) = @ and
meas (Se, ) = meas (Se, ). It remains to prove that S C Ueezd Se-

To this end, for each x € S we will find e € Zﬁ such that x € Se.
Note that for each x € S we have 0 < 29 < a7 < -+ < 241 < 1.
For each k € Z, we denote by c, the subscript of the smallest
component z; greater than or equal to k/u. We order the elements
inset {x; :j€Zs}U{k/p:k € Z,11} in increasing order. We then

obtain that
0<2 <+ <, -1

1
S - S xcl S e S xcu,—l_l

I
-1
< “T <, < STy
=xq-1 < 1.
In other words, we have that
k k k1
(210) ngck —; chk—‘rl_; S"'chk+1—1_; S ;, kEZu.

Denote p; := max{k : ¢ < j}. It follows from (2.10) that the set
{z; — (pj/1) : 5 € Zqg} C [0,(1/p)]. We sort the elements of this set
into

(2.11) ogxio—%<xil—&g---gxid71—pil—lg .

==
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Notice that the vector I := (ig,41,...,%4—1) is a permutation of vg.
Let e := (eo,... ,eq—1) be a vector such that e; = p;;. It is easy to
verify i; = ce; + |W|. Hence, I = I, which together with (2.11) shows
X € Se. O

In the rest of this section, we consider the important affine mappings
from S to Se, which are utilized to define linear operators for the
recursive construction of the multi-scale basis functions and functionals
from a lower level to higher levels. A permutation matrix has exactly
one entry in each row and column equal to 1 and all other entries being
zero, cf. [19]. Hence, a permutation matrix is an orthogonal matrix.
For any permutation I of v4, there is a unique permutation matrix Pe
such that I = Pyvy. We call the vector

I:; = (167 711271) = PeTVd
the conjugate permutation of Ie. Thus, I itself is also a permutation
of vg. It follows from the definition above that for [ € Zg4, if = k if and
only if i, = I. We define the conjugate vector e* := (ef,ej,... ,e}_;) of
e by setting e = ¢;x, | € Zg. Utilizing the above notations, we define
the mapping Ge by

[ wipte
(2.12) Ge(x) i =%x= |f1 = —+——:1€Z4|, x€S8.
u

We intend to show Ge(S) = Se. Indeed, for k € Z,4, we let | = iy and
observe by definition that i} = k, e] = ex. Thus &; = (z + )/, or

(213) T — ,Ll,ffl — € — /Lii‘ik — €L.
Ifxe S, then 0 <zg <z <---<xy_1 <1, which implies that
0< uyy —eo < puZy, —er < -+ < uZy, , —eqo1 < 1,

or
so that X € Se. On the other hand, given x € So, we define
x := [z : k € Zg4] by equation (2.13). Thus, x € S and X = Ge(%).
Therefore, Go(S) = Se.

~ € -
0<z,; ——ngi

0

<

Y

=
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The expression of the inverse mapping G; ! has been given by equation
(2.13), which is written formally as

(2.14) X =G (X) = [xx = pdi, —er k€ Zg], XE Se.

For any e € ZZ and x’,x” € R%, there holds

1
(2.15) [Ge(x') = Ge(x")lp, = ;HX'—XHHp,
(2.16) 1Ga (%) = G (%)l = pllx" — <",
where || - ||, is the standard ¢ norm on R for 1 < p < oo.

Proposition 2.4. The family S(ZZ) is a uniform partition of the
unit simplex S in the sense that all elements of S(Zﬁ) have an identical
diameter.

Proof. We denote A := maxy xeg ||x" — x"||,. It suffices to prove
that for any e € ZZ,

max _ ||x, —x1|, = é
xL,x!/€Se € ellp )

It follows from formula (2.16) that for any x.,x2 € Se,
plixe = xlp = 1627 (x0) — G (x)lp < A.

On the other hand, suppose that X', X € S such that |X' —X"|, = A
and let X, := Ge(X'), and X := Ge(X’). By (2.15), we have that
. 1 A
‘LL )

1%e = XCllp = — %' = &[], =
which completes the proof. O

When a partition of the unit simplex has been established, it is not
difficult to obtain a corresponding partition of a general simplex in R%.
For a nondegenerate simplex S’ in R%, in the sense Vol (S') # 0, there
exists an affine mapping F : R? — R% such that F(S’) = S. It can be
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FIGURE 1. The distribution of Se,e € Z% inS.

shown that for 1 < p < oo there are two positive constants ¢; and cs
such that

(2.17) alx’ =x"|l, < |FE) = FEllp < callx = x"|lp,

for any x’,x” € §’. For any e € ZZ, we define G/, := F1o0Geo F.
Thus, the family of simplices {G/(S") : e € Z%} is a partition of 5.

Furthermore, for any x’,x” € R% and e € Zﬁ, there holds

C C:
—|Ix = X"l < GL(x) = GL(X)lp € —=Ix" — x"||,-
Col c

ForE:=lej:jeZy] € (ZZ)m, we define the composite mappings

OE :=Gep 0 0Ge, , and Gg:=G, o---0G,
and observe that G = F~10oGg oF. In the next theorem we show
that the partition {G/(S’) : e € Z%} of S’ is uniform, and it meets
the requirement of the fast collocation method. To this end, we let
SE := Gr(S) and Sg = Gr(S’). Also, we use diam, to denote the
diameter of a domain in R¢ with respect to the 7 norm.
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Theorem 2.5. For any x',x" € R* and E € (Z%)™, there hold

C1 1 m Co 1 m
[ X —x"|l, < |GL(x") — G (x" €2 (_) < — x|,
L (2) I =X < 1686) - Gax < 2 (1) I -,

1 m
diam,(Sg) = <;> diam, (S),
and

e (1IN , . ’ 62(1)m . ’
— | — | diam,(S’) < diam,(Sg) < —( — | diam,(S").
() diny(57) < diom () < 2 () diom (5

At the end of this section, we give partitions for important cases in
practice. For d = 1, the unit simplex is just the unit interval [0, 1]. We
obtain from (2.13) and (2.14) that

T+ _ o
Gj(x) = o G\ (z) =px—j, jE L,
and the subintervals obtained from the mappings are S; = [(j/u),

((j+1)/n), j € Z,. For d = 2, the unit simplex is the unit triangle
S = {(xo,z1) : 0 < xy < xy < 1}. We only consider the case
i = 2. The expressions of the contractive mappings are listed in
Table 1, and the mapped triangles are Se, e € Z3. We illustrate their
position in S in Figure 1. For d = 3, the unit simplex is given by
S = {(zo,2z1,22) : 0 < a9 < 21 < 29 < 1}. We also restrict ourselves
to the case p = 2. In Table 2, we list the expressions of the eight
affine mappings Go,e € Z3 as well as their inverse mappings. The
sub-simplices Se, e € Z3 are shown in Figure 2.

TABLE 1. The expressions of the mappings Ge for u=2,d = 2.

e Ce L | x| e Ge (w0, 1) G (&0, 21)
(0,0) | (0,2,2) | (0,1) | (0,1) | (0,0) ((z0/2), (%1/2)) (2%0,2%1)
01 ] 0,12 [ 01| 01| 0,1 (@/2),@+1/2) | (50,28 -1)
(1,0) | (0,1,2) | (1,0) | (1,0) | (0,1) | ((=1/2), (z0 +1/2)) (21 — 1, 2%0)
(1,1) | (0,0,2) | (0,1) | (0,1) | (1,1) | ((mo + 1/2), (z1 4+ 1/2)) | (2F0 — 1,271 — 1)
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S1,0,1) Sa,1,0) Sa,1,1)

FIGURE 2. A uniform partition of the three-dimensional unit simplex.

