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This note is devoted to the problem of the realization of homology

classes of a topological manifold by topological submanifolds. Firstly the

C- -case of this problem was studied by R. Thom [ 6 ] ,  and secondly the

PL-case in E l], [2 ] .

The present study is founded on the Kirby-Siebenmann's transver-

sa lity  theorem [ 3 ] .  We shall apply R. Thom's method [ 6 ]  to topolo-

gical manifolds.

The author is grateful to Professor Y. Saito and Mr. T . Matumoto

for their kind criticisms.

1 .  Statement of the results

We shall obtain the following results.

i) Hom ology  classes mod 2.

Theorem 1. Let V n  b e  a closed topological manifold of dimension

n, and n * 4 .  T hen the follow ing hom ology  classes m od 2  are realizable

by  topological submanifolds w hich have normal v ector bundles in  V ':

(a) H n - i ( V n  Z2), fo r  n * 5 ,  rb___1;

(b) H„_2(V n , Z2), fo r  2 < n < 6;
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(c) II„_3(V", Zz), f o r 3 < n <7 ;

(d) Hi(V n , Z2), for i n/2, i 4, an d  a l l  n>1 .

ii) Integral hom ology  classes.

Theorem 2 .  L e t V " be a  closed orientable topological m anifold of
dim ension n and  n * 4 .  T hen the follow ing integral hom ology  classes
a re  realizable by  oriented topological submanifolds w hich  hav e  normal
vector bundles in  V ":

( a )  Hn _i(V", Z), f o r II, 5, n, :2-L> 1;

(13) Hn _2(V", Z), f o r n * 6 ,  n > 2 ;

( c )  Hi(V ", Z), for i 5, i  *  4  and f o r a l l  n>1 .

R em ark  1. The normal bundle of an orientable submanifold in an
orientable manifold is a priori orientable.

R em ark  2. A  topological submanifold which has a norm al vector
bundle is clearly a  locally flatly embedded submanifold.

These results a re  quite in  parallel to those of the C - -case in Thom

CC.

2 .  Generalities

We shall work in  th e  category of topological spaces and continuous

maps.

L e t V " be a  topological m anifo ld  of d im ension n . Then we shall

say that WP is a  topological submanzfold of dimension p ,  if  W P  is  a
closed topological manifold of dimension p  and  a topological subspace of
V".

L e t V ' be a  closed topological m anifold of dim ension n. Let W P
be a  topological submanifold o f V " of dimension p .  The inclusion map

PV"--17 "  induces the homomorphism

i * : Hp(WP, Z2) .— Hp(V", Z2).

L et z E H( V", Z 2) be the im age b y  i * o f  th e  fundamental class w  of
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the topological manifold fr . T h en  w e  sa y  th a t the homology class z
is realiz ed b y  th e topological submanifold WI'. L et V ' b e  orientable,
and  F r  be a n  oriented topological submanifold of dimension p. Then

the inclusion map i * : FVP—>V" induces the homomorphism

i : H p(TV P H  p (V n Z).

L et z E H( V", Z ) be the im age b y  i *  o f  th e  fundamental class w  of
the oriented topological manifold f r .  Then we say that the homology

class z  is realized by the oriented topological submanifold Ir .
Here the following questions are considered: L et a  homology class

z  mod 2  of a  closed topological manifold V " be given. Is it realizable

by a  topological submanifold? ; L et an  integral homology class z of a
closed orientable topological manifold V " be given. Is  it rea lizab le by

an oriented topological submanifold?
Following J. K ister D C , le t  .Ye0 (k ) b e  th e  space o f a ll homeo-

morphisms of the Euclidean k-space R h  onto itself preserving the origin

0  with compact-open topology. Then A9 0(k )  is a  topological group with

respect to  the composition of m aps. L e t .5.e 0 (k ) be the subgroup of
,eo(k) of those elements that preserve orientation.

By an R "-bundle we shall m ean a fibre bundle whose fibre is the
Euclidean k-space R h and  structu re  group is ..e 0 (k). Let

E  ME), 7r. b  B(e), R h , A' 0 (k )} be an  R h -bundle. T h e n  e  has the
0-cross-section

i e : B(e)—> E

By an  orientable R k  -bundle we shall mean a fibre bundle whose fibre is
the Euclidean k-space R h  and structure group is S r  0 (k). The orthogo-

nal group 0 (k ) can be canonically considered a s  a  topological subgroup
of .re0 (k). Therefore, we can canonically consider a  vector bundle of
dimension k to be an  R h -bundle.