3. The multi-scale bases and collocation functionals. In
this section, we specialize the general construction of multi-scale bases
and their corresponding collocation functionals described in [11] to the
simplex S in R, by using the affine contractive mappings constructed
for the simplex in the previous section. For practical use, we also
present concrete multi-scale bases and collocation functionals for the
cases d = 1,2,3. The basis functions and collocation functionals on
the simplex are used to construct those on a polyhedral domain by
subdividing it into a fixed number of simplices. For more information
on construction of multi-scale bases and functionals, see [7, 8, 25, 27,
28].

We begin with the space X of polynomials of order k, i.e., polynomi-
als of total degree less than k, on S and the family ® := {¢. : e € Z,,}
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of affine contractive mappings of cardinality v := u¢, constructed in
the previous section, which satisfy

S=o(8) = |J ¢e(S) and ¢c(5) N e (S) = 2,

e€Z,
for e,¢’ € Z, with e # ¢’

The dimension of Xg is w(0) := (k_(li"’d). A set Gy C R is said to
be refinable with respect to ® if Go C ®(Go). The notion of refinable
sets was introduced in [7] and a concrete construction of Gy which
admits a unique Lagrange interpolatory polynomial of a prescribed
order was described in [25]. Associated with the space X, we construct
a refinable set Go := {s; : j € Z(0)} with respect to ® of cardinality
|Go| = w(0), which admits a unique Lagrange interpolatory polynomial
of order k. For any j € Z,,(g), we let wo ; be the Lagrange interpolating
polynomial with respect to the interpolation set Gy at the point s;
and define the point evaluation functional at s; by fo ; := ds,. This
construction ensures that (o ;,wo, ;) = d;5, for i,j € Z, (o), where (-, -)
denotes the functional application as in [11].

To construct higher level basis functions, for each e € Z,, we
introduce a linear operator 7, : L*°(S) — L*°(S) defined for f €
L>(S) by

(3.1) T.f = fod. Xo.(s),

where X 4 denotes the characteristic function of set A. For n € N, we
define X,, recursively by

X, = U T X, 1.
ecZ,

Hence, X,, is the space of piecewise polynomials of order k£ with respect
to the partition ®"(S) and a basis for X,, is recursively constructed
by a basis for X; with operator applications of 7.. We next describe
a construction of a basis for X;. Clearly, the dimension of X; is given
by vw(0) and we have the nestedness property that Xg C X;. We
let Gy := ®(Gy) and observe that the cardinality of Gy is vw(0). Let
L, denote the space of the point evaluation functionals ¢ of the form
€ =) .cq, cs0s which satisfies (£, f) = 0, for f € Xo. We denote
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by {f1,; : j € Zy(1)} a basis of Ly, where w(1) := (v — 1)w(0). For
J € Zy(1), let wy ; € X satisty

(32) (wo,j/,wlyj) = 0, j/ S Z'w(O)v and
(trjrwrg) =015, J' € L.
We remark that each w; ; is uniquely determined by (3.2).

The basis functions w; j, j € Zy(;), i > 1, where w(i) := v tw(1),
are constructed by recursions as described in [11]. Specifically, for ¢ > 1
and e := (eg,e1,...,e,_1) € Z!, we introduce the composite operator
To := Ty 0 --- 0T, , and define the number u(e) := vi=leg + - +
vei—o +e;—1. We construct w; j, i > 1, j € Zy,(;) from wy, | € Zy()
in the way

(3.3)  wi;=Tewry, j=ple)w(l)+l, ec€Zi ' 1€Z,n).

The collocation functionals ; j, j € Zy (), ¢ > 1, are constructed in a
similar manner. For e € Z,, we define a linear operator L. : L>=(S)* —
L*>°(S)* by the equation

(Lel, fY=(l, foge), feL>=S), (eL>*0S)",

and for e := (eg,...,e;_1) € Z', we define the composition operator
Le:=Leyo 0L, ,. Fori=23,..., n, we generate the functionals

(34) &',j = Eeel,h j= u(e)w(l) +1, ee Zf,_l, le Zw(l)-

The multi-scale bases {w;; : i € Zny1,j € Zy;)} and collocation
functionals {f;; : i € Zny1,j € Zyi)} will lead to fast collocation
methods which will be described in the following section.

In the rest of this section, we follow the construction described above
to generate the multi-scale bases and collocation functionals of several
cases of practical importance. Since basis functions and collocation
functionals of levels higher than 1 are constructed by (3.3) and (3.4),
respectively, we present only those of levels 0 and 1.

3.1. The one-dimensional case. In the one-dimensional case, S =
[0,1] and we choose ® = {¢; : j € Zy} with

dolt) = . dolt) =5, te(0.1]
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The linear basis. In this case, k = 2, and thus, X is the space of
polynomials of order 2 and dim (X() = 2. A refinable set of cardinality
2 with respect to ® is Gp = {(1/3), (2/3)}. Hence, at level 0, we have
two basis functions

wo,o(t) =2—3t, wou(t)=—1+3t,
and two collocation functionals
lo,0 = 0173, Lo, = 0g/3-
At level 1, we have two basis functions
1—(9/2)t t€[0,(1/2)],
’U}L()(t) =
-1+ (3/2)t te((1/2),1)
(1/2) = (3/2)t  te0,(1/2)],
’LU171(t) =
—(7/2)+(9/2)t te((1/2),1]

and two collocation functionals

3 1 1 3
b0 =016 — 551/3 + 552/37 l1q = 551/3 - 552/3 + 35 /6-

The cubic basis. In this case k = 4 and correspondingly, X is the
space of polynomials of order 4 and dim (Xo) = 4. A refinable set of
cardinality 4 with respect to ® is Go = {(1/5),(2/5),(3/5), (4/5)}. At
level 0, we have four basis functions

woo(t) = —%(575 —9)(5¢t — 3)(5t — 4),

wo1(t) = = (5t — 1)(5t — 3)(5¢ — 4),

N =

1
wo2(t) = —5(575 — 1)(5t — 2)(5t — 4),
1
U)()’g(t) = 6(5t - 1)(5t - 2)(5t - 3)
and four collocation functionals

loj = (j+1)/50 J € L.
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At level 1 we have four basis functions

(85/32) — (725/12)t + (575/2)t? — (1475/4)t3
t€[0,(1/2)],
wiolt) = —(235/32) + (575/12)t — (175/2)¢2 + (575/12)t3
te((1/2),1],
(1145/288) — (1775/24)t + (1675/6)t> — (4975/18)t3
oty tE02L
’ —(7495/288) + (3625/24)t — (525/2)t% + (2525/18)t3
te((1/2),1],
(805/288) — (375/8)t + (475/3)t — (2525/18)t3
t€[0,(1/2)],
wi2(f) = —(19355/288) + (8275/24)t — 5502 + (4975/18)t3
te ((1/2),1],
(95/96) — (50/3)t + (225/4)t% — (575/12)t3
t€[0,(1/2)],
wi(t) = —(13345/96) + (1775/3)t — (3275/4)12 + (1475 /4)t*
te((1/2),1]

and four collocation functionals

2 3 1

b1 = 351/10 - 552/10 +203/10 — 04710 + 1—056/10;
3 1 1

b1y = 1—052/10 — 03710 + 04710 — 566/10 + 557/10,
1 1 3

Lo = 353/10 - 554/10 + 66/10 — 07710 + 1—058/10;

1 3 2
b3 = 1—054/10 —d6/10 + 20710 — 568/10 + 559/10~

3.2. The two-dimensional case. In the two-dimensional case, S =
{(wg,21) € R? : 0 < 29 < 21 < 1}, and we choose the contractive
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s
s

O (@7,13/14) O (11/114,13f14)

.
|
|
|
|
|
,
s 0 (5/14,11/14)
,

O (114,6/7) * (417,607)
/
* (1/74517) 0 (9/34:5/7)
P
.
. o (3/719/14)

|
|
|
|
i
O (3/14,417) |
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O (1114,5/14)

O (1/78/14)

FIGURE 3. The refinable set G1 for two-dimensional linear basis.

mappings as ® = {¢. : e € Z,} with

wle) = (5:3). e = (5.557).
e = (1551-8) ante) = (55

We choose k& = 2 and thus Xy is the space of linear polynomials on .S,
and dim (Xo) = 3. A refinable set of cardinality 3 with respect to @ is

given by
2 3 15 4 6
GO_{(?’?)(?’?)’(?’?)}'

The basis functions of level 0 are

woo(t) = =342y, woi1(t)=x—3y+2, wo(t)=20+y—1,
and collocation functionals of level 0 are

oo == d((2/7),3/7))> o1 :=O((1/7),(5/7))> Loz = O((a/m),(6/7))-
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The set
a-{(+3) G3)G3) (@3) (w) G)
TT)NTT)NTT 7 14714 )7\ 7714 )’
9 5 1 3 5 11 2 13 11 13 3 4
(7)) o) G (5) ()}

We plot the points of G in Figure 3, in which the points marked with

x’ are those of the subset Gj.

The nine basis functions at level 1 are given by

—(11/8) = (15/8)z + (41/8)y (z,9) € S0,
o) = {5/8+ (1/8)z — (7/8)y (2,y) € S\ So,

1—(15/4)x — (7/8)y (x,y) € So,
v { “14 (1/4)z + (9/8)y (z,y) € S\ So,

9/8 + (15/8)z — (29/8)y (z,y) € So,
w1,2(@:0) { (15/8) — (1/8)c + (19/8)y  (2,y) € S\ So,

(15/8) — (41/8)z + (13/4)y  (=,y) € 51,

e _{ 18+ (7/8)2 - (3/4)y (ry) € 5\ 8,
(29/8) + (7/8)x — (37/8)y (z,y) € S,

ey :{ “3/8— (9/8)e+(11/8)y  (5,y) € S\ S,
—5/8 —(29/8)x + (7/4)y (z,y) € S,

wi 5(z,y) :{ 3/8+ (19/8)x — (9/4)y (z,y) € S\ Si,
(15/4) - (13/4)a — (15/8)y  (2,y) € S,

el :{ —1/4+ (3/4)z + (1/8)y (z,y) € S\ S,
(1/8) ~ (37/8)x + (15/4)y  (2.) € S5,

ey { S8+ (/8 — (/) (m) €S\ S,
(5/2) + (7/4)x + (15/8)y  (x,y) € Ss,

( )_{ 5/2
18(2,y) = 1/2 = (9/4)z — (1/8)y (z,y) € S\ Ss,

where S, = ¢.(5), e € Z4. Correspondingly, the nine collocation
functionals are given by

C10 = 0((1/14),(5/14)) = O((1/7),(3/14)) + O((2/7),(3/7)) — O((3/14),(4/7))
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(1,1 = 0((1/14),(5/14)) — O((2/7),3/7)) F O((3/7).(9/14)) — O((3/14),(4/7))»
1,2 = 0((5/14),(11/14)) = 0((3/7),(9/14)) T 0((2/7).(3/7)) = O((3/14),(4/7))
1,3 = 0((1/14).6/7)) = O((1/7),(5/7)) + 0((5/14),(11/14)) = O((2/7),(13/14))
1,0 = 0((1/7),(5/7) = O1(2/7),(13/14)) + O((5/14),(11/14)) = 0((3/14),(4/7))
1,5 = 0((3/7),(9/14)) — O((5/14),(11/14)) + 0((1/7),(5/7)) — O((3/14),(4/7))>
1,6 = 0((a/7),(6/7)) — 0((11/14),(13/14)) T 0((9/14),(5/7)) = 0((3/7),(9/14))
1,7 = 0((a/7),(6/7)) = 0((9/14),(5/7)) + 0((3/7),(9/14)) — O((5/14),(11/14))>
1,8 = 0((3/14),(4/7)) = 0((3/7),(9/14)) T O((4/7),(6/7)) — O((5/14),(11/14))-

Note that all functionals listed above are linear combinations of four
point evaluation functionals, which use the least number of points to
construct a functional that annihilates all linear polynomials. We also
note that all weights in the linear combinations are either 1 or —1.
In fact, these functionals are divided difference functionals in some
sense. We plot the positions of the point sets of the nine functionals
in Figure 4. The points marked with ‘+’ have weights 1 while those
marked with ‘o’ have weights —1.

3.3. The three-dimensional case. In the three-dimensional case
S ={(wo,x1,22): 0< 20 <21 <290 <1},

and we choose the eight contractive mappings {Ge : € € Z3} listed in
Table 2. We construct a linear basis and its corresponding collocation
functionals. Hence, k£ = 2 and X is the space of linear polynomials on
S, and dim (X() = 4. A basis for X has the form
wo,o(m,y,z):2+y—3z, w071($,y,2):$—3y+22,
wO,Q(xvyﬂz) = _3x+2ya w073($,y,z):—1+2$+2.

An appropriate refinable set of cardinality 4 is given by

Gool [(B.414) (42 7Y (2 111 (1313
0= 155715 /"\15'57 15 /'\15'5 15 /" \15' 5" 15 '

The elements of G define the collocation functions ¢y; of level 0, for
j=0,1,2,3.
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7|
0 |
s
7 +1

FIGURE 4. The functionals £1;, j € Zg for two-dimensional linear basis.

Let Se = Go(9) for e € Z3. The 28 basis functions wy ;, j € Zas, of

level 1 are given by

(55/16) — (65/8)z

wi,0(2,y,2) = { —(25/16) + (15/8)=

(75/16) — (65/8)y + (65/8)~
w11 (2, Y, 2 { (5/16) + (15/8)y — (15/8)z

(75/16) — (65/8)x + (65/8)y
w1 ,2(2,Y, 2 { (5/16) + (15/8)x — (15/8)y

(75/16) + (65/8)
wy 3(w,y, 2 { (5/16) — (15/8)x

(29/16) + (31/16)y + (21/8)=
w1,4(2,Y, 2 { (19/16) — (1/16)y — (11/8)z

(x,y,z) € S(O,O,O)a
(l‘,y,Z) € S\S(O,O,O);
(z,9,2) € S0,0,1)
(l‘,y,Z) € S\S(O,O,l);
(x,y,z) € S(O,l,l);
(x,y,z) € S\S(O,l,l);
(l‘,y,Z) € S(l,l,l)a
(l‘,y,Z) € S\S(l,l,l);
(z,9,2) € S0,0,0),
(1[,’ Y,z ) € S\S(O,O,O)v
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w1,5(x, Y, Z) =
wl,ﬁ(xa Y, Z) = {
w1,7(x, Y, Z) =
wl,B(xa Y, Z) =
w1,9(xa Y, Z) = {

wi10(2,y, 2) = {

wy11(2,y, 2) =

wy12(2,y, 2) =

wi13(2,y, 2) = {

wi14(2,y, 2) =
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—(5/2) + (31/16)x — (31/16)y + (99/16)z