L et V " be a  closed topological manifold and Wh b e  a  topological

submanifold of V '. Then by a  norm al Rn - k  -bundle o f  W h  i n  V ',  we

shall mean an R""-bundle  v  „ B (v), die0(71—  k )}  whose
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base space B (v ) i s  W k and total space E (v ) is  a  neighborhood o f  W k

in V i'.
L et V " be a  closed topological manifold and W k  a  topological sub-

manifold of V .  Then by a  norm al vector bundle o f  W k  i n  V ", we

shall mean a  vector bundle v = {E ( V ) ,  71. „ B (v),Rn - ", 0(n — k)} whose

base space B (v ) is  W k  and total space E (v ) is  a  neighborhood o f  W k

in V .

3. Transversality theorem o f Kirby-Siebenmann

Let e  =  Ige ), TCh B(e), Rn , ,Yeo(n )}  be an Rn-bundle and M i n  be a

topological m-manifold. By considering the zero-cross-section, we can

consider B (e )C E (E ).  A  continuous map f :  M n i E (E ) is called to be

transverse to B(e), i f  P =  f - 1 (B (E )) is  an (m—n)-dimensional topologi-

cal submanifold with normal R"-bundle v in  M in and v  is isomorphic

to the induced bundle ( f  P )*e.

K irby-Siebenm ann [3] have proved th e  follow ing transversality

theorem.

Theorem  3. L et E-.= {E(E), ir e, B(6), R n , o ( n ) }  be an  1ln-bundle
and  Mm be a  topological m-manifold. Let f :  M t"— E (e ) be a  continu-
ous m ap . T h e n , if  m*4, m — 71*4, f  i s  homotopic to  a  m ap f i  w hich
i s  transv erse t o  B(e). I f  f  i s  transv erse t o  B (6 ) n ear a  closed set
C (M m , then the  homotopy equals to f  near C.

4. Fundamental theorem.

D ef inition. W e say that a  cohomology class u E H k (A, Z 2 )  of a

space A  is 0(k)-realizable, i f  there exists a  mapping f: A — M 0 (k ) such

that u  is  the image, for the homomorphism f *
 induced by f ,  of the

fundamental class U0 (4)  of the Thom complex M O (k ). We say that an

integral cohomology class u E H k (A, Z ) o f a  space A  i s  SO(k)-realizable,
i f  there exists a  mapping f: A -9.M S0(k) such that u  is the image, for

the homomorphism f *  induced by f ,  of the fundamental class Us0(k) of

the Thom complex MS0(k).
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Then we have the following fundamental theorem.

T h e o re m  4 .  L e t V  b e  a  closed topological manifold o f  dimension
n .  Suppose th at n  I  4 , n—k  I  4.

(a) I n  order that hom ology  class z E H n _k ( V ", Z2 ), k > 0  can be
realiz ed by  a  topological submanifold W n — k  w h ic h  h as  a norm al vector
bundle i n  V ', it  is  n e c e ssary  an d  suf f icient that th e  cohomology class
u E  H k (V n , Z 2 ) , corresponding to z  b e  th e  Poincaré duality , is  0 (k ) -

realizable.
(b) L e t Vn be orien tab le . In  order that an  integral homology class

z EHn _k(V n , Z ), k>  0 , can  be  realiz ed  by  a n  oriented topological sub-
m anif o ld  T V " w hich  has a norm al vector bundle i n  V ', it is necessary
and suf f icient that th e  cohomology class u E H k ( V ', Z), corresponding to
z  by  the Poincaré duality , is  SO (k) -realizable.

P ro o f .  We shall prove the case (a) of the theorem. The case (b)

can be proved quite in  parallel with the case (a).

(i) The condition is necessary . Suppose that there exists a  topolo-

gical subm anifo ld  W n — k  i n  V n  which realizes th e  homology class z,

and has a normal vector bundle y  in  V ':

v  =  IE (v ), „  B (v ), Rk , 0 (k )} ,  B (v )=  W " .

Let N  be the total space of the associated k-disk bundle vp  of y, and

T  be the total space o f th e  associated S'-bundle v s o f  v ; namely T

is the boundary o f N .  Then we can consider

= B ( y )  NC E ( v )  V .

Let

V D = {N ,  7rD, Wn — k , e , 0 (k )} .

Then v p  is induced from the universal D k -bundle v =  IA 0 0 ) , k ,  Bo (k),

D k , 0 (k )} b y  a  continuous mapping g : W n — k  — Bo(k). Therefore, there

exists a  bundle map g. which induces g:
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/V — 4 A o ( k )

TrDI

Bo(k).

L et 7. ---{Eo ( k) , 7Tk, Bo(k), Sk - 1 , 0 (k )}  b e  th e  universal Sk  - 1 -bundle.
T hen  the restriction  of g on the boundary T  of N  m aps T  in the
boundary E o (k) o f Ao(k). Therefore, we have the following commuta-

tive diagram:

Hk(N, T; Z2)41 —H k (Ao(k), E N /0 ;  Z2)
(1) yolj ?Il lVôck)

H ° (rVn - k  , Z2)< H-° (Bo(k , Z2),

where go, and p 4 (k ) are Thom isomorphisms.