(,9,2) € 50,00
(3/2) — (1/16)z + (1/16)y — (29/16)z

(z,9,2) € S\ 5(0,0,0);
—(25/32) — (31/16)x + (17/8)z (=, y, 2) € S(0,0,0),
(23/32) 4+ (1/16)x — (7/8)= (z,y,2) € S\ S0,0,0)
(11/4) + (31/16)x + (21/8)y — (73/16)z

(z,9,2) € S(0,0,1)
—(1/4) — (1/16)z — (11/8)y + (23/16)z

(z,9,2) € S\ 50,0,1);
(59/16) — (31/16)z + (99/16)y — (99/16)z

(z,9,2) € S0,0,1),
—(5/16) + (1/16)x — (29/16)y + (29/16)=

(z,9,2) € S\ S0,0,1);
—(19/32) + (17/8)y — (3/16)z  (x,y, 2) € S(0,0,1);
—(3/32) = (7/8)y + (13/16)z  (2,y,2) € S\ S(0,0,1)
(11/4) + (21/8)z — (73/16)y (@, y,2) € S(0,1,1),
—(1/4) = (11/8)x + (23/16)y  (z,y,2) € S\ S(0,1,1)
(7/4) + (99/16)z — (99/16)y + (31/16)z

(7,y,2) € S0,1,1);
—(1/4) — (29/16)z + (29/16)y — (1/16)=

(x,9,2) € S\ S0,1,1),
(43/32) + (17/8)x — (3/16)y — (31/16)=

(7,y,2) € S0,1,1);
—(5/32) — (7/8)x + (13/16)y + (1/16)z

(z,9,2) € S\ S0,1,1)s
(13/16) — (73/16)x + (31/16)z  (x,y,2) € S1,1,1)s
—(3/16) + (23/16)x — (1/16)z  (x,y,2) € S\ S1,1,1)
(59/16) — (99/16)z + (31/16)y — (31/16)z

(7,y,2) € S1,1,1),
—(5/16) + (29/16)x — (1/16)y + (1/16)z

(x,y,2) € S\ 11,1,
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wi1s(2,y, 2) =

wy16(2,y,2) =

wy7(,y,2) =

wi1s(x,y, 2) =

(43/32) — (3/16)z — (31/16)y  (z,y,2) € S(1,1,1),
—(5/32) 4+ (13/16)z 4 (1/16)y  (x,y,2) € S\ S1,1,1)

—(1/4) + (79/240)z + (451/240)y — (229/240)=
(7,9,2) € S0,0,0) U S(1,0,05

(29/60) — (49/240)z — (29/240)y — (101/240)z
(z,9,2) € S0,1,0) U S0,0,1)

(11/20) — (49/240)z — (61/240)y — (101/240)z
(z,9,2) € S0,1,1) U S(1,0,1)

(49/60) + (79/240)z — (61/240)y — (229/240)=
(z,y,2) € Sa,1,00USa1,1),

(25/464) + (727/696)z — (2857/1392)y + (461/696)=
(z,9,2) € S0,0,00 U S(1,0,0)5

(47/48) + (119/696)x — (73/1392)y — (827/696)z
(z,9,2) € S0,1,00 U S0,0,1)

(185/464) + (119/696)x + (679/1392)y — (611/696)=
(w,y,2) € S0,1,1) U S(1,0,1)s

—(13/1392) — (449/696)x — (329/1392)y + (461/696)2
(7,9,2) € S1,1,00US(1,1,1)

—(1/16) — (179/240)z + (49/240)y + (29/240)=
(7,9,2) € S0,0,0) Y S1,00)

—(31/240) — (211/240)z + (49/240)y + (61,/240)z
(z,9,2) € S0,1,0) U S0,0,1)

(11/80) — (211/240)x — (79/240)y + (61/240)=
(z,y,2) € S0,1,1)USa,0,1),

(289/240) + (301/240)z — (79/240)y — (451,/240)z
(z,y,2) € Sa,1,00USa1,1),
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wl,lQ(xvya Z) =

wl,QO(xv Y, Z) =

w1,21(x7 Y, Z) =

w1,22(x7 Y, Z) =
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(97/464) — (1489/1392)x — (119/696)y + (73/1392)=
(7,y,2) € S0,0,0) Y S1,00)

(23/48) — (305/1392)x — (119/696)y — (679/1392)=
(z,y,2) € S0,1,00 Y S0,1)

—(303/464) — (305/1392)x + (449/696)y + (329/1392)=
(z,y,2) € S0,1,1)USa,0,1),

—(997/1392) — (481/1392)z — (727/696)y + (2857/1392)2
(w,y,2) € Sa,1,00US,1,1)s

(1/16) + (61/240)z + (229/240)y — (211/240)=
(z,9,2) € S0,0,0) U S(1,0,0)5

—(241/240) — (451/240)z + (229/240)y + (301/240)=
(z,y,2) € S0,1,00 Y S0,1)

(21/80) + (29/240)z + (101/240)y — (179/240)z
(z,y,2) € S0,1,1)USa,0,1),

(79/240) + (61/240)x + (101/240)y — (211/240)=
(w,,2) € Sa,1,00USa,1,1)

(53/232) + (329/1392)x — (461/696)y — (305/1392)=
(7,9,2) € S0,0,0) Y S1,00)

(7/24) + (2857/1392)x — (461/696)y — (481/1392)2
(7,y,2) € S0,1,00 Y S(0,0,1)s

(21/232) + (73/1392)x + (827/696)y — (1489/1392)=
(z,y,2) € S0,1,1)USa,0,1),

—(125/696) — (679/1392)z + (611/696)y — (305/1392)=
(z,y,2) € Sa,1,00USa,1,1),

—(1/8) — (101/240)z + (211/240)y — (49/240)z
(z,9,2) € S0,0,0) U S(1,0,0)5

—(47/120) — (229/240)z + (211/240)y + (79/240)z
(w,y,2) € S0,1,00 Y S(0,0,1)

(27/40) — (229/240)z — (301/240)y + (79/240)z
(z,y,2) € S0,1,1)USa,0,1),

—(7/120) — (101/240)z + (179/240)y — (49/240)z
(z,y,2) € Sa1,1,00USa,1,1)
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w1,23(x7 Y, Z) =

w1,24(x7 Y, Z) =

w1,25(x7 Y, Z) =

wl,QG(xv Y, Z) =

(1/116) — (611/696)x + (305/1392)y + (119/696)z
(7,y,2) € S0,0,0) Y S1,00)

(5/12) + (461/696)z + (305/1392)y — (449/696)=
(z,y,2) € S0,1,00Y S0,

—(155/116) + (461/696)x + (481/1392)y + (727/696)=
(z,y,2) € S0,1,1)USa,0,1),

—(91/348) — (827/696)x + (1489/1392)y + (119/696)=
(z,9,2) € S1,1,0) US,1,1)s

(345/464) + (1103/464)z + (12/29)y — (1263/464)2
(z,9,2) € S0,0,0) U S(1,0,0)5

—(27/16) — (593/464)x + (12/29)y + (993/464) =
(z,y,2) € S0,1,00 Y S0,1)

—(231/464) — (593/464)z — (27/29)y + (753/464)z
(z,y,2) € S0,1,1)USa,01),

(497/464) + (863/464)x + (8/29)y — (1263/464)z
(z,9,2) € S1,1,0) US,1,1)s

(225/464) + (8/29)z — (1263/464)y + (17/29)=
(z,9,2) € S0,0,00 U S(1,0,0)5

(13/16) + (12/29)z — (1263/464)y — (2/29)=
(z,9,2) € S0,1,0) U S0,0,1)

—(191/464) + (12/29)x + (993/464)y — (37/29)=
(z,y,2) € S0,1,1)USa,0,1),

—(503/464) — (27/29)x + (753/464)y + (17/29)=
(z,y,2) € Sa,1,00USa1,1),

(45/232) + (753 /464)x + (17/29)y — (593/464)z
(z,9,2) € S0,0,0) U S(1,0,0)5

—(11/8) — (1263/464)x + (17/29)y + (863/464) 2
(7,y,2) € S0,1,00 Y S(0,0,1)s

—(363/232) — (1263/464)2 — (2/29)y + (1103/464)z
(w,y,2) € S0,1,1)USa,01)

(201/232) + (993/464)z — (37/29)y — (593/464)
(z,y,2) € Sa,1,00USa1,1),
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(105/232) — (37/29)x — (593/464)y + (12/29)z
(z,9,2) € S0,0,00 U S(1,0,0)

(9/8) + (17/29)x — (593/464)y — (27/29)=
(z,y,2) € S0,1,00 Y S0,

—(383/232) + (17/29)x + (363/464)y + (8/29)=
(z,y,2) € S0,1,1)USa,01),

—(459/232) — (2/29)z + (1103/464)y + (12/29)=
(w,,2) € Sa,1,00 US,1,1)-

The set G1 = {t;; : i € Zg,j € Zs} where

w1 27(2, Yy, 2) =

to,0 := <37171>a to,1 = <i7i7£>a
’ 15° 5" 30 ’ 157 10" 30
to,2 = <i737173>a toz == <ivzal>v
’ 30°10° 30 15°5° 15
th = <L7L7E>7 tll = <i737%>5
’ 15710 15 ’ 307107 15
(4229 (2111
t1,2 - (5757%)5 t1,3 - (1_57551_5 )
t20 = (i7é7g)a t21 = (i727@)5
’ 30°5° 15 ’ 15710 30
to o = <3717£>7 to3 1= <i7§aE )
’ 15" 10" 15 ’ 15°5° 15
t30 = <§727§>7 t31:= <£717E>a
’ 307 10" 30 ’ 30" 10" 15
t32 = (£7§7E)5 t33 = (§7é51_4>7
’ 30°5° 15 ’ 15°5° 15
2‘:40 = (27l7§)5 t41 = (1515E>7
’ 515" 30 ’ 530" 30
ty0 = <L7E7£>7 ty3 1= <37E7§>a
’ 10" 30" 30 ’ 10" 30" 15
t5,0 = <ivﬂv§>a ts1 1= <ivﬁvé>v
’ 15°30° 5 ’ 30°30° 5
t52 = (i7173>7 t53 = (37171)5
’ 15715710 ’ 15°30° 10
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2 23 29
5730730/’

(82)
b (11911 oo (L1713
627 \5°30" 15 ) 637 \10"30°15 )"
719 7 11 17 3
an’an’1n | t?,l =\ 5540 = |
30°30° 5

oo (183 84 . (L2389
w2 \30°15°5 ) w37 \15'30°10 )

Correspondingly, the collocation functionals of level 1 have the form

2 13 4 3
61,0 = 51500 - g‘stm - 1_06t02 - g(st% + 551542;

2 13 4 3
61,1 = 51510 - g‘stu - 1_06t12 - g(stw + 551552;

2 13 4 3
UREE 51520 - 35t21 - 1_06t22 - 56t23 + §5t62’

2 13 4 3
61,3 = 51530 - g‘stm - 1_06t32 - 56t33 + 551572;

01,4 := 0ty9 — 2019, — Oty + 201, 5
015 1= 0ty; — 2015, — Otyy + 2015,
01,6 := Otyy — 20155 — Otyp + 201,54,
O 7 2= 04,y — 204, — Oty + 204, ,
018 := 0py; — 204, — Opyy + 20,
01,9 := 0y, — 20415 — Oty + 20144,
01,10 := Otyy — 2015, — Otgy + 2044,
0111 7= 01y — 2015, — Oty + 2044,
0112 7= 01yy — 20155 — Oty + 20444,
01,13 1= Otyy — 20t5, — Oty + 201, ,
0114 7= 045y — 2015, — Oty + 2045,
0115 := Otgy — 20155 — Otyy + 2014,
0116 := Oty9 — 201, — Oty + 20444,
0117 = 01,y — 201, — Otyy + 2014,
0118 := Oty — 20145 — Oty + 201, ,
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0119 = 0,5 — 20t,5 — Otyy + 2015,
01,20 := Otgy — 20155 — Oty + 204, ,
0121 7= O4g5 — 20150 — Otsy + 20455,
01,92 1= Otgy — 2015, — Otyy + 2014,
01,93 1= 01y, — 2015, — Otyg + 201,

9 3 6 7
61,24 = 6t60 - g(stw + g(st“ - 55t42 + 55t43a

9 3 6 7
61,25 = 6t70 - g(sts)o + g(stm - gétsz + gétss'

9 3 6 7
61,26 = 6t40 - g(stao + 56t61 - 55t62 + g(stﬁ?,’

9 3 6 7
61,27 = 5t50 - gétm + gétn - g(stm + g(stm'

4. The fast collocation scheme. We describe in this section a
matrix compression strategy which defines the fast collocation method.
Matrix compression for singular integral operators by using Galerkin
methods has been studied by many authors, cf. [5, 6, 15, 29]. The re-
cent paper [11] established a general setting for the matrix compression
of a weakly singular operator by using collocation methods. While we
review the fast collocation method we will also improve the theoretical
results in [11] by removing a technical hypothesis.

Let Q be a compact domain in R%, and let the operator K : L>(£2) —
L>(Q) be defined by

(A1) (Ku)(s) = /Q K(s,tu(t)dt, s e Q.

We consider the Fredholm integral equation of the second kind of the
form

(4.2) u—Ku = f,
where f € L>®(Q) is a given function, u € L*(f2) is the unknown to
be determined. For any d-dimensional vector a := [a; : i € Zg] € N,

where Ng := {0,1,2,...}, we define |af := Ziezd a;, and the partial
derivative

Do _ po olel
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where t 1= [t; : i € Zg] € R%. We assume that for s,t € Q, s # t, the
kernel K has continuous derivatives D*DP K (s,t) for |a| < k, |8] < k,

and there exist positive constants o and 6 with ¢ < d such that for
|a] = |8] = k, there holds

0
anB

(4.3) DD (5,)| < 1 —proeparerar
In this case K is a compact operator on L>°(2). We also suppose that
1 is not an eigenvalue of K which ensures that the equation (4.2) has a
unique solution in L™ ().