On the other hand, we have the following canonical homomorphism
j * , ] * . a :

a i*
j * :  H k ( N , T; Z 2 )---4 / k (V " , V"-intN; Z2 ) - -4 /  (V ", Z2 ),

where a  is  the excision isomorohism and j *  is  the relativization. We
kn o w  th at in the open manifold N'= N—  T = in t N ,  th e  class yo't(0)
corresponds, by the Poincaré duality, to the fundamental homology class
w  o f th e  b a se  PV" - k , w h e re  is  w  th e  u n it o f  th e  cohomology ring
H*(wn - k, Z 2 ) (cf. Thom [5 1 , T h é o rè m e  1 .8 ) . Consequently, the class
/ * QOM  E H k ( V", Z2 )  is  the class u  corresponding to z.

Let us denote by h : A o( k) -11,10(k) the mapping obtained by identi-
fying to  a point a the boundary Eo(k) of AO(k).

The composite mapping hog m aps th e boundary T  of N  on the
p o in t a . Consequently, the mapping hog can be extended on the whole
manifold V n ; it su ffices to  m ap  the complement V" — N  to  the point
a. T h us w e have defined a  mapping f  of V " into MO(k), for which
w e have

f * (u0(0)—  f * .v t(k )(a)0(k ))=.404(w )
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b y the commutative diagram  (1 ), where (00( k )  i s  the unit of the coho-

mology ring H *(B o ( k ) , Z2 ), and

o yot( (0) -= Dv  0  * 0  Dw (0)) =

where Dv, D w are the Poincaré duality o f  V " , 11/n- k ,  respectively, and

j :  W n - k — q 7 n  i s  the inclusion.

(ii) The condition is sufficient. Suppose that there ex ists a  map-

ping f  o f  V  into MO(k), such that f * (U 0 ( 0 ) = u .  The space MO(k),
w ith the exceptional point a deprived, can be considered as an R'-bundle

{A,Ç( k ) ,  r ' , Bo(k), l e  0 (k )}  over B o(k ). The restriction  of f  on the

complement V "— f - 1 (a )  is  a  mapping of the topological n-manifold V"

— f - 1 ( a )  into an R '-bundle  i l iç(k). Let rt = 1 A 0 ( K ) , 7rD, BO(k), ' )  0 (k )}
be D '-bundle associated to TkR . T hen w e can  consider Bo(k)C AO(k)C

2 1 (k ) .  Let C = f - 1 (A ( 0 —intA 0 ( 0). T hen  C  i s  a  closed set in V -

f 1 ( a )  and f  restricted on a neighborhood U  o f C is  t-regular on Bo(k).

B y  Kirby-Siebenmann's transversality theorem (Theorem 3 ), we obtain

a  new mapping f i  o f  V n — in t f '(a )  into the R k -bundle A (k ), which is

t-regular on B o (k ), and homotopic to  f  I ( V"— f - 1 (a )). Moreover, we
can take f i  on the neighborhood U  o f C  to  be f  (V n — f - 1 (a )) on U.
Therefore, we can extend the mapping f i  o n  V":

f i : V" - 4. MO(k),

and f i  i s  homotopic to  the given mapping f .  Consequently, we have

u = f * ( Uo(k))=-- ft(U0(0). O n  th e  o th er hand, b y  th e  definition of

t-regularity (c f . §4 ), w e o b ta in  th a t f -1
1 (B 0 ( k ) ) i s  a  topological sub-

m anifold T V "  and th is  h a s  a normal R ' -bundle v o f  W ' k  i n  V"
which is induced from 7-1 by f i  W ' k . However, the structure group
o f  y l  is 0(k), therefore, the structure group of the normal R k -bundle
v can be reduced to 0 (k ).  Thus we can consider that the submanifold
W" - k  h a s  a normal vector bundle v  in  V".

Let us denote by ço;,i' the Thom isomorphism of the normal vector
bundle v. T h e n  the c la ss  u.-=, f  *(Uo(k))=- f 1(170 (0  i s  j * 0 9 t (w ).  As
w e  have seen  in  ( i ) ,  th is p roves th at u  corresponds b y  the Poincaré
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duality to the fundamental class w of

5 .  Proof o f Theorems.

W e know that R . Thom studied o n  th e  homotopy types of Thom
complexes M O(k) and M S 0(k ) (cf. Thom [6 1  Chapitre II). By these
results and the fundamental theorem (Theorem 4), w e have Theorem 1
and Theorem 2.

M A T H E M A T IC A L IN ST IT U T E ,

K Y O T O  U N IV E R SIT Y
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