We assume that ) is the union of a finite number p of simplices.
Multi-scale basis functions and functionals on {2 are constructed in
terms of those described in the last section on the unit simplex.
Specifically, Q is subdivided into p simplices, and each simplex is
mapped onto the unit simplex by the corresponding affine mapping.
The basis functions and functionals on the unit simplex are transformed
to those on the particular simplex which is a part of €, and they
are extended to the entire domain 2 by setting to zero outside the
simplex. In the following description of the collocation method, to avoid
notational complication we restrict to the case p = 1. The extension to
the general case is straightforward.

The collocation method for solving (4.2) is to find a vector u,, :=
[uij @ (4,5) € U,|", where U,, := {(i,5) : j € Z(i),i € Zpyr}, such
that the function u,, = Z(i,j)eUn u;,;w;,; satisfies the equation

(44) <€ir7j1,un — ’C’U,n> = <€i’7j’7 f>, (il,j/) e U,.

Let f(n) :== > ez, ., w(i) and the dimension of the vector u, is f(n).
By defining f(n) x f(n) matrices

En = [<£i/,j’awi,j> : (i/aj,)a (Z’]) € Un]’
Ko, := [(lir o, Kwig) = (i), (i, §) € Uy,

and vector £, := [(€; y+, ) : (i, ") € U,]T, equation (4.4) has the form
(4.5) (E, — Kp)u, =1£,.

Note that the properties of the multi-scale basis and collocation func-
tionals described in the previous section ensure that the matrix E,, is
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sparse and the full matrix K,, can be approximated by a sparse matrix
K., which leads to a fast collocation method. Specifically, we partition
K, as

K, = [K,L'/,L' : il,i S Zn—i—l]

where
Kii = [Kijij:J € ZLyirys J € L]

with Ky j ;5 = (U j, Kw; ;). Choosing a family of truncation param-
eters

(4.6) ey o= max{ap " HOTIROT) p(um T € Ty
for some constants a, b, b’ > 0 and p > 1, we define the truncated matrix
K, = |:Rzlz : il,i S Zn+1i| ,

where _
K, = |:Ki’j/,ij Zj/ S Z'w(i’);j S Zw(z)i|

with
R {Kz"j',ij dist (Sivj, Sij) < €3ty
i3y = .
0 otherwise.

We solve the truncated linear system
(4.7) (E, - K,)u, =1,.

The truncation parameters are chosen so that (4.7) is a fast and
accurate collocation method for solving equation (4.2).

Orders of convergence and computational complexity of this fast
collocation method were proved in [11] under Hypotheses (I)—(X)
described there. To close this section, we show that Hypothesis (VII)
in [11] is not necessary. The only role of Hypothesis (VII) in [11] is to
establish Lemma 4.1. We now prove the same conclusion of Lemma, 4.1
without hypothesis (VII).

Proposition 4.1. Suppose that the following conditions hold.

(1) For any i,i/ S NQ, <€if,j/,wi,j> = 61",1'5]",3'; for all (i,j), (i/,j/) S
U, withneN,:<7.
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(2) There exists a positive constant ¢ such that ||4; ;|| < ¢, for all
(1,7) € Uy, withn € N.

(3) There exists a positive constant ¢ such that for u € Wk (Q)
dist (u, X,) < er™ 4 |u|g 00,

where r denotes the number of contractive mappings used to subdivide
Q at the initial step. Let Py, be the interpolation projection from L ()
onto X,,. Then for v € Wk>(Q), and P,v = Z(i,j)eUn VWi 5, there
exists a positive constant ¢ such that

il < er ™ vllkoe,  (4,5) € Unp.

Proof. It follows from condition (1) that for (i,j) € U,, v;; =
(; ;, Piv — P;i—qv). This with condition (2) yields

(4.8) |Ui7j| < ¢||Piv — Pi—19||co-
On the other hand, for v € W*>°(Q), condition (3) leads to
1Piv = Picrv]loe < [Piv = vlloe + [l = Pic1vlloo < er ™40l 00

Combining the above inequality with (4.8) yields the estimate of this
proposition. ]

Note that the integer » = u? by our construction. We further
remark that conditions (1) and (3) are Hypotheses (II) and (X) in
[11], respectively, and condition (2) is a part of Hypothesis (IV) there.
Note that the basis functions and collocation functionals constructed
in the previous section satisfy Hypotheses (I)-(VI) and (VIII)—(X).
Employing Proposition 4.1 to replace Lemma 4.1 in [11], we have the
following theorem, which improves Theorems 4.4, 4.5, 4.6 in [11].

Theorem 4.2. Let u € W*°(Q) be the solution of equation (4.2),
and let u, € X,, be its approzimate solution associated with the solution
of (4.7). If the truncation parameter €% ; is chosen as (4.6) withb =1,

N2
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k/(2k —0o') < b < 1, then there exist a positive constant ¢ and a
positive integer N such that for alln > N

[t = i [l oo = cf (n) ™" log £ (1) |ul|,c0,
N(E, - K,) = cf(n)log f(n)
and

cond (B, — K,,) < clog? f(n),

where for a matriz A, N(A) and cond (A) denote the number of its
nonzero entries and condition number, respectively.

5. Error control of the quadrature rule. The entries of matrix
K,, are all high-dimensional (nearly) weakly singular integrals due
to the singularity of the kernel K. In practice, they all have to be
computed numerically. In this section we derive a quadrature rule
for computing such singular integrals. We prove that the quadrature
rule has an optimal order of convergence. Based on this estimate, we
develop a strategy to control the quadrature error so that the overhead
error caused by the numerical integration is essentially in the same
order as the approximation error presented in Theorem 4.2 while the
computational cost to form the matrix K, is nearly in the same order
of the number of nonzero entries of K,,. The design of the quadrature
rule presented in this section is influenced by the work [18, 23, 36,
39).

We now describe the quadrature rule. Suppose that @ ¢ R? is a
bounded domain and s € Q is a fixed point. We consider a class of
functions f which have singular behavior near the point s. Specifically,
a function f is said to be in the class A, if there exists a disjoint
decomposition of Q

Q= J @, int(@Q)nint(Q) =2 for i#j
J€Z N

such that for any j € Zu, fline(o,) € C™(int(22;)\{s}), and there
exists a positive constant o € [0, d) such that for any ¢t € Q\{s}

<o { 1/(s—t]°) 0<o<d,

5-1) log(1/]s —#]) o =0,
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and
(5.2) |IDf(1)] <

for some positive constant 6. Here the parameter o measures the
“degree” of the singularity of f at the point s. For a point s € Q, we
set r5 :=sup{|s —t| : t € Q}. For any v € (0,1), let tc =0, t, =™,
t=1,2,... ,m. We subdivide the domain 2 by

Q= U U D, -,

LE€Zm TEZ ()

which satisfies the following conditions.

(I) The interiors of the subdomains D, ; are disjoint, i.e., int (D, ;)N
int (D, ) = @ for (v, 7) # (/, 7).

(IT) For any (¢,7) € Vi :={(¢,7) : 7 € Zy(,),t € L}, Doy CQy
for some j € Zyy.

ITI) For any (¢,7) € Vi, cirst, < dist (s, D, ;) < c|rst, o1 for some
( y ) ) ) s 1 +
positive constants ¢; and ¢}, where

dist (s, D) := inf{|s — t| : t € D}

for a domain D C R4,

(IV) There is a positive constant ¢y such that for (:,7) € Vi,
diam (D, ;) < co(t,41—1t,)rs, where diam (D) := sup{|t—1t'| : ¢,¢ € D}.

(V) There exists a positive constant cs such that for ¢ € Z,,
u(0) < csM(td, — t2).

A prototype of the above subdivision is the case that €2 is a ball centered
at the point s and we subdivide € into a collection of rings centered
at the same point s with radius rst,41, ¢ € Z,,—1. Each ring is then
decomposed into subdomains with the number of subdomains in each
ring being proportional to ¢,. Through out this section, we assume that
such a subdivision of €2 is available.

For f € As, to compute the integral of f on each subdomain D, .,
we select a set of points X, ; := {xfT 1€ Zy,}, where v(s,7) is a
positive integer depending on ¢ and 7. For each 7 € Z, (), we choose
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the weights af)ﬁ to be 0, that is, we omit the integral of f in Dy ,,
T € Zy(0)- For ¢ > 0 and for a positive integer k,, we find the weights
A7 :={dl,:1€Z,,}, such that

/ fdt= S al f@) + B (Des Acr Xo)
D"’T lEZ,,(LYT)
with

|Ey, (D, 7, Avr, X, 1) 1?4 Z o)|[diam (D, )]* meas (D, )

for some positive constant ¢4 with n, € D, ,. Hence, by introducing
the vector k := [k, : ¢t = 1,2,... ,m], we have the quadrature formula

Qux(f):="D >

(6,7T)EVi I€Z (1)

For v € Z,,, we set

= /D f(t) dt — Z ai,‘rf(xi,r)7 TE Z,U,(L)

USYORS)

Em,k,L(f) = Z |€L,T|7 and Em,k(f) = Z Em,k,L(f)

TEZ, () LE€EZm,

Clearly, E, x(f) is an upper bound of the error between the integral
of f on © and the quadrature Q., k(f). In the next lemma, we choose
the vector k and estimate an upper bound of the corresponding error

Em,k(f)-

Lemma 5.1. Let € > 0 and choose
(5.3) k i=led, ¢=1,2,...,m.
If f € A, then there exists v € (0,1) such that
(5.4) Enx(f) < ey!=om

for some positive constant ¢ independent of m.
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Proof. It follows from our quadrature rule that

chrs(ti—to) gl[cllrs]dfg

Enxo(f) < / gt qt =

I e L) (dfo')m.
0 (d—o)yi=e

For (¢, 7) € V, with ¢ > 0,

k,+d-—1
levr| < % < C—l’— 1 >kb!9/(clrstL)(g+kL) [cors (tit1 — tL)]kLmeas (Du,r)
L -

s k,+d—1 1 e
=q ( 'H“)cgbcw’( ;— 1 )rs"tL” <; - 1) meas (D, ;).

It follows from Properties (I) and (III) that

Z meas (D) < Va[(¢ 7stip1)? = (errst) ),
T€Zu()

where Vj is the volume of the d-dimensional unit ball. Therefore,

- ko +d—1 1 h
Bk (f) < Vaey (U+kt)c]2“040’( C—; ) >r5"tL" (— - 1>
N v

X [(Cllrstu-l)d - (ClrstL)d]

o ko +d—1 1 e
— Viep +kL>c§Lc4e/< o )rf“’tf“’(— - 1)

d—1 ¥
N\ ?
<[(3) -]
Y e d k,+d—1\/c k.
-vieerntr| () -] (110 (2)

(1 — V)kL m(d—o)
,ykL+L(d—a)

- ke+d—1\ 4.0 Co kL(l—’y)'“ ou/2, m(d—o)
{5 (&) S

N\ d
¢ = Vye;Tcsf'rde [(C—1> — c‘f]
Y

X

with
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independent of m and ¢. It is easily observed that there is vy € (0, 1) such
that (1 —7)/(y'T%9¢) < (¢1/c2). By the definition of k,, we observe
that k,d/e > 1d. Tt follows that

e\ =] e\ a-p"]
c1 ,YkL-Hd - c1 ,ykb—i-de/e -

for any ¢. When k, > d — 1, (kL;_dfl) < k4=1. Hence, (kb(;f_‘ifl)ryat/Q is
bounded uniformly for all k,. Therefore,

—_

Em,k,L(f) < cfy‘”/Q,y(dfg)m.

Summing up the above inequalities with respect to ¢ concludes the
lemma. ]

We next apply the quadrature rule to the computation of the entries
of the compressed matrix K,,. We assume that the kernel K (s,t) has
the singularity property that for any s € Q, K(s,-) € A;s. Recall that
Rn is obtained from the full matrix K,, by the truncation strategy with
the truncation parameters %}, i',i € Z,,41. For given €7},, we introduce
an index set

Zi/jlﬂ' = {j S Zw(z) : dist (Silj/, Sij) < E?’i}

for (¢',j") € U, and for ¢ € Z, define Zf,j,’i ={j € Zyjr; 1 j =
p(e)r + £}. Observing that Z i C Zirjr i and for ji,j2 € Zf/j/,i with

J1 # j2, meas (supp (w; j, ) Nsupp (w; 5, )) = 0, we define for £ € Z, and
(7',j") € Un
_ w; ;(t) if ¢t € int (supp (w; ;)) for some j € Zf,j, i
Wirgr,ie(t) = : :
0 otherwise,

and let Ay i0(s,t) := K(s,t)wWirjr i0(t). We next estimate the error of

the quadrature for computing the integral of Bi/]‘/’iz.

Lemma 5.2. If k is chosen as (5.3), then there exists a positive
constant ¢ such that for all i € Zyy1, £ € Z,., (V',j') € Uy, and s € Q,

| B xc(Rirjr i0)| < epki=1Ad=a)m

where k is the order of the piecewise polynomials in Xg.
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Proof. Let

A := max ess sup{|DPwy ,(t)] : t € Q}.
B

0
1BI<Fk,
l€Z,

Since wy,; is a piecewise polynomial of order k on 2, A is finite. For
|a| =k, and t € supp (w;, ), a direct computation gives

- a
|Dahi/j/’ig(t)| = ‘ Z < >DaﬁK(S,t)Dﬁ@i/j/’ig(t)‘

BLa b

«@ —(o+k,— i—
§9,2< )(h—lﬁl)!ls—tl (o-+k.=18]) |81~ 1)

BLla ﬂ
x | DPwy (gt (1))

< 0/ Ak, s — t] 7R 3T <a>|5_t|lﬁulﬁ(i—1),
BLa s
1BI<k

in which 8 < « for two vectors « := (ag, ... ,a4-1), 8 := (Bo, ... , Ba-1) €
N¢ means that 3; < «; for i € Zy and (g) = Iliez, (;) Since
a; < |la] = k, and §; < k, (g) < k¥, and thus (g) < kk. For

7' € Zi41, the number of 3 € N& with |8 = 7/ is (T/;_d;l). Hence,

at —(o T,+d_]‘ i—1)17’
D%y (0] < AR st 040 57 (7T sty

T'€Zk 1

Noting that c17,y™ " < |s — t| < rs and (T’:[_d;l) < (k+d—1)%1,
there holds

|D%hirjr o (t)] < e Ak KR (k4 d — 1) (eqrgym ™) ~lothe=h)  kG—1)

Similar to Lemma 5.1, we conclude that there exists a positive constant
¢ independent of m and ¢ such that

Ermxc(hirjr o) < epti=Dyld=alm, O
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Utilizing the properties of the multi-scale basis and collocation func-
tionals and similar arguments in [13] we conclude that there exists a
positive constant ¢ such that for all i/,i € Z,,41,

||I~<i’i - f{i/i”oo < cplim Dy ld=o)m,
where I~(M is the block IZM when its entries are computed numerically
using the proposed quadrature rule. To ensure that the numerical in-
tegration will not ruin the convergence order of the collocation scheme,
we have to carefully choose the value of m in the computation of the
matrix elements. We choose different integers my:;, i',i € Zyy1 for
the numerical integration of the entries in different blocks INCM. With
nearly the same arguments in [13], we obtain the following theorem.

Theorem 5.3. Let u be the solution of equation (4.2). For i',i €
Z 11, let my; satisfy
—klog

) > ———ob
(5.5) M = (d—o)logy

(2 +i' —1).

Suppose that the kernel K(s,t) as a function of t satisfies (5.1) and
(5.2), and we apply the quadrature rule to the computation of the
blocks Kyr; with m = my; and k defined by (5.3). Let Uy, denote the
corresponding approzimate solution. If u € W*°°(Q), then there erists
a positive constant ¢ and a positive integer N such that, for alln > N,

(5.6) lu = @nlloo < e(f ()" (log f ()" l[ullk,cc,
where 7 =1 if V' > k/(2k —0') and T =2 if b/ = k/(2k — o).

Now we turn to analyzing the computational complexity for gener-

ating the matrix K,, in terms of the number of functional evaluations.
For i',i € Zy,y1, we denote by M, the total number of functional

evaluations for computing the entries of I~{11z Then the total number

of functional evaluations used for computing all the entries of Kn is

given by
Mn = Z Z Mi’i-

i'€Zp411€Zns1
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The following theorem gives an estimate of M,,.

Theorem 5.4. Suppose that the number of points used in the
quadrature rule is of order k&, ie., v(1,7) < ck for some positive
constant ¢, my;, i',i € Znpy1 are chosen to be the smallest integer
satisfying (5.5), and the truncation parameters €}, are chosen as (4.6)
with b < 1, b < 1. Then, there exists a positive constant ¢ such that
forneN

(5.7) M., < cf(n)(log f(n))*+2.

Proof. For i',i € Zp+1, we let My, ;o denote the number of functional

evaluations used in computing the j'th row of the block INCM. Recalling
that there are no more than u%@*1 rows in this block, we obtain

M’i/i S ‘Ll,d(i/+1) max Mi’i,j/.
]I
For a function h, we use M(h) to denote the number of functional

evaluations in the numerical integration of h. It follows from the
definition of hy ;¢ that

(5.8)
Miig<e Y ME(s,Jwig)=cd Y MUE(s, wi,)
J€Z; 41 4 EEZTjer,?,, i
=c Z M(hirji ie),
ez,

where the constant ¢ is the upper bound of the number of the points
involved in the functionals ¢; ;/, which is independent of n, i’ and i.
By our assumptions on the quadrature rule, there holds

l
Moy ae) < e 37K [eara(y 0 =i7) — =)0
=1

for some [ < m. We remark that if the truncation strategy is not
applied, then | = m. Since k, < e + 1, we obtain that

d !
1 )
M <c [037"S <— - 1> p=b Z(& + 1)d'yd(m"'”‘rb)] .
v

=1
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FIGURE 5. The numbers of nonzero elements (left) and computational costs (right)
of the coefficient matrices.

According to the truncation strategy,
AT < el +d; + dy, forall o <,
where d; is the upper bound of the diameter of the support of the basis

functions at level ¢. By our choice of €]}, and my;, there is a positive
constant ¢ such that

. ’ ./ . . -/ d
Mi’i,j’ <c [ndud(z—l) (H—n—i-b (n—i")+b(n—1) + H—z—i—l + M—’L +1) :| )

Therefore,

. -/ / -/ : ; -/ d
M, <c Z Z ndlud(z+z )<,LL_n+b (n—i")+b(n—1i) + M—z+1_’_M—'L +1) :| )
' €Ln41 1€Z4n11

A simple computation leads to M,, < cn?T2u" proving the theorem.
]

6. A numerical experiment. In this section we present a
numerical experiment of solving equation (4.2) on a three-dimensional
simplex by the fast collocation method. Consider the equation

(6.1) u(s) = [ Ks.opule) it = £(s),
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where Q = {t = (v,9,2) : 0 <z <y < z < 1} and K(s,t) =
1/|s—t|, s,t € Q. The righthand side function f is chosen to be
f(s) = [t|* = [, |s|*/]s — t| dt so that the solution of (6.1) has the form
u(s) = 22 + 9% + 22

We use the three-dimensional linear basis and the corresponding
collocation functionals to discretize equation (6.1). The compressed
coeflicient matrix of the resulting linear system is obtained by using
the choice (4.6) of the truncation parameters with a = 0.125, b = 1,
b = 0.9, p = 1.01. The resulting linear system with a sparse matrix
is solved by the multilevel augmentation method developed in [12]
with the initial level 2. We denote by @2 ,—2 the approximate solution
obtained from the multilevel augmentation method at level n with the
initial level 2.

The numerical experiment is done in a Pentium 4 personal computer

with 3GHz CPU and 512M memory.

We report in Table 3 the error of the approximate solution s ,—2,
convergence order (conv. order), the number of nonzero entries of the
matrix K,,, compression rate (comp. rate), computational time (CT)
measured in seconds for computing the entries of the matrix I~{n, and
computational time (ST) for solving the linear system. The convergence
order « is computed according to the formula

[l = 2,3l f(n)
a = log — log .
[z el Fin 1)
Note that the theoretical convergence order is « = 2/3 up to a

logarithm factor, because k = 2 and d = 3. We observe that the
computed convergence order is approximately equal to 2/3.

The compression rate is defined as the ratio of the number of the
nonzero entries of the compressed matrix K,, and that of the full matrix
K,, ie., N(K,)/f(n)>. For n = 4, the compression rate 0.069176
tells us that the truncation strategy saves our time by ignoring the
calculation of more than 93% entries of K,,. The theoretical estimate
for the nonzero entries of matrix K,, reveals that

N(K,) = O(f(n)log f(n)).

In order to confirm this estimate, we plot in Figure 5 (left) four points
(n,logN(K,,)) for n = 1,2,3,4, marked with the mark ‘«’. Since
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f(n) = 48", the points should match the graph of the function
y = log(4p- 87 log(4-8")) for some positive constant p if our theoretical
estimate matches the computed result. We let p = 1 and plot the graph
in dotted curve. It shows that the data points match the curve very
well.

Recall that the total number of functional evaluations in generating
the matrix K,, is given by

M., = O(f(n)(log f(n))?).

The value M,, is asymptotically proportional to the total time spent
for generating the matrix K,,, which are shown in the “CT” column.
We utilize the data in column “CT” to plot four points (n, CT,,) with
‘«’ marks in Figure 5 (right) and compare them with the dotted curve
of the graph of the function y = log(4 - 8%) + 5log(log(4 - 8%)) — 7.5.

The last column “ST” records the time for solving the resulting linear
system via the multilevel augmentation method. We observe the high
efficiency of the algorithm by noticing that it spends only 0.156 seconds
to solve a linear system of dimension 16384.
